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Abstract Poincaré’s fertile error reintroduced the oldest

open question in dynamical systems: the problem of sta-

bility of orbits in the n-body problem. After Poincaré the

problem was studied by Birkhoff, Kolmogorov, Arnold and

Moser. Laskar, using the secular system introduced by

Lagrange, showed that the orbits of the planets in a realistic

model of the solar system are chaotic with a Lyapounov

exponent of 1/(5 Myrs).
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Henri Poincaré’s fertile error marked the demise of the

dream that had guided mathematical research for more than

two centuries: gone was the possibility of exactly describing

and predicting the dynamics of any deterministic system,

whatever its initial state might be. The three-body problem

was not integrable [1], that is, its solution could not be traced

back to an analytical-algebraic procedure of ‘quadrature’.

The procedure classically used to solve simpler differential

equations was supposed to have made it possible, not only in

principle but also computationally, to predict with a prede-

fined degree of precision the future position of planets.

The problem of the stability of planetary orbits in the

solar system, believed to have been solved for some time,

presented itself again in its entirety. Successive to the work

of Poincaré, George David Birkhoff showed that the

instability of planetary motion was indeed possible, and

that the structure of the orbits in the phase space of the n-

body problem was formidably complex.

An important step forward was taken in 1954 by Andrei

Nikolaevich Kolmogorov, with the statement of the theo-

rem of persistence of quasiperiodic orbits in quasi-inte-

grable Hamiltonian systems. Later proved by Vladimir

Arnold and Jürgen Moser, it became widely known as the

KAM theorem. Kolmogorov’s result was effectively a

vindication of the paradigm of the stability and predict-

ability of orbits in the problems of celestial mechanics: in

fact, the quasiperiodic motions are indistinguishable from

periodic motions if the precision of the observations is

fixed and finite. However, in contrast to a genuine periodic

motion, in the case of quasiperiodic motion the observed

period is increased limitlessly to improve precision. As

opposed to genuinely instable and chaotic behaviours

predicted in the work of Poincaré and Birkhoff, quasipe-

riodic orbits do not manifest any sensitive dependence on

initial data and the construction of reliable ephemerides is

presumed to be possible, at least in some cases.

Kolmogorov, who was very familiar with Poincaré’s

work as well as that of Birkhoff, suggested that the typical

structure of orbits in the phase space of a Hamiltonian

system would indicate the co-existence of an instable

behaviour for a topologically generic set of initial condi-

tions, and a stable and quasiperiodic behaviour for a

probabilistically generic set of initial conditions.

The instability of a topologically generic set of initial

conditions implies that, even if the motion of a planet or an

asteroid is regular, an arbitrarily small perturbation of its

position or velocity is sufficient to send it into an orbit that

is irregular and chaotic (‘Arnold diffusion’). The process
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with which this type of diffusion can manifest itself is

however rather slow (Nekhoroshev’s theorem) and this set

of results, although of a theoretical nature and not directly

applicable to realistic models of the solar system,

strengthened the conviction that the time scale necessary

for a chaotic behaviour to manifest itself in the dynamics of

the solar system had to be very long in comparison to its

age.

The numerical simulations of the dynamics of the solar

system ran up against the necessity of integrating the

Newton equations for the n-body problem for billions of

years with a very brief step of temporal integration, of a

few hours at most. In fact, the fastest planet, Mercury,

carries out its orbital motion in \3 months, and using

longer steps of integration would lead to errors in the

numerical schemes capable of invalidating the conclusions.

In 1990 Jacques Laskar got around the problem by

substituting the so-called secular system introduced by

Lagrange in place of the system of Newton equations. The

main advantage of this procedure consists in the elimina-

tion of the fast angular variables (which correspond to

unperturbed motion of the planets along Keplerian ellip-

ses). This makes it necessary to renounce the calculation of

the ephemerides, limiting the study to the variables that

describe the dynamics of the slow deformation of the orbits

of the planets in time as a result of reciprocal perturbations.

In reality, the variable used by Laskar were introduced

by Poincaré: the unperturbed motion of the planets corre-

sponds simply to a point of equilibrium for the dynamics of

the secular system. Since in these variables the Keplerian

solutions correspond to the absence of motion, it is possible

to use a step of integration much longer than that necessary

for the direct numerical simulation of the system:

500 years instead of a few hours.

This made it possible for the first time to numerically

integrate a realistic model of the solar system on a temporal

scale of the order of 1010 years. The results were surprising

[2]: the orbits of the planets of the internal solar system

(Mercury, Venus, Earth and Mars) are chaotic with a

temporal scale for instability, measured in Lyapounov time,

on the order of five million years. A practical consequence

of such a low value (on a scale of astronomical time) of the

Lyapounov time is the impossibility of calculating a

planetary ephemeris for the internal planets: in some 100

million years an error of 15 m in the initial position could

grow into an error on the scale of 150 million kilometres,

that is, equal to the actual distance of the Earth to the Sun.

The situation is quite different in the case of the external

solar system: the orbits of the larger planets (Jupiter, Sat-

urn, Uranus and Neptune) appear to be described well by

quasiperiodic motions. Intense research work to prove this

result rigorously is ongoing in Italy, with mathematical

physicists Antonio Giorgilli and Ugo Locatelli taking an

active part.

Translated from the Italian by Kim Williams
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