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Abstract: The nanoindentation loading curves measured on fused silica were analyzed based on the 
theoretical relationship derived by Malzbender et al. (J Mater Res 2000, 15: 1209–1212). It was found 
that the ratio of the applied load to the square of the displacement, P/(h + hd)2, does not keep constant 
during loading segment of the nanoindentation test. Considering the existence of the indentation size 
effect, an empirical method for the determination of the load-independent hardness by analyzing the 
nanoindentation loading curves was proposed. 
Keywords: nanoindentation; loading curve; indentation size effect (ISE); fused silica 

 

1  Introduction 

2P hα=

 

It has been generally suggested that the loading portion 
of the load−displacement curve obtained during nano-
indentation test, with ideally sharp conical indenter 
(e.g., the Berkovich indenter), can be well described by 
[1–4]: 

  (1) 
where P is the indentation load, h is the indenter 
displacement, and the proportionality constant α 
depends on the material tested as well as the type of 
indenter. By writing the total indentation depth h as the 
sum of the contact depth hc and the displacement of the 
surface at the perimeter of the contact hs (Fig. 1(a)), 
Malzbender et al. [5] derived an explicit expression for 
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the constant α: 
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where ε is an indenter geometrical constant which 
takes a value of 0.75 for the Berkovich indenter [6], Er 
is the reduced Young’s modulus given by 
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where E and ν are Young’s modulus and Poisson’s 
ratio, respectively, of the indented specimen, and EI = 
1171 GPa andνI = 0.07 are those of the diamond 
indenter [6]. H is the hardness defined as 
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In order to take into account the fact that a real 
indenter is never perfect due to some tip rounding (Fig. 
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1(b)), Malzbender et al. [5] further suggested that the 
term h2 in Eq. (1) should be replaced with (h + hd)2, 
where hd is called the effective truncation length of the 
indenter tip and its physical meaning is explained in 
Fig. 1(b). Thus, the load−displacement relation can be 
finally described as 
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Equation (5) predicts that P/(h + hd)2 should be a 
constant during the loading segment of a nanoindentation 
test. However, such a prediction has been verified only 
based on finite element simulation [5,7] and, up to now, 
little experimental verification has been conducted. 
Further, as mentioned by Malzbender et al. themselves 
[5], one of the most important assumptions in deriving 
Eq. (5) is that the hardness can be treated to be a 
constant, independent of indentation depth, despite the 
fact that indentation size effect (ISE) in the measured 
hardness is known to occur. Thus, in this communication, 
the nanoindentation data obtained on fused silica were 
analyzed to examine the applicability of Eq. (5) in 
describing the nanoindentation loading curves. By 
taking the indentation size effect into account, an 
empirical method for determining the load-independent 
hardness based on Eq. (5) was proposed. 

2  Experimental 

A commercial fused silica slide was used as the test 
sample. Fused silica is a reference material widely 
adopted in experimental verifications of nanoindentation 
theories [6,8–10]. Considering Young’s modulus and 
Poisson’s ratio might be generally expected to remain 
constants with scale, the literature reported data for 
fused silica, E = 72 GP and ν = 0.17 were adopted for 
the present study. 

Nanoindentation tests on fused silica were carried 
out using a Berkovich diamond tip with a commercial 
 

 
 

Fig. 1  Schematic diagrams showing (a) h = hc + hs and 
(b) the geometry of a rounded indenter tip. 

nanoindenter (Nano Indenter G200, Aglient, Santa 
Clara, CA, USA). For each test, the indenter was 
linearly loaded to the prescribed maximum value, 
ranging from 50 to 400 mN, within 10 s, held at the 
maximum load for 10 s, and then unloaded linearly 
within 10 s.  

Figure 2 shows a typical load−displacement curve 
measured with a maximum load of 100 mN. 

3  Results and discussion 

Using Eq. (5) to describe the experimentally measured 
loading curves needs to know the value of the effective 
truncation length hd, which can be estimated using the 
following relation [11–14]: 

 ( )c dS h hβ= +  (6) 

where S is the contact stiffness and β is a constant 
dependent on the reduced Young’s modulus. Equation 
(6) predicts a linear relationship between S and hc and 
hd can be estimated easily from the intercept. 

The unloading portion of each measured load− 
displacement curve was analyzed according to the 
traditional Oliver–Pharr method [6] to yield the contact 
stiffness S and the contact depth hc corresponding to 
each prescribed maximum load and the results are 
shown in Fig. 3. As can be seen, a good linear 
relationship exists between these two parameters, 
being in good agreement with Eq. (6). Then hd was 
calculated to be 22.09 nm from the best-fit results with 
Eq. (6).  

Using hd = 22.09 nm, the P/(h + hd)2 value for each 
experimental datum in the loading portion of each 
measured load−displacement curve was calculated and 
the results are shown in Fig. 4. Clearly, the resultant  

 
 

 
 

Fig. 2  Typical load−displacement curve measured for 
fused silica (Pmax = 100 mN). 
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Fig. 3  Relationship between the contact stiffness S and 
the contact depth hc. The solid line is obtained by regression 
analysis of the experimental data. 

 

 
 

Fig. 4  Experimentally determined P/(h+hd)2 as functions 
of displacement h for different maximum load (hd = 22.09 nm). 
 

P/(h + hd)2 exhibits a decreasing tendency with h, 
especially within the small displacement (low load) 
region. 

Noting that, in Eq. (5), ε = 0.75 is a constant 
dependent only on the indenter geometry and, as 
mentioned above, Young’s modulus might be generally 
expected to remain constant with scale, thus the 
decreasing tendency in P/(h + hd)2 shown in Fig. 4 
seems to imply that, if Eq. (5) is really suitable for 
describing the nanoindentation loading curve, the 
hardness H included in Eq. (5) cannot be treated as a 
constant. In fact, the load dependence of the measured 
hardness has been frequently observed for different 
materials [15,16]. There is reason to believe that such a 
load dependence may also exist during the loading 
segment of a nanoindentation test.  

In order to confirm this idea, the hardness H was 
calculated as functions of indentation load P based on 
Eq. (5) using the values of P/(h + hd)2 given in Fig. 4. 
The results are shown in Fig. 5. Clearly, the calculated 
hardness exhibits a significant load dependence.  

The load dependency of the measured hardness, i.e., 
ISE, has been widely studied and some phenomenological 
explanations for the origin of the ISE have been 
proposed [15–18]. It has been found that a second-order 

 
Fig. 5  Load dependency of the hardness calculated 
based on Eq. (5) using measured P/(h+hd)2. 
 

polynomial is sufficiently suitable for describing the 
relationship between the test load P and the contact 
depth hc [16,19,20]: 
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where a0, a1, and a2 are constants. Especially, the 
coefficient a2 is considered to be related with the 
load-independent hardness HT of the test material: 

 T 2H ka=  (8) 

where k is a constant dependent on the indenter 
geometry. For Berkovich indenter, k = 1/24.5. 

Using the values of the measured hardness H given 
in Fig. 5, the contact depth hc corresponding to each 
datum point is calculated with Eq. (4) and the result is 
shown as a function of the load in Fig. 6. The solid line 
in this plot is obtained by a conventional polynomial 
regression according to Eq. (7). Clearly, Eq. (7) is 
proven sufficiently suitable for the representation of 
the data.  

Using the best-fit value of a2, a2 = 1.7447×10−4 
mN/nm2, the true hardness of the fused silica can be 
determined from Eq. (8) to be 7.12 GPa, which is 
somewhat smaller compared with the reported values 
of the measured hardness, about 8.5 GPa [6,21]. This 
may be understood by noting that, in most cases 
[16,19,20], the load-independent hardness determined 
with Eqs. (7) and (8) is always smaller than the 
load-dependent hardness value calculated with Eq. (4). 
 

 
Fig. 6  Relationship between load P and contact depth hc 
calculated with the experimental data given in Fig. 5. 



586  J Adv Ceram 2019, 8(4): 583–586 

www.springer.com/journal/40145 

4  Concluding remarks 

Based on the above analyses, it may be concluded that: 
(1) The hardness H included in Eq. (5) may not be 

treated as a constant. As a result, the measured P/(h + 
hd)2 exhibits a significant variation with displacement h. 

(2) Equation (5) can be used to determine the load 
dependence of the hardness H and the relationship 
between the contact depth and the applied load during 
the loading segment of a nanoindentation test. The 
latter can then be used to determine the load- 
independent hardness of the test material. 

It should be pointed out that the analyses conducted 
in the present study are still somewhat simple and, at 
least, further studies should be carried out to consider 
the effect of other parameters included in Eq. (5), the 
indenter geometry constant ε and the effective 
truncation length hd, on the reliability of the load- 
independent hardness determination. 
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