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Abstract
A finite-element formulation based on triangular membranes of any order is proposed to analyze problems involving highly 
deformable hyperelastic materials under plane-stress conditions. The element kinematics is based on positional description 
and the degrees of freedom are the current plane coordinates of the nodes. Two isotropic and nonlinear hyperelastic models 
have been selected: the compressible neo-Hookean model and the incompressible Rivlin–Saunders model. The constitutive 
relations and the consistent tangent operator are condensed to the compact 2D forms imposing plane-stress conditions. The 
resultant algorithm is implemented in a computer code. Three benchmark problems are numerically solved to assess the 
formulation proposed: the Cook’s membrane, involving bending, shear, and a singularity point; a partially loaded mem-
brane, which presents severe mesh distortion and large compression levels; and a rubber sealing, which is a more realistic 
problem. Convergence analysis in terms of displacements, applied forces, and stresses is performed for each problem. It is 
demonstrated that mesh refinement avoids locking problems associated with incompressibility condition, bending-dominated 
problems, stress concentration, and mesh distortion. The processing times are relatively small even for fifth-order elements.

Keywords Isoparametric triangular finite elements of any order · Hyperelasticity · Large deformation analysis · Plane-stress 
condition

Introduction

The Finite-Element Method (FEM) has been widely 
employed to solve general problems in all branches of 
engineering. An important application of the FEM is the 
prediction of the mechanical behavior of structures. There 
are many types of finite elements in the context of struc-
tural engineering: bars (trusses, beams, and frames), two-
dimensional elements (membrane, plates, and shells), and 
three-dimensional (solid) elements. A very simple example 
is the 2D membrane finite element with triangular geometry, 
which is the topic of the present paper. This element has 
been extensively used in plane structural analyses, that is, 
in predicting the mechanical behavior of structures under 
plane-stress and plane strain conditions. Such structures are 

very common in civil, mechanical, and aeronautic engineer-
ing, for instance.

Finding the most appropriate finite-element formula-
tion for specific applications remains a major challenge. 
It is always desirable that the formulation be robust, accu-
rate, reliable and, at the same time, simple. The standard 
FEM in structural mechanics is displacement-based, i.e., 
the unknown quantities (or degrees of freedom) are nodal 
displacements and, in some cases, nodal rotations. The 
equilibrium of forces is then described via a single-field 
variational principle, equivalent to Principle of Virtual 
Work. The strains and stresses are computed from the exact 
compatibility equations and constitutive laws, respectively. 
Despite the simplicity of the standard formulation, several 
alternative techniques have been developed to improve the 
overall performance of the elements. For example, it is often 
said that standard 2D finite elements have a poor perfor-
mance in structural problems involving bending, domains 
with complex geometries, and near-incompressibility 
regime. According to Angoshtari et al. (2017), these draw-
backs can be overcome using mixed methods, in which the 
stress field is usually an independent variable and, thus, can 
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be computed with higher accuracy when compared to the 
standard formulation. An example of mixed formulation is 
the Enhanced Assumed Strain (EAS) method developed by 
Simo and Rifai (1990), in which the strain field is enriched 
by adding some incompatible modes. However, mixed meth-
ods are considerably more complicated than the standard 
formulation, increasing the number of degrees of freedom. 
Another shortcoming of mixed EAS methods is the pres-
ence of unphysical (hourglass) instabilities in compression 
problems. In most cases, the use of an hourglass stabilization 
technique is required, increasing the complexity of the analy-
sis. Moreover, as pointed out by Jabareen and Rubin (2014), 
mixed triangular elements may provide an unrealistic soft 
response in bending-dominated problems.

The element order of approximation considerably affects 
the numerical results obtained in structural analyses using 
the FEM. It is well known that high-order elements provide 
more accurate results, but, on the other hand, demand more 
computational effort in terms of memory capacity and pro-
cessing time. Linear order elements, in turn, are very easy 
to be implemented, simple to be integrated over the domain 
and provide a fast solution, but, in general, exhibit a very 
stiff behavior (locking phenomenon) even with an extremely 
refined mesh. A better performance is usually obtained with 
triangular elements of quadratic order, but some authors 
argue that the use of these elements together with full inte-
gration provides inaccurate results for nearly incompressible 
materials (Jabareen and Rubin 2014). Besides, to decrease 
the processing time for higher order elements, reduced and 
selective integration techniques have been proposed. How-
ever, these methods are complex and case-dependent. For 
the present author, the accuracy of results when using fully 
integrated high-order elements is always assured and the 
large computational effort required can be circumvented by 
adopting high-performance computers and parallel process-
ing techniques. Following this line of reasoning, the present 
finite element is the isoparametric triangular membrane ele-
ment of any order based on positional description and fully 
integrated. In other words, the order of approximation is 
general (linear, quadratic, cubic, etc.) and the degrees of 
freedom are current nodal positions (instead of displace-
ments). High-order elements fully integrated and based on 
positional FEM have been successfully applied to solve gen-
eral structural problems in the works of Pascon and Coda 
(2012, 2013, 2015, 2017), for instance. It has been demon-
strated, in these works, that the accuracy of results is guar-
anteed for sufficiently refined meshes.

The development of finite-element formulations capa-
ble of modeling highly deformable materials has received 
considerable attention over the last decades. In the case of 
finite displacements, the geometrically nonlinear analysis is 
imperative, as the change of configuration may be large. In 
other words, the equilibrium of forces must be achieved at 

the final deformed configuration, which leads to a nonlinear 
system of equations regarding the degrees of freedom. How-
ever, this system can be solved using standard numerical 
methods, as the Newton–Raphson iterative technique, which 
is widely adopted in nonlinear analyses (see, for example, 
the work of Crisfield 2000).

An example of highly deformable engineering material 
is the elastomer, which may present large levels of elastic 
(or reversible) strains. Numerous applications of elasto-
meric materials can be cited, including bridge bearings, 
engine parts, vehicle door seals, o-rings, tires, wire insula-
tion, industrial belts, polyurethane foams for car seats, etc. 
In the case of finite elastic strains, the material behavior is 
described by hyperelastic constitutive models. The response 
of a hyperelastic material is expressed via a scalar potential 
energy density called Helmholtz free-energy function, which 
must satisfy the following conditions: normality, polycon-
vexity, and coercivity. The first condition means that the 
energy is zero when there is no strain. The second require-
ment is necessary to obtain a unique solution for a given 
strain or stress field. The third condition is used to prevent 
the material to be annihilated (the energy tends to infinity 
when the volume tends to zero) or stretched into an infinite 
range (the energy must also become infinity when the vol-
ume tends to infinity or the strain levels becomes infinitely 
large). One should note that the linear elastic models, as 
the Hooke and Saint–Venant–Kirchhoff laws, do not satisfy 
the polyconvexity and coercivity requirements and, thus, 
cannot be used to reproduce large levels of elastic strain. 
Further details regarding hyperelasticity and comparison of 
the hyperelastic models proposed in the scientific literature 
can be found, for instance, in the works of Holzapfel (2000) 
and Pascon (2008).

For general hyperelastic materials, the stress tensor is 
obtained by differentiating the Helmholtz free-energy func-
tion with respect to the strain tensor, which leads to a non-
linear 3D constitutive law; that is, the expressions to obtain 
the stresses in terms of the strains are nonlinear. In the spe-
cific case of plane-stress conditions, a relationship among 
the strains appears and, thus, the 3D model is condensed 
into a compact 2D form according to the null stresses. For 
linear elastic models, the expressions to determine the plane-
stresses and the normal out-of-plane strain are all explicit. 
However, the condensation of the 3D model for plane-stress 
conditions is not straightforward for nonlinear hyperelas-
tic laws, as the resultant expressions employed to com-
pute stresses in terms of strains are implicit. Two isotropic 
hyperelastic models are adopted in the present paper: the 
compressible neo-Hookean law (nH), employed in Sze et al. 
(2004), for instance; and the incompressible Rivlin–Saun-
ders model (RS), initially proposed by Rivlin (1956) and 
slightly modified in Pascon (2008). Both models have been 
extensively employed to reproduce the mechanical response 
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of elastomers, presenting good agreement with experimen-
tal data. In the first case (nH), an implicit and nonlinear 
relationship among strains must be solved to obtain the out-
of-plane strain component. With this component, the plane 
stresses can be obtained via explicit expressions. For the 
second model (RS), the strategy of the Lagrangian multi-
plier is adopted, in which explicit nonlinear expressions are 
employed to obtain the plane stresses. Although this strategy 
is well known in the scientific literature, little discussion 
concerning the consistent tangent operator has been made. 
Some details regarding this operator, widely employed in 
nonlinear analyses, are provided in the present paper.

The purpose of this work is to develop a finite-element 
formulation with isoparametric triangular elements for large 
deformation analysis of nonlinear hyperelastic materials 
under plane-stress state. The paper is organized as follows. 
In “Finite element approximation” section, the finite-element 
kinematics for triangular elements of any order is described. 
In “Constitutive modeling” section, the constitutive models 
employed, as well as the expressions involved in the case of 
plane-stress conditions, are provided. The equilibrium prin-
ciple and the numerical algorithm adopted, which are valid 
for other types of plane elements, are given in “Numeri-
cal algorithm” section. The validating numerical examples 
involving highly deformable materials under plane-stress 
state are described in “Numerical examples” section. Finally, 
the concluding remarks drawn from the examples are pro-
vided in “Conclusions” section.

Finite‑element approximation

In this section, the finite-element kinematics is described 
together with the deformation measures adopted. The finite 
element employed in the present work is the isoparametric 
triangular membrane of any order. The kinematic approxi-
mation follows the standard FEM procedure and is based 
on positional description; that is, it is described in terms of 
nodal positions and shape functions. The Cartesian planes 
x1 − x2 and y1 − y2 are used to describe, respectively, the ini-
tial and the final configurations:

where xi and yi are, respectively, the i-component of the 
initial and final position vector fields (x and y); xk

i
 and yk

i
 

denote, in this order, the initial and final coordinates of 
node k, whose associated shape function is �k ; and the set {(
�1, �2

)
∈ ℜ2∕0 ≤ �1, �2, �1 + �2 ≤ 1

}
 defines the coordi-

nates of the non-dimensional triangular plane, from which 
the initial and final configurations are mapped. The degrees 
of freedom are the current nodal positions ( yk

i
 ) instead of 

(1)xi = xk
i
�k

(
�1, �2

)

(2)yi = yk
i
�k

(
�1, �2

)
,

nodal displacements, following the positional FEM. The 
transverse displacements of the mid-surface are restricted, 
but a transverse normal strain constant along the thickness 
direction is allowed.

Expressions (1) and (2) can be employed for any order of 
approximation (linear, quadratic, cubic, etc.). To determine 
the shape functions for any degree of approximation, the 
algorithm developed in Pascon and Coda (2013) is adopted 
here. This general strategy is used to calculate—based on the 
element order—the number and the non-dimensional coordi-
nates of the nodes, the polynomial coefficients of the shape 
functions, and their values at any point inside the element 
domain. Such algorithm is extremely convenient if a finite-
element formulation of any order is to be implemented in a 
computer code, as there is no need to set and write all the 
shape function coefficients for various orders of approxima-
tion, which is very cumbersome especially for high orders.

In this work, the change of configuration is measured 
using the deformation gradient F, instead of the displace-
ment field � = � − � . This kinematic measure is extracted 
from Nonlinear Continuum Mechanics and is widely 
employed in nonlinear analyses. The gradient F can be 
determined from approximations (1) and (2) following the 
positional FEM procedure:

where the fictitious gradients �0 and �1 are the mappings 
from the non-dimensional plane to the initial and final 
configurations, respectively. The derivatives of the shape 
functions can be determined for any order of approximation 
using the general algorithm mentioned in the last paragraph. 
One should note that the out-of-plane component F33, which 
measures the thickness change, is not determined from kin-
ematics, but from the constitutive model adopted, since the 
deformed body is under plane-stress conditions (see “Con-
stitutive modeling” section). Besides, the components F13, 
F23, F31, and F32 are all null and, thus, only the plane gradi-
ent components (F11, F12, F21, and F22) are computed from 
expressions (3–5).

The strain measure adopted in the present study is the 
right Cauchy–Green stretch tensor:

As pointed by Holzapfel (2000), this second-order tensor 
is symmetric, positive-definite, and objective. The symmetry 

(3)� =
��

��
= �1

(
�0

)−1

(4)�1 =
��

��
= �k

��k

��

(5)�0 =
��

��
= �k

��k

��
,

(6)� = �T�.
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conditions implies that Cij = Cji (for any indices i and j) and, 
thus, only three plane components must be determined from 
the gradient (3): C11, C12, and C22. The mathematical con-
dition of positive definiteness means that tensor C has real 
positive eigenvalues, which implies that the final length of 
any material fiber will always be positive. The third con-
dition guarantees that the components of tensor C are not 
changed by rigid-body motions, that is, have the same values 
even when the coordinate system is translated or rotated. The 
transverse components can be related to the thickness via the 
following expression:

where t0 and tF denote, in this order, the initial and the final 
thickness. Similarly to the deformation gradient, one can 
write the following equalities: C13 = C31 = C23 = C32 = 0.

The three scalar invariants of tensor C are also used in 
the present work:

where tr() is the trace operator; and J = det� = (det�)
1∕2 > 0 

is the Jacobian, which is the local ratio between the current 
and the initial volume ( J = dv∕dV0 ). These three invariants 
can always be employed for isotropic material models and 
are very common in hyperelasticity (see “Constitutive mod-
eling” section).

Constitutive modeling

The material models adopted to set the mechanical behavior 
are described in this section. Two isotropic and nonlinear 
hyperelastic constitutive models have been selected for the 
present work: compressible neo-Hookean model (Sze et al. 
2004) and incompressible Rivlin–Saunders model (Pascon 
2008; Rivlin 1956). Both models are usually employed to set 
the elastic response of elastomers as, for example, carbon-
black-filled rubber (Yeoh 1990). The material response of 
general hyperelastic materials is described in terms of the 
Helmholtz free-energy function, which is a scalar potential 
energy density that must satisfy normality, polyconvexity, 
and coercivity conditions (see, for instance, the work of 
Holzapfel 2000). In this case, the constitutive law is defined 
by the stress–strain relationship, which can be found by 
means of the Clausius–Duhem inequality and the Cole-
man–Noll entropy principle:

(7)C33 =
(
F33

)2
=

(
tF

t0

)2

,

(8)i1 = tr�

(9)i2 =
1

2

[
(tr�)2 + tr

(
�2

)]

(10)i3 = J2 = det�,

where S is the second Piola–Kirchhoff stress tensor, defined 
at the initial (reference) configuration; and σ is the Cauchy 
(or true) stress tensor, defined at the deformed position. 
Both stress tensor are symmetric and, in the present study, 
have only plane components, that is: ()11 , ()12 and ()22 . The 
stress–strain relations for the two models adopted are given 
below.

Compressible neo‑Hookean model (nH)

The Helmholtz free-energy function for the first model (nH) 
is as follows:

where K and μ are the bulk and shear moduli, respectively. 
As pointed out by Pascon (2008), this model is in accord-
ance with experimental data of elastomers for moderate lev-
els of elastic strains. Combining expressions (11) and (12), 
one can obtain the nonlinear stress–strain relation for the 
neo-Hookean model:

where I is the identity matrix. The above constitutive law is 
valid for 3D states of stress and strain. According to Sect. 2, 
the inverse of tensor C in the case of plane-stress state is as 
follows:

It should be emphasized that the stretch component C33 
depends on the plane components; that is, C33 is a function 
of the set 

(
C11,C12,C22

)
.

The plane-stress conditions at the deformed configuration 
could be defined for the Cauchy stress tensor σ. However, 
it is equivalent to impose such conditions for the second 
Piola–Kirchhoff stress S, since the gradient F has the format 
showed in (14). One can note that, according to expressions 
(13) and (14), the components S13, S23, S31, and S32 are all 
null. Therefore, to impose plane-stress conditions, the equal-
ity S33 = 0 can be used. Considering the neo-Hookean model 
(13), an additional expression is obtained by the following:

(11)� = J�−1��−T = 2
��

��
,

(12)�nH =
K

2
[ln (J)]2 +

�

2

(
i1 − 3 − 2 ln J

)
,

(13)�nH = K ln (J)�−1 + �
(
� − �−1

)
,

(14)�−1 =
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.

(15)

(
SnH

)
33

= K ln (J)
1

C33

+ �

(
1 −

1

C33

)
= 0 ⇒ K ln (J) = �

(
1 − C33

)
.
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Inserting this last result into expression (13) leads to the 
following compact form:

As one can see, the bulk modulus is eliminated in the 
plane-stress version. Besides, the nonlinear expressions to 
determine stresses from the strains are explicit. However, 
there is no explicit equation to determine the transverse 
component C33 in terms of the plane components (C11, C12, 
and C22). After some mathematical manipulations, one 
can obtain the following expressions from the last result 
in (15):

The method to determine the component C33 from 
the plane stretches is provided in “Numerical algorithm” 
section.

Similar expressions for the plane-stress nH model can 
be found in the work of Kirchner et al. (1997) considering 
the left Cauchy–Green stretch tensor ( � = ��T ), the Kirch-
hoff stress tensor ( � = ���T ), and logarithmic stretches. 
However, the resultant model does not describe the same 
material response of the present constitutive law because of 
the different measures adopted in each work.

Incompressible Rivlin–Saunders model (RS)

The nH model cannot reproduce the well-known S-shaped 
curve of rubber in uniaxial testing (Yeoh 1990), provid-
ing an erroneous prediction of the mechanical behavior 
for extremely large-strain levels. For this reason, more 
sophisticated hyperelastic models have been proposed to 
correctly describe the material response in the large-strain 
regime as, for instance, the Rivlin–Saunders model, ini-
tially proposed by Rivlin (1956) for incompressible rub-
ber-like materials:

where cij are the material coefficients; and the superscript 
()iso means isochoric deformation; that is, the volume is 
preserved: J = 1. To enforce this condition, the method 
of Lagrangian multiplier is used, as performed in Pascon 
(2008), for example:

where p is the Lagrangian multiplier, to be found by the 
boundary conditions.

(16)�nH = �
(
� − C33�

−1
)
.

(17)

K ln

[√
C33

(
C11C22 − C

2
12

)]
= �

(
1 − C33

)
⇒ C33

(
C11C22 − C

2
12

)

=
{
exp

[
�

K

(
1 − C33

)]}2

.

(18)�RS =
∑
i,j

cij
(
iiso
1

− 3
)i(

iiso
2

− 3
)j
,

(19)

�RS = �vol + �iso = p(J − 1) +
∑
i,j

cij
(
iiso
1

− 3
)i(

iiso
2

− 3
)j
,

The general stress–strain relationship for the RS model is 
obtained from expressions (11) and (19):

where α and β are scalar auxiliary variables. Since the mate-
rial is considered to be incompressible, the volumetric stress 
�vol is equal to �−1 . One can note that the nH model (13) is 
relatively more simple than the RS model.

The Lagrangian multiplier must be found to completely 
determine the stress components. Considering plane-
stress conditions together with incompressibility:

Unlike the first model, there is an explicit expression 
to obtain the strain component C33 in terms of the plane 
components for the present model:

Therefore, the plane version for the RS model results 
in the following:

One should remember that both expressions (15) and 
(27) are plane compact forms, i.e., the matrices that appear 
have dimensions 2 × 2.

The RS model adopted here can be considered as a gen-
eral set of hyperelastic models, differing from each other 
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in terms of the coefficients adopted. Three common spe-
cific models can be cited by the following:

where �MR represents the Mooney–Rivlin model (Mooney 
1940); �Y denotes the Yeoh model (Yeoh 1990); and �BBC 
corresponds to the Bechir–Boufala–Chevalier model (Bechir 
et al. 2002). The three hyperelastic models (28–30) have 
been proposed for incompressible rubber-like materials 
based on experimental data.

Numerical algorithm

In this section, the equilibrium principle and the numerical 
algorithm adopted in the present study are described. The static 
equilibrium of the structure is achieved by means of the Princi-
ple of Minimum Total Potential Energy, which is equivalent to 
the nonlinear version of the Principle of Virtual Work:

where scalar Π is the total potential energy; dV0 is a volume 
element of the initial domain Ω0; fext is the vector of applied 
(external) forces; symbol δ denotes a virtual variation; and 
y, in this case, is the vector that contains all the current nodal 
positions, i.e., is the vector of degrees of freedom. Although 
the integration is performed at the initial configuration, the 
equilibrium is reached at the current position; that is, the 
analysis is geometrically nonlinear. This equilibrium is 
described in the result of expression (32), in which the inte-
gral corresponds to the vector of internal forces ( �int).

The equilibrium �int = �ext in expression (32) denotes a 
nonlinear system of equations regarding the degrees of free-
dom (y). Consequently, for general prescribed forces, ana-
lytical solutions in terms of positions are not available. To 
solve this problem, the Newton–Raphson iterative technique 
is employed by the following:

(28)�MR = c10
(
iiso
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)
+ c01

(
iiso
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− 3
)

(29)�Y = c10
(
iiso
1

− 3
)
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+ c30
(
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1

− 3
)3

(30)
�BBC = c10

(
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1

− 3
)
+ c20

(
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1

− 3
)2

+ c30
(
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1

− 3
)3
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(
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2
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+ c02

(
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2
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)2
,

(31)� = ∫
�0

�dV0 − �ext ⋅ �

(32)�� =
��

��
⋅ � = 0 ⇒ ∫

�0

��

��
dV0 = �ext,

(33)� = ∫
�0

��

��
dV0 − �ext

where r is the residual force vector; and H is the Hessian 
matrix. One can note that the external forces are conserva-
tive, i.e., do not depend on the current positions. The posi-
tion vector y is iteratively updated via (34) until the residual 
vector r is sufficiently small. The equilibrium is numerically 
satisfied when the following norm is smaller than a given 
tolerance:

where x, in this case, is the vector that contains all the initial 
nodal positions. The summation in (36) is performed regard-
ing only the degrees of freedom that are not restricted. The 
Newton–Raphson method, although computationally expen-
sive, is often employed in nonlinear analyses because of the 
quadratic rate of convergence. In this work, the prescribed 
loads (or displacements) are divided into a large number of 
steps to improve the convergence and to decrease the chance 
of numerical instabilities.

The first and the second derivatives of ψ that appear in 
expressions (32) and (35) are determined as follows:

The derivatives of stretch tensor C with respect to the 
degrees of freedom y can be found by means of differentiation 
procedures in tensor algebra. A solid version to determine such 
derivatives can be found, for instance, in the work of Pascon 
(2012), in which any order tetrahedral elements are employed. 
The fourth-order tensor ℘ = ��∕�� is the consistent tangent 
operator, which is defined according to the stress–strain rela-
tionship. Applying this concept to the neo-Hookean compact 
form (16) leads to:

where the symbol ⊗ denotes tensor product. The deriva-
tives of C33 and C−1 in terms of tensor C are provided in 
“Appendix 1”. As mentioned before (see “Compressible 
neo-Hookean model (nH)” section), a numerical strategy is 

(34)� +
��

��
⋅ Δ� = � ⇒ Δ� = −�−1

⋅ �

(35)� = ∫
�0

�2�

����
dV0,

(36)e =

∑�
ri
�2

∑�
xi
�2

(37)
��

��
=

��

��
∶
��

��
=

1

2
� ∶

��

��

(38)
�2�

����
=

1

2

(
��

��
∶
��

��
∶
��

��
+ � ∶

�2�

����

)
.

(39)℘nH = −𝜇

(
�−1 ⊗

𝜕C33

𝜕�
+ C33

𝜕�−1

𝜕�

)
,



337International Journal of Advanced Structural Engineering (2019) 11:331–350 

1 3

used to determine the transverse strain component C33 from 
the plane strain components. A method similar to the New-
ton–Raphson procedure is employed (see expression 15):

The component C33 is iteratively updated until rC33 is suf-
ficiently small.

The consistent tangent operator for the RS model is 
obtained from (27):

The derivatives in terms of tensor C are given in “Appen-
dix 2”. The dimensions of the consistent tangent operators 
(39) and (43) are 2 × 2 × 2 × 2.

All the volume integrals that appear in the present section 
are numerically evaluated by the following:

(40)rC33 = C33

(
C11C22 − C2

12

)
−
{
exp

[
�

K

(
1 − C33

)]}2

(41)rC33 +
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)
i
,

where g is a the general function to be integrated over the 
reference initial domain; J0 is the Jacobian of the fictitious 
transformation defined in (5); that is, J0 = det

(
�0

)
 ; nip is 

the number of integration points; and w denotes the weight 
of each point.

A summary of the algorithm implemented is provided in 
the flowchart of Fig. 1.

Numerical examples

In this section, the performance of the finite-element for-
mulation developed is assessed. To this end, three structural 
problems involving highly deformable hyperelastic materi-
als under plane-stress conditions are numerically analyzed: 
the Cook’s membrane, a partially loaded membrane, and a 
rubber sealing.

The formulation proposed is implemented in a compu-
tational code written in FORTRAN language and, thus, the 
numerical results are obtained from computer simulations. 
To this end, a parallel processing technique in a cluster with 
12 processors has been used. Comparison with numerical 
results from the scientific literature is performed to vali-
date the present methodology. The tolerance adopted for the 
errors (36) and (40) in all the examples is  10−6.

Several meshes are employed for all the examples to ana-
lyze the influence of the mesh refinement on the accuracy 
of results. Both hierarchical and polynomial refinements are 
used, that is, the number and the order of the elements are 
increased until there is convergence of results. To perform 
this convergence analysis, all the meshes are generated from 

Fig. 1  Flowchart of the algorithm implemented
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the same base mesh. The nodes are equally spaced for each 
quadrilateral of the base mesh.

In most of the finite-element papers, only the displace-
ment fields are analyzed. However, the stress level control 
is also extremely important for design purposes. The stress 
values at the nodes are calculated in a post-processing code. 
After simulating the structure with the main program, the 
approximated displacement fields at the end of some specific 
steps are stored. Based on these fields, which are represented 
by the vector of degrees of freedom, one can determine 
strains and stresses at any point inside the domain. Since 
a general node can belong to various elements, the stress 
values at this node obtained for each element may be dif-
ferent. Therefore, the stresses are determined previously at 
the numerical integration points and then transferred to the 
nodes via a linear interpolation based on the least-squares 
method. For the nodes that belong to more than one element, 
a simple average of the nodal stresses is used. It should be 
said that another numerical strategies for stress field determi-
nation could be employed and compared to the present one.

Cook’s membrane

The first example is the Cook’s membrane showed in Fig. 2. 
According to Mostafa et al. (2013), this popular benchmark 
problem has been proposed by Cook and Malkus (1989). 
The objective of simulating this example is to test the per-
formance of finite elements in a problem with combined 
bending and shear, together with a singularity at the upper 
left corner. As pointed out by Düster et al. (2003), the dif-
ficulties in analyzing this problem are the high distortion of 
the elements and the strong deformation of the mesh around 
the singularity point. The uniform vertical load at the right 
face is divided into 100 steps. All the degrees of freedom 

of the left boundary are restricted to reproduce the clamped 
condition. The base mesh depicted in Fig. 2 has been pro-
posed to refine the most critical regions, in which the stress 
and strain fields are expected to be more complex.

Three material models have been selected to analyze 
the present example, according to Fig. 2. The vertical load 
reaches the value of 40 N/mm for the nH model and 0.4 N/
mm for the other two models. The coefficients of the nH 
model are the same as those adopted in Angoshtari et al. 
(2017) and Sze et al. (2004) for a generic near-incompressi-
ble material. The use of a bulk modulus K much larger than 
the shear modulus μ leads to a material model in which the 
volumetric strength is high and, thus, the volume changes 
are small. The material coefficients for the MR and BBC 
models have been interpolated in the work of Pascon (2008) 
from the experimental data of Yeoh (1997) for unfilled natu-
ral rubber vulcanizates, considering the incompressibility 
condition.

The convergence analysis in terms of displacements is 
performed for the right top corner and considering only the 
nH and BBC models. The plane displacements of this corner 
converge with mesh refinement for both models, according 
to Tables 1 and 2. One can note that the vertical displace-
ment (u2) converges slightly faster than the horizontal dis-
placement (u1). The convergence is reached quickly and 
easily, since the processing times and the number of itera-
tions per step are relatively small. As expected, the present 
rate of convergence regarding displacements is improved 
by increasing the element order, since the required num-
ber of degrees of freedom becomes smaller for the higher 
orders. A similar convergence rate is obtained in Düster et al. 
(2003), in which shell-like solid elements with independ-
ent approximations along the three spatial directions are 
employed. In that work, the Cook’s membrane is analyzed 

Fig. 2  Cook’s membrane: 
geometry, boundary conditions, 
and material coefficients (the 
dashed lines denote the base 
mesh)
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using the Hartmann–Neff model, which is another nonlin-
ear hyperelastic relation for near-incompressible rubber-like 
materials. Besides, the number of elements in that work is 
constant and equal to six, while the order of approximation 
is increased from linear to seventh degree. In the case of a 
linear approximation along the thickness direction, which 
is equivalent to the present finite-element formulation, the 
mesh of fifth degree with approximately 400 degrees of free-
dom is sufficient in terms of displacements. The convergence 
rate for the cubic and fourth degrees obtained here is com-
parable, for example, to the mixed finite-element formula-
tions of Chavan et al. (2007) and Mostafa et al. (2013). In 
the first work, a modified three-field variational principle is 
employed with a general hyperelastic model. In the second 
study, a variation of the assumed strain approach, called the 
Assumed Natural Deviatoric Strain concept, is employed to 
develop a high-performance quadrilateral element of linear 
order. According to Tables 1 and 2, the numerical results 

obtained with the fifth order practically do not change by 
increasing the amount of elements. This convergence behav-
ior is also obtained for the Cook’s membrane in the work of 
Angoshtari et al. (2017), in which a new class of mixed finite 
elements, called compatible strain mixed finite-element 
methods (CSFEM), is introduced. In the last three works 
cited, it is demonstrated that the alternative formulations 
proposed have a better performance than the pure-displace-
ment FEM. However, the authors compare the convergence 
rate of their finite elements with that obtained through lin-
ear order standard elements, which obviously present severe 
locking behavior for coarse meshes. Another important issue 
to be highlighted is that the mesh employed in the present 
work and in Düster et al. (2003) present a more refinement 
level around the singularity point, while the mesh employed 
in the other three studies is regular (that is, the four edges of 
the panel are equally divided).

Table 1  Convergence analysis 
regarding displacements for the 
nH model

ORD, element order; NDOF, number of degrees of freedom; NE, number of elements; NIP, number of 
integration points (per element); u1 and u2, displacements of the right top corner (mm); PT (s), processing 
time (in seconds); TNI, total number of iterations

ORD NDOF NE NIP u1 u2 PT (s) TNI

1 24 12 1 − 11.33 19.69 1 300
70 48 − 20.26 24.17 1 300

234 192 − 25.24 25.55 1 301
850 768 − 27.18 25.97 1 300

1850 1728 − 27.62 26.06 2 300
3234 3072 − 27.79 26.11 4 300
5002 4800 − 27.88 26.13 8 300
7154 6912 − 27.93 26.15 11 311

2 70 12 12 − 24.87 25.56 1 313
234 48 − 27.55 26.00 1 311
494 108 − 27.88 26.10 1 306
850 192 − 27.96 26.13 2 302

1302 300 − 28.00 26.15 3 300
1850 432 − 28.03 26.17 5 300

3 140 12 13 − 27.60 25.91 1 339
494 48 − 27.99 26.14 1 336

1064 108 − 28.05 26.19 2 347
1850 192 − 28.09 26.21 4 353
2852 300 − 28.11 26.22 8 359
4070 432 − 28.27 26.30 14 381

4 234 12 16 − 27.95 26.12 1 313
850 48 − 28.08 26.20 4 324

1850 108 − 28.08 26.20 15 300
3234 192 − 28.10 26.21 26 291

5 352 12 19 − 28.10 26.22 2 336
1302 48 − 28.09 26.20 18 322
2852 108 − 28.11 26.22 35 320
5002 192 − 28.12 26.22 119 300
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The convergence analysis in terms of stresses is per-
formed considering the point A depicted in Fig. 2. The rea-
son for selecting this point is the proximity to the loaded 
edge and the distance to the singularity point, at which the 
stress concentration may lead to unreasonable vales. In addi-
tion to the plane stresses, the equivalent Cauchy stress is 
determined by the following:

where dev� is the deviatoric Cauchy stress tensor. Accord-
ing to Figs. 3 and 4, the stress values converge with mesh 
refinement. However, the trend of improving the rate of 
convergence by increasing the order, which is observed 
for displacements, is not clear for the stresses. In general, 
the convergence rate of stresses is better for the nH model. 
The equivalent stress (45) for the BBC model, for instance, 

(45)

�eq =

√
3

2
dev� ∶ dev� =

√(
�2
1
+ �2

2
− �1�2 + 3�2

12

)
,

has a poor convergence rate for the linear, fourth, and fifth 
orders. Considering the nH model, the quadratic and cubic 
orders present a similar convergence rate of that obtained 
in Mostafa et al. (2013). Moreover, the less refined fifth-
order meshes present very different results when compared 
to the corresponding solutions. This order was expected to 
provide a good solution even for coarse meshes, as in the 
study of Angoshtari et al. (2017). These convergence rate 
problems may be related to the numerical strategy employed 
to obtain the stress values (determined from a simple aver-
age of numerical integration values linearly interpolated). 
Another possible reason is the approximation adopted for the 
displacement field along the thickness direction. In the work 
of Düster et al. (2003), for instance, the linear approxima-
tion (or constant strain) across the thickness is sufficient for 
a good rate of convergence regarding the displacements of 
the right top corner and the equivalent stress at a point close 
to point A. However, for individual stress components, the 

Table 2  Convergence analysis 
regarding displacements for the 
BBC model

ORD, element order; NDOF, number of degrees of freedom; NE, number of elements; NIP, number of 
integration points (per element); u1 and u2, displacements of the right top corner (mm); PT (s), processing 
time (in seconds); TNI, total number of iterations

ORD NDOF NE NIP u1 u2 PT (s) TNI

1 24 12 1 − 10.75 20.45 1 300
70 48 − 19.75 25.37 1 300

234 192 − 25.24 27.35 1 300
850 768 − 27.90 28.20 1 270

1850 1728 − 28.58 28.40 2 252
3234 3072 − 28.85 28.49 4 241
5002 4800 − 28.98 28.53 6 233
7154 6912 − 29.06 28.56 8 230

2 70 12 13 − 25.13 27.61 1 300
234 48 − 28.53 28.36 1 300
494 108 − 29.02 28.52 1 300
850 192 − 29.13 28.57 2 275

1302 300 − 29.18 28.59 3 262
1850 432 − 29.20 28.60 4 254

3 140 12 16 − 28.58 28.20 1 339
494 48 − 29.17 28.57 1 336

1064 108 − 29.21 28.60 2 347
1850 192 − 29.23 28.62 4 353
2852 300 − 29.24 28.63 8 359
4070 432 − 29.25 28.63 14 381

4 234 12 19 − 29.13 28.54 1 300
850 48 − 29.21 28.61 5 279

1850 108 − 29.23 28.62 12 264
3234 192 − 29.24 28.63 13 244

5 352 12 46 − 29.18 28.58 4 300
1302 48 − 29.23 28.62 14 265
2852 108 − 29.24 28.63 32 245
5002 192 − 29.24 28.63 46 235
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quadratic order (or linear strain) along the thickness direc-
tion is required. It should be pointed out that, in the work 
of Düster et al. (2003), the approximation adopted for the 
three directions are based on the standard (pure-displace-
ment) FEM procedure, i.e., no mixed or enhanced methods 
are employed. The need of enriching the kinematics across 
the thickness direction of the Cook’s membrane is probably 
related to the fact that the stress field around the singularity 
point has a three-dimensional character, which cannot be 
reproduced with the present plane-stress formulation.

The final results for the most refined mesh (2501 nodes 
and 192 fifth-order elements) are depicted in Figs. 5, 6, and 
7, considering the three models (nH, MR, and BBC). The 
graph force–displacement obtained from the present formu-
lation exhibits a more flexible behavior when compared to 
the reference solutions, in which the same geometry and 
material coefficients are adopted. The solutions obtained 
with the incompressible models (MR and BBC) in terms 
of the graph force–displacement are very close. This is 
expected, since the material coefficients for both models 
have been interpolated from the same experimental data. The 
stress concentration and the strong mesh distortion reported 
in Düster et al. (2003) can be seen in Fig. 7. Although the 
stress field around the upper left corner is probably three-
dimensional, the singularity point and the overall behavior 

of the panel can be reproduced by the present plane-stress 
formulation for sufficiently refined meshes.

Partially loaded membrane

As the second example, the partially loaded plane rubber 
block depicted in Fig. 8 is considered. This problem has 
been presented by Reese et al. (1999) to assess the perfor-
mance of a new stabilized mixed finite-element formula-
tion developed to avoid hourglass instabilities. According 
to Reese (2003), this example is frequently employed to test 
element formulations in a problem involving extreme mesh 
distortions combined with high compression levels. Due to 
the symmetry regarding the plane x1 = 0.0 , only one half of 
the membrane is discretized. The horizontal displacement 
(u1) of the upper edge and the vertical displacement (u2) of 
the lower face are constrained. The uniform pressure load is 
divided into 100 steps. In this example, only the nH model is 
employed and the material coefficients are the same as those 
adopted for the Cook’s membrane (see Fig. 2).

The convergence analysis is performed in terms of the 
final vertical displacement of points A and B, as well as 
the final equivalent stress at points C and D (see Fig. 8). 
As expected, the results converge with mesh refinement, 
according to Table 3. However, this convergence does not 

Fig. 3  Convergence analysis in terms of stresses (in kPa) for the nH model at point A (44.0, 58.6667)
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follow the usual behavior, in which the structure flexibil-
ity and, thus, the displacements increase when the mesh 
refinement becomes higher. For example, the value of the 
vertical displacement of point B decreases by refining the 
mesh, except for the linear order. Moreover, the approxi-
mations that provide the highest displacements in Table 3 

are the meshes with 18 and 72 quadratic elements, and not 
the most refined one (162 fourth-order elements). Another 
example is the oscillatory behavior of displacements for the 
linear and quadratic elements: when the mesh is refined, 
the displacement of points A and B may become higher or 
smaller depending on the number of elements. Nevertheless, 

Fig. 4  Convergence analysis in terms of stresses (in kPa) for the BBC model at point A (44.0, 58.6667)

Fig. 5  Graphs force–displacement for the nH model Fig. 6  Graphs force–displacement for the incompressible models
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the values of displacements are not changed significantly 
with mesh refinement. In other words, the displacement field 
of the present example can be obtained even with coarse 
meshes. This convergence behavior in terms of nodal dis-
placements has also been reported in Angoshtari et  al. 
(2017) for point A. The final value for the vertical displace-
ment of point A obtained in such reference is − 6.5, which 
is smaller than the present result. Although the final pres-
sure applied and the material coefficients are the same, this 
discrepancy is certainly due to the fact the hyperelastic neo-
Hookean model adopted in that work is the 2D version for 
plane strain conditions.

Considering the equivalent stress levels at points C and 
D, the rate of convergence is improved by increasing the 
element order. Except for the two less refined linear and 
quadratic meshes (18 and 72 elements), the equivalent 
stresses always converge when the number of elements is 
increased. In summary, the most appropriate orders for the 
present example, in the context of Table 3, are probably the 
cubic and fourth degrees, because of the stability of values 
regarding displacements and stresses. As in the first exam-
ple, the processing times and number of iterations required 
are small, even for the most refined discretizations.

The final distributions of the equivalent stress are 
provided in Fig. 9 considering the four meshes with 162 

Fig. 7  Final distribution of the equivalent Cauchy stress around the left upper corner for the most refined mesh: a initial mesh; b nH model; c 
MR model; d BBC model
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elements. As in the work of Angoshtari et al. (2017), the 
equivalent stresses are higher at the lower region close 
to the symmetry plane for all the meshes. However, for 
the cubic and fourth degrees, the highest values are found 
near point B. The high level of compression (approxi-
mately 87% at point A) and the strong mesh distortion 
depicted in Fig. 9 can be reproduced precisely by the pre-
sent formulation.

Rubber sealing

The third and last example is the compression of the rubber 
sealing depicted in Fig. 10. This is a more realistic prob-
lem, because similar rubber seals are employed in cars, for 
example. The geometry of the problem has been extracted 
from Angoshtari et al. (2017), in which the material behavior 
for this problem is described by a compressible hyperelastic 
Ogden model. The numerical simulation is performed via a 
displacement control applied uniformly to the upper face in 
100 steps ( Δu2 = −0.022 mm ). Only one half of the sealing 
is used since the problem is symmetric. The upper face is 
restricted in x1-direction and the lower face is constrained in 
both directions. Due to the complexity of the displacement 
and stress fields near the corners of the sealing, numerical 
instabilities may arise along the simulation, depending on 
the finite element adopted.

The convergence analysis in this case is performed in 
terms of the applied vertical force and the equivalent stress 
at some specific points. Again, results converge with mesh 
refinement (see Table 4). As expected, the linear order ele-
ments present a poor rate of convergence regarding applied 
forces and stresses. The high orders provide a convergence 
behavior similar to the most efficient mixed formulation 
employed in Angoshtari et al. (2017). Some final distribu-
tions are provided in Fig. 11 considering the most refined 

Fig. 8  Partially loaded membrane: geometry, boundary conditions, 
and base mesh

Table 3  Convergence analysis 
for displacements and 
equivalent stresses

ORD, element order; NDOF, number of degrees of freedom; NE, number of elements; PT (s), process-
ing time in second; TNI, total number of iterations; u2 (X), vertical displacement of point X (mm); σeq (X), 
equivalent stress at point X (kPa)

ORD NDOF NE PT (s) TNI u2 (A) u2 (B) σeq (C) σeq (D)

1 32 18 1 300 − 8.45 − 6.51 284.59 124.25
98 72 1 300 − 8.77 − 6.55 255.39 99.85

100 162 1 200 − 8.86 − 6.55 254.53 88.46
338 288 1 260 − 8.89 − 6.56 258.60 82.48

1250 1152 2 214 − 8.86 − 6.59 273.17 75.65
2738 2592 4 207 − 8.81 − 6.61 283.27 76.41
4802 4608 8 200 − 8.76 − 6.62 290.58 77.60
7442 7200 13 200 − 8.73 − 6.62 296.02 78.40

2 98 18 1 300 − 8.91 − 6.77 272.72 116.04
338 72 1 300 − 8.68 − 6.78 300.23 58.83
722 162 3 300 − 8.67 − 6.76 304.76 64.61

1250 288 3 219 − 8.67 − 6.74 311.30 70.87
1922 450 6 213 − 8.67 − 6.73 314.77 74.61

3 200 18 2 300 − 8.66 − 6.76 311.55 57.91
722 72 3 300 − 8.67 − 6.74 324.35 73.45

1568 162 4 219 − 8.67 − 6.71 322.23 77.67
2738 288 6 209 − 8.67 − 6.70 322.07 78.57

4 338 18 5 300 − 8.66 − 6.72 317.27 40.11
1250 72 7 258 − 8.67 − 6.69 328.85 78.95
2738 162 12 209 − 8.67 − 6.67 328.49 79.10
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mesh (2356 nodes and 180 fifth-order elements). One can 
see the large levels of deformations occurred in Fig. 11a, 
b, in terms of displacements, rotations, and mesh distor-
tion. The distribution of the normal stretch component C33 
in Fig. 11c gives an idea of the strain levels. Since the ini-
tial value of C33 is 1.0 and the highest final value is 1.791, 
it can be said that the maximum strain levels are moderate 
(neither infinitesimal nor extremely high). The equivalent 
stress field showed in Fig. 11d is similar to that obtained in 
Angoshtari et al. (2017), as the highest values occur at the 
same regions, indicating that both formulations provide 

comparable solutions. Moreover, if the maximum value 
for the equivalent Cauchy stress (88,248 kPa) is applied to 
a bar under uniaxial extension, the resultant longitudinal 
normal strain will be approximately 45%, considering the 
present material data and the analytical solution (see, for 
instance, the work of Pascon 2008). Such strain level can 
be considered moderately high for conventional engineer-
ing materials.

Fig. 9  Final distribution of the equivalent stress (in MPa) for meshes with 162 elements: a linear; b quadratic; c cubic; d fourth

Fig. 10  Rubber sealing: geom-
etry, boundary conditions, mate-
rial data, and base mesh
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Conclusions

A finite-element formulation to solve structural problems 
involving hyperelastic materials under plane-stress condi-
tions has been developed. The elements are isoparametric 
triangular membranes of any order based on positional 
description. Lagrangian strain and stress measures from 
nonlinear solid mechanics are adopted: deformation gradi-
ent, right Cauchy–Green stretch tensor (and its invariants) 
and the second Piola–Kirchhoff stress tensor. Two hyper-
elastic models, usually employed for elastomers, have been 
selected: the compressible neo-Hookean model (nH); and 
the general incompressible Rivlin–Saunders model (RS). 
The 3D constitutive relations are condensed according to 
the plane-stress conditions and the resultant 2D compact 
forms for both models are provided. This condensation 
procedure requires the solution of nonlinear equations. It 
has been demonstrated that, in the case of the nH model, 
the expression to determine the out-of-plane normal strain 
is not explicit and, thus, a simple Newton algorithm is 
employed to obtain this strain component from the plane 

strains. The formulas to determine the consistent tangent 
operator, which is a fourth-order tensor required in the 
present Newton–Raphson method, are provided in the 
appendices considering the 2D constitutive forms.

Three structural problems involving hyperelastic mate-
rials under plane-stress conditions are analyzed to assess 
the performance of the present finite-element approach: 
the Cook’s membrane, a bending-dominated problem with 
a singularity point; the partially loaded membrane, which 
presents a high level of compression together with severe 
mesh distortion; and the rubber sealing, a more realistic 
engineering problem. These benchmark problems have been 
employed to examine the convergence rate regarding dis-
placements, applied forces, and stresses. Since the degree of 
approximation is generic, several meshes with different num-
bers of elements and orders (up to fifth degree) have been 
used to analyze each problem with the same computer code 
developed. As expected, mesh refinement provides more 
accurate results and the convergence rate obtained with the 
higher orders is similar to that presented by some mixed for-
mulations from the scientific literature. The main advantage 

Table 4  Convergence analysis 
regarding applied forces and 
equivalent stresses

ORD, element order; NDOF, number of degrees of freedom; NE, number of elements; PT (s), processing 
time in second; TNI, total number of iterations; p2, final vertical reaction (N/mm); σeq (X), equivalent stress 
at point X (kPa)

ORD NDOF NE PT (s) TNI p2 σeq (A) σeq (B) σeq (C)

1 36 20 1 400 − 312.49 363.76 398.85 273.26
110 80 1 400 − 231.06 346.52 356.53 295.32
378 320 1 500 − 184.22 341.75 318.72 250.30

1394 1280 3 500 − 161.40 325.72 285.33 223.60
3050 2880 8 544 − 153.41 312.68 268.52 216.86
5346 5120 18 600 − 149.93 304.71 259.73 214.02
8282 8000 35 655 − 147.12 299.90 255.21 212.63

2 110 20 1 400 − 195.09 360.35 380.08 291.69
378 80 3 500 − 157.33 330.65 270.75 221.22
806 180 5 500 − 148.48 310.04 248.03 212.46

1394 320 8 500 − 145.00 298.48 245.40 212.15
2142 500 14 558 − 142.91 292.79 246.84 212.66
3050 729 21 600 − 142.23 289.98 248.04 213.05
5346 1280 43 661 − 141.78 287.88 248.99 213.51

3 224 20 1 500 − 158.68 338.28 343.00 252.12
806 80 3 500 − 144.46 303.53 244.44 204.27

1748 180 11 600 − 141.82 289.25 243.49 206.56
3050 320 20 638 − 141.23 286.45 246.65 209.14
4712 500 37 740 − 141.26 285.71 247.69 210.60

4 378 20 6 500 − 148.24 308.08 343.76 243.04
1394 80 14 600 − 141.55 297.17 244.37 200.44
3050 180 42 700 − 141.09 288.39 243.94 204.44

5 572 20 23 530 − 142.71 289.88 332.96 245.53
2142 80 40 500 − 141.28 298.70 244.69 200.73
4712 180 117 645 − 140.66 288.23 243.77 204.30
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of the present method in comparison with these alternative 
formulations is the mathematical simplicity, i.e., no special 
techniques and no complex mathematical formulations are 
needed. Results also indicate that the finite-element formula-
tion proposed here can predict the correct structural behav-
ior in both incompressible and near-incompressible regimes. 
Therefore, in the context of the present paper, general lock-
ing problems are avoided by mesh refinement. These locking 
phenomena are usually associated with the incompressibility 
assumption, stress concentration, mesh distortion, complex 
geometries, and bending-dominated problems. It should 
also be highlighted that the so-called hourglass instabilities, 
which are common in mixed formulations, have not been 
observed in the present analyses. In short, the finite-element 
formulation proposed here is showed to be simple, robust, 
accurate, and reliable. Thus, it can be extended to other types 
of numerical analyses with highly deformable materials 
under plane-stress conditions as, for example, elastoplastic-
ity, viscoelasticity, thermoelasticity and anisotropy.

Some contributions of the present study can be cited: con-
vergence regarding displacements and stresses; use of higher 
orders; and development of the consistent tangent operator 
for the hyperelastic models nH and RS in plane-stress condi-
tions. Although it is well known that mesh refinement leads 

to more accurate results, the influence of the mesh on the 
stress field and the use of higher orders of approximation are 
rarely seen. Moreover, some details of the consistent tangent 
operator provided here are usually omitted.
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Appendix 1: Consistent tangent operator 
for neo‑Hookean model

The derivatives of the transverse strain C33 and the inverse 
matrix �−1 in terms of tensor � , considering the neo-Hookean 
model (39), are provided in this section. First, one can define 
the following auxiliary scalar variable from (17):

As mentioned before, the component C33 cannot be explic-
itly obtained from the plane strain components. However, the 
scalar variable f can be determined from C33 . Therefore, the 
expression to obtain the derivative of C33 is as follows:

The other derivative that appears in (38) is obtained from 
the definition of the inverse matrix �−1 considering only the 
plane components:

where adj(�) denotes the adjugate matrix of C. The remain-
ing components of the fourth-order tensor �adj(�)∕�� are 
null.
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Appendix 2: Consistent tangent operator 
for Rivlin–Saunders model

The derivatives in terms of tensor C that appear in the Riv-
lin–Saunders model (43) are given in this “Appendices 1 
and 2”. First, the normal out-of-plane component of the iso-
choric stress tensor is differentiated in respect to C:

The derivative of C33 is performed considering the 
incompressibility condition:

where f is another scalar auxiliary variable. Since the first 
invariant iiso

1
= tr� depends on C33, which, in turn, depends 

on the plane strains, the derivative �tr�∕�� results in the 
following:

where (�tr�∕��)3D is the three-dimensional derivative of 
iiso
1

 , determined for the case in which the component C33 is 
independent of the plane strains. A similar procedure can be 
employed to define the derivative of the second invariant:
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where 
(
�iiso

2

/
��

)
3D

 is the three-dimensional derivative of 
iiso
2

 , determined for an independent component C33. The rea-
son for emphasizing the abovementioned 3D derivatives is 
to distinguish them from the 2 × 2 matrices �tr�∕�� and 
�iiso

2

/
�� , which are compact forms determined for the 

plane-stress conditions.
The third derivative in (43) is related to the volumetric 

stress tensor:

The last derivative in the above expression is given in (51).
Finally, differentiating the isochoric stress tensor Siso with 

respect to C leads to the following:

where � is the fourth-order zero tensor; and �� denotes the 
fourth-order identity tensor ( �� ∶ � = � for every second-
order tensor A). The derivatives �f∕�� and �adj(�)f∕�� are 
provided in expressions (49) and (53), respectively.
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