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Abstract
This paper aims to study vector optimization through improvement sets in locally convex spaces. This investigation could

be viewed as an extension of the work of Lalitha and Chatterjee (J Optim Theory Appl 166: 825–843, 2015) who studied an

open problem on stability posed by Chicco et al., in normed linear spaces. This paper also establishes some existence

results for this kind of vector optimization using the celebrated KKM theorem (or Fan’s Lemma, which is more common in

the literature). Some examples illustrating the advantage of this work than that of Lalitha and Chatterjee (2015) are

included too.

Keywords Vector optimization � Improvement sets � KKM theorem � Painlevé-Kuratowski set-convergence

Introduction

An improvement set behaves just like a cone and in essence

generalizes the notion of a cone. The notion of cones,

introduced by Giannessi [4, 5], is the cornerstone of the

theory of optimization and almost every optimal notion

uses this concept to introduce the optimal elements asso-

ciated with that optimal notion. Just like the cones, the

improvement sets are the basis of the E-optimal points for a

set and many authors [3, 7–9, 11, 12] have employed this

kind of optimal notion in vector optimization which gen-

eralizes the notion of efficiency and weak efficiency. In this

work, we consider �� E optimal points instead of E-opti-

mal points for a set, as this approach is very common in the

literature, in locally convex spaces. Indeed, for � appro-

priately chosen, the set of all �� E optimal points is greater

(or even strictly greater) than the set of all E-optimal points

for any set. Let us declare that this approach do not produce

complex situations and the obtained conclusions are still as

simple as the conclusions achieved in [8].

The paper is organized as follows. In Sect. 2, we present

definitions and notations needed in addressing our study.

This section specially includes a simple wording of the

celebrated Fan’s Lemma [1, 14] and a more tractable ver-

sion of this technique. In Sect. 3, some existence theorems

for E-optimal and �� Eoptimal points of a set are verified.

In Sect. 4, we state our main results, refreshing the results

achieved by Lalitha and Chatterjee [8]. For a complete

history of the current work, we refer the readers to [8] and

references therein.

Preliminaries

Let X and Y be two Hausdorff locally convex spaces and let

C be a proper pointed closed convex cone in Y with

nonempty interior. Let us first recall the definition of an

improvement set.

Definition 1 [2, 6, 8] A nonempty set E � Y is said to be

an improvement set with respect to C (or simply an

improvement set, if there is no danger of confusion) if it

satisfies the following

(i) 0 62 E;

(ii) E þ C ¼ E.

It is worth observing that if C has nonempty interior,

then the interior of the improvement set E is nonempty too.
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Moreover, the following equality holds true:

E þ intC ¼ intE, where by intðCÞ we mean the topological

interior of C. [6]

We now state the following notion of minima associated

with the notion of an improvement set E. Let � 2 C. Then

Definition 2 [2, 6, 8] Let A � Y be a nonempty set. An

element �a 2 A is said to be

(i) an E-minimal solution iff ðA � �aÞ \ ð�EÞ ¼ ;;

(ii) a weak E-minimal solution iff ðA � �aÞ\
ð�intEÞ ¼ ;;

(iii) an �-E-minimal solution iff ðA � �a þ �Þ\
ð�EÞ ¼ ;;

(iv) a �-weak E-minimal solution iff ðA � �a þ �Þ\
ð�intEÞ ¼ ;.

For a set A � Y , the set of all E-minimal, weak E-

minimal, �-E-minimal and �-weak E-minimal solutions of

A are denoted, respectively, by MinðA;EÞ, WMinðA;EÞ,
�� MinðA;EÞ and �� WMinðA;EÞ. Obviously, for any set

A, we have MinðA;EÞ � WMinðA;EÞ and

�� MinðA;EÞ � �� WMinðA;EÞ. But more can be said.

Proposition 1 Let E be an improvement set and let A � Y .

Then

(i) if � 2 C, then MinðA;EÞ � �� MinðA;EÞ;
(ii) if � 2 intC, then WMinðA;EÞ � �� WMinðA;EÞ.

Proof Since E is an improvement set, thus both E þ C ¼
E and E þ intC ¼ intE hold. If � 2 C, then E þ � � E. This

leads to the proof of the first item. If � 2 intC, then

E þ � � intE, leading to proof of the second item. h

The following example simply shows that the inclusions

in Proposition 1 may be strict.

Example 1 Let Y ¼ R2 and A ¼ ½�2;�1� � f0g. Suppose

that C ¼ ½0;1Þ2
, the natural cone in R2. Let E ¼ ½1;1Þ �

½0;1Þ and � ¼ ðe; 0Þ where e is a fixed positive real

number. Obviously, E is an improvement set and � 2 C.

One can easily verify that MinðA;EÞ ¼ ½�2;�1Þ � f0g
and �� MinðA;EÞ ¼ A. Notice that if � ¼ ðe1; e2Þ where e1

and e2 are two fixed positive real numbers, then � 2 intðCÞ
and the previous conclusion still holds true.

We now recall the notion of Painlevé-Kuratowski set-

convergence [8, 13]. Let ðSnÞ be a sequence of sets in X.

Let

LiSn :¼fx 2 X : x ¼ lim
n!1

xn; xn 2 Sn;

for sufficiently large ng;
LsSn :¼fx 2 X : x ¼ lim

k!1
xnk

; xnk
2 Snk

;

ðnkÞ a subsequence of ðnÞg:

A sequence of sets ðSnÞ is said to be convergent in the sense

of Painlevé-Kuratowski if and only if there exists a set S so

that

LsSn � S � LiSn:

Mathematically, we may write Sn�!
PK

S.

We finally state the definition of a KKM map and then

the Fan’s lemma for easy reference. As we already

expressed, the Fan’s lemma is required here for verifying

the desired existence results of solutions.

Definition 3 [1, 14] Let X be a Hausdorff topological

vector space and let A be a nonempty subset of X. A set-

valued mapping F : A�X is called a KKM map if

conv fx1; x2; . . .; xng �
[n

k¼1

FðxkÞ;

for each finite subset fx1; x2; . . .; xng � A, where

conv fx1; x2; . . .; xng denotes the convex hull of the points

fx1; x2; . . .; xng.

Lemma 1 [1, 14] Let X be a Hausdorff topological vector

space and let A � X be an arbitrary set. Let F : A�X be a

KKM mapping. If F has closed values and F(x) is compact

for at least one x 2 A, then
T

x2A FðxÞ 6¼ ;.

The following lemma, as a consequence of the Fan’s

lemma, yields a similar result. In some problems, verifying

the condition that a given set-valued mapping is a KKM

one, is somewhat cumbersome and we may prefer to use

the following lemma instead of Fan’s lemma as a shortcut.

A direct proof for this lemma can be found in [1].

Lemma 2 [1] Let X be a Hausdorff topological vector

space and A � X be a convex set. Let F : A�X be a given

set-valued mapping which has closed values and F(x) is

compact for at least one x 2 A. If furthermore F satisfies

the following two conditions:

(i) x 2 FðxÞ for each x 2 A;

(ii) Fðkx þ ð1 � kÞuÞ � FðxÞ
S

FðuÞ for any k 2 ½0; 1�
and x; u 2 A,

then,
T

x2A FðxÞ 6¼ ;.

Existence results using KKM theorem

This section is devoted to verify some existence results

about the E-minima notions described above. Throughout

this section, we assume that X and Y are two Hausdorff

locally convex spaces and C � Y is a proper pointed closed

convex cone with nonempty interior. Furthermore, assume

that E is a convex improvement set. We now have the

following existence theorems.
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Theorem 1 The notations are all as above. Suppose that

A � Y is a convex set. If there exists some a 2 A so that the

set fu 2 A : u 62 a þ intEg is compact, then

WMinðA;EÞ 6¼ ;.

Proof Consider the set-valued mapping G : A�X defined

by

GðyÞ ¼ fu 2 A : u 62 y þ intEg:

We verify the conditions of the Lemma 2 about this

mapping. Since 0 62 intE, thus for any y 2 A we have

y 2 GðyÞ. Let y; h 2 A, k 2 ½0; 1� and u 2 Gðkyþð1 � kÞhÞ.
If u 62 GðyÞ

S
GðhÞ, thus u 2 y þ intE and u 2 h þ intE. It

follows that u 2 ky þ ð1 � kÞh þ intE, by positivity of

scalar k and the convexity of the improvement set E. This

contradicts the assumption of u 2 Gðky þ ð1 � kÞhÞ. Thus,

G satisfies the condition (ii) of the mentioned lemma too.

Furthermore, G obviously has closed values and G(a) is

compact, by hypothesis. Hence by Lemma 2,T
y2A GðyÞ 6¼ ;. This means, there exists �y 2 A so that �y 2

GðyÞ for any y 2 A. This completes the proof. h

Theorem 2 The notations are all as above. Suppose that

A � Y is a convex set. Let � 2 intE. If there exists some

a 2 A so that the set fu 2 A : u 62 a þ �þ intEg is com-

pact, then �� WMinðA;EÞ 6¼ ;.

Proof The proof is completely similar to that of Theo-

rem 1, we therefore omit it. h

Corollary 1 The notations are all as above. Suppose that

A � Y is a convex compact set. Then WMinðA;EÞ 6¼ ;.

Proof The proof is a direct consequence of Theorem 1. h

Corollary 2 The notations are all as above. Suppose that

A � Y is convex. Let � 2 intC. If there exists some a 2 A so

that the set fu 2 A : u 62 a þ intEg is compact, then

�� WMinðA;EÞ 6¼ ;.

Proof The proof is a direct consequence of Theorem 1

and Proposition 1. h

Corollary 3 The notations are all as above. Suppose that

A � Y is convex and compact. Let � 2 intC. Then

�� WMinðA;EÞ 6¼ ;.

Proof This follows easily from Corollary 2. h

Some �-stability conclusions for solution sets

In this section, we consider the following vector opti-

mization problem and establish some stability results for its

solutions. To this end, let X and Y be two Hausdorff locally

convex spaces. Suppose that E is an improvement set with

nonempty interior. Let f : X ! Y be a map. The following

vector optimization problem, denoted (VP) from now on, is

discussed here.

ðVPÞ min
x2S

f ðxÞ;

where S � X is a nonempty closed set.

Definition 4 An element �s 2 S is called an:

(i) E-optimal solution of (VP) if f ð�sÞ 2 Minðf ðSÞ;EÞ;
(ii) a weak E-optimal solution of (VP) if

f ð�sÞ 2 WMinðf ðSÞ;EÞ;
(iii) an �� E-optimal solution of (VP) if

f ð�sÞ 2 �� Minðf ðSÞ;EÞ;
(iv) a weak �� E-optimal solution of (VP) if

f ð�sÞ 2 �� WMinðf ðSÞ;EÞ.

In this research, the set of all E-optimal, weak E-opti-

mal, �� E-optimal and weak �� E-optimal solutions of

(VP) are denoted, respectively, by O(f, S, E), WO(f, S, E),

�� Oðf ; S;EÞ and �� WOðf ; S;EÞ. Using the conclusions

of the previous section, the following existence theorem is

immediate. Assume that E is a convex improvement set.

Theorem 3 The notations are all as we remarked above.

Assume that E is a convex improvement set with nonempty

interior and � 2 intE. Assume further that f(S) is convex.

Then, the following hold true:

(i) if there exists some y 2 f ðSÞ so that the set fu 2
f ðSÞ : u 62 y þ intEg is compact, then

WOðf ; S;EÞ 6¼ ;;

(ii) if there exists some y 2 f ðSÞ so that the set fu 2
f ðSÞ : u 62 y þ �þ intEg is compact, then

�� WOðf ; S;EÞ 6¼ ;;

(iii) if f(S) is compact, then WOðf ; S;EÞ 6¼ ;;

(iv) if f(S) is compact, then �� WOðf ; S;EÞ 6¼ ;.

Proof The proof is a direct consequence of the existence

theorems and corollaries stated in the previous section. h

Corollary 4 The notations are all as above. Assume that E

is a convex improvement set with nonempty interior and

� 2 intE. Assume further that S is a convex set and f is a

linear continuous map. Then, the following hold true:

(i) if there exists some y 2 f ðSÞ so that the set fu 2
f ðSÞ : u 62 y þ intEg is compact, then

WOðf ; S;EÞ 6¼ ;;

(ii) if there exists some y 2 f ðSÞ so that the set fu 2
f ðSÞ : u 62 y þ �þ intEg is compact, then

�� WOðf ; S;EÞ 6¼ ;;

(iii) if S is compact, then WOðf ; S;EÞ 6¼ ;;

(iv) if S is compact, then �� WOðf ; S;EÞ 6¼ ;.
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The definition of the continuous convergence for a

sequence of functions stated below is required in the

sequel.

Definition 5 [8, 10] Let fn : X ! Y be a sequence of

functions. We say the sequence ðfnÞ converges continu-

ously to the function f : X ! Y if fnðxnÞ ! f ðxÞ whenever

xn ! x.

The following theorems say if a sequence of functions

converges continuously and a sequence of sets converges in

the sense of Painlevé-Kuratowski, then the corresponding

images sets converges too. Let us remark that the condition

of sequentially compactness in this theorem is fundamental

and, as the example below shows, ignoring this condition

may yield absurd result.

Theorem 4 The assumptions are as above. Suppose the

following conditions are satisfied:

(i) Sn�!
PK

S;

(ii) ðfnÞ converges continuously to f;

(iii) for any sequentially compact set M � Y the unionS1
m¼1 f�1

m ðMÞ is relatively sequentially compact.

Then, fnðSnÞ converges to f(S) in the sense of Painlevé-

Kuratowski.

Proof The proof is similar to that of Theorem (3.1) in [8].

We must show LsðfnðSnÞÞ � f ðSÞ � LiðfnðSnÞÞ. Let

y 2 LsðfnðSnÞÞ. Thus, there exist a subsequence ðnkÞ of (n)

and a sequence ðxnÞ with xn 2 Sn so that y ¼ limk!1 yk

where yk ¼ fnk
ðxnk

Þ. Obviously, the set M ¼ fyk : k 2 Ng
is sequentially compact and xnk

2
S1

j¼1 f�1
nj

ðMÞ for any k.

On the other hand from hypothesis, we find that the setS1
m¼1 f�1

m ðMÞ is relatively sequentially compact. SpeciallyS1
j¼1 f�1

nj
ðMÞ is relatively sequentially compact. Thus, the

sequence ðxnk
Þ lies in a relatively sequentially compact set

and therefore contains a convergent subsequence, still

denoted ðxnk
Þ, converging to some x 2 S. Since ðfnÞ con-

verges continuously to f thus fnk
ðxnk

Þ converges to f(x). This

implies y ¼ f ðxÞ and therefore y 2 f ðSÞ. This completes the

proof of the first inclusion we remarked above. The rest of

the proof which is verifying the second inclusion follows

just by mimicking the proof of Theorem (3.1) in [8] and is

easy. This completes the proof. h

Theorem 5 The assumptions are all as above. Suppose the

following conditions are satisfied:

(i) Sn�!
PK

S;

(ii) ðfnÞ converges continuously to f;

(iii)
S1

k¼1 Sk is relatively sequentially compact.

Then, fnðSnÞ converges to f(S) in the sense of Painlevé-

Kuratowski.

Proof Elementary. h

The following example indicates that disregarding the

condition (iii) of Theorem 4 may produce wrong result.

Example 2 Equip ‘p with its usual norm topology. Notice

that in ‘p, as a metric space, the compactness and

sequentially compactness are the same. Let X ¼ Y ¼ ‘p

where 1\p\1. Let ðenÞ denote the canonical basis of ‘p

(i.e., ek is just the sequence whose only nonzero entry is a

‘‘1’’ in the kth coordinate). Since ken � emk‘p ¼ 2
1
p for

n 6¼ m, thus the sequence ðenÞ does not contain any con-

vergent subsequence. Let ð�xnÞ be an arbitrary sequence in

‘p converging to some x0 6¼ 0. Let Sn ¼ fen; �xng and

fnðxÞ ¼
�xn x ¼ en;
x

n
x 6¼ en:

(

Let f ¼ 0. One may easily verify that Sn�!
PK fx0g and fn

converges continuously to f. On the other hand fnðSnÞ ¼
f�xn;

�xn

n
g which implies fnðSnÞ�!

PK f0; x0g. But f ðfx0gÞ ¼ f0g
which differs from f0; x0g. The reason for this failure is

that while the set M ¼ f�xn : n 2 Ng is compact, the unionS1
k¼1 f�1

k ðMÞ fails to be compact. Indeed, the third condi-

tion of Theorem 4 does not hold.

Remark 1 In Example 2, if one replaces the norm topol-

ogy with the weak topology, then the last condition of

Theorem 4 satisfies. Indeed, the sequence ðenÞ converges

weakly to 0 and thus the set fen : n 2 Ng is weakly

sequentially compact (or weakly compact, by Eberlein-

Smulian Theorem). However, the desired conclusion fails

to be true again! This produces no discrepancy because in

this topology fn does not converge continuously to the zero

function.

Remark 2 Example 2 indicates that the proof of Theo-

rem 3.1 in [8] is wrong if X is infinite dimensional. Indeed,

the conditions of Theorem 3.1 in [8] about Example 2 are

entirely satisfied!

We now investigate some stability conclusions of the

solution set of problem (VP). By considering a family of

(VP) problems, we perturb both the objective function f

and its solution set. To begin with, consider the following

family of (VP) problems:

ðVPÞn min
x2Sn

fnðxÞ:

The following theorems establish some conclusions

between E-minimal solutions of the perturbed problems

and the E-minimal solutions of the original (VP) problem.

Let us remark that the conditions are all as the opening of

this section. Comparing with the conclusion of
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Theorem 3.2 in [8], the following theorem furnishes the

opposite side of the inclusion too. The details are as

follows:

Theorem 6 Suppose the following conditions hold true:

(i) Sn�!
PK

S;

(ii) ðfnÞ converges continuously to f;

(iii)
S1

k¼1 Sk is relatively sequentially compact.

Suppose that the improvement set E is closed. Suppose

further that � 2 intC. Then, the following inclusions hold:

(i) �� Minðf ðSÞ;EÞ � Lið�� MinðfnðSnÞ;EÞÞ;
(ii) Lið�1 � MinðfnðSnÞ;EÞÞ � �2 � Minðf ðSÞ;EÞ for

all �1; �2 2 intC with �2 � �1 2 intC;

(iii) Lið�� MinðfnðSnÞ;EÞÞ � ðkþ 1Þ�� Minðf ðSÞ;EÞ
for all scalar k[ 0.

Proof The proof of the first statement goes exactly as that

of Theorem 3.2 in [8] with some minor modifications. We

therefore give only a sketch of the proof. Let

y 2 �� Minðf ðSÞ;EÞ. This implies

ðf ðSÞ � y þ �Þ \ ð�EÞ ¼ ;: ð1Þ

Obviously, y ¼ f ðxÞ for some x 2 S. So, from hypothesis,

there exist xn 2 Sn satisfying xn ! x and thus

fnðxnÞ ! f ðxÞ. Now assume that there exists a subsequence

ðnkÞ of (n) so that

ðfnk
ðSnk

Þ � fnk
ðxnk

Þ þ �Þ \ ð�EÞ 6¼ ;: ð2Þ

This implies there exist snk
2 Snk

so that

fnk
ðsnk

Þ � fnk
ðxnk

Þ þ � 2 �E. The last hypothesis of theo-

rem just implies that there exists a subsequence of ðsnk
Þ,

still denoted ðsnk
Þ, which converges to some s 2 S. Letting

n ! 1 in (2) yields a result contradicting (1). This shows

fnðxnÞ 2 �� MinðfnðSnÞ;EÞ and we are done. We now

prove the second item. Let y 2 Lið�1 � MinðfnðSnÞ;EÞÞ.
Thus, y ¼ limn!1 yn with yn 2 �1 � MinðfnðSnÞ;EÞ. This

implies

ðfnðSnÞ � yn þ �1Þ \ ð�EÞ ¼ ;: ð3Þ

Now assume that y 62 �2 � Minðf ðSÞ;EÞ. Thus, there exists

x 2 S so that

f ðxÞ � y þ �2 2 �E: ð4Þ

On the other hand since x 2 S, there exist xn 2 Sn so that

xn ! x. Using (3) we deduce that yn � fnðxnÞ � �1 62 E.

Specially, we have yn � fnðxnÞ � �1 62 intE. It follows that

y � f ðxÞ � �1 62 intE. Since E is an improvement set, thus

we follow y � f ðxÞ � �1 62 E þ intC. This, using the fact

that �2 � �1 2 intC, just implies

y � f ðxÞ � �1 62 E þ �2 � �1, from which it follows that

f ðxÞ � y þ �2 62 �E. This violates (4). Thus,

y 2 �2 � Minðf ðSÞ;EÞ, completing the proof of this sec-

tion. The proof of the last item follows directly from (ii).

Indeed, k� belongs to intC for any k[ 0. Now let �1 ¼ �

and �2 ¼ ð1 þ kÞ� and use (ii). The proof is over. h

Comparing with the conclusion of Theorem 3.3 in [8],

the next theorem contains a better conclusion. The details

are as follows:

Theorem 7 Suppose the following conditions hold true:

(i) Sn�!
PK

S;

(ii) ðfnÞ converges continuously to f;

(iii)
S1

k¼1 Sk is relatively sequentially compact.

Suppose that the improvement set E is closed. Suppose

furthermore � 2 intC. Then, the following inclusions hold:

(i) Lsð�� WMinðfnðSnÞ;EÞÞ � �� WMinðf ðSÞ;EÞ;
(ii) �1 � WMinðf ðSÞ;EÞ � Lsð�2 � WMinðfnðSnÞ;EÞÞ

for all �1; �2 2 intC with �2 � �1 2 intC;

(iii) �� WMinðf ðSÞ;EÞ � Lsððkþ 1Þ�� WMin

ðfnðSnÞ;EÞÞ for all scalar k[ 0.

Proof The proof for ‘‘�’’ part is exactly the same with the

proof of the corresponding conclusion in Theorem 3.3 in

[8], we therefore omit it. Let us prove the opposite inclu-

sion in (ii). So let y 2 �1 � WMinðf ðSÞ;EÞ. This just

implies

ðf ðSÞ � y þ �1Þ \ ð�int EÞ ¼ ;: ð5Þ

Since y 2 f ðSÞ, thus y ¼ f ðxÞ for some x 2 S. It follows that

there exists a subsequence ðnkÞ of (n) and xnk
2 Snk

such

that xnk
! x. Therefore fnk

ðxnk
Þ ! f ðxÞ ¼ y, as n approa-

ches infinity. We claim that fnk
ðxnk

Þ 2 �2�
WMinðfnk

ðSnk
Þ;EÞ. Suppose to the contrary,

fnk
ðxnk

Þ 62 �2 � WMinðfnk
ðSnk

Þ;EÞ. Hence there exist snk
2

Snk
so that

fnk
ðxnk

Þ � fnk
ðsnk

Þ � �2 2 int E: ð6Þ

By the last hypothesis of theorem ðsnk
Þ contains a subse-

quence, still denoted ðsnk
Þ, so that ðsnk

Þ converges to some

s 2 S. Hence, letting n ! 1 in (6), we deduce that

f ðxÞ � f ðsÞ � �2 2 E: ð7Þ

On the other hand since E is an improvement set and

�2 � �1 2 intC, thus E þ �2 � �1 � intE, using the equality

E þ intC ¼ intE. Hence E � intE � �2 þ �1. Applying this

result in (7) we find that f ðsÞ � f ðxÞ þ �1 2 �intE, con-

tradicting (5). This completes the proof of (ii). In a way

completely similar to that of Theorem 6 (iii), one may

easily prove (iii). This completes the proof. h

From these two theorems and the previous conclusion,

the following string of inclusions is easily extracted.
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Suppose the conditions of Theorem 7 are entirely satisfied.

Then, for any k[ 0

Minðf ðSÞ;EÞ � �� Minðf ðSÞ;EÞ
� Lið�� MinðfnðSnÞ;EÞÞ
� Lsð�� MinðfnðSnÞ;EÞÞ
� Lsð�� WMinðfnðSnÞ;EÞÞ
� �� WMinðf ðSÞ;EÞ
� Lsððkþ 1Þ�� MinðfnðSnÞ;EÞÞ
� ðkþ 1Þ�� WMinðf ðSÞ;EÞ;

and also

Minðf ðSÞ;EÞ � �� Minðf ðSÞ;EÞ
� Lið�� MinðfnðSnÞ;EÞÞ
� ðkþ 1Þ�� Minðf ðSÞ;EÞ
� Liððkþ 1Þ�� MinðfnðSnÞ;EÞÞ
� Liððkþ 1Þ�� WMinðfnðSnÞ;EÞÞ
� Lsððkþ 1Þ�� WMinðfnðSnÞ;EÞÞ
� ðkþ 1Þ�� WMinðf ðSÞ;EÞ
� Lsððkþ 1Þ2�� WMinðfnðSnÞ;EÞÞ
� ðkþ 1Þ2�� WMinðf ðSÞ;EÞ:

Using Theorems 6 and 7, we can also deduce the following

conclusions for �-optimal solutions.

Theorem 8 Suppose conditions Theorem 6 hold. Then

(i) �� Oðf ; S;EÞ � Lið�� Oðfn; Sn;EÞÞ;
(ii) Lið�1 � Oðfn; Sn;EÞÞ � �2 � Oðf ; S;EÞ for all

�1; �2 2 intC with �2 � �1 2 intC;

(iii) Lsð�� WOðfn; Sn;EÞÞ � �� WOðf ; S;EÞ;
(iv) �1 � WOðf ; S;EÞ � Lsð�2 � WOðfn; Sn;EÞÞ for all

�1; �2 2 intC with �2 � �1 2 intC.

Proof Elementary. h

Conclusions

In this paper, we first verified some existence results for the

optimal solutions (including E-minimal, �� E-minimal

and weak �� E-minimal solutions) of a given set. Then,

we have established the lower and upper set-convergences

of �� E-optimal and weak �� E-optimal solution sets of

perturbed nonconvex vector problems in the sense of

Painlevé-Kuratowski. The conclusions of this paper could

be viewed as an �-translation and somewhat an improve-

ment of the work of Lalitha and Chatterjee [8].
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