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Introduction and preliminaries

In 2012, Wardowski [1] generalized Banach contraction
principle in a novel way by introducing a new type of
contraction called F-contraction:

Definition 1.1 [I] A self-mapping f on a metric space
(X, d) is said to be F-contraction if there exists T > 0 such
that

d(fx,fy) > 0= 1+ F(d(fx.fy)) < F(d(x,y)), (1.1)

for all x,y € X, where F : Ry — R is a mapping satisfying
the following conditions:

F1: F is strictly increasing,
F2: for every sequence {s,} of positive real numbers,

lim s, =0 < lim F(s,) = —o0,
n—o0 n—0o0

F3:  there exists k € (0,1) such that lim s*F(s) = 0.

Let us denote by F, the family of all functions F satis-
fying conditions F1-F3. Some well-known members of F
are F(s)=1Ins, F(s)=s+1Ins, F(s)= ’Ti and
F(s) = In(s®> + 5). Moreover, Wardowski [1] proved that
every F-contraction mapping on a complete metric space
possesses a unique fixed point. Further, on varying the
elements of F suitably, a variety of known contractions in
the literature can be deduced.

Example 1.1 [1] Consider F € F given by F(s) =Ins.
Then each self-mapping f on X satisfying inequality (1.1) is
an F-contraction such that

d(fx, fy) <e "d(x,y),

\g
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where x,y € X and x #y. Observe that this inequality
holds trivially if x = y.

Using Ciric’—type generalized contraction in Definition
1.1, Wardowski and Van Dung [2] (also independently
Mnak et al. [3]) introduced the notion of F-weak contrac-
tion and utilize the same to generalize the main result of [1]
as well as several other results of the existence literature.

Definition 1.2 [2, 3] Let (X,d),t and F be as in Defini-
tion 1.1. A self-mapping f on X is said to be F-weak con-
traction if

T+F(d(fx,]6/))§F(Mf(x,y))7 (1'2)
for all x,y € X whenever d(fx,fy) > 0 where
My 223) = max{ s y). e ), ), 2L A0,

Usually, the following abbreviation, also, is utilized in the
literature:

) = ) SEL)LA0B) ) 4 059,
Theorem 1.1 [2, 3] Let (X, d) a complete metric space
and f : X — X be an F-weak contraction for some F € F.
Then f has a unique fixed point x € X and for every xy € X,
the Picard sequence {f"xo} converges to x provided either

(a) F is continuous or
(b)  fis continuous.

In 2016, Gopal et al. [4] introduced the concept of o-
type F-contraction (for simplicity we write oF'-contraction)
as follows:

Definition 1.3 [4] Let (X,d),t and F be as in Definition
1.1. A mapping f : X — X is said to be an oaF-weak con-
traction if there exists o : X x X — {—o0} U (0, 400) such
that

T+ alx, y)F(d(fr. fy)) < F(Mg(x,y)),
for all x,y € X whenever d(fx,fy) > 0.

(1.3)

Employing Definition 1.3, Gopal et al. [4] proved the
following result:

Theorem 1.2 [4] Let (X, d) be a complete metric space
and f : X — X an aF-weak contraction satisfying the fol-
lowing conditions:

(a) there exists xo € X such that a«(xo,fxo) > 1,

(b) f is o-admissible, i.e., o(fx,fy)>1 whenever
o(x,y) >1,

(c) fis continuous (or F is continuous and if a sequence
{x.} € X such that o(x,,x,11) > 1 for all n € N and
Xy — X as n — oo, then a(x,,x) > 1).

’r @ Springer

Then f has a unique fixed point x € X and for every such
Xo € X, the Picard sequence {f"xo} converges to x.

In recent years, the idea of F-contraction has attracted
the attention of several researchers and by now there exists
a considerable literature on and around this concept (see
[5-18] and references therein).

Definition 1.4 A metric space (X, d) together with a
partially order “=<” on it is called ordered metric space and
denoted by (X, d, <). Further, for arbitrary elements x, y of
X and a self-mapping f on X we say that

(i) x, y are comparable if either x <y or y < x.
(i1)  fis increasing if fx < fy whenever x =< y.
(i) (X, d) is f-orbitally complete if every Cauchy
sequence {f"x} converges in X.
(iv) X is regular if for every increasing sequence {x,}
in X with x,, — x, we have x,, < x for all n € N.

Though Turinici [19, 20] initiated some order-theoretic
results in 1986, yet it is often referred to be indicated in
2004 wherein Ran and Reurings [21] presented a more
natural result which was well-followed by Nieto and
Rodriguez-Lopez [22, 23]. For the work of this kind, one
can be referred to [24-31].

Remark 1.1 In the setting of ordered metric spaces, the
conditions (1.1-1.3) are required to hold merely for all
comparable pairs of elements x,y € X.

Abbas et al. [32] utilized the idea of F-contraction to
obtain order-theoretic common fixed point results. Very
recently, Durmaz et al. [33] proved the following result
which can be obtained by setting g =1 : X — X in Theo-
rem 2 of [32]:

Theorem 1.3
metric space and f : X — X an F-contraction for some
F e F. If the following conditions hold:

[33] Let (X,=,d) be a complete ordered

) —

(a) there exists xo € X such that xo < fxo,

(b) fis increasing,

(c) either f is continuous (or F is continuous and X is
regular),

then f has a fixed point.

Further, the authors in [33] gave the following condition
to ensure the uniqueness of the fixed point in Theorem 1.3:

B: Every pair of elements of X has a lower bound and
upper bound.

Remark 1.2 Very recently, Vetro [34] enlarged the class
F (and denote the same [F) by withdrawing the condition
F3 and replacing the constant 7 by a function g : Ry — Ry
with liminf, s+ () > 0 for all s >0. Obviously, F C F
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and F(s) = —1/s is a member of F which is not in F. We
denote with S the family of all functions o.

The aim of this article is to point out that all the existing
results regarding o-type F-contraction are not correct in
their existing forms. We also generalize Theorem 1.3 uti-
lizing Cirié-type contraction in two directions wherein o €
S is utilized rather than the constant 7. In doing so, we
obtain a slightly sharpened form of Theorem 1.1. We
support our results by suitable examples and an application.

An observation on c-type F-contractions

We begin our observation with [4] wherein authors
enlarged the co-domain of o to include —oo and at the same
time assumed that the expression —oo . 0 has the value —oco
which is quite unnatural. Inspired by this substitution, we
are able to furnish the following counterexamples:

Example 2.1 Let X = {0,%,%, 1} equipped with usual
metric d. Then (X, d) is a complete metric space. Define

a:X xX — {—o0}U(0,00) by

—00, fOI'X,yG {071}3X7£Y7
In3 11
a(x,y) = Z—M, forx,ye{z,i},x¢y;
1, otherwise.

Let f be a self-mapping on X defined as
fO0= l,f%:%,f%:%, and f1 = 0. Then fis continuous as
well as o-admissible. By a routine calculation, one can
verify that f satisfies the contraction condition (1.3) for
F(s) =Ins and 7 = ln%. Especially, for x =0 and y = 1,
we have

—00 =1n(4/3) 4 (—o0)In(1) < In ( max{1,1,1,0}) = 0.

Observe that, f is fixed point free which disproves
Theorem 1.2.

Even if we restrict the co-domain of o to (0,00) in
Definition 1.3 with a view to recover Theorem 1.2, still the
theorem continues to be erroneous. The following example
exhibits this fact:

Example 2.2 Consider X = [1,00) equipped with the
discrete metric D, that is,

0, forx=y;
D) = {

1, otherwise.
Take fx = ax, for all x € X where a € (1,00). Then with
a(x,y) =2, for all x,y € X and F(s) = — ﬁ,fsatisﬁes all

the requirements of Theorem 1.2 (for T < 1) but fis a fixed
point free.

Indeed, in all the proofs of the results on oF-contrac-
tions, e.g. in [4, line 4, page 962] and also in [12, equation
(2.4)], the authors assumed that F(s) <o(x,y)F(s), for
a(x,y) > 1 which is not true in general (as F may have
negative values).

Main results

In order to generalize Theorem 1.3, the following defini-
tions are required:

Definition 3.1 Let (X, d) be a metric space and 0 € S. A
mapping f: X — X is said to be an extended F-weak
contraction if for all x,y € X, we have

a(d(x,y)) + F(d(fx, fy)) < F(Mf(x,y))
whenever d(fx, fy) > 0, where F € F.

(3.1)

Definition 3.2 An ordered metric space (X,d, <) is said
to be <-regular if for every increasing sequence {x,} in
X with x, — x, there exists a subsequence {x,, } of {x,}
and a positive integer ko such that x,, < x for all k> k.

First, we prove the following result:

Theorem 3.1 Ler (X,=,d) be an ordered metric space
and f : X — X an extended F-weak contraction for some
function F € F. If (X, d) is f-orbitally complete such that
the following conditions hold:

(a) there exists xo € X such that xo < fxo,
(b) fis increasing,
(c) F is continuous and X is <-regular

Then f has a fixed point x € X. Moreover, for every xo € X
satisfies (a), the sequence {f"xo} converges to x.

Proof Letxy € X be such that xo < fxo. Define a sequence
{x,} in X by x,41 =: fx, foralln € Ny =: NU{0}.If x,, =
Xy for some n € Ny, then we are done. Otherwise, we
assume d(x,,x,4+1) > 0 forall n € N . As xp < fxo and f'is
increasing, we have

X0 2X 2 R X XXy S0
Now, on setting x = x,_; and y = x,, in (3.1), we have

o(d(xXp—1,%n)) + F(d(Xn,%011)) SF(IVI]”(XVHaxn))
= F(max{d(xn,l,xn), d(x,,,x,lﬂ)}).

If d(xy—1,%,) <d(x,%,11) for some n € N, then
F(d(xn; Xn11)) S F(d(xn; Xn11)) — 0(d (X1, %)),
a contradiction as o(d(x,_1,x,)) > 0. Therefore,
F(d(n, Xnt1)) < F (A1, %) — 0(d(Xn-1, %)),

which, in turn, yields

’r @ Springer
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F(d(xXy,Xn11)) < F(d(xo,x1)) — no(d(xg,x1)), (3.2)

for all n€ N. On letting n — oo in (3.2), we get
lim F(d(x,,X,+1)) = —00. Therefore, (due to F2)

n—oo

lim d(x,,x,11) = 0.

n—oo

(3.3)

We assert that {x,} is a Cauchy sequence . Let us assume
that {x,} is not so. Then there exists ¢ > 0 and two sub-
sequences {x, } and {x,, } of {x,} such that

ng > mg >k, d(xp, , X, ) > €andd(Xp, 1, Xm, ) < €forallk € N.

Now, we have

€ Sd(xn“xmk) Sd(xnmxmfl) + d(xnkflvxmk) Sd(xn“xn;\fl) +e€

so that

lim d(xp,, Xm, ) = €.
k—o00

Again, we have
e< d(xnkaxnk-H) + d(xnk+laxmk+l) + d(xmﬁ-laxmk)
so that (on letting k — 00)

e < liminf d(X,, 41, X 41)-
k—o00

Similarly, we can deduce that
e < liminf d(x,,+1, %, )ande < liminf d(Xm,+1, Xn, )-
k—00 k—o0
It follows that there exists / € N with d(x,, 41, %m+1) > 0,

d(Xng11,%m,) > 0 and d (X 41,%n,) > 0 for all k> 1. Then
for all k > [, we have (on setting x = x,,, and y = x,,, in (3.1))

G(d(xnk:xmk)) + F(d(xnwlvxmﬁl)) < F(Mf('xnk7x’1k))7 (3-4)

where

Mf (xnk b xmk) = max {d(xnk b xmk )7 d(xi’lk b xnk+1 ) 9 d(xmk b xmk+1 )7

d(xnk,xmk-H) + d(xmmxﬂk-*—l) }

2
< max {d(xﬂwxmk)a d(xﬂuxnﬁ-l)? d(‘xmk7‘xmk+1)7

d (s Xm, ) + d (X, Xy 1) + d (X, X, ) + d (X, X 11) }
5 .

Letting k — oo in presiding inequality and in view of the
definition of ¢ and the continuity of F, we get

F(e) < liminf o(d(xn,3,)) + F(e) < F(e),

a contradiction so that {x,} is a Cauchy sequence and
having a limit x € X. Next, we show that x is a fixed

Y4
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point. Suppose that x, = fx for infinitely many n € N,
then there exists a subsequence of {x,} which converges
to fx and the uniqueness of the limit finish the proof.
Henceforth, we assume that fx, # fx for all n € Ny. On
using the <-regularity of X, there exists a subsequence
{xn, } of {x,} and a positive integer ko such that x,, < x
for all ny > ko. Now, for n, > ko, we can set x = x,, and
y=uxin (3.1) so that

0 (d(xn, X)) + F(d(Xn11,/x)) < F(M(xy,x))

SF(maX{d(Xnk,x),d(xnk7xnk+l)ad(x7fx)7 (3.5)

(e 0) - dx, ) +d<xvx"k+1”}>'

Let it be on the contrary that d(x, fx) > 0. Making n — oo
in (3.4), one gets
y+ F(d(x,fx)) < F(d(x,fx)),

where 0<y = liminfy(, o+ 6(d(x,,x)), a contradiction
so that d(x, fx) = 0 which concludes the proof. O

The following result is yet another version of Theo-
rem 3.1 :

Theorem 3.2 Theorem 3.1 remains true if the condition
(c) is replaced by the continuity of f whenever F € F.

Proof The proof is identical to the proof of Theorem 3.1
up to (3.3), i.e,

lim d(x,,x,11) = 0.
n—0o0

Due to (F3), there exists k € (0, 1) such that

i (d (3, %11)) F(d (i, %01)) = 0. (3.6)
Now, from (3.2), we have
d(xnyxn+l)k[F(d(xman)) - F(d(x07xl))] (3.7)

< — no(d(x0,x1))d(Xp, Xns1)* <O0.
On using (3.3), (3.5) and letting n — oo in (3.6), we get

lim no(d(xo, x1))d(xp, Xp1 )" = 0.

n—oo
Hence, there exists m € Ny such that nd(xn,xnﬂ)k <1 for
all n>m, so that

1
d(Xy, Xp41) < — foralln > m. (3.3)

nk
We assert that {x,} is a Cauchy sequence. Consider s, €
No with s > # > m. Using the triangle inequality and (3.7),
we have
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As >°°, L is convergent, letting s, — 0o gives rise to
ik

lim d(x;,x,) =0

§,1—00

so that the assertion is established. Since X is f-orbitally
complete, there exists x € X such that lim x, = x. The

n—oo

continuity of f implies
x = lim x,; =f(lim x,) = fx.
This concludes the proof. O

Remark 3.1 Theorem 3.5 carries some advantage over
Theorem 3.6 as F remains a relatively larger class as
compared to F, and at the same time most of the utilized
functions in F are already continuous.

Corollary 3.1 Theorem 1.3 follows from Theorems 3.1
and 3.2.

The following example exhibits that Theorem 3.1 is a
proper generalization of Theorem 1.3:

Example 3.1 Let X=AUBUC where A=10,1],B =
(1,3] and C = (3,2]. Then, (X,d, <) is an ordered metric
space wherein d is the usual metric and the partial order
"<’ on X is defined by

x <y < eitherx = yor{x <y : (x € Aandy € B)or(x € Bandy € C)}.

Consider F € [ given by F(s) = =%, for s > 0 and o(r) =
}—p for all # € R;. Define a self-mapping f on X by

1, forx € A;
3

flx) = 3 forx € B;
2, forx € C.

Now, in order to verify inequality (3.1), we distinguish the
following two cases:
Case 1: x € A and y € B. Here, we have

(ot )

xeA,yeB
. 3 y—x 1
—F(Xei‘tjlnyB{max{y—x,l—x,z—y, 2 +Z}})
3 1
= F(inf {max{y = 1.5 -y -3}})
e MY T T Y Ty

(3=

Since a(d(x,y))+F(d(fx,]"y)) zi—i—F(%) :i—ﬁ,
f verifies (3.1).
Case 2: x € B and y € C. Here, we have

F( inf Mf(x,y))

xeB,yeC
. 3 y—x 1
=t fmaxy - vx =520 757421}
—F(inf {max{ 3 2 1}})
- yeC y 2) yvy 2
=F(1)= -1

Since o(d(x,y)) + F(d(fe.fy)) =1+ F(1) =1 - V2,
f verifies (3.1) in this case too. Therefore, in all, fis an F-
contraction ensuring the existence of some fixed point of f.

Observe that for x = % and y = 2, the right-hand side of

(L.1) gets us F(1/2) = —V2. As 14+ F(d(f(3/2).f2)) =
411_ /2, the inequality (1.1) does not hold so that Theo-
rem 1.3 is not applicable in the context of present example.

Now we prove the following uniqueness result corre-
sponding to Theorems 3.1 and 3.2:

Theorem 3.3 [f in addition to the hypotheses of Theorem
3.1 (or Theorem 3.2), the following condition is satisfied,
then f has a unique fixed point:

B:  Fix(f) := {x € X,fx = x} is a totally ordered set.

Proof We prove the conclusion for Theorem 3.1 (for
Theorem 3.2, the proof is similar). If F € F the proof is
similar with o(d(x,y)) = 7. Let x, y be two elements of
Fix(f) such that d(x,y) > 0. Then,

o(d(x,y)) + F(d(x,)) < o(d(x,)) + Fd(fe.5))
gF<max{d<x,y>,d(x,fx>,d<y,m,

d(x,fy) er d(y,fx) })

=F(d(x,y)),

a contradiction so that d(x,y) = 0. O

In the following uniqueness result, we weaken the
condition (B) at the cost of a relatively more stronger
contraction condition.

Theorem 3.4 [f in addition to the hypotheses of Theorem
3.1, the condition (B) is satisfied, then f has a unique fixed
point provided My (x,y) in the contraction condition (3.1) is
replaced by my(x,y).

Proof Let x,y be two elements of Fix(f). Then there
exists z € X such that z is comparable to both x and y. For
x <> z, we may assume that z < x (similar arguments for
y <> z). Since f is increasing, we deduce that

’r @ Springer
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['2=2x,f"2 2 y.
Let &, =:d(x,f"z). We assert that lim &, = 0. For sub-

stitution x = x,y = f"z in the contraction condition, we
have

F(énJrl) < én) + F(énJrl)
<

a(
F(my(x,f"2))

(e, S i)

:F<max{én,W}>.

Now, if &, <&, 1, then (3.9) becomes

3

F(&u) SF(W>

and since F is strictly increasing, we have ¢, ;| < &, which
is a contradiction. Therefore, &, > ¢, ; so that &, is a
decreasing sequence of nonnegative reals such that
lim &, = r>0. If r > 0, then on letting n tends to infinity

in (3.8), we get F(r) <F(r) which is not possible. Thus, in
all situations, lim, .. d(x,f"z) =0. Similarly, we can
prove that lim, . d(y,f"z) =0 Since
d(x,y) <d(x,f"z) + d(f"z,y) — 0 as n — oo, the unique-
ness of the fixed point is established. This concludes the
proof. [

Remark 3.2 As 1 and 2 are not comparable elements, in
the context of Example 3.1, the fixed point is not unique
supporting our uniqueness results.

The following result is immediate. Observe that by
widening the class of functions F in Definition 1.2, one can
derive the following result which remains a metric-version
of Theorem 3.1:

Theorem 3.5 Let (X, d) be a metric space andf : X — X
an extended F-weak contraction for some function F € [F.
If (X, d) is f-orbitally complete and the following condition
holds:

(a) F is continuous.

Then f has a unique fixed point x € X. Moreover, for every
Xo € X, the Picard sequence {f"xo} converges to x.

Proof The proof of existence part is very similar to that
one of Theorem 3.1 and the uniqueness follows from
Theorem 3.3 . Only we mention here that the extra con-
ditions therein ensure the comparability between the ele-
ment in which we apply to inequality (3.1). O

’r @ Springer

Remark 3.3 With a view to check the validity of Theo-
rem 3.5 in the context of Example 3.1 (without any partial
order on X), observe that for x =1 and y = 2, (3.1) gives
rise

1 1
*§:§+F(d(fl’f2)) >F(1)=-1
so that the inequality (3.1) is not satisfied. This demon-
strates the utility of proving an ordered-version of
Theorem 3.5.

The following is yet another version of Theorem 3.5
which remains a slightly sharpened form of Theorem 1.1
(proved for continuous mapping f).

Theorem 3.6 Let (X, d) be a metric space andf : X — X
an extended F-weak contraction for some function F € F.
If (X, d) is f-orbitally complete and

(a) fis continuous,

then f has a unique fixed point x € X. Moreover, for every
Xo € X, the Picard sequence {f"xy} converges to x.

The proof is omitted as it is very similar to that of [18,
Theorem 2.4] and [3, Theorem 2.2] where the complete-
ness of the whole space is utilized rather than the com-
pleteness of the orbit of f.

Corollary 3.2 Theorem 1.1 follows from Theorems 3.5
and 3.6.

Corollary 3.3 Let (X, d) be a complete metric space and
f: X — X. Assume there exists F € F and ¢ € S such that
fis F-contraction of Hardy-Rogers, i.e.,

o(d(x,y)) + F(d(f ) < F(ard(x,y) + axd(x.fx) + asd(y. )
+ asd(x,fy) + asd(y, fx)),

for all x,yeX whenever d(fx,fy) >0, where
a; €0,00)Vi, at+ataz+2a,=1, az#1 and
a; + a3 +as < 1. Then f has a unique fixed point x € X.

Proof For all x,y € X, we have
ard(x,y) + axd(x, fx) + azd(y, fy) + asd(x,fy) + asd(y, fx)

S (al + as + as + 2614) max {d(xvy)7 d(xafx)7 d(y7f.‘y)7

2
= max {d(x,y),d(x,fx%d(y’ﬁ),w }
O
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Applications

Inspired by [22], we establish the existence and uniqueness
solution for the following first-order periodic boundary
value problem with respect to its lower or upper solution:

{u’(s) =f(s,u(s)), selI=10,5]

u(0) = u(s), 1)

where S >0 and f : I X R — R is a continuous function.
Let C(I) denote the space of all continuous functions
defined on 1. We recall the following two definitions:

Definition 4.1 [22] A function y € C'(I) is called a lower
solution of (4.1), if
{ 7' (s) <f(s,7(s)),
7(0) < ¥(8).
Definition 4.2 [22] A function y € C'(I) is called an
upper solution of (4.1), if
{ 7' (8) = f(s,7(5)),
7(0) = ¥(8).

sel

sel

Now, we prove the following result on the existence
and uniqueness of solution of the problem described by
(4.1) in the presence of a lower solution (or an upper
solution).

Theorem 4.1 In respect of the problem (4.1), suppose
that the following conditions hold:

(i) there exists T > 0 such that for all x,y € R with
x<y

0<f(s,y) +e "y —[f(s,x) +e x| <e "(y —x).
(4.2)

(ii)  there exists a function » : R* — R such that for
all s € I and for all a,b € R with w(a,b) >0,

o [ Gl O () + e a1 (5) 20,

where y € C'(I) is a lower solution of (4.1).
(iii) forall s €I and all x,y € C'(I), o(x(s),y(s)) >0
implies

of /0 Gs, D[ (1, (1)) + e~“x(1)]dr,
N
| a6l +esijar) 2o

iv) if x,—x€ CI(I) and  o(x,11,%,) >0, then
o(x,,x) >0 for all n € N. Then the existence of
a lower solution of problem (4.1) ensures the

existence and uniqueness of a solution of problem
4.1).

Proof The problem described by (4.1) can be rewritten as
{ u'(s) + e Tu(s) =f(s,u(s)) +e u(s) Vsel
u(0) = u(S) ’

which is equivalent to the integral equation

s
u(s) = / G(s, 0)[f (1, u(r)) + € u(2)]ds, (4.3)
0
where Green function G(s, ?) is given by
ee”(Sthfs)
ﬁ 0 S r<s S S,
G(S7 t) = ee—t<t7:>
e
m 0 S s<t S S.
Define a function X : C(I) — C(I) by
s
(Xu)(s) = / G(s, 0)[f(t,u(r)) + e "u(r)]dr Vs €I
0
(4.4)

Clearly, if u € C(I) is a fixed point of X, then u € C'(I) is a
solution of (4.3) and hence of (4.1). Now, define a metric d
on C(I) by

d(u,v) = sup lu(s) — v(s)] Vv € C(1) (45)
sel

On C(I), define a partial order < given by

u,v €C;u=<v<=u(s)<v(s) Vsel. (4.6)

Clearly, (C(I),d, =) is a complete ordered metric space.
We check that all other conditions of Theorem 3.4:
First, let y € C'(I) be a lower solution of (4.1); we have

Y'(8) + e Tp(s) <f(s, y(s)) + e Ty(s) Vs el

Multiplying both the sides by ¢ *, we get

(7(s)e” ) <[f(s,7(s) + e p(s))e” > Vs €1,

which implies that

P(s)e ™ < (0) + /Os[f(t, 2(1)) 4+ e Tp(r)]e¢ dr Vs € I
(4.7)

As y(0) <v(S), we have

Y
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S
005 <S)e S <3(0) + [ (e0) +e (0l e

so that

N ee’rt
V(O) < /0 m [f(t, ’y([)) + Eir'))(t)]dt. (48)

On using (4.7) and (4.8), we obtain

S e 't
100 < [ S ) + e T

o €°

s [y + ey

0

ee

K ee’T(S-&-t)
< [ S + il
S ee’ft
+ [ S + e

s ee’T(Sthfs)
10 [ Sy o) + e (0

0o €

N ee’f(zfs) B
Jr/ m[f(f,y(f))Jre ()] dt

N
:/0 G(s,)[f(t,y()) + e “y(2)]dt
=(Xy)(s)

for all s € I, which implies that y < X(y).
Second, take u,v € C(I) such that u < v; then by (4.2),
we have

Fls,u(s)) + e "u(s) <f(s,v(s)) + e “v(s) Vs el

On using (4.4), (4.9) and the fact that G(s,7) >0 for
(s,1) € I x I, we get

(4.9)

s
(Xu)(s) :/0 G(s,0)[f (r,u(r)) + e "u(r)]ds

S

< / Gls, D)[f (1, v(1)) + e~ v(1)]dr
0

=(Xv)(s) Vsel,

which, owing to (4.6), implies that X'(u) < X(v) so that X
is increasing.

Finally, take an increasing sequence {u,} C C(I) such
that u, — u € C(I); then for each s €I, {u,(s)} is a
sequence in R converging to u(s). Hence, for all n € N and
for all s € I, we have u,(s) <u(s) for all n € Ny so that
C(I) is =-regular.

Now we show that X is F-contraction for some F € [.
Take u,v € C(I) such that u < v, using (4.2), (4.4) and
(4.5), we have

ﬁ @ Springer

d(Xu, Xv) =sup |(Xu)(s) — (Xv)(s)] = sup ((Av)(s) — (Xu)(s))

sel sel

s
< sup/o G(s, 0)[f(t,v(2)) + e v(t) — f(t,u(t)) — e “u(t)|dt

sel

s
< sup/o G(s,0)e " (v(t) — u(t))dr

sel

S
=e "d(u,v) sup/ G(s,r)dt
0

sel
1 1 ¢ s 1 c s
—p T < e T (S+1—s) e (tfs)] )
e td(u,v) 2?6"45 -1 (e*f ¢ 0 + = s

1 -

=e "d(u, v)m(ee S—1)

=e "d(u,v)

§e’fmax{d(u7v),d(u’ Xu) +d(v, Xv) d(u,Xv)+d(v, Xu)}7

2 ’ 2

for all u,v € X with u < v. Hence, X is F-weak contraction
for T chosen as in (i) and F(s) = Ins. Thus, all the condi-
tions of Theorem 3.1 are satisfied ensuring the existence of
some fixed point of X. Observe that, for arbitrary
u,v € C(I), w := max{u, v} € C(I) is comparable to both u
and v. Therefore, by Theorem, 3.4, X has a unique fixed
point which means that problem (4.1) has a unique solu-
tion. O

Theorem 4.2 Theorem 4.1 remains true if we replace the
existence of the lower solution of (4.1) by the existence of
an upper solution
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