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Abstract The purpose of this paper is to prove the demi-

closedness principle and convergence theorems for nearly

asymptotically nonexpansive nonself mappings in CAT(j)
spaces with j[ 0. Our results extend and improve some

recent results announced in the current literature.
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Introduction

Throughout this paper, N is the set of all positive integers

and R is the set of all real numbers. Let K be a nonempty

subset of a metric space (X, d) and T : K ! X be a nonself

mapping. Denote by FðTÞ ¼ fx 2 K : Tx ¼ xg, the set of

fixed points of T. A nonself mapping T is said to be non-

expansive if

dðTx; TyÞ� dðx; yÞ; 8x; y 2 K:

A subset K of X is said to be a retract of X if there exists a

continuous mapping P : X ! K such that Px ¼ x for all

x 2 K. A mapping P : X ! K is said to be a retraction if

P2 ¼ P. It follows that if P is a retraction, then Py ¼ y for

all y in the range of P.

Definition 1 [11] Let K be a nonempty subset of a metric

space (X, d) and P be a nonexpansive retraction of X onto

K. A nonself mapping T : K ! X is said to be

(i) Lipschitzian if for each n 2 N, there exists a

positive number kn such that

dðTðPTÞn�1
x;TðPTÞn�1

yÞ� kndðx;yÞ; 8x;y 2 K;

(ii) uniformly L-Lipschitzian if kn ¼ L for all n 2 N;
(iii) asymptotically nonexpansive if kn � 1 for all n 2

N with limn!1 kn ¼ 1.

The class of nearly Lipschitzian nonself mappings is an

important generalization of the class of Lipschitzian non-

self mappings and was introduced by Khan [19].

Definition 2 [19] Let K be a nonempty subset of a metric

space (X, d), P be a nonexpansive retraction of X onto

K and fix a sequence fang � ½0;1Þ with limn!1 an ¼ 0. A

nonself mapping T : K ! X is said to be nearly Lips-

chitzian with respect to fang if for each n 2 N, there exists

a constant kn � 0 such that

dðTðPTÞn�1
x; TðPTÞn�1

yÞ� knðdðx; yÞ þ anÞ; 8x; y 2 K: ð1Þ

The infimum of constants kn satisfying (1) is denoted by

gðTðPTÞn�1Þ and is called nearly Lipschitz constant.

Remark 1 [19] For n ¼ 1, the inequality (1) can be

written as:

dðTðPTÞ1�1
x; TðPTÞ1�1

yÞ� k1ðdðx; yÞ þ a1Þ;

where we have to take a1 as zero. Thus in this case, we

have
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dðTðPTÞ1�1
x; TðPTÞ1�1

yÞ� k1dðx; yÞ:

Definition 3 [19] A nearly Lipschitzian nonself mapping

T with the sequence fan; gðTðPTÞn�1Þg is said to be nearly

asymptotically nonexpansive if gðTðPTÞn�1Þ� 1 for all n 2
N and limn!1 gðTðPTÞn�1Þ ¼ 1:

Agarwal et al. [2] introduced the modified S-iteration

process in a Banach space:

x1 2 K;

yn ¼ 1� bnð Þxn þ bnT
nxn;

xnþ1 ¼ ð1� anÞTnxn þ anTnyn; n 2 N;

8
><

>:
ð2Þ

where anf g and bnf g are real sequences in [0, 1]. This

iteration is independent of those of modified Mann iteration

in [31] and modified Ishikawa iteration in [35] and reduces

to S-iteration of Agarwal et al. [2] when Tn ¼ T for all

n 2 N. The convergence of S-iteration for different classes

of mappings in different spaces has been studied by many

authors (see, e.g., [3–5, 17, 18, 20]).

In this paper, we prove the demiclosedness principle for

nearly asymptotically nonexpansive nonself mappings in

CATðjÞ spaces. Also, we present the strong and D-con-
vergence theorems of the modified S-iteration process for

mappings of this type in a CATðjÞ space. Our results

extend and improve the corresponding results of Khan [19],

Saluja et al. [30], Khan and Abbas [20] and many other

results in this direction.

Preliminaries on CAT(j) space

For a real number j; a CAT(j) space is defined by a

geodesic metric space whose geodesic triangle is suffi-

ciently thinner than the corresponding comparison triangle

in a model space with the curvature j. The term ‘CAT(j)’
was coined by Gromov [16, p.119] and the initials are in

honor of Cartan, Alexandrov and Toponogov, each of

whom considered similar conditions in varying degrees of

generality. Fixed point theory in CAT(j) spaces was first

studied by Kirk [21, 22]. His works were followed by a

series of new works by many authors, mainly focusing on

CAT(0) spaces (see, e.g., [1, 9, 10, 12, 13, 15, 23, 24, 27,

29, 30, 33, 34]). Since any CAT(j) space is a CAT(j0)
space for j0 � j (see [6, p. 165]), all results for a CAT(0)

space can immediately be applied to any CAT(j) space

with j� 0:

Let (X, d) be a metric space and let x, y 2 X with

dðx; yÞ ¼ l. A geodesic path joining x to y (or, more briefly,

a geodesic from x to y) is an isometry c : ½0; l� � R ! X

such that cð0Þ ¼ x and cðlÞ ¼ y. The image of c is called a

geodesic (or metric) segment joining x and y. A geodesic

segment joining x and y is not necessarily unique in gen-

eral. When it is unique, this geodesic segment is denoted by

[x, y]. This means that z 2 x; y½ � if and only if there exists

a 2 0; 1½ � such that dðx; zÞ ¼ adðx; yÞ and dðy; zÞ ¼ ð1� aÞ
dðx; yÞ. In this case, we write z ¼ ð1� aÞx� ay for

simplicity.

The space (X, d) is said to be a geodesic space if every

two points of X are joined by a geodesic and X is said to be

a uniquely geodesic if there is exactly one geodesic joining

x to y for each x; y 2 X. Let D 2 ð0;1�: If for every x,

y 2 X with dðx; yÞ\D, a geodesic from x to y exists, then

X is said to be D-geodesic space. Moreover, if such a

geodesic is unique for each pair of points then X is said to

be a D-uniquely geodesic. Notice that X is a geodesic space

if and only if it is a D- geodesic space.

A subset K of X is said to be convex if K includes every

geodesic segment joining any two of its points. The set K is

said to be bounded if diamðKÞ ¼ supfdðx; yÞ : x; y 2 Kg
\1:

To define a CAT(j) space, we use the following concept

called model space. For j ¼ 0; the two-dimensional model

space M2
j ¼ M2

0 is the Euclidean space R2 with the metric

induced from the Euclidean norm. For j[ 0; M2
j is the

two-dimensional sphere ð 1ffiffi
j

p ÞS2 whose metric is a length of

a minimal great arc joining each of the two points. For

j\0; M2
j is the two-dimensional hyperbolic space

ð 1ffiffiffiffiffi
�j

p ÞH2 with the metric defined by a usual hyperbolic

distance.

The diameter of M2
j is denoted by

Dj ¼
p
ffiffiffi
j

p j[ 0;

þ1 j� 0:

8
<

:

A geodesic triangle 4ðx; y; zÞ in a metric space

(X, d) consists of three points x, y, z in X (the vertices of

4) and three geodesic segments between each pair of

vertices (the edges of 4). A comparison triangle for the

geodesic triangle 4ðx; y; zÞ in (X, d) is a triangle Mðx; y; zÞ
in M2

j such that

dðx;yÞ¼dM2
j
x;yð Þ;dðy;zÞ¼dM2

j
y;zð Þ and dðz;xÞ¼dM2

j
z;xð Þ

(see [6, Lemma 2.14]). If j� 0; then such a comparison

triangle always exists in M2
j. If j[ 0, such a comparison

triangle exists whenever dðx; yÞ þ dðy; zÞ þ dðz; xÞ\2Dj.

A point p 2 x; y½ � is called a comparison point for p 2 x; y½ �
if dðx; pÞ ¼ dM2

j
x; pð Þ:

A geodesic triangle 4ðx; y; zÞ in X is said to satisfy the

CAT(j) inequality if for any p; q 2 4ðx; y; zÞ and for their

comparison points p; q 2 Mðx; y; zÞ, one has

dðp; qÞ� dM2
j
ðp; qÞ:
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Now, we are ready to introduce the concept of CAT(j)
space in the following definition taken from [6].

Definition 4

(i) Ifj� 0; then ametric space (X, d) is called a CAT(j )
space if X is a geodesic space such that all of its

geodesic triangles satisfy the CAT(j) inequality.
(ii) If j[ 0; then a metric space (X, d) is called a

CAT(j) space if it is Dj-geodesic and any geodesic

triangle 4ðx; y; zÞ in X with dðx; yÞ þ dðy; zÞ þ
dðz; xÞ\2Dj satisfies the CAT(j) inequality.

Notice that in a CAT(0) space (X, d) if x; y; z 2 X; then

the CAT(0) inequality implies

(CN) d2 z;
1

2
x� 1

2
y

� �

� 1

2
d2ðz; xÞ þ 1

2
d2ðz; yÞ � 1

4
d2ðx; yÞ:

This is the (CN) inequality of Bruhat and Tits [8]. This

inequality is extended by Dhompongsa and Panyanak [14] as

ðCN	Þd2 z; ð1� aÞx� ayð Þ� ð1� aÞd2ðz; xÞ þ ad2ðz; yÞ
� að1� aÞd2ðx; yÞ

for all a 2 ½0; 1� and x; y; z 2 X.

Let R 2 ð0; 2�: Recall that a geodesic space (X, d) is said
to be R-convex (see [26]) if for any three points x; y; z 2 X,

we have

d2 z; ð1� aÞx� ayð Þ� ð1� aÞd2ðz; xÞ þ ad2ðz; yÞ

� R

2
að1� aÞd2ðx; yÞ:

ð3Þ

It follows from the (CN	) inequality that a CAT(0) space is

R-convex for R ¼ 2.

The following lemma is a consequence of Proposition

3.1 in [26].

Lemma 1 [27, Lemma 2.3] Let j[ 0 and (X, d) be a

complete CAT ðjÞ space with diam ðXÞ� p=2��ffiffi
j

p for some

� 2 ð0; p=2Þ. Then, (X, d) is R-convex for R ¼
ðp� 2�Þ tanð�Þ:

In the sequel, we need the following lemma.

Lemma 2 [6, p. 176] Let j[ 0 and (X, d) be a complete

CAT ðjÞ space with diam ðXÞ� p=2��ffiffi
j

p for some

� 2 ð0; p=2Þ. Then
d ð1� aÞx� ay; zð Þ� ð1� aÞdðx; zÞ þ adðy; zÞ

for all x; y; z 2 X and a 2 ½0; 1�:

We now collect some elementary facts about CAT(j)
spaces. Most of them are proved in the setting of CAT(1)

spaces. For completeness, we state the results in a CAT(j)
space with j[ 0.

Let xnf g be a bounded sequence in a CAT(j) space X.

For x 2 X, we set rðx; xnf gÞ ¼ lim supn!1 dðx; xnÞ. The
asymptotic radius rð xnf gÞ of xnf g is defined by

r xnf gð Þ ¼ inffr x; xnf gð Þ : x 2 Xg:

Further, the asymptotic center A xnf gð Þ of xnf g is the set

A xnf gð Þ ¼ x 2 X : r x; xnf gð Þ ¼ r xnf gð Þf g:

It iswell known [15,Proposition4.1] that in aCAT(j) space X

with diamðXÞ\ p
2
ffiffi
j

p , A xnf gð Þ consists of exactly one point.
Now, we can give the concept of M-convergence and

collect some of its basic properties.

Definition 5 [23, 25] A sequence fxng is M-convergent to

x 2 X if x is the unique asymptotic center of any subse-

quence of xnf g. In this case, we write M-limn!1 xn ¼ x and

call x the M-limit of xnf g.

Lemma 3 Let j[ 0 and (X, d) be a complete CAT ðjÞ
space with diam ðXÞ� p=2��ffiffi

j
p for some � 2 ð0; p=2Þ: Then,

the following statements hold:

(i) [15, Corollary 4.4] Every sequence in X has a M-

convergent subsequence;

(ii) [15, Proposition 4.5] If fxng 
 X and M-

limn!1 xn ¼ x, then x 2 \1
k¼1convfxk; xkþ1; . . .g,

where convðAÞ ¼ \fB : B � A and B is closed

and convex g.

By the uniqueness of asymptotic centers, Panyanak [27]

obtained the following lemma.

Lemma 4 [27, Lemma 2.7] Let j[ 0 and (X, d) be a

complete CAT ðjÞ space with diam ðXÞ� p=2��ffiffi
j

p for some

� 2 ð0; p=2Þ: If fxng is a sequence in X with A xnf gð Þ ¼ xf g
and unf g is a subsequence of xnf g with A unf gð Þ ¼ uf g and

the sequence dðxn; uÞf g converges, then x ¼ u:

The following lemma is crucial in the study of iteration

processes in both metric and Banach spaces and it was

proved by Qihou [28].

Lemma 5 [28, Lemma 2] Let fang; fbng and fdng be

sequences of non-negative real numbers such that

anþ1 �ð1þ dnÞan þ bn; 8n 2 N:

If
P1

n¼1 dn\1 and
P1

n¼1 bn\1; then limn!1 an exists.

Demiclosedness principle

It is well known that one of the fundamental and celebrated

results in the theory of nonexpansive mappings is Brow-

der’s demiclosedness principle [7] which states that if K is

a nonempty closed convex subset of a uniformly convex

Math Sci (2017) 11:79–86 81
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Banach space X and T : K ! X is a nonexpansive map-

ping, then I � T is demiclosed at 0, that is, for any

sequence xnf g in K if xn ! x weakly and ðI � TÞxn ! 0

strongly, then ðI � TÞx ¼ 0, where I is the identity map-

ping of X. Saluja et al. [30] proved the demiclosedness

principle for nearly asymptotically nonexpansive self

mappings in a CAT(j) space. Now, we prove the demi-

closedness principle for nearly asymptotically nonexpan-

sive nonself mappings in this space.

Theorem 1 Let j[ 0 and (X, d) be a complete CAT ðjÞ
space with diam ðXÞ� p=2��ffiffi

j
p for some � 2 ð0; p=2Þ: Let

K be a nonempty closed convex subset of X, P be a non-

expansive retraction of X onto K and T : K ! X be a

uniformly continuous nearly asymptotically nonexpansive

nonself mapping with FðTÞ 6¼ ;. If fxng is a sequence in

K such that limn!1 dðxn; TxnÞ ¼ 0 and M-limn!1 xn ¼ w,

then w 2 K and Tw ¼ w:

Proof By Lemma 3, w 2 K. Now, we define WðuÞ ¼
lim supn!1 dðxn; uÞ for each u 2 K: Since

limn!1 dðxn; TxnÞ ¼ 0, by induction we can prove that

lim
n!1

dðxn; TðPTÞm�1
xnÞ ¼ 0; 8m 2 N: ð4Þ

In fact, it is obvious that the conclusion is true for m ¼ 1.

Suppose the conclusion holds for m, now we prove that the

conclusion is also true for mþ 1. By the uniform continuity

of TP, we have

lim
n!1

dðTðPTÞm�1
xn; TðPTÞmxnÞ ¼ 0

so that

dðxn; TðPTÞmxnÞ� dðxn; TðPTÞm�1
xnÞ þ dðTðPTÞm�1

xn;

� TðPTÞmxnÞ
!0 as n ! 1:

Equation (4) is proved. This implies that

WðuÞ ¼ lim sup
n!1

dðTðPTÞm�1
xn; uÞ; for each u 2 K

and m 2 N: ð5Þ

In (5), taking u ¼ TðPTÞm�1
w; we have

WðTðPTÞm�1
wÞ ¼ lim sup

n!1
dðTðPTÞm�1

xn; TðPTÞm�1
wÞ

� lim sup
n!1

½gðTðPTÞm�1Þðdðxn;wÞ þ amÞ�:

Hence

lim sup
m!1

WðTðPTÞm�1
wÞ�WðwÞ: ð6Þ

Furthermore, for any n;m 2 N; it follows from the

inequality (3) with a ¼ 1
2
;

d2 xn;
1

2
w� 1

2
TðPTÞm�1

w

� �

� 1

2
d2ðxn;wÞ þ

1

2
d2ðxn;TðPTÞm�1

wÞ

�R

8
d2ðw;TðPTÞm�1

wÞ:

Since M-limn!1 xn ¼ w; letting n!1, we get

W2ðwÞ�W2 1

2
w� 1

2
TðPTÞm�1

w

� �

� 1

2
W2ðwÞ þ 1

2
W2ðTðPTÞm�1

wÞ � R

8
d2ðw; TðPTÞm�1

wÞ;

which yields that

d2ðw; TðPTÞm�1
wÞ� 4

R
½W2ðTðPTÞm�1

wÞ �W2ðwÞ�: ð7Þ

By (6) and (7), we have limm!1 dðw; TðPTÞm�1
wÞ ¼ 0. In

view of the continuity of TP, we obtain

w¼ lim
m!1

TðPTÞmw¼ lim
m!1

TP TðPTÞm�1
w

� �
¼ TPw¼ Tw:

This completes the proof. h

From Theorem 1, we now derive the following result,

yet is new in the literature.

Corollary 1 Let K be a nonempty bounded closed convex

subset of a completeCAT(0) space (X, d),Pbeanonexpansive

retraction of X onto K and T : K ! X be a uniformly con-

tinuous nearly asymptotically nonexpansive nonself mapping.

If fxng is a sequence in K such that limn!1 dðxn; TxnÞ ¼ 0

and M-limn!1 xn ¼ w, then w 2 K and Tw ¼ w:

Proof It is well known that every convex subset of a

CAT(0) space, equipped with the induced metric, is a

CAT(0) space (see [6]). Then, (K, d) is a CAT(0) space and

hence it is a CAT(j) space for all j[ 0. Notice also that

K is R-convex for R ¼ 2. Since K is bounded, we can

choose � 2 ð0; p=2Þ and j[ 0 so that diamðKÞ� p=2��ffiffi
j

p .

The conclusion follows from Theorem 1. h

Convergence theorems of the modified S-iteration
process

We start with M-convergence of the modified S-iterative

sequence for nearly asymptotically nonexpansive nonself

mappings in CAT(j) spaces.

Theorem 2 Let j[ 0 and (X, d) be a complete CAT ðjÞ
space with diam ðXÞ� p=2��ffiffi

j
p for some � 2 ð0; p=2Þ: Let

82 Math Sci (2017) 11:79–86
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K be a nonempty closed convex subset of X, P be a non-

expansive retraction of X onto K and T : K ! X be a

uniformly continuous nearly asymptotically nonexpansive

nonself mapping with the sequence fan; gðTðPTÞn�1Þg such
that

P1
n¼1 an\1 and

P1
n¼1 gðTðPTÞn�1Þ � 1

� �
\1: Let

fxng be a sequence in K defined by

x1 2K;

yn ¼ Pð 1�bnð Þxn�bnTðPTÞn�1
xnÞ;

xnþ1 ¼ Pðð1� anÞTðPTÞn�1
xn� anTðPTÞn�1

ynÞ; n2N;

8
><

>:

ð8Þ

where anf g and bnf g are real sequences in (0, 1) such that

lim infn!1 anð1� anÞ[ 0 and lim infn!1 bnð1�
bnÞ[ 0: If FðTÞ 6¼ ;; then fxng is M-convergent to a fixed

point of T.

Proof We divide our proof into three steps.

Step 1. First, we prove that

lim
n!1

dðxn; pÞexists for each p 2 FðTÞ: ð9Þ

Let p 2 FðTÞ. Since T is a nearly asymptotically non-

expansive nonself mapping, by (8) and Lemma 2, we

have

dðyn; pÞ ¼ dðPð 1� bnð Þxn � bnTðPTÞn�1
xnÞ; pÞ

� dð 1� bnð Þxn � bnTðPTÞn�1
xn; pÞ

� 1� bnð Þdðxn; pÞ þ bndðTðPTÞn�1
xn; pÞ

� 1� bnð Þdðxn; pÞ þ bngðTðPTÞn�1Þ
ðdðxn; pÞ þ anÞ

� gðTðPTÞn�1Þ½ 1� bnð Þdðxn; pÞ þ bndðxn; pÞ�
þ bngðTðPTÞn�1Þan

� gðTðPTÞn�1Þdðxn; pÞ þ gðTðPTÞn�1Þan:

This implies that

dðxnþ1; pÞ ¼ dðPðð1� anÞTðPTÞn�1
xn

� anTðPTÞn�1
ynÞ; pÞ

� dð 1� anð ÞTðPTÞn�1
xn � anTðPTÞn�1

yn; pÞ
� 1� anð ÞdðTðPTÞn�1

xn; pÞ þ andðTðPTÞn�1
yn; pÞ

� gðTðPTÞn�1Þ½ 1� anð Þðdðxn; pÞ þ anÞ
þ anðdðyn; pÞ þ anÞ�

� gðTðPTÞn�1Þ½ 1� anð Þdðxn; pÞ
þ angðTðPTÞn�1Þdðxn; pÞ
þ ð1þ gðTðPTÞn�1ÞÞan�

� gðTðPTÞn�1Þ
� �2

dðxn; pÞ þ ½gðTðPTÞn�1Þ

þ gðTðPTÞn�1Þ
� �2

�an
¼ð1þ rnÞdðxn; pÞ þ nn;

ð10Þ

where rn ¼ gðTðPTÞn�1Þ
� �2

�1 ¼ ðgðT

ðPTÞn�1Þ þ 1ÞðgðTðPTÞn�1Þ � 1Þ and nn ¼ ½gðT

ðPTÞn�1Þ þ gðTðPTÞn�1Þ
� �2

�an: Since
P1

n¼1

gðTðPTÞn�1Þ � 1
� �

\1 and
P1

n¼1 an \1, it

follows that
P1

n¼1 rn\1 and
P1

n¼1 nn\1:

Hence, by Lemma 5, we get that limn!1 dðxn; pÞ
exists for each p 2 FðTÞ.

Step 2. Next, we prove that

lim
n!1

dðxn; TxnÞ ¼ 0: ð11Þ

Since xnf g is bounded, there exists R[ 0 such that

xnf g; ynf g � Bðp;R0 Þ for all n 2 N with R
0
\Dk=2. In view

of (3), we have

d2ðyn; pÞ� d2ð 1� bnð Þxn � bnTðPTÞn�1
xn; pÞ

� 1� bnð Þd2ðxn; pÞ þ bnd
2ðTðPTÞn�1

xn; pÞ

� R

2
bn 1� bnð Þd2ðxn; TðPTÞn�1

xnÞ

� 1� bnð Þd2ðxn; pÞ þ bn½gðTðPTÞ
n�1Þ

ðdðxn; pÞ þ anÞ�2

� R

2
bn 1� bnð Þd2ðxn; TðPTÞn�1

xnÞ

� ðgðTðPTÞn�1ÞÞ2d2ðxn; pÞ þ Pan

� R

2
bn 1� bnð Þd2ðxn; TðPTÞn�1

xnÞ ð12Þ

for some P[ 0. This implies that

d2ðyn; pÞ� ðgðTðPTÞn�1ÞÞ2d2ðxn; pÞ þ Pan: ð13Þ

From (3) and using (13), we get

d2ðxnþ1;pÞ�d2ð 1�anð ÞTðPTÞn�1
xn�anTðPTÞn�1

yn;pÞ
� 1�anð Þd2ðTðPTÞn�1

xn;pÞþand
2ðTðPTÞn�1

yn;pÞ

�R

2
an 1�anð Þd2ðTðPTÞn�1

xn;TðPTÞn�1
ynÞ

� 1�anð Þ½gðTðPTÞn�1Þðdðxn;pÞþanÞ�2

þan½gðTðPTÞn�1Þðdðyn;pÞþanÞ�2

�R

2
an 1�anð Þd2ðTðPTÞn�1

xn;TðPTÞn�1
ynÞ

� 1�anð Þ gðTðPTÞn�1Þ
� �2

d2ðxn;pÞþQan

þan gðTðPTÞn�1Þ
� �2

gðTðPTÞn�1Þ
� �2

d2ðxn;pÞþPanÞ
� �

þLan�
R

2
an 1�anð Þd2ðTðPTÞn�1

xn;TðPTÞn�1
ynÞ

� gðTðPTÞn�1Þ
� �4

d2ðxn;pÞþðQþMþLÞan

�R

2
an 1�anð Þd2ðTðPTÞn�1

xn;TðPTÞn�1
ynÞ
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¼ 1þ gðTðPTÞn�1Þ
� �4

�1Þ
� �

d2ðxn;pÞþðQþMþLÞan

�R

2
an 1�anð Þd2ðTðPTÞn�1

xn;TðPTÞn�1
ynÞ

¼½1þðgðTðPTÞn�1Þ�1Þq�d2ðxn;pÞþðQþMþLÞan

�R

2
an 1�anð Þd2ðTðPTÞn�1

xn;TðPTÞn�1
ynÞ

for some Q;M;L;q[0. This inequality yields that

R

2
an 1� anð Þd2ðTðPTÞn�1

xn; TðPTÞn�1
ynÞ

� d2ðxn; pÞ � d2ðxnþ1; pÞ þ ðgðTðPTÞn�1Þ � 1Þ
qd2ðxn; pÞ þ ðQþM þ LÞan:

Since
P1

n¼1 an\1,
P1

n¼1 gðTðPTÞn�1Þ � 1
� �

\1 and

dðxn; pÞ\R
0
; we obtain

X1

n¼1

an 1� anð Þd2ðTðPTÞn�1
xn; TðPTÞn�1

ynÞ\1:

Hence by the fact that lim infn!1 anð1� anÞ[ 0, we get

lim
n!1

dðTðPTÞn�1
xn; TðPTÞn�1

ynÞ ¼ 0: ð14Þ

Now, consider (12), we have

d2ðyn; pÞ� ½1þ ððgðTðPTÞn�1ÞÞ2 � 1Þ�d2ðxn; pÞ þ Pan

� R

2
bn 1� bnð Þd2ðxn; TðPTÞn�1

xnÞ

� ½1þ ðgðTðPTÞn�1 � 1Þl�d2ðxn; pÞ þ Pan

� R

2
bn 1� bnð Þd2ðxn; TðPTÞn�1

xnÞ

for some l[ 0. This inequality yields that

R

2
bn 1�bnð Þd2ðxn;TðPTÞn�1

xnÞ

�d2ðxn;pÞ�d2ðyn;pÞþðgðTðPTÞn�1Þ�1Þld2ðxn;pÞþPan:

Since
P1

n¼1an\1,
P1

n¼1 gðTðPTÞn�1Þ�1
� �

\1,

dðxn;pÞ\R
0
and dðyn;pÞ\R

0
; we obtain

X1

n¼1

bn 1� bnð Þd2ðxn; TðPTÞn�1
xnÞ\1:

Hence by the fact that lim infn!1 bn 1� bnð Þ[ 0; we have

lim
n!1

dðxn; TðPTÞn�1
xnÞ ¼ 0: ð15Þ

Now using (15), we get

dðxn; ynÞ� dðxn; 1� bnð Þxn � bnTðPTÞ
n�1

xnÞ
� bndðTðPTÞ

n�1
xn; xnÞ

!0 as n ! 1:

Also, we observe that

dðxnþ1;xnÞ�dð 1�anð ÞTðPTÞn�1
xn�anTðPTÞn�1

yn;xnÞ
� 1�anð ÞdðTðPTÞn�1

xn;xnÞþandðTðPTÞn�1
yn;xnÞ

� 1�anð ÞdðTðPTÞn�1
xn;xnÞ

þan½dðTðPTÞn�1
yn;TðPTÞn�1

xnÞþdðTðPTÞn�1
xn;xnÞ�

¼dðTðPTÞn�1
xn;xnÞþandðTðPTÞn�1

yn;TðPTÞn�1
xnÞ

!0asn!1:

ð16Þ

Therefore, we obtain

dðxnþ1; ynÞ� dðxnþ1; xnÞ þ dðxn; ynÞ
!0 as n ! 1:

ð17Þ

Furthermore, since

dðxnþ1; TðPTÞn�1
ynÞ� dðxnþ1; xnÞ þ dðxn; TðPTÞn�1

xnÞ
þ dðTðPTÞn�1

xn; TðPTÞn�1
ynÞ;

using (14)–(16), we have

lim
n!1

dðxnþ1; TðPTÞn�1
ynÞ ¼ 0: ð18Þ

Since every nearly asymptotically nonexpansive mapping

is nearly Lipschitzian, then we get

dðxn;TxnÞ� dðxn; TðPTÞn�1
xnÞ þ dðTðPTÞn�1

xn; TðPTÞn�1
yn�1Þ

þ dðTðPTÞn�1
yn�1; TxnÞ

¼ dðxn; TðPTÞn�1
xnÞ þ dðTðPTÞn�1

xn; TðPTÞn�1
yn�1Þ

þ dðTðPTÞ1�1ðPTÞn�1
yn�1; TðPTÞ1�1

xnÞ
� dðxn; TðPTÞn�1

xnÞ þ dðTðPTÞn�1
xn; TðPTÞn�1

yn�1Þ
þ k1dððPTÞn�1

yn�1; xnÞ
� dðxn; TðPTÞn�1

xnÞ þ gðTðPTÞn�1Þ½dðxn; yn�1Þ þ an�
þ k1dððPTÞn�1

yn�1; xnÞ
¼ dðxn; TðPTÞn�1

xnÞ þ gðTðPTÞn�1Þ½dðxn; yn�1Þ þ an�
þ k1dðPTðPTÞn�1

yn�1;PxnÞ
� dðxn; TðPTÞn�1

xnÞ þ gðTðPTÞn�1Þ½dðxn; yn�1Þ þ an�
þ k1dðTðPTÞn�2

yn�1; xnÞ:

Hence (15), (17) and (18) imply that

limn!1 dðxn; TxnÞ ¼ 0:

Step 3. Now, we prove that fxng is M-convergent to a

fixed point of T.

Let xWðxnÞ ¼ [Að unf gÞ; where the union is taken over

all subsequences unf g of xnf g: First, we show that

xWðxnÞ 
 FðTÞ. Let u 2 xWðxnÞ: Then, there exists a

subsequence unf g of xnf g such that Að unf gÞ ¼ uf g: By

Lemma 3, there exists a subsequence vnf g of unf g such

that 4-limn!1 vn ¼ v 2 K: Also by (11), we have

limn!1 dðvn; TvnÞ ¼ 0. It follows from Theorem 1 that

v 2 FðTÞ. Moreover, by (9), limn!1 d xn; vð Þ exists. Thus,
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u ¼ v by Lemma 4. This implies that xWðxnÞ 
 FðTÞ:
Next, we show that xWðxnÞ consists of exactly one point.

Let unf g be a subsequence of xnf g with Að unf gÞ ¼ uf g and
let Að xnf gÞ ¼ xf g: Since u 2 xWðxnÞ 
 FðTÞ; fsrom (9)

limn!1 d xn; uð Þ exists. Again by Lemma 4, x ¼ u: Thus,

xWðxnÞ ¼ fxg: This means that fxng is M-convergent to a

fixed point of T. The proof is completed. h

Next, we discuss the strong convergence of the iter-

ative sequence xnf g defined by (8) for nearly asymp-

totically nonexpansive nonself mappings in a CAT(j)
space.

Theorem 3 Let X, K, P, T and xnf g be the same as in

Theorem 2. Then, xnf g converges strongly to a fixed point

of T if and only if lim infn!1 dðxn;FðTÞÞ ¼ 0 where

dðx;FðTÞÞ ¼ inffdðx; pÞ : p 2 FðTÞg.

Proof If xnf g converges to p 2 FðTÞ; then

limn!1 dðxn; pÞ ¼ 0. Since 0� dðxn;FðTÞÞ� dðxn; pÞ, we
have lim infn!1 dðxn;FðTÞÞ ¼ 0.

Conversely, suppose that lim infn!1 dðxn;FðTÞÞ ¼ 0. It

follows from (9) that limn!1 dðxn;FðTÞÞ exists. Thus by

hypothesis limn!1 dðxn;FðTÞÞ ¼ 0: Next, we show that

xnf g is a Cauchy sequence. In fact, it follows from (10) that

for any p 2 FðTÞ
dðxnþ1; pÞ� ð1þ rnÞdðxn; pÞ þ nn; 8n 2 N;

where
P1

n¼1 rn\1 and
P1

n¼1 nn\1: Hence for any

positive integers n, m, we have

dðxnþm; xnÞ� dðxnþm; pÞ þ dðp; xnÞ
� ð1þ rnþm�1Þdðxnþm�1; pÞ þ nnþm�1 þ dðxn; pÞ:

Since for each x� 0; 1þ x� ex; we have

dðxnþm; xnÞ� ernþm�1dðxnþm�1; pÞ þ nnþm�1 þ dðxn; pÞ
� ernþm�1þrnþm�2dðxnþm�2; pÞ þ ernþm�1nnþm�2

þ nnþm�1 þ dðxn; pÞ
� :::

� e
Pnþm�1

i¼n
ri dðxn; pÞ þ e

Pnþm�1

i¼nþ1
rinn þ e

Pnþm�2

i¼nþ2
rinnþ1

þ :::þ ernþm�1nnþm�2 þ nnþm�1 þ dðxn; pÞ

� ð1þ NÞdðxn; pÞ þ N
Xnþm�1

i¼n

ni;

where N ¼ e
P1

i¼1
ri\1: Therefore, we have

dðxnþm; xnÞ� ð1þ NÞdðxn;FðTÞÞ þ N
Xnþm�1

i¼n

ni ! 0 as n;m ! 1:

This shows that xnf g is a Cauchy sequence in K. Since K is

a closed subset in a complete CAT(j) space X, it is

complete. We can assume that xnf g converges strongly to

some point pH 2 K. As T is continuous, so F(T) is closed

subset in K. Since limn!1 dðxn;FðTÞÞ ¼ 0, we obtain pH 2
FðTÞ: This completes the proof. h

Remark 2 In Theorem 3, the condition lim

infn!1 dðxn;FðTÞÞ ¼ 0 may be replaced with lim

supn!1 dðxn;FðTÞÞ ¼ 0.

Recall that a mapping T from a subset K of a metric

space (X, d) into itself is semi-compact if every bounded

sequence xnf g � K satisfying dðxn; TxnÞ ! 0 as n ! 1
has a strongly convergent subsequence.

Senter and Dotson [32, p.375] introduced the concept of

Condition (I) as follows.

A nonself mapping T : K ! X with FðTÞ 6¼ ; is said to

satisfy the Condition (I) if there exists a non-decreasing

function f : 0;1½ Þ ! 0;1½ Þ with f ð0Þ ¼ 0 and f ðrÞ[ 0

for all r 2 ð0;1Þ such that

dðx; TxÞ� f ðdðx;FðTÞÞÞ for all x 2 K:

Using the above definitions, we obtain the following strong

convergence theorem.

Theorem 4 Let X, K, P, T and xnf g be the same as in

Theorem 2.

(i) If T is semi-compact, then xnf g converges strongly

to a fixed point of T.

(ii) If T satisfies Condition (I), then xnf g converges

strongly to a fixed point of T.

Proof

(i) It follows from (9) that xnf g is a bounded sequence

in K. Also, by (11), we have limn!1
dðxn; TxnÞ ¼ 0. Then, by the semi-compactness of

T, there exists a subsequence xnkf g � xnf g such

that xnkf g converges strongly to some point p 2 K.

Moreover, by the uniform continuity of T, we have

dðp; TpÞ ¼ lim
k!1

dðxnk ; TxnkÞ ¼ 0:

This implies that p 2 FðTÞ. Again, by (9),

limn!1 dðxn; pÞ exists. Hence p is the strong limit

of the sequence xnf g. As a result, xnf g converges

strongly to a fixed point p of T.

(ii) By virtue of (9), limn!1 dðxn;FðTÞÞ exists. Fur-

ther, by Condition (I) and (11), we have

lim
n!1

f d xn;FðTð Þð ÞÞ� lim
n!1

dðxn; TxnÞ ¼ 0:

That is, limn!1 f d xn;FðTð Þð ÞÞ ¼ 0: Since f is a

non-decreasing function satisfying f 0ð Þ ¼ 0 and

f rð Þ[ 0 for all r 2 0;1ð Þ, it follows that limn!1
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d xn;FðTÞð Þ ¼ 0: Now, Theorem 3 implies that

xnf g converges strongly to a point p in F(T).

h

Remark 3

(i) Theorem 1 extends Theorem 3.2 of Saluja et al.

[30] from a nearly asymptotically nonexpansive

self mapping to a nearly asymptotically nonex-

pansive nonself mapping.

(ii) Theorem 2 extends Theorem 1 of Khan [19] from

a uniformly convex Banach space to a CATðjÞ
space considered in this paper.

(iii) Our results extend the corresponding results of

Khan and Abbas [20] to the case of a more general

class of nonexpansive mappings from a CAT(0)

space to a CATðjÞ space considered in this paper.
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