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Abstract A new Monte Carlo method is presented to
compute the prices of digital barrier options on stocks. The
main idea of the new approach is to use an exceedance
probability and uniformly distributed random numbers in
order to efficiently estimate the first hitting time of barriers.
It is numerically shown that the answer of this method is
closer to the exact value and the first hitting time error of
the modified Monte Carlo method decreases much faster
than of the standard Monte Carlo methods.
Keywords Digital option  Double barrier  Monte Carlo
simulation  Uniform distribution

Introduction
Derivative securities have witnessed incredible innovation
over the past years. In particular, path-dependent options
are successful, and most of them comprise barrier options
to reduce the cost of hedging [4, 8, 22]. For these derivatives, exact valuation expressions are seldom available,
thus one resorts to simulations multiple times. In this
manuscript a new Monte Carlo method is proposed in order
to efficiently compute the prices of digital barrier options
based on an exceedance probability.
Binary options, a.k.a. digital options, are popular in the
over-the-counter (OTC) markets for hedging and speculation. In addition, they are important to financial engineers
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as building blocks for constructing more complex derivatives products. A binary option is a type of option where
the payoff is either some fixed amount of some asset or
nothing at all. Therefore, binaries are considered to be one
of the fastest growing simplified trading products out there,
where the trader knows their exact exposure and potential
gains at the time of placing a trade. The two main types of
binary options are the cash-or-nothing and the asset-ornothing options, the expiration values of the European
asset-or-nothing and cash-or-nothing binary calls are
shown in Fig. 1. The options are digital in nature because
there are only two possible outcomes, they are also called
all-or-nothing options and fixed return options (FROs), on
the American Stock Exchange (ASE). Binary options are
usually European-style options. In May 2008, ASE for the
first time launched exchange trading European cash or
nothing-digital options, which were soon followed in June
2008 by the Chicago Board Options Exchange. Binary
contracts are available on a variety of underlying assets:
stocks, commodities, currencies and indices. Since the
binaries are popular options, much research work has been
done on them. For example, Palan [20] has tested experimentally whether digital options can reduce price bubbles
in a laboratory setting, and Appolloni et al. [1], proposed
an efficient lattice procedure which permits to obtain
European and American option prices under the Black and
Scholes model for digital options with barrier features.
Hyong-Chol et al. [10], have considered a special binary
option called integral of i-th binary or nothing and then
obtain the pricing formulae. In addition, Ballestra [3]
considered the problem of pricing vanilla and digital
options under the Black–Scholes model, and showed that,
if the payoff functions are dealt with properly, then errors
close to the machine precision are obtained in only some
hundredths of a second.
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Fig. 1 The expiration values for
European asset-or-nothing and
cash-or-nothing binary calls

Barrier options are similar to vanilla options except that
the option is knocked out or in, if the underlying asset price
hits the barrier price B, before expiration date. Since 1967,
barrier options have been traded in the OTC market and
nowadays are the most popular class of exotic options. A
step further along the option evolution path is where we
combine barrier and binary options to obtain binary barrier
options and binary double barrier options. Accordingly, it
is quite important to develop accurate and efficient methods to evaluate barrier digital option prices in financial
derivative markets.
Most research done to date have focused on option
pricing with various methods, for example, Mehrdoust [17]
has proposed an efficient algorithm for pricing arithmetic
Asian options based on the AV and the MCV procedures,
and Jerbi et al. [13], have calculated the conditional
expectation using the Malliavin approach and shown that
with this formula, the American option under J-process can
be performed using the Monte Carlo simulation. In addition, Zhang et al. [23], have presented the total least
squares quasi-Monte Carlo approach for valuing American
barrier options, and Jasra and Del Moral provided a review
and development of sequential Monte Carlo (SMC) methods for option pricing [12], and in Kim et al. [15], have
considered Heston’s stochastic volatility model and derive
exact analytic expressions for the prices of fixed strike and
floating-strike geometric Asian options with continuously
sampled averages.
The Monte Carlo method is very popular and robust
numerical method, since it is not only easily extended to
multiple underlying assets but also is stochastic and
amenable to coding. On the other hand, one of main
drawbacks of the Monte Carlo method is slow convergence. The statistical error of the Monte Carlo method is of
order Oðp1ﬃﬃﬃ
Þ with M simulations. In particular, for conM
tinuously monitored barrier options, the hitting time error is
of order Oðp1ﬃﬃNﬃÞ with N time steps, see [7], while the
European vanilla options have no time discretization error.
In this study, to efficiently reduce the hitting time error
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near the barrier price, inspired by [16], at each finite time
step, we suggest the use of a uniformly distributed random
variable and a conditional exceedance probability to correctly check whether the continuous underlying asset price
hits the barrier or not. Numerical results show that the new
Monte Carlo method converges much faster than the
standard Monte Carlo method [18]. This idea of using
exceedance probability for stopped diffusion is well known
in the physics community [11, 16].
The outline of the paper is as follows: in ‘‘Digital
options’’ section, we introduce digital options and their
pricing formulas and we estimate it by using standard
Monte Carlo. In ‘‘Modified Monte Carlo algorithm’’ section, we propose the new Monte Carlo method based on the
idea of using uniformly distributed random variable and the
conditional exceedance probability. In ‘‘Digital barrier
options’’ section, we present numerical results for digital
barrier options with one underlying assets and compare the
accuracy and efficiency between the standard and the new
Monte Carlo methods. In ‘‘Double-barrier digital
options’’ section, we present numerical results for pricing
double barrier digital options and see the efficiency of the
new Monte Carlo method. Finally, we summarize our
conclusions and give some direction for future work.

Digital options
The purpose of this section is to introduce two main types
of digital options and express their pricing formula.
Cash-or-nothing options
The cash-or-nothing options pay an amount of cash x at
expiration if the option is in-the-money. The payoff from a
call is 0 if ST  K and x if ST [ K; and the payoff from a
put is 0 if ST  K and x if ST \K; where ST and K are stock
price at maturity and strike price, respectively. Valuation of
cash-or-nothing call and put options can be made using the
formula described by Rubinstein and Reiner [21]:
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c ¼ xerT NðdÞ;

ð1Þ

p ¼ xerT NðdÞ;

ð2Þ

with
d¼

studies on the numerical solutions of them [5, 19]. From
the Ito’s formula, the analytic solution of (5) satisfies
 2
r
ð6Þ
St ¼ S0 e r 2 tþrWt :
Using the Monte Carlo method, the expected value of the
discounted terminal payoff is approximated under a riskneutral measure Q, by a sample average of M simulations

lnðS=KÞ  ðr2 =2ÞT
pﬃﬃﬃﬃ
;
r T

where S is the price of the underlying asset, r is a risk-free
interest rate, r is a volatility, T is the exercise date and NðÞ
denotes the cumulative function for the standard normal
distribution. For example, the value of a cash-or-nothing
put option with 9 months to expiration, futures price 100,
strike price 80, cash payout 10, risk-free interest rate 6 %
per year, and the volatility 35 % per year is p ¼
10e0:060:75 Nð0:5846Þ ¼ 2:6710: The simulation of
standard Monte Carlo that conducted on Matlab for this
example has the answer 2.23.

M
X
e ðs; tÞ :¼ 1
Vðs; tÞ ¼ EQ ½KðSs ; sÞ j St ¼ s  V
KðSes ; es ; xj Þ;
M j¼1

ð7Þ
where KðSs ; sÞ is a discounted payoff function and es is an
approximation of the hitting time s: The global error can be
split into the first hitting time error and statistical error,


e ðs; tÞ j¼ EQ ½KðSs ; sÞ  KðS ; es Þ j St ¼ s
e :¼j Vðs; tÞ  V
es
M
1X
KðSes ; es ; xj Þ
þ E ½KðSes ; es Þ 
M j¼1

!

Q

Asset-or-nothing options

¼eT þ eS :

At expiration, the asset-or-nothing call option pays 0 if
ST  K and ST if ST [ K: Similarly, a put option pays 0 if
ST  K and ST if ST \K: The option can be valued using
the Cox and Rubinstein formula [6]:
c ¼ SerT NðdÞ;
p ¼ Se

rT

NðdÞ;

ð3Þ
ð4Þ

where
d¼

lnðS=KÞ þ ðr2 =2ÞT
pﬃﬃﬃﬃ
:
r T

Consider an asset-or-nothing put option with six months to
expiration, S ¼ 70; K ¼ 65; r ¼ 7 % and r ¼ 27 %: Valuation of this asset-or-nothing option is p ¼
70e0:070:5 Nð0:4836Þ ¼ 21:2461; whereas simulation of
standard Monte Carlo by Matlab for this example has the
answer 21.45.

Modified Monte Carlo algorithm
Let us assume that ðX; F ; QÞ is a probability space and the
evolution of the underlying asset price follows the geometric Brownian motion with a constant expected rate of
return r [ 0; and a constant volatility r [ 0 of the asset
price, i.e.,
dSt ¼ rSt dt þ rSt dWt ;

ð5Þ

where Wt is the standard Brownian motion. Equations of
the form (5) are powerful tools to description of many reallife phenomena with uncertainty, and there are some

ð8Þ
From the central limit theorem, the statistical error eS in
(8), has the following upper bound
bM
j eS j  c0 pﬃﬃﬃﬃﬃ ;
M

ð9Þ

where bM is a sample standard deviation of the function
values KðSes ; es Þ; and c0 is a positive constant related to
confidence interval. For instance, c0 ¼ 1:96 for 95 % of
confidence interval. On the other hand, the first hitting time
error eT in (8), is approximated using an exceedance
probability given the asset prices at each time step.
Let us first discretize the time interval [0, T] into N
uniform subinterval 0 ¼ t0 \t1 \    \tN ¼ T: Then compute Snþ1 :¼ Stnþ1 at each time step for n ¼ 0; :::; N  1 by
Snþ1 ¼ Sn e



2



rr2 Dtn þrDWn

;

ð10Þ

where Dtn and DWn denote the time increments Dtn ¼
tnþ1  tn and the Wiener increments DWn ¼ Wtnþ1  Wtn for
n ¼ 0; . . .; N  1: Also, for the up-and-out barrier case, the
approximation of the first hitting time es can be defined by
es :¼ infftn ; n ¼ 1; . . .; N : Sn  Bg;
with the given barrier price B. The idea is to use an
exceedance probability at each time step. Let pn denotes
the probability that a diffusion process X exits of domain D
at t 2 ½tn ; tnþ1  by given values Xn and Xnþ1 : In one
dimensional half interval case, D ¼ ð1; BÞ for a constant
B, the probability pn has a simple expression using the law
of Brownian bridge, see [14]. So,
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ð11Þ
where bðx1 Þ is the diffusion part of Xn with x1 \B and
x2 \B: For more general domain in higher dimension, the
probability can be approximated by an asymptotic
expansion in Dtn [2]. For up-and-out barrier option, at
each time interval t 2 ½tn ; tnþ1 ; we compute Sn and Snþ1
by (10), though Sn and Snþ1 do not hit the barrier, i.e.,
Sn \B and Snþ1 \B; the continuous path St ; may hit the
barrier at some time s 2 ½tn ; tnþ1 : To approximate this
hitting event, we generate an uniformly distributed random variable un and compare with the exceedance probability pn in (11). If pn \un ; then we accept that the
continuous path St does not hit the barrier during this time
interval t 2 ½tn ; tnþ1 ; since the exceedance probability is
very small, i.e., the hitting event is rare to occur. On the
other hand if pn  un ; then the probability that the continuous path St hits the barrier is high therefore we regard
that Ss  B at s 2 ½tn ; tnþ1 : Therefore, we have the rebate
R and start the next sample path, i.e., the value of the
barrier option of this path is VðS0 ; 0Þ ¼ Rers ; where R is
a prescribed cash rebate. In this case, as an approximation
of the first hitting time s; we may choose the midpoint
es ¼ ðtn þ tnþ1 Þ=2:

pﬃﬃﬃﬃ
pﬃﬃﬃﬃ
lnðS=KÞ r T
lnðS=BÞ r T
pﬃﬃﬃﬃ þ
; z2 ¼ pﬃﬃﬃﬃ þ
;
2
2
r T
r T
pﬃﬃﬃﬃ
pﬃﬃﬃﬃ
lnðB2 =SKÞ r T
lnðB=SÞ r T
pﬃﬃﬃﬃ þ
y1 ¼
; y2 ¼ pﬃﬃﬃﬃ þ
;
2
2
r T
r T
pﬃﬃﬃﬃ
pﬃﬃﬃﬃ
V ¼ xerT ðNðz1 þ r T Þ  Nðz2 þ r T Þ
pﬃﬃﬃﬃ
pﬃﬃﬃﬃ
þ ðS=BÞNðy1  r T Þ  ðS=BÞNðy2  r T ÞÞ:

z1 ¼

Simulation of the standard Monte Carlo for this example
has the answer 0.42, and simulation of the new Monte
Carlo, that conducted on Matlab with M ¼ 10; 000; has the
answer 0.0088. Figure 2 shows comparison between the
exact value and the new Monte Carlo values for this
example and Fig. 3 displays comparison between the
standard MC and the improve MC errors.
0.04
V−Monte Carlo
Vexact

0.035
0.03

Option Price



pnþ1 ¼ P max Xt  B j Xn ¼ x1 ; Xnþ1 ¼ x2
t2½tn ;tnþ1 
!
ðB  x1 ÞðB  x2 Þ
¼ exp 2
; n ¼ 0; 1; . . .; N  1;
bðx1 Þ2 Dtn

0.025
0.02
0.015
0.01
0.005
0

Digital barrier options

1.

2.

Cash-or-nothing barrier options. These payout either a
prespecified cash amount or nothing, depending on
whether the asset price has hit the barrier or not.
Asset-or-nothing barrier options. These payout the
value of the asset or nothing, depending on whether the
asset price has hit the barrier or not.

Rubinstein and Reiner present the set of formulas which
can be used to price twenty eight different types of socalled binary barrier options [21].
Example 1 Consider a down-and-out cash-or-nothing put
option with 6 months to expiration. The asset price is S ¼
105; the strike price is K ¼ 102; the barrier is B ¼ 100; the
cash payout is x ¼ 15; the risk-free interest rate is r ¼ 10 %
per year, and the volatility is r ¼ 20 % per year. Using
below equations, the value of this barrier digital option is
0.0361.
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0.015
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DeltaT

Fig. 2 The exact and new Monte Carlo values for Example 1
0.07
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Improve MC
0.06
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Errors

The digital barrier options can be divided into two main
categories:
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Fig. 3 Comparison of approximation errors between the standard MC
and the improve MC for Example 1
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Double-barrier digital options

9.874

9.872

Option Price

Hui has published closed-form formulas for the valuation of
one-touch double-barrier binary options [9]. A knock-in
one-touch double-barrier pays off a cash amount x at
maturity if the asset price touches the lower L or upper U
barriers before expiration. The option pays off zero if the
barriers are not hit during the lifetime of the option. Similarly, a knock-out pays out a predefined cash amount x at
maturity if the lower or upper barriers are not hit during the
lifetime of the option. If the underlying asset price touches
any of barriers during the option’s life, the option vanishes.
Using the Fourier sine series, we can show that the risk
natural value of double barrier cash or nothing knock-out is:
3
2
1=2
S 1=2
i S
ð1Þ
1
7
X
2pix 6
U
7
6 L
C¼
7
6
2
2
2
5
4
Z
1
ip
i¼1
þ
2
Z
"
#
!
ip
S
1 ip 2
2
 sin
ln
b r T ;
exp
Z
L
2
Z

V−Improve Monte Carlo
V−Exact

9.873

9.871
9.87
9.869
9.868
9.867
9.866
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DeltaT
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Fig. 4 The exact value and the new MC values for Example 2 with
r ¼ 0:1

0.05
Standard MC
Improve MC

0.045
0.04

where
U
;
L

1
r
b¼ 2 2:
4
r

0.03
Errors

Z ¼ ln

0.035

Example 2 Table 1 gives examples of values for knockout double-barrier binary options for different choices of
barriers and volatilities and the value of them simulation
with M ¼ 10; 000 using the new Monte Carlo in Matlab.
Also, Fig. 4 shows comparison between the exact value and
the new Monte Carlo values on this example with r ¼ 0:1;
and Fig. 5 displays comparison between the standard MC
and the improve MC errors.
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Fig. 5 Comparison of approximation errors between the standard MC
and the improve MC for Example 2 with r ¼ 0:1
Table 1 Comparison of numerical approximations using the improve
MC for Example 2
Double-barrier binary option parameters S ¼ 100; T ¼ 0:25; r ¼ 0:05;
x ¼ 10
L

U

r ¼ 0:1

r ¼ 0:2

Exact

New MC

Exact

New MC

80

120

9.873

9.864

8.977

8.898

85

115

9.815

9.770

7.268

7.250

90

110

8.977

8.825

3.685

3.622

95

105

3.667

3.598

0.091

0.081

Conclusion
In this paper, we have proposed a new efficient Monte
Carlo approach for estimate values of the digital barrier and
double barrier options, to correctly compute the first hitting
time of the barrier price by the underlying asset. The
approximate error of the new method converges much
faster than the standard Monte Carlo method. Future work
will be devoted to extend this idea to more general diffusion problems, and theoretically study the rate of convergence of the approximate errors, and also pricing digital
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barrier options by other methods such as SMC and comparing results.
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