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Abstract
The aim of this work is to introduce an efficient algorithm for the numerical solution of nonlinear integral equation arising

from chemical phenomenon which is a famous equation in chemistry engineering. A procedure is described for trans-

forming the nonlinear integral equation by using Chebyshev polynomials to nonlinear system of algebraic equations. Also,

we present a convergence analysis and error bound for presented method. In addition, some numerical results are reported

to evaluate the validity and applicability of the method and also comparison has been done with existing results.
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Introduction

Nonlinear form of integral equations of the second kind

often occur as following

uðtÞ ¼ f ðtÞ þ
Z b

a

kðt; sÞGðs; uðsÞÞds; ð1:1Þ

where f, k and G are known functions with G(s, u) nonlin-

ear in u, and u(t) is a solution to be determined. These

types of equations can be obtained by reformulation of

some boundary value problems for ordinary differential

equations, also mixed type of these equations can be seen

in chemical reactor as the dynamic model (see e.g.,

[2, 3, 7, 8, 10, 12–14]). In this article, we study the

numerical solution for a special kind of (1.1)

uðtÞ ¼ f ðtÞ þ
Z b

a

kðt; sÞðuðsÞÞ�1
ds: ð1:2Þ

Above equation can be written as the following integral

equation forms

uðdÞ ¼
Z b

a

kðd; d1Þðuðd1ÞÞ�1
dd1; ð1:3Þ

where

uðdÞ ¼ exp
�lsðdÞ
RT

� �
; kðd; d1Þ ¼ Psðd1Þ exp

�Eintðd; d1Þ
RT

� �
:

ð1:4Þ

Substituting (1.4) in (1.3) and through simple computa-

tions, we get the following integral equation which

appeared in chemical phenomenon

lsðdÞ ¼ �RT ln

Z
Psðd1Þ exp �Eintðd; d1Þ � lsðd1Þ

RT

� �
dd1

� �
;

ð1:5Þ

the last equation forms the basis for the Conductor like

Screening Model for Realistic Solvents (COSMO-RS)

where R and T are the gas constant and the temperature,

respectively, the interaction energy expression for the

segments with screening charge density d and d1 has been

explained by Eintðd; d1Þ, PsðdÞ is the molecular interaction

in solvent and lsðdÞ denotes the chemical potential of the

surface segments that should be determined.

In 1995, A. Klamt achieved an approach that made it

possible to compute the details of molecules quantum

mechanically and he applied obtained results in an approx-

imate statistical mechanics procedure which is called

COSMO-RS. COSMO-RS is a quantum chemistry-based

equilibrium thermodynamics method and it can show the
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link between the world of chemical quantum mechanics and

engineering thermodynamics well. For the prediction of

activity coefficients in multicomponent liquid mixtures,

COSMO-RS uses conductor screening charges on molecular

surface panels. Detailed description of these models may be

found in [17].

The numerical solvability of nonlinear integral equa-

tions has been studied by several authors. Ghoreishi et al.

[6] have been concerned with the numerical solution of

Volterra–Hammerstein integral equations via the opera-

tional Tau method. Maleknejad et. al. in [9, 11] applied the

computational method for Hammerstein integral equations

based on Bernstein operational matrices and operational

matrices of hybrid functions. In [12], the Sinc-quadrature

formula are applied to approximate solution of (1.4). In [5],

numerical solution of nonlinear Hammerstein integral

equations via collocation method based on double expo-

nential transformation is considered. Authors of [15]

applied operational matrices of Chebyshev polynomials for

solving singular Volterra integral equations. Our approach

is to investigate how numerically one can solve a COSMO-

RS integral equation with the Chebyshev polynomials.

To clarify the concepts of the Chebyshev polynomials,

in ‘‘Preliminaries and notations’’ section we describe some

notations and basic definitions of Chebyshev polynomials.

We will apply Chebyshev polynomials for approximating

the solution of nonlinear integral Eq. (1.2), then conver-

gence analysis and error bound is proved in ‘‘Main result’’

section . Finally in ‘‘Numerical’’ section , some numerical

experiments are reported to illustrate the efficiency and

accuracy of our algorithm.

Preliminaries and notations

In this section, we recall some necessary mathematical

preliminaries and definitions of the Chebyshev polynomi-

als, which are used further in this paper [1, 4].

Definition 1 The Chebyshev polynomials of the first kind

of order i are defined as follows

TiðtÞ ¼ cos½i cos�1 t�; t 2 ½�1; 1�; i ¼ 0; 1; 2; . . .;

ð2:1Þ

from this definition the following property is evident

Tiðcos hÞ ¼ cosðihÞ; h 2 ½0; p�; i ¼ 0; 1; 2; . . .:

Theorem 1 The Chebyshev polynomials TiðtÞ satisfy the

recurrence relation

Tiþ1ðtÞ ¼ 2tTiðtÞ � Ti�1ðtÞ; i ¼ 1; 2; . . .: ð2:2Þ

Proposition 1 Chebyshev polynomials are orthogonal

functions with respect to a weighting function of ð1� t2Þ�1=2
,

Z 1

�1

TiðtÞTjðtÞð1� t2Þ�1=2
dt ¼ p

2
cidij; ð2:3Þ

where

ci ¼
2 i ¼ 0;

1 i[ 0;

�
and dij ¼

0 i 6¼ j;

1 i ¼ j:

�
ð2:4Þ

Main result

In this section for the sake of clarity, we prefer to split our

presentation into two parts. The first part concerns with

numerical scheme of nonlinear integral Eq. (1.2) based on

the Chebyshev polynomials. The second part deals with

convergence analysis of the presented method.

Nonlinear function approximation
and Chebyshev collocation method

Using defined bases, orthogonal series expansion of the

exact solution u(t) can be considered as

uðtÞ ¼
X1
i¼0

aiuiðtÞ; ð3:1Þ

where ai ¼ \uðtÞ;uiðtÞ[ :
Let uðtÞ be a given set of orthogonal bases with respect

to the defined weight function xðtÞ on [a, b]. Owing to

variety of orthogonal polynomials, in the following we

choose Chebyshev polynomials. Now, we define an

approximation function of the exact solution u(t) as follows

uðtÞ ’
Xn
i¼0

a1iTiðtÞ ¼ AT
1TiðtÞ; ð3:2Þ

where A1 ¼ ½a1;0; a1;1; . . .; a1;n�T, and TiðtÞ ¼ ½T0ðtÞ;
T1ðtÞ; . . .; TnðtÞ�T.

Without loss of generality and due to COSMO-RS

Eq. (1.5), the nonlinear analytic function in (1.1) can be

written as

FðtÞ ¼ Gðt; uðtÞÞ ¼ ðuðtÞÞ�1; ð3:3Þ

according to (3.2), we can write (3.3) as

FðtÞ ¼ AT
2TiðtÞ; ð3:4Þ

where A2 ¼ ½a2;0; a2;1; . . .; a2;n�T.
By substituting Eqs. (3.2)–(3.4) in (1.1), or (1.2), we

have

AT
1TiðtÞ ¼ f ðtÞ þ

Z b

a

kðt; sÞAT
2TiðsÞds: ð3:5Þ

Let us set HðtÞ ¼
R b

a
kðt; sÞTiðsÞds. Using this notation,

above equation can be transformed to the following form

178 Mathematical Sciences (2018) 12:177–183

123



AT
1TiðtÞ ¼ f ðtÞ þ AT

2HðtÞ: ð3:6Þ

On the other hand, due to (3.2)–(3.4) we can write

AT
2TiðtÞ ¼ Gðt; uðtÞÞ ¼ G t;AT

1TiðtÞ
� �

; ð3:7Þ

from (3.6), above relation can be rewritten as

AT
2TiðtÞ ¼ G t; f ðtÞ þ AT

2HðtÞ
� �

; ð3:8Þ

for obtaining ðnþ 1Þ unknowns A2, we take t ¼ tj for

j ¼ 1; 2; . . .; ðnþ 1Þ, where tj be collocation points. So, we

have the following nonlinear system

AT
2TiðtjÞ ¼ G tj; f ðtjÞ þ AT

2HðtjÞ
� �

: ð3:9Þ

By solving Eq. (3.9), A2 can be determined. Finally, the

approximation solution u(t) will be obtained

uðtÞ ¼ 1

FðtÞ ¼
1

AT
2TiðtÞ

: ð3:10Þ

The following algorithm summarizes our proposed method:

Error analysis

This section is concerned with the error estimation of the

Chebyshev expansion for the nonlinear integral Eq. (1.2).

The following theorem states and proves the main result

of error analysis.

Theorem 2 Let gðtÞ ¼ 1

uðtÞ be a second-order derivative

square-integrable function defined on ½�1; 1� with

jg00 ðtÞj � L for some constant L,and let g�ðtÞ be an

approximation function of the exact solution

gðtÞ ¼
P1

i¼0 aiTiðtÞ. Then, for sufficiently smooth functions

g(t) and k(t, s), with jkðt; sÞj �M, in (1.2) we have

jjuðtÞ � u�ðtÞjjL1½�1;1� � 2MLðb� aÞ
X1
i¼nþ1

1

ði� 1Þ2
;

½a; b� � ½�1; 1�;

where u�ðtÞ ¼ 1

g�ðtÞ.

Proof Due to Eq. (1.2) we can write

jjuðtÞ � u�ðtÞjj ¼ max
t2½�1;1�

j
Z b

a

kðt; sÞ½gðsÞ � g�ðsÞ�dsj

¼ max
t2½�1;1�

j
Z b

a

kðt; sÞ½
X1
i¼0

aiTiðsÞ �
Xn
i¼0

aiTiðsÞ�dsj

¼ max
t2½�1;1�

j
Z b

a

kðt; sÞ½
X1
i¼nþ1

aiTiðsÞ�dsj

� max
t2½�1;1�

Z b

a

jkðt; sÞjj
X1
i¼nþ1

aiTiðsÞjds

� max
t2½�1;1�

Z b

a

jkðt; sÞjj
X1
i¼nþ1

aijjTiðsÞjds;

from properties of Chebyshev polynomials and given

assumption, we obtain

jjuðtÞ � u�ðtÞjj �Mðb� aÞ
X1
i¼nþ1

jaij: ð3:11Þ

On the other hand, from gðtÞ ¼
P1

i¼0 aiTiðtÞ we have

ai ¼ \gðtÞ; TiðtÞ[ ¼ 2

pci

Z 1

�1

gðtÞTiðtÞxðtÞdt:

Substituting xðtÞ ¼ ð1� t2Þ�1=2
and t ¼ cos h yields

Step 2. Compute f(t) in collocation point tj .

Step 3. Compute H(t) in collocation point tj as follows

H(t) =
∫ b

a

k(t, s)Ti(s)ds.

Step 4. Compute:

4.1. A2 from the following equation:

AT
2 Ti(tj) = G(ti, f(tj) +AT

2 H(tj)).

4.2. u(t) from relation u(t) =
1

AT
2 Ti(t)

.

Algorithm 1. The construction of proposed method for a nonlinear integral equation (1.2)

Step 1. Input:

n, tj , (j = 1, ..., n+ 1), f(t) and Ti(t).
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ai ¼
2

pci

Z p

0

gðcos hÞTiðcos hÞð1� cos h2Þ�1=2
sin hdh

¼ 2

pci

Z p

0

gðcos hÞ cos ihdh:

Using integration by part, we conclude

ai ¼
2

pcii

Z p

0

g
0 ðcos hÞ sin ih sin hdh

¼ 1

pcii

Z p

0

g
0 ðcos hÞ½cosði� 1Þh� cosðiþ 1Þh�dh

¼ 1

pcii

Z p

0

g
0 ðcos hÞ cosði� 1Þhdh

�

�
Z p

0

g
0 ðcos hÞ cosðiþ 1Þhdh

�
:

By repeating the integration, ai can be written as

ai ¼
1

pcii
1

i� 1

Z p

0

g
00 ðcos hÞ sinði� 1Þh sin hdh

�

� 1

iþ 1

Z p

0

g
00 ðcos hÞ sinðiþ 1Þh sin hdh

�
;

thus for i[ 1, (for i ¼ 0, ci ¼ 1), we have

jaij �
1

pi

Z p

0

jg00 ðcos hÞjdh 1

i� 1
þ 1

iþ 1

� �
;

according to assumption and by simple computation, we

can write:

jaij �
2L

ði2 � 1Þ �
2L

ði� 1Þ2
: ð3:12Þ

Finally, by substituting (3.12) in (3.11) we can conclude:

jjuðtÞ � u�ðtÞjj � 2LMðb� aÞ
X1
i¼nþ1

1

ði� 1Þ2
; ð3:13Þ

the proof is completed. h

Numerical

In this section, three test problems will be considered to

assess the accuracy and efficiency of the proposed method

for solving nonlinear integral Eq. (1.2). Achieved nonlin-

ear systems will be solved by Newton method and all

calculations will be done by the Mathematics.

Example 1 Consider the following COSMO-RS integral

equation which expresses a particular case of the electro-

static misfit energy [12]

uðdÞ ¼
Z 3

�3

Psðd1ÞHðd; d1Þðuðd1ÞÞ�1
dd1; ð4:1Þ

where

PsðdÞ ¼

expð�ð5dþ 0:25Þ2Þ þ 1

25d2 þ 1
þ sinð5dþ 0:25Þ2

ð5d� 0:25Þ4 þ 1
þ qð5dÞ; �2� d\2;

0; Otherwise;

8><
>:

and

qðdÞ ¼
�ðd� 7Þðd� 9Þ; 7� d\9;

0; Otherwise;

�

Hðd; d1Þ ¼ expð�ðdþ d1Þ2Þ:

Here, we apply presented method based on Algorithm 1.

This problem has been defined over the interval ½�3; 3�. In
order to use Chebyshev polynomials TiðtÞ on the interval

t 2 ½a; b�, we convert it by introducing the change of

variable t ¼ b� a

2
xþ bþ a

2
. For computational details, we

take n ¼ 8 and obtain collocation points ti. In this problem

f ðtÞ ¼ 0, so due to step 3 in mentioned algorithm, we

compute HðtiÞ

From step 4 in Algorithm 1, we solve achieved non-

linear system by Newton method and we obtain A2 as

A2 ¼ ½1:36555;�0:17877; 0:45421;�0:02481; 0:03827;

� 0:00621; 0:00471; 0:00033�T:

Finally, the approximation solution u(t) will be obtained.

Obtained numerical results can be seen in Figs. 1 and 2

with n ¼ 8; 16, respectively. Example 1 was solved in

[9, 16] by a method based on Sinc, Bernestein polynomials

and Block pulse functions. In [16] reported results show

that they can achieve good numerical results for n� 40;

whereas reported results using proposed method show that

we can achieve good numerical results for n� 8. Figure 1

of the proposed method shows that high accuracy obtained

for n ¼ 8 in comparison with figure of Sinc method in [9].

ti - 1.61 - 1.11 - 0.61 - 0.11 - 0.39 - 0.89 - 1.39 - 1.89

HðtiÞ 0.052225 - 0.237845 - 0.201385 0.139676 - 0.078774 0.129343 - 0.044902 - 0.000194

180 Mathematical Sciences (2018) 12:177–183

123



Example 2 Consider the following nonlinear integral

equation:

uðtÞ ¼ f ðtÞ þ
Z 1

0

kðt; sÞðuðsÞÞ�1
ds;

where

f ðtÞ ¼ 21� 11 expð10Þ
100

expð�10ð1þ tÞÞ þ 1

1þ t
;

kðt; sÞ ¼ expð�10ðt þ sÞÞ;

with the exact solution uðtÞ ¼ 1

1þ t
. The obtained results

of Example 2 with respect to proposed method in [9, 16]

show that the mentioned method is powerful and give good

numerical results in comparison with numerical scheme in

[9, 16]. As we expected, the presented method has pro-

duced highly numerical results. The best reported of error

estimates for Bernstein method in [16] is Oð�16Þ for

n ¼ 10, whereas we can achieve nearly equivalent error

with n ¼ 4. The error estimates of the presented method for

n ¼ 4, Bernestein method and Sinc method for n ¼ 10

have been represented in Table 1. Obtained numerical

results for Example 2 can be seen in Fig. 3.

Example 3 Consider the following nonlinear integral

equation:

Fig. 1 Approximate solution for Example 1 using Chebyshev base

with n ¼ 8

Fig. 2 Approximate solution for Example 1 using Chebyshev base

with n ¼ 16

Table 1 Numerical results of

Example 2 using proposed

method

t Absolute error

Presented method (n ¼ 4) Bernestein Method (n = 10) Sinc Method (n = 10)

0 0 0 7:77	 10�3

0.1 4:44	 10�16 2:22	 10�16 2:85	 10�3

0.2 0 3:33	 10�16 1:04	 10�3

0.3 0 3:33	 10�16 3:86	 10�4

0.4 0 1:11	 10�16 1:42	 10�4

0.5 0 0 5:22	 10�5

0.6 0 1:11	 10�16 1:92	 10�5

0.7 0 1:11	 10�16 7:07	 10�6

0.8 1:11	 10�16 1:11	 10�16 2:60	 10�6

0.9 0 0 9:56	 10�7

1 0 0 3:52	 10�7

Fig. 3 The Chebyshev approximation for Example 2 using Cheby-

shev base with n ¼ 4
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uðtÞ ¼ f ðtÞ þ
Z 1

0

kðt; sÞðuðsÞÞ�1
ds;

where

f ðtÞ ¼ expð�tÞ þ 2ð�3þ expð1ÞÞ cosðtÞ; kðt; sÞ ¼ cosðtÞs3;

with the exact solution uðtÞ ¼ expð�xÞ. This problem has

been solved by proposed scheme, as we expected good

numerical results are obtained and the error behaviors of

the presented method with n ¼ 4; 8 have been shown in

Figs. 4 and 5. As we can see, the reported absolute errors

for n ¼ 4; 8 are Oð�4Þ and Oð�10Þ, respectively.

Conclusion

Being able to efficiently solve the problems in modeling

chemical phenomenon that can be formulated as nonlinear

integral equations is important. In this research, an efficient

and accurate numerical scheme was presented for solving

nonlinear integral equations and COSMO-RS integral

equation which appeared in chemical phenomenon. By

using the Chebyshev polynomials, the main problem was

converted to a problem of solving a nonlinear system of

algebraic equation. Comparing our numerical results and

other numerical experiments, we may conclude the high

accuracy of the presented method. With the availability of

this methodology, it might be used to solve the other types

of applied integral equations in other sciences.

Open Access This article is distributed under the terms of the Creative
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