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Abstract Our goal in this paper is to compute the integral free loop space homology
of (n—1)-connected 2n-manifolds. We do this whenn > 2andn # 2, 4, 8, though the
techniques here should cover a much wider range of manifolds. We also give partial
information concerning the action of the Batalin—Vilkovisky operator.
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1 Introduction
Let LX = map(S', X) denote the free loop space on X. This space comes equipped

with an action v: S' x £LX — LX that rotates loops, and an induced degree 1
homomorphism

A: H (LX) — Ho1 (LX)

known as the BV-operator, defined by setting A(a) = v, ([S'1® a). In addition Chas
and Sullivan [9] constructed a pairing
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414 P. Beben, N. Seeliger

H,(LX) ® Hy(LX) —> Hpiy—a(LX)

on a closed oriented d-manifold X that (together with the BV-operator) turns the
shifted homology H, (LX) = H,+4(LX) into a Batalin—Vilkovisky (BV)-algebra.

Batalin—Vilkovisky algebras have been computed in only a few special cases. One
of the more general results to date (due to Felix and Thomas [12]) states that over
a field F of characteristic zero and 1-connected X, H,(LX; F) is isomorphic to a
BV-algebra structure defined on the Hochschild cohomology H H*(C*(X), C*(X)).
Unfortunately, this theorem is generally not true for fields with nonzero characteris-
tic [20]. Beyond these results, the BV-algebra over various coefficient rings has been
completely determined for spheres [10,20,25], certain Stiefel manifolds [24], Lie
groups [17], and projective spaces [10,16,22,27,28], using a mixture of techniques
ranging from homotopy theoretic to geometric, as well as the well-known connections
to Hochschild cohomology.

In this paper we focus on the free loop space homology of highly connected 2n-
manifolds, together with the action of the BV-operator. The coefficient ring R for
homology and cohomology is assumed to be either any field, or the integers Z, but we
suppress it from notation most of the time. Fix n > 2, M a (n — 1)-connected, closed,
oriented 2n-manifold with H" (M) of rank m > 1. Let

C=lcij=(aiVaj, [M])]

be the m x m matrix for the intersection form H" (M) x H"(M) — Z with respect
to some choice of basis {ay, ..., a;} for H"(M) (we use the same notation for the
dual basis of H"(M)). This form is nonsingular, symmetric when n is even, and
skew-symmetric when n is odd.

Denote H"(M) and H*'(M) = 7 by the free graded modules R-modules A =
Riai,...,an} and K = R{[M]}, and the desuspension of A by V = R{uy, ..., u;}
with |u;| = n — 1. Let

T(V)=R® @ y &
i>1

be the free tensor algebra generated by V, and I be the two-sided ideal of the tensor
algebra 7' (V') generated by the following degree 2n — 2 element

2
X = E Cij[ui,uj]-i-zcz'iu,-,
i<j i

where [x, y] = xy — (—=1)¥IPlyx denotes the graded Lie bracket in 7(V). Take the
quotient algebra

U= T(V)

1
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The free loop space homology of (n — 1)-connected 2n-manifolds 415

and the degree —1 maps of graded R-modulesd: AQU — U andd': KQU —
A ® U, which are given for any y € U by the formulas

d(ai ® y) = [ui, yl
d'(IM1®y) = > cijlaj ® [ui, y]).
i,J

If we apply the Jacobi identity to the summands ¢;;(a; ® [u;, y]) ind o d'(y) for
i < j (keeping in mind that ¢;; = (—=1)"cj;, [u;, [u;, y]l = [uiz, v], and that products
with x are identified with zero in U), we see that Im d’ C ker d, so we obtain a chain
complex

00— KU -5 AU LU —o0.

Now take the homology of this chain complex. That is, take the following graded
R-modules:

. kerd

= m, Z:kerd’.

U
Q_Imd7 W

One can think of W by first taking the R-submodule W’ of SAQT (V)= T(V)
generated by elements that are invariant modulo / under graded cyclic permutations,
that is, invariant after projecting to U. Then WV is the projection of ZW' onto (A ®
U)/Imd'.

Our main result is that the homology of this chain complex is the integral free loop
space homology of M under some conditions:

Theorem 1.1 Suppose n > 2, n # 2,4, 8, and m > 1. Then there exists an isomor-
phism of graded R-modules

H(LM)=Qa8We Z.

The restriction away from 2, 4, and 8 traces back to an argument that we use to
determine H,(2M), which does not apply to situation where there are cup product
squares equal to the fundamental class [M], or —[M]. Failure of a degree placement
argument to compute certain differentials is another reason that we restrict away from
n=2.

We also determine the action of the BV-operator on H,(LM; Q), in a sense, up-to-
abelianization of U when n > 3 is odd.

Consider the graded abelianization map 7' (V) s (V), where S(V) is the free

graded symmetric algebra generated by V. Since n(x) = 0, n factors through U SN

S(V). Also, consider the maps A ® U “&" A @ S(V)and K @ U *%" K @ S(V).

Since (14®n)od’ = 0and nod = 0, then 1 and these two maps induce abelianization
maps
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416 P. Beben, N. Seeliger

Q- 5(v),
WIS AR S(V),
25 K®S(V).

Theorem 1.2 Letn > 3 beodd. The BV operator A: H (LM ; Q) — H,11(LM; Q)

satisfies A(Q) € W and A(W) C Z, and A(Z) = {0}. Moreover, the composite

Q2w M AQ® S(V) is given by

k
Nwo Al ® (uy, ...u;,)) = Zai_,- @ (Uiy U= 1 UG +1 - Uiy,
=1

and W i) z n K ®S(V) isthe restriction toker d of the map (AQU) /Im d' —
S(A) ® S(V) given by

k
a; @ (i .. .uz) > Zaiaij ® Uiy« Ui—1 Ui 41 - - Ui ),
Jj=1

where [M] € K is identified with (3_,; _ ; cija;a;) € S(A).

i<j

Berglund and Borjeson [6] have subsequently computed the free loop space homol-
ogy of highly connected manifolds (including the ones considered in this paper) using
different techniques. They also give a description of the action of the BV-operator
and the Chas—Sullivan loop product. With a bit of effort it is likely that the spectral
sequence methods in this paper can be extended to cover many of the highly connected
manifolds in [6]. For example, the based loop space homology of highly connected
manifolds is largely known [5], and this is one of the main ingredients that we use
here. On the other hand, we do not know whether a complete description of the Chas—
Sullivan loop product and B V-operator is possible using our approach—one difficulty
being extension issues in the Cohen—Jones—Yan spectral sequence [10] when comput-
ing the loop product, together with a seeming incompatibility between the B V-operator
and the Serre spectral sequence of a free loop fibration.

We should mention that there are sources of applications for the above calculations
that go beyond the classical question: are there infinitely many geometrically distinct
periodic geodesics on a Riemannian manifold M ? For example, detailed information
about the Betti numbers of LM reflects more detailed information about the number
of geodesics of variable length. See [2,3,6,13] for details.

2 A useful lemma

Take a fibration sequence F ox —f> B with B simply-connected. Recall the
induced homotopy fibration sequence
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The free loop space homology of (n — 1)-connected 2n-manifolds 417

QB - F - x (1)

is a principal homotopy fibration. Namely, there is a homotopy associative H-space
structure on the homotopy fiber 2B together with a left action

0: QBx F — F

that fits into a homotopy commutative square

QB x QB 2~ QB x F

mult.i \L@
s

QB ———F.

In our case the H-space multiplication mult. on QB is taken as the one defined by
composing loops, and the action 6 is defined by applying the homotopy lifting property
to loops in B.

By a result of Moore [21], the homology Serre spectral sequence & of a principal
fibration such as (1) has a left H,(2B)-module induced by the associated action 6.
Namely, there is a left action H,(2B) ® E; i E; . reducing to the Pontrjagin
multiplication on E&* = H,.(2B) and differentials respect this action. Most of the
effort in computing differentials is therefore reduced to determining those emanating
from the degree O horizontal line.

Since fibrations are characterized by the homotopy lifting property, one might also
expect 6 to have a direct bearing on the homology Serre spectral sequence for our
original fibration f. This was exploited by McCleary [19], where he used a result of
Brown [8] and Shih [23] to give a computation of the free loop space homology of
certain low rank Stiefel manifolds. The following proposition strengthens the result
in [8,23] by doing away with an assumption about certain elements being trangressive.
The proof is moreover fairly simple. Let

E={&.8"}
denote the homology Serre spectral sequence for f, and
E={E",d"}

the homology Serre spectral sequence for the path-loop fibration sequence 2B SSN

PB 2L B,

Proposition 2.1 Suppose H.(B) and H.(F) are torsion free. Given z € H,(B), and
DiXiQui € Ef* = H.(B) @ H.(Q2B), suppose d*(z® 1) = d* (D ; xi ® v;) =0
inkEy, for2 <s <r,and

d(z®1) = Zx,- ® v;.

1
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418 P. Beben, N. Seeliger

Then given z Q y € Sf’* = H.(B) ® H.(F) forany y € H.(F), foreach2 < s <r
we have

Py =4 (sz' ® O (vi ® y)) =0

1

and

§F@®y) =D xi®6:1®Y),
i

Proof First recall the following well-known property (which is essentially the homo-
topy lifting property in disguise). Let P€%0-f C map([0, 1], B) x X be the pullback of
X —f> B and the evaluation map map ([0, 1], B) k' B, where ev; (w) = w(t). Now
consider the map f:map([0, 1], X) —> P/ defined by fw) = (f ow, w(0)).
Then a surjection f is a fibration if and only if there exists a map g: P'0/ —
map([0, 1], X) such that fo g=1: pevo-f . pevo.f,

Take the inclusion ¢: PB x F —> P¢%-/ given by ¢(w, a) = (w, a), and take
the the composite

evy

§: (PB x F) -2 Pt 55 map((o, 11, X) <5 X.

Let the fibration sequence

Ccx1 evy X*

QB X F — PBxF — B xx% 2)

be the product of the path-loop fibration sequence 2B < PB 2% B and the trivial

fibration sequence F N F - % LetE = {E*,d*} and E = {1_37“',3"} be the
homology Serre spectral sequences for the path-loop and trivial fibration respectively,
and E = {12" s, c?s} be the homology spectral sequence for their product (2). Define a
differential d5: E*®E — ES®E® byd* (a®b) = (d*(a)®b)+(— D) (a®d* (b)).
Since H,(F) is torsion-free, ES = ES®ES and d° = dg (see [7,14]). In our case

o

d = 0, so we have
dB@a®b)=d@®b

for any ¢ € ES and b € E°. One can easily check that the following diagram of
fibration sequences commutes

1
QB x F 5 PBx F YL B xx

©TE

X B,

3
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The free loop space homology of (n — 1)-connected 2n-manifolds 419

with our action 6 being in fact the restriction of § to the subspace QB x F. Let
(:E=EQE — &

be the morphism of spectral sequences induced by this diagram.
Sinced*(z®@ 1) =0€ Ej ,for2 <s <randd (z® 1) = > xi ® v;, then for
any b € ES

PN ®b)=d*z®1)®b=0
(RN =dERDRb=D (®v)®b,

1

which we use to obtain

ey =8 ((zeh)®(1®y))
(@ (o) 1®Y))

= f’(Z(x,- ®v) ® (I ®y>)

=D X ®0.(0; ® ),
i

and similarly, 8°(z ® y) =0for2 <s < r.

In a similarly manner, we see c?s((zi xi ®vi)®b) =0for2 <s < rand (in
turn) 8°(D; xi ® 6x(v; ® y)) = 0 using the fact that d° (3", x; ® v;) = 0 (so the above
equations make sense). O

We now turn our attention towards the free loop space fibration sequence

ev]

QB -5 B % B. )

The map ¥ is the canonical inclusion QB C LB, and ev; is the evaluation map
evi(w) = w(1). The homology Serre spectral sequence for this fibration sequence
will be denoted by

E={&,58},

and as before £ = {E", d"} is the homology Serre spectral sequence for the path-loop
fibration of B. The path-loop fibration is principal, so E has a left H,(2B)-module
as described before which the differentials d respect.

Some basic properties of the free loop space fibration are as follows. The map
£B =% Bhasasection B —> LB defined by mapping a point b € B to the constant
loop at b, which implies the connecting map o for the induced principal homotopy

fibration QB —%> QB 2> LB is null homotopic. The associated left action
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420 P. Beben, N. Seeliger

0: Q2B x QB — QB
is given by
O(w, A) =w A !

for any w, A € QB. If v € H,(2B) is primitive, then for any y € H,(2B) one has
the formula

0.(v®y) = (=D"Plyy — vy = —[v, y],

where the multiplication on H, (2B) is the Pontrjagin multiplication induced by loop
composition on 2 B. The proof of these can be found in [19] for example. Combining
these properties with Proposition 2.1 gives the following description of the differentials
in the spectral sequence &.

Proposition 2.2 Suppose H.(B) and H,(2B) are torsion free, and B is 1-connected.
Given 7 € Hy(B), and Zi X Qv € Ef* with v; primitive in H,(2B), suppose that
d*(z®1)=0andd*(X; xi ®v;) =0in E} , for2 <s <r, and

dz®1) = Zx,- ® ;.

1

Then given 7 ® y € 53’*f0r any 'y € H,(Q2B), for each2 < s < r we have

Fzey =4 (in ® [vi, y]) =0
and

FE®y) =— D x®v.yl

O

There are instances where this formula fails to give us enough information to deter-
mine some of the higher differentials. For example, if we found ourselves in the
situation where §°(z® y) = Ofors < randd"(z®y) # 0,thenz®y € & , survives
to the £+! page, while z® y is not an element in E;;l . In such case §*(z ® y) remains
mysterious when s > r. An example where this situation happens in practice is the
case of 4-manifolds omitted from Theorem 1.1.

3 Based loop space homology

Returning to our 2n-manifold M in the introduction, we consider the Hopf algebra
H,(2M). This is the last piece in the puzzle required to prove Theorem 1.1. By
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The free loop space homology of (n — 1)-connected 2n-manifolds 421

Poincaré duality the only nonzero reduced homology groups of M are in degrees n
and 2n. This implies M has a cell decomposition given by attaching an n-cell to an
m-fold wedge of n-spheres \/,, S" ~ M — .

Generally, if a space Y is formed by attaching a k-cell to a space X via an attaching
map S¥~! %, X, and o is its adjoint, the composite with the looped inclusion
k=2 i) QX & QY is nullhomotopic, so one obtains a factorization of Hopf
algebras through Hopf algebra maps

H.(QX; R)/I

& 5)
(1)
H.(QX: R) 2% By R),

where [ is the two-sided ideal generated by o’ ([S¥2]) € Hy_2(Q2X; R). The problem
of determining the conditions under which 6 is a Hopf algebra isomorphism is part
of what is known as the cell-attachment problem. One of these conditions—the inert
condition—states somewhat suprisingly that 6 is a Hopf algebra isomorphism when
R is a field if and only if (£2i), is a surjection [11,15,18]. Here we select k = 2n,
Y ~ M, and X >~ M — x, and use the inert condition to prove the following:

Proposition 3.1 Supposen > 2, n #2,4,8 andm > 1.

(1) There is an isomorphism of Hopf algebras (free as R-modules)

~ I'V)
HL(QM) = ——

where V.= R{uy, ..., upy}, luj| =n—1.
(i1) The element a;([SZ”_z]) generating the two-sided ideal I is given by

WL (872 =D cijluj uil+ Y ciiuj.

i<j

Proof of part (i) In [4], QM is shown to be a homotopy retract of (M — %) when
n # 2,4, 8. Therefore (Q2i), is a split epimorphism, so we obtain H,(QM; F) =
H(2(M — x); F)/I for any field F. Moreover, since M — * is homotopy equiva-
lent to \/,, ", the Z-module H,(Q2(M — x); Z) = T(V) is torsion-free. Therefore
H,(Q2M; 7) is torsion-free, and the Hopf algebra isomorphism holds for R = Z as
well. O
Proof of part (ii) We will write u; = (2i)+(u;) € H,—1(2M), and take u; to be the
transgression of a; € H, (M).

Since the elements u1, ..., u; in H,_1(2(M — x)) are primitive, and there are no
monomials of length greater than 2 in degree 2n — 2, the elements ”12 and [u;, u;]
form a basis for the primitives in Ho,_2(2(M — x)). Now oc;([SZ"_Z]) is primitive
since [S2" 2] is primitive, so we can set

@ Springer



422 P. Beben, N. Seeliger

(@) ([S72]) = ZC,][”u /]+Zcz/;zz

l</

for some integers cl”]
Consider the homology Serre spectral sequence £ = (E”, d") for the (principal)
path-loop fibration sequence M, with

EZ, = H,(M) ® Ho(QM).
On the dual cohomology spectral sequence we have the formula

dp(aj @ u;i) = dy(a; @ N(1 @ u;) + (= 1)"(a; @ D)d,(1 @ u;)
=(=D"a; @D ®1) =c;;([M]*® 1),

so dualizing back to the homology spectral sequence gives us

d"(IM1® 1) =) cijlaj @ up). (6)

i,J
Take E = (E", d") to be the homology Serre spectral sequence for the path-loop
fibration of M — %. The inclusion (M — %) —> M induces an inclusion of the

corresponding path-loop fibrations of (M — ) and M, and in turn a morphism of
spectral sequences y: E —> E. On the second page of spectral sequences y» maps
1®ujtol @u; anda; ® 1 toa; ® 1, and E_,’“F1 R4N Efl,nfl is an isomorphism for
2<r<n.

By part (i) of the theorem (and preceeding discussion), (o’)«([S 2n=27) generates the
kernel of (i), : HZn 2(QM — *)) —> Hpy—2(2M), 50 1®(a),([S**2]) generates
the kernel of y»: E0 g —> E0 op_n- SINCE ¥y : E’ — E’] is an isomorphism

fori <n,j<2n-— 2 and all r, then in fact 1 ® (oz’)*([SZ" 2]) generates the kernel

ofthemapEozn ) RN Ejyy, pfor2 <r <n.
Take the element

"= ZC,{}(GJ' Qui —a; uj)

i<j

in E; n_1»for2 <r < n.Then

Vn((”)=z€,{;~(aj®ui—ai®uj), @)

i<j

ca N
and in E072n_2 we have

1® (@[S = D (A @ [, u;]) = d" ().

i<j
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The free loop space homology of (n — 1)-connected 2n-manifolds 423

Since E7 ; = {0} fori > n and £S5, = {0}, the differential £2,, | ~*> Ef,, , isan
1somorph1sm and since En 1 RN EZ 4—1 is anisomorphism and 1 ®(oz’)*([52”’2])
generates the kernel of E0 2 RLN E(’)’ on—n» by naturality we see that the kernel of

the differential E) LN E0 on_o is generated by y,(¢”). In particular, we may

project ¥, (¢) down to EY,
Let

I=1Imd": Ej}, o— E,, |
K =kerd": E}, | — Eg,, -

As we saw above, 7 is generated by d"([M] ® 1), and y,,(¢") generates K. But the
short exact sequence

d}l dn
0 E2n0 Enn 1 EOn 2 0

implies Z C K. Therefore d"([M] ® 1) = %y, (¢”). Now comparing coefficients in
Egs. (6) and (7), the result follows. O

4 Proof of Theorem 1.1

We now have everything required to prove Theorem 1.1 via a routine Serre spetral
sequence argument. Let £ = {£”, §"} be the homology Serre spectral sequence for the
free loop space fibration sequence

ev]

am L v < M.
By Proposition 3.1 we have an isomorphism H.(QM) = U = T(V)/I of Hopf
algebras, which are free as R-modules. So we start with an isomorphism of free R-
modules
&L, =R{l,a,....an. [M}®U.
By Proposition 2.2
§"ai ® y) = —1®[ui, y]

where u; is the transgression of a;, and using (6),
S (IM1®y) = — D cijlaj ® [ui, y]).
i,

Therefore 52” = Q,E* = 52” = W, and 822" = Z, while all other entries

n,x
in the spectral sequence are Zzero. Here the only possible nonzero differentials are
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424 P. Beben, N. Seeliger

s e — & 42n—1- Butsince the nonzero elements in Z and Q are concentrated
in total degrees 2n +k(n — 1) and k(n — 1) respectively, one can check the differentials
82" are zero for degree placement reasons whenever n > 2. Thus these isomorphisms

carry over to the infinity page, that is,
ENEELOE O, ZQaWe 2.

Generally, one has torsion here when R = Z (or at least in Q, and possibly W), so
we must consider a potential extension problem. Once again placement reasons allow
us to skirt around the issue.

From the construction of the homology Serre spectral sequence there are increasing
filtrations F; ; = F; H;(LM) € H;(LM) such that F; x = H(LM), F; ; = 0 for
i <0,and

Fiitj

Eo =~
Fi-1,i+j

i,j

12

Since the nonzero elements in Q, WV, and Z are in degrees k(n — 1), n +k(n — 1), and
2n +k(n — 1), Q, W, and Z pairwise have no nonzero elements in the same degrees
when n > 3. Since F,—1 » = Fo,« = Q, we have Fj_1 n1kn—1) = {0}, and we see
that ]:n,* = -7:0,* S g,??* = Q @ W. Then ]:271—1,2n+k(n—1) = ]:n,2n+k(n—l) = {0}, so
Fonx =Fns® 52035*, and we have

5;,?,* = on,* = H*(EM)

whenever n > 3.

When n = 3, the common nonzero degrees shared between any pair of these three
modules are of the form 2(k + 3), and these are only between Q and Z. But since Z
is torsion-free and Q = Fy  is at the bottom of the filtration, there are no extension
issues here either.

5 Eilenberg-Maclane spaces and the BV-operator

We will need some information about the action of the BV-operator on products of
Eilenberg—Maclane spaces before getting into the proof Theorem 1.2. The approach
we take here is similar to the one taken by Hepworth in [17] to compute the BV-
operator for Lie groups. We begin this section by recalling it. Fix R to be a principal
ideal domain, and X (homotopy type of a C W-complex) a path-connected topological

group with multiplication X x X 2, X. This makes £X into topological group

L
with multiplication £LX x LX =% £X defined by point-wise multiplication of loops
(w-y)(t) =w(t)-y(t). There is a well-known homeomorphism

h: X x QX — LX

hix,w) =x-w
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The free loop space homology of (n — 1)-connected 2n-manifolds 425

with inverse h~': LX — X x QX given by i~ (w) = (0 (0), w(0)~" - w), where

x - w is the loop defined at each point by (x - w)(¢#) = x - w(t). These homeomorphisms
. . . . 1 v .

are equivariant with respect to our action S' x £LX — LX, and the action

P: 8 x X x QX — X x QX
defined by the formula

v(t, x,w) = hlo v(t,x -w) = (x - @ (0), (x ~c<),(0))71 - X - wy)
= (x- @ (0), 0, (0) 7" - )

where w;(s) = v(t, w)(s) = w(s + t). On homology we have a commutative square

Ho(X x QX: R) ——~ H.(LX: R)

~

5| |

Hot1 (X X QX; R) ——> Hoy1 (LX; R)

where A(e) = 1. ([S N e). Clearly, after transposing X and S 15 is the composite

1 1
X (S'x QX) 2L x5 (8! xQX) x (5T x 2X) Y (xx x)xox L5 x xQx,

with ev: S! x QX —> X the evaluation map ev(t, w) = w(t) = w:(0),and ¢: St x
QX —> QX defined by ¢ (¢, w) = w;(0)™' - w,. Thus, if H,(QX; R) is a free

R-module, so that (for simplicity) the cross product H.(X; R) ® H.(R2X; R) =
H.(X x QX; R) is an isomorphism, and tl_le coproduct on anelementb € H,(Q2X; R)
has the form A, (b) = Zi d; ® e;, then A satisfies

(—DA@®b) = Z(—n'df‘(a(ev*(l ®d)) ® ¢.([S'1®e;))
+ Z (a(ev([S'1®d) ® ¢ (1 ® ¢;))
- Z(—l)'di‘(aE(di) ® ¢ ([S'1® e))
—}—Z(a(ev*([Sl] ®di)) R e;) ®)

where e : H,(Q2X; R) —> R is the augmentation. To complete this formula one needs
to determine the maps ¢, and ev,. This latter map defines the homology suspension
o: H(QX; R) — H,{1(X;R),0(a) = ev«([S']1 ® a), which satisfies the formula

o(ab) = o(a)e(b) + €(a)o (b) 9
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426 P. Beben, N. Seeliger

for any product ab € H,.(2X; R) induced by the loop composition multiplication on
QX. In particular, o is zero on decomposable elements. If X is an H-space, one can
derive this formula by observing that the following diagram commutes

evxev

(! x S1) x (QX x QX) =5 (51 x QX) x (S! x QX) <L X x X

Axlx]lT l#
1

Q
SIXx QX xQX)— s glyox — > X,

and that point-wise multiplication of based loops Qu on QX is homotopy com-
mutative and homotopic to the loop composition multiplication on QX (this is a
mapping space analogue of Theorem 5.21, Chapter III in [26]). Alternatively, it is
a consequence of the homology suspension theorem [26, Chapter VIII]. The map
k(a) = ¢ ([S 11® a) is a bit more mysterious. At the very least, when p is commuta-
tive one obtains an analogous commutative diagram for ¢ together with a derivation
formula k (ab) = «(a)b + ak (b), while for the case of compact Lie groups, « is triv-
ial since H,(2X) is concentrated even degrees. We consider the case where X is an
Eilenberg—Maclane space K (R, n). These can be taken to be commutative topological
groups, and we may write K (G, n—1) = QK (G, n) with commutative multiplication
induced by the one on K (R, n), which by the way is homotopic to the loop composition
multiplication.

Proposition 5.1 Let J be the image of the cross product H.(K(R,n — 1); R) ®
H.(K(R,n); R) = H.(K(R,n — 1) x K(R,n); R) (which is injective by the
Kiinneth formula). Suppose the coproduct on a € H,(K(R,n — 1); R) is in the image
of the cross product, that is, it is of the form A, (b) = D ; di x e;. Then with respect
to the isomorphism hy, the BV-operator is givenona x b € J C H,(LK(R,n); R)
by the formula

Ala x b) = (=D " (@(p.(IS"1®@ d)) x i),

where YK(R,n — 1) LN K(R,n) is a classifying map for S ® -1 €

H*(SKR.n — 1);R) = H*(S'R) ® H*(K(R,n — 1);R), and 1,1 €
H'" Y KR, n—1); R) is the fundamental class.

Proof Since our map S!x K(R,n—1) i> K(R,n — 1) restricts to the identity
on the right factor, ¢*(t,—1) = 1 ® ty—1, Or in other words, ¢ is a classifying map of
the cohomology class 1 ® 1,1 € H* (8! x K(R,n — 1); R). The projection map
onto the right factor S' x K(R,n — 1) i K(R,n — 1) is also a classifying map
for 1 ® t,—1. Since cohomology classes are in one-to-one correspondance with the

homotopy classes of the classifying maps representing them, ¢ must be homotopic to
* x 1. Therefore ¢*([S1] ® d) = 0 for any d.
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IR

Next, recall the suspension isomorphism H,_1(K(R,n —1); R) — H,(XK (R,
n — 1); R), sending a — [S!] ® a, factors as the composite

11

H,_ 1(K(R,n—1); R) —[K(R,n—1), K(R,n — 1)]

S [EK(R.n—1), K(R, n)]

where the last map is the adjoint isomorphism. Since the evaluation map S' x K (R, n—

1) K (R, n) restricts to the constant map on both the left and right factors, it factors
as the composite

ev: S'x K(Ron—1) """ s k(R n—1) <% K(R.n),
where the last map ev’ (also known as the evaluation map in the literature) is the

adjoint of the identity map K(R,n — 1) LN K(R,n — 1). Since the identity is a
classifying map of ¢,_, by the above factorization of the suspension, its adjoint ev’
is a classifying map of [S'] ® t,_;. The proposition now follows using Eq. (8). O

The BV-operator has a very clean form on decomposable elements when we take
our multiplication on H.(LX) to be the one induced by point-wise multiplication
of loops Lu (instead of the multiplication (2 x ) o (1 x T x 1) based on each
coordinate of QX x X = £X). Tamanoi [24] gave a derivation formula with respect
to this product

Aab) = Ala)b + (—D1¥aAb),
which is a straightforward consequence of the following commutative diagram
IxTx1
(8! x S1) % (LX x LX) —> (S! x LX) x (8! x LX) —2> LX x LX

AX]IX]IT L

1 IxLp v
S!x (LX x LX) ——————— S x LX ———— = LX.

Both multiplications on £X are equal when the multiplication on X is commutative.
Since this is the case for K (R, n), our formula in Proposition 5.1 satisfies

(=PI A (ac x bd) = A((a x b)(c x d))
= Aa x b)(c x d) + (=D"Pla x bY)A(c x d). (10)

The derivation formula can also be used to determine how the BV-operator interacts
with the cross-product, as we see in the following:
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Proposition 5.2 Let X = X| X - - - X Xy be a product of topological groups (X;, i4;).
Then the BV-operator for LX = LX| x --- x LX} satisfies

Aay x...xak)=Z(—1)’<f(a1 X -+ X A(gj) X -+ X ag)

fora; € H (LX;), where ki = ¥'_ |a;| and ky = 0.

Proof 1Tt suffices to prove the statement for length-2 products X = X x X». One
can then iterate to obtain the general formula. Since the inclusion of the left factor

LX Iy LX1 x LX» induces the map on homology sending a +— a x 1 for any a,
by naturality of the BV-operator we have A(a; x 1) = (1 x %)4(A(ay)) = A(ay) x 1.

Similarly, A(1 x a) = 1 x A(ay). Since X is a topological group with multiplication

wu defined by the composite X x X ]lX—T);l (X1 x X1) x (X2 x X»p) Hixia X, the

point-wise loop multiplication Lu is the composite

LXXLX —> (LX1x LX2) % (LX1 x £X2) " (£X) % £X1) x (LXa x £LX3)

L L
HxLpa oy

Therefore (a; x 1)(1 x az) = a1 x ap with respect to this induced product, and by
the derivation formula we have

Ala; x a2) = Aa; x DA x a2) + (=D (@) x DA@ x 1)
= Aa)) x a2 + (=D!a; x Aa).

m}

We have, for the sake of simplicity, been restricting X to be a topological group.
Some of the material above however extends (up-to-homotopy) to where X is a homo-
topy associative H-space. In this scenario /4 is a homotopy equivalence since it defines
is a weak equivalence between the free loop fibration and the trivial fibration. If X
has an inverse —1: X —> X, x — x !, the null homotopy H: X x X x I — X,
with Hy = % and H; = 1 x —1, allows us to define the homotopy inverse 2! just as
before, except this time composing the loop w (0)~! - w with the based path given by
H;(0(0)~', w(0)), and the action v will have a similar form.

In the case of rational coefficients, a simply connected H-space X has a rational
decomposition Xg =~ []; K(Q, n;), and the classifying maps XK (Q,n; — 1) —
K (Q, n;) can be identified with the Freudenthal suspension S('éf — QX S(S in the n;
even case, and evaluation QS —> S in the odd case. We see then that the action
of A on H,.(LX; Q) with respect to the algebra structure induced by the group mul-
tiplication on [[; K (Q, n;) can be determined by applying Propositions 5.1 and 5.2.

This technique can still be used to obtain some useful information for more gen-
eral coefficients. Suppose H,(X; R) is free as an R-module, and a € H,(X; R) is an
indecomposable element in the Hopf algebra H,(X; R). Then the cohomology dual
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a € H"(X; R) of a is a primitive element in the dual Hopf algebra H*(X; R), the clas-

sifying map X K (R, n) of a is an H-map, and moreover it is natural with respect
to the homeomorphism /. That is, the following squares commute up to homotopy

X x X -~ K(R.n) x K(R,n) X x QX 2 K(R.n) x QK (R, n)
lll \Lmulh hl% Elh
X ———=K(R.n) LX —5  ~ LK(R.n).

(1D
The proof of commutativity is as follows. For degree reasons, the fundamental class
t,, satisfies (mult.)*(ty) = (1, x 1 + 1 x ), so we have (¢ x ¢)* o (mult.)*(1,) =
a®1+1®a. Likewise, since a is primitive, u*oc*(1,) = u*(@) = a®1+1®a. Thus
both the composites in the first square are classifying maps of a® 1+ 1®a, meaning they
are homotopic. This gives the first square. To obtain the second square, let H: (X X
X) x I — K(R, n) be a choice of homotopy between the composites in the first
square. Define the homotopy G : (X x QX)x I — LK(R,n)by G(x, w, t) = wx s,
where w, ; : S — X isthe loop given by wy ;(s) = H(x, w(s), t). Then G defines
a homotopy between the two composites in the second square. As a consequence of
these diagrams, Lc, is an algebra map with respect to the algebra structure induced
by the isomorphisms /., given by (Lc)«(v ® b) = ¢, (v) X (2¢)«(b) .

Now suppose n is odd, a is trangressive, and 7(a) € H,_1(2X; R) is its trangres-
sion. Since ¢, maps a to the homology dual i, of t,,, and 7, is trangressive onto 7 (i,,) =
In—1, the homology dual of the fundamental class of QK (R,n) = K(R,n — 1), we
have (Q20)«(t(a)) = iy—1. Then (Lo)x(A(v ® T(a))) = A((Lo)x(v @ T(a))) =
Ales (V) X T—1) = (=DII(c,(v)i,) x 1 by Proposition 5.1, and applying the deriva-
tion formula (10) inductively,

(LA)+(AW ® T(@))) = Alex(v) ® %) = k(=) ((cx (0)i) x P71,

Since (Lc)x(va @ T(@) 1) = (cx(v)iy) x 2];:{, if we assume 1(a

Hg—1y(n—1)(2X; R), and va generates H,, 1, (X; R), then

)E=1 generates

Awet(@") =k(=D"wa @ @) ").
For example, if we take R = Z, for p an odd prime, X = S?p) as a p-localized sphere
(which is an H-space for n odd [1]), and a = [S"], then this formula completely deter-

mines the action of A on H(LS";Z,) = H(LX;Z,). This is a somewhat different
approach for spheres than the one taken by Westerland [25], and Menichi [20].

6 Proof of Theorem 1.2

For degree placement reasons, it is clear that A(Q) C W, A(W) C Z, and A(2) =
{0} when n > 3. Consider the composite
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f: MAﬁM@ﬁK(Q,@:P,

i=1 i=l1

where f; is the classifying map of the generator a; € H"(M;Q). Let (; €
H,(K(Q, n); Q) denote the homology dual of the fundamental class for the ith
factor, and ; € H,—1(K(Q,n — 1); Q) the corresponding trangression. Let W =
Q{Ll, ...,Lm} and W = Q{fl, ...,Zm}.

Since n is odd, H.(K(Q,n); Q) = Aqlul, H(K(@Q,n — 1); Q) = Qli], f
induces the injection H,(M; Q) = V & K —> Ag[W], mapping a; — ¢; and
M]— B = Zi<j(c,-jciLj), and Qf induces the algebra map Q & Q[W] = SWV),
mapping u; — ;.

Consider the morphism of rational homology Serre spectral sequences £ 2, E
induced by the map of free loop space fibrations

QM — M > M

N

1

QP —> LP — P,

The spectral sequence E for the bottom fibration collapses since the total space is a
topological group with section. On the infinity page

H.(LP;Q) = H,(P: Q) ® H.(QP: Q) = (P EY,.
i=0

and ¢*° restricts to the maps Q LN QW] ng’*, w2 we Q[W] Z E® , and

n,*?
Zz 5 QB @ QIW] C ESS, [note W = V, Q(B) = K, and Q[W] = S(V) in the
introduction].

Let F be the filtration of H, (L P; Q) associated with the spectral sequence E. Notice
Ef;o* = Fn,n+*/Q[W], and Q[W] is concentrated in degrees k(n — 1), while WV is
concentrated in degrees n+k(n — 1), which are never equal when n > 3, so they do not
share any nonzero elements in the same degree. Similarly, Ez"j* = Fononts/ Fuontse
Fux = Q[W] @ (W ® Q[W]) is concentrated in degrees k(n — 1) and n + k(n — 1),
and Z is concentrated in degrees 2n + k(n — 1), which are never equal when n > 3.
Therefore, with respect to our isomorphism H,(LM; Q) = QW & Z, (Lf)«
restricts to the maps 7y, 1y, and n; on each summand.

The action of A on Hy(LK(Q,n — 1); Q) is given by A(1 @ &) = k(; @ ¥ )
and A(a ® ;) = 0 when |a| > 0. This follows from Proposition 5.1, and iterating
formula (10). Alternatively, it follows from [20,25]. Now by Proposition 5.2,

m
Aa®T' ... T =D ki @ .7 T S WRQIWIZ AR S(V)
i=1
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for any integers k; > 0. Since for any g € Q, we have A(g) € W,

Aong(g) = Ao (Lf)u(q) = (L) o Alg) =nwo Alg),

we obtain the formula for the composite Q A, W A®S (V). Similarly we

obtain the formula for the composite A, z K ® S(V).
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