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Abstract This work is twofold. First, the largest minimum distance of a ternary
cyclic codes of parameters [n, n

2 ], is determined for n even, not a multiple of 3, by
using the Chen algorithm, for n = 26, 34, 38, 46, 50, 58, 62, 68, 70, 74. Next, seven
new classes of isodual ternary cyclic codes are introduced for n singly even, not a
multiple of 3.
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1 Introduction

An important class of ternary codes of rate 1/2 is that of self-dual codes [5], because
of its connections with invariant theory, combinatorial designs, and modular forms.
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This class is a subclass of formally self dual codes in [2]. In the present work, we
consider cyclic ternary codes of rate 1/2. An important subclass of these is that of
cyclic isodual codes, i.e. cyclic codes equivalent to their duals. Isodual codes are in
particular formally self dual.

Following [2] we consider the largest minimum distance dF (n) of a fsd ternary code
of length n. We introduce dI (n) the largest minimum distance of an isodual code of
length n. Clearly dI (n) ≤ dF (n). Another function of interest is the largest minimum
distance dC (n) of a cyclic code of length n and rate 1/2.

Our contribution is twofold. First, we establish by electronic calculation, using an
algorithm due to Chen, the value of dC (n) for n even ≤ 74. Second, inspired by this
numerical data, we propose, in the case n = 2m with m odd, seven constructions of
ternary isodual cyclic codes. They hold when n is singly even, that is at lengths where
self dual ternary codes do not exist. The characterization of the generating polynomial
of an isodual cyclic code is left as a challenging open problem.

The material is organized as follows. The next section reviews the necessary nota-
tion and definitions. Section 3 derives the seven constructions of isodual cyclic codes
and gives a table of values of dI (n) and dC (n) for small values of n. Section 4 contains
the numerical data on cyclic codes of rate 1/2 over F3, arranged in subsections by
values of the length.

2 Notation and definitions

We assume that the reader has gained some familiarity with coding theory [1,4]. Let
F3 = {0, 1, 2} denote the Galois field of three elements. Recall that the rate of a
linear code of length n and dimension k is k/n. Two ternary linear codes are said to be
equivalent if one can be obtained from the other by permutation of coordinate places
and negation of some coordinate entries. A linear code is said to be isodual iff it is
equivalent to its dual. Recall that a cyclic code of length n over Fq can be regarded
as an ideal in the principal ideal ring Fq [x]/(xn − 1). If g(x) denote the generator
polynomial of a cyclic code C, then the generator of the dual code, denoted by h(x)

is, up to sign, the reciprocal of its complement

h(x) = xn − 1

g(x)
,

where the reciprocal polynomial f ∗(x) of a polynomial f (x), of degree n over F3, is
defined by

f ∗(x) = xn f

(
1

x

)
.

The elements of a code C are called codewords, and the weight wt (x) of a codeword x
is the number of positions where x is nonzero. The Hamming distance d(x, y) between
two codewords x and y is d(x, y) = wt (x − y). The minimum distance of a code C
is:
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d(C) = min{d(x, y) /x, y ∈ C, x �= y}.

If C is linear then d(C) equals the minimum weight of a nonzero codeword. The
three parameters of a q−ary code are denoted by [n, k, d]q and are length, dimension,
minimum distance. The so-called fundamental problem of coding theory is

• Find dq(n, k), the largest value of d for which a code of parameters [n, k, d]q

exists.

A code that attains this value is called an optimal code.
With the notation of the introduction we have, by definition,

dC (n) ≤ d3(n, n/2),

and

dI (n) ≤ dF (n) ≤ d3(n, n/2).

3 Isodual cyclic codes

3.1 Constructions

We give seven constructions of isodual ternary cyclic codes and illustrate them by
examples in the next section. We suppose that n = 2m with m odd and not a multiple
of 3. In that case the factorization

xm − 1 = (x − 1)u(x)v(x)

yields, by changing x into −x the factorization

xm + 1 = (x + 1)u(−x)v(−x).

We choose

g(x) = (x − 1)u(x)v(−x).

We consider the following seven cases

(1) u∗(x) = u(x), v∗(x) = v(x)

(2) u∗(x) = εv(x), v∗(x) = ηu(x)

(3) u∗(x) = −v∗(x)

(4) u∗(x) = u(x), v∗(x) = v(−x)∗
(5) u∗(x) = u(−x)∗, v∗(x) = v(x)

(6) u∗(x) = u(x), v∗(x) = ηv(−x)

(7) u∗(x) = εu(−x), v∗(x) = v(x)

with ε, η = ±1.
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Proposition 1 Keep the above notation In the seven cases above the cyclic code of
generator g(x) is isodual.

Proof In each case we compute the generator of the dual code. First

(xn − 1)/g(x) = (x + 1)u(−x)v(x).

Taking reciprocals of both sides, we obtain in the first five cases ±g(−x), and in the
last two cases [−g(−x)]∗. The result follows. ��

3.2 Table of values of dI (n) and dC (n)

In this table we note the different values of dI (n) and dC (n) respectively for isodual
and cyclic codes of parameters [n, n

2 ]3 according to the length of the code.

n 26 34 38 46 50 58 62 68 70 74
dI (n) 6 4 4 9 4 4 4 14 14
dC (n) 8 4 4 13 4 4 4 8 14 14

Remark For n = 34, 38, 50, 58, 62, 70, 74 the minimum distance of the best isodu-
al code of parameters [n, n

2 ]3 is the same as that of the best cyclic code of rate one-half.

4 Optimal cyclic codes of rate 1/2 over F3

4.1 Cyclic codes of parameters [26, 13]3

We begin our study of the minimum distance of ternary cyclic codes of parameters
[n, n

2 ] , n even, and not a multiple of 3. For linear codes the upper and lower bounds
from [3] on d3(n, n/2) coincide for 2 ≤ n ≤ 24. For n ≥ 26 (see [3]) the upper
bounds are not always met. The table of bounds on d3(n, n/2) for 26 ≤ n ≤ 74 is
given below.

n 26 28 32 34 38 40 44 46 50
d3 8–9 9–10 10–11 11–12 11–13 12–14 13–15 14–15 14–17

n 52 56 58 62 64 68 70 74
d3 15–18 16–18 17–19 17–20 18–21 16–22 17–23 18–24

The algorithm of Chen as described in [6] allows us to derive the minimum distances
of all ternary cyclic codes of length 26 and dimension 13. The following decomposition
into irreducible factors

x26−1= (1+x)(2+x)(1+2x+x3)(2+2x+x3)(2+x2+x3)(2+x+x2+x3)

(1+2x+x2+x3)(1+2x2+x3)(1+x+2x2+x3)(2+2x+2x2 + x3)
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Table 1 Length 26

g(x) codeword(a) [u∗(x)=
v∗(x)=

[
x26−1
g(x)

]∗ = wt(a)

10000000000001 10000000000001000000000000 [u∗(x)=v(x)
v∗(x)=u(x)

g(−x) 2

22121212121211 21000000000002100000000000 [u∗(x)=v(x)
v∗(x)=u(x)

−g(−x) 4

11220102101001 10100000100001010000010000 [u∗(x)=u(x)
v∗(x)=−v(−x)

[−g(−x)]∗ 6

20120100020121 12001010000002100202000000 8

12112100012111 21000100000000200000000211 7

22000102100211 22200000000102202020000000 8

10020222110211 12010000000002102000000000 [u∗(x)=−u(−x)
v∗(x)=v(x)

[−g(−x)]∗ 6

12011200010121 10100000100001010000010000 [u∗(x)=u(−x)∗
v∗(x)=v(x)

g(−x) 6

20000000000001 10000000000002000000000000 [u∗(x)=v(x)
v∗(x)=u(x)

−g(−x) 2

12222222222221 11000000000002200000000000 [u∗(x)=v(x)
v∗(x)=u(x)

g(−x) 4

10111211001201 22000000100001100000020000 [u∗(x)=u(x)
v∗(x)=v(−x)∗ g(−x) 6

21120102202001 10100000100002020000020000 [u∗(x)=u(x)
v∗(x)=−v(−x)

[−g(−x)]∗ 6

12121021020221 10200001000002000012000200 7

over F3 comprizes 8 polynomials of degree 3 and two linear polynomials. Thus there
are

(8
4

)(2
1

) = 140 possible generators polynomials of degree 3 × 4 + 1 = 13. Some
of these polynomials along with a minimum weight codeword a and its weight are
recorded in Table 1.

Remark There are 54 codes with the optimal minimum distance 8 among the 140
cyclic codes of parameters [26, 13]3.

We summarize our first experimental result by

Proposition 2 We have dC (26) = 8. Note that d3(26, 13) ∈ {8, 9}, by [3].

4.2 Cyclic codes of parameters [n, n
2 ]3 where n = 34, 38, 50, 58, 62

– In the cases n = 34, 38, 58, 62, for the all cyclic codes of parameters [n, n
2 ]3, we

have

xn − 1 = (1 + x)(1 + x + x2 + · · · + x
n
2 −2 + x

n
2 −1)

(2 + x)(1 + 2x + x2 + · · · + 2x
n
2 −2 + x

n
2 −1).

Thus there are four choices for the generator polynomial of each code.
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For the cyclic codes of parameters [50, 25]3, we have 8 possible choices for the
generator polynomial g(x) of degree 25.

x50 − 1 = (1 + x)(2 + x)(1 + x + x2 + x3 + x4)(1 + 2x + x2 + 2x3 + x4)

(1 + x5 + x10 + x15 + x20)(1 + 2x5 + x10 + 2x15 + x20).

But in all cases, the maximal minimum distance dC of such codes is equal to 4, and
we have always:

[u∗(x)=u(x)
v∗(x)=v(x) with

[
xn − 1

g(x)

]∗
= ±g(−x).

Proposition 3 For n = 34, 38, 50, 58, 62 the cyclic codes of parameters [n, n/2]3
are isodual.

4.3 Cyclic codes of parameters [46, 23]3

For cyclic codes of parameters [46, 23], the factorization of x46−1 yields 12 = 2×(4
2

)
possible generator polynomials of degree 23 = 1 + 2 × 11.

x46 − 1 = (1 + x)(2 + x)(1 + 2x + x2 + x3 + 2x4 + x6 + x8 + x11)

(2 + 2x + 2x2 + x3 + x4 + 2x6 + 2x8 + x11)

(2 + x3 + x5 + 2x7 + 2x8 + x9 + x10 + x11)

(1 + x3 + x5 + 2x7 + x8 + x9 + 2x10 + x11).

The analogue of Table 1 is Table 2 below.
For the isodual cyclic codes [46, 23]3 we have:

[u∗=εv
v∗=ηu ; ε, η = ±1

or

u∗(x) = −v∗(x)

with

[
x46 − 1

g(x)

]∗
= ±g(−x).

The optimum distance of such a cyclic codes is

Proposition 4 We have dC (46) = 13. Note that d3(46, 23) ∈ {14, 15}.
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Table 3 Length 68

g(x) codeword(a) [u∗(x)=
v∗(x)=

[
x68−1
g(x)

]∗ = wt(a)

20101221001001021002021120020020121 220...0110...0220...0110...0 8

20201020102010201020102010201020101 2010....00...02010....00.....0 4

22201002001122020022010020011220201 210...0210...0210...0210...0 8

21201001001221010021020020021120201 220...0110...0220...0110...0 8

20000000000000000000000000000000001 100................020............0 2

20101122001002011001011220010020111 210...0210...0210...0210...0 8

10102121002012120021201012202101021 20.....010....020....010......0 4

11020220211010222001111020022220101 10....010....010......010.....0 4

12010120221010212002121020012120101 20.........010....020...010...0 4

10202020202020202020202020202020201 1010.........02020..............0 4

10102222002011110022201011202202011 10....010...010........010....0 4

10000000000000000000000000000000001 10...............010...............0 2

4.4 Cyclic codes of parameters [68, 34]3

Likewise the factorization of x68 − 1 yields 12 possibilities for the generator polyno-
mial of the code.

x68 − 1 = (1 + x)(2 + x)(1 + x2)(1 + 2x + 2x4 + 2x5 + 2x6 + 2x10

+x11 + 2x12 + x15 + x16)(1 + x + x2 + x3 + x4 + x5 + x6

+x7 + x8 + x9 + x10 + x11 + x12 + x13 + x14 + x15 + x16)

(1 + x + 2x4 + x5 + 2x6 + 2x10 + 2x11 + 2x12 + 2x15 + x16)

(1 + 2x + x2 + 2x3 + x4 + 2x5 + x6 + 2x7 + x8 + 2x9 + x10

+2x11 + x12 + 2x13 + x14 + 2x15 + x16).

The analogue of Table 1 is Table 3.
If we take all g(x) that divide x68 − 1, as indicated in Table 4, we have always:

[
x68 − 1

g(x)

]∗
�= ±g(−x)

and

[
x68 − 1

g(x)

]∗
�= [−g(−x)]∗.

This shows that the isodual cyclic codes of parameters [68, 34]3 are not isodual by
the constructions of the preceding section.

Proposition 5 We have dC (68) = 8. Note that d3(68, 34) ≥ 16.
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4.5 Cyclic codes of parameters [70, 35]3

The factorization of x70 − 1 yields 48 possibilities for the generator polynomial g(x)

of degree 35 of the code.

x70 − 1 = (1 + x)(2 + x)(1 + x + x2 + x3 + x4)(1 + 2x + x2 + 2x3 + x4)

(1+x+x2 + x3+x4 + x5 + x6)(1 + 2x + x2 + 2x3 + x4 + 2x5 + x6)

(1 + 2x + 2x2 + x3 + 2x4 + x5 + x7 + 2x8 + x10 + x12)

(1 + x + 2x2 + 2x3 + 2x4 + 2x5 + 2x7 + 2x8 + x10 + x12)

(1 + x2 + 2x4 + 2x5 + 2x7 + 2x8 + 2x9 + 2x10 + x11 + x12)

(1 + x2 + 2x4 + x5 + x7 + 2x8 + x9 + 2x10 + 2x11 + x12).

For this codes we have 3 cases:

[u∗(x)=u(x)
v∗(x)=v(x) or [u∗(x)=u(x)

v∗(x)=v(−x)∗ with

[
x70 − 1

g(x)

]∗
= ±g(−x)

or

[u∗(x)=u(x)
v∗(x)=v(−x) with

[
x70 − 1

g(x)

]∗
= [−g(−x)]∗.

We summarize the parameters of the cyclic codes [70, 35]3 in Tables 4 and 5 below.

Remark The cyclic codes of parameters [70, 35]3 are all isodual.

Proposition 6 The optimal minimum distance of the cyclic codes of parameters
[70, 35]3 is dC (70) = 14.

4.6 Cyclic codes of parameters [74, 37]3

The determination of the minimum distance for these codes required in some cases
up to 12 hours of CPU time on a PC. The factorisation of x74 − 1 yields 12 possible
choices for a generator polynomial of degree 37.

x74 − 1 = (1 + x)(2 + x)(1 + 2x2 + 2x4 + x5 + 2x7 + 2x11 + x13 + 2x14 + 2x16

+x18)(1 + 2x2 + 2x4 + 2x5 + x7 + x11 + 2x13 + 2x14 + 2x16 + x18)

(1 + x + 2x2 + 2x3 + x4 + 2x5 + 2x6 + 2x8 + 2x9 + 2x10 + 2x12

+2x13 + x14 + 2x15 + 2x16 + x17 + x18)(1 + 2x + 2x2 + x3 + x4

+x5 + 2x6 + 2x8 + x9 + 2x10 + 2x12 + x13 + x14 + x15 + 2x16

+2x17 + x18).

The analogue of Table 1 is Table 6.

Proposition 7 We have dC (74) = 14.
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