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Abstract
We prove that the order of L'-approximation by elements of the disc algebra given by
Khavinson, Pérez-Gonzdlez and Shapiro is precise.

Let A be the unit disc, T its boundary and consider the disk algebra A of those
continuous functions on A that are holomorphic in A. In 4 the norm is the supremum
norm

I flloe = SLtlplf(e”)l,

but we shall also consider the L' norm given by

1 2 .
£l = 2—/ | F(edr.
7 Jo

In connection with approximation in L'-norm by elements of a uniform algebra D.
Khavinson, F. Pérez-Gonzalez and H. Shapiro proved the following theorem (see [2,
Theorem 3.3]).

Theorem Let f be a continuous function on T with || f ||cc = 1. Assume there exists
an H'-function G such that

If =Gl =e.

Then there exists a function G* in the disk algebra A such that |G*|lco < 1 and

1
If = G*lh = Celog —, ey
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where C is a constant independent of f.

See [2] for the motivation of this result and its connection to a theorem of Hoffman
and Wermer on homomorphisms of uniform algebras.

The authors of [2] also verified that in (1) the bound Ce log % cannot be replaced by
Ce ([2, Theorem 3.4]), but the problem if the order O (¢ log %) in (1) can be improved
at all, i.e., if it is precise or not, remained open and stated explicitly in Remark (i) in
[2]. That problem was communicated to us by D. Khavinson [1]. In this note we prove
that the stated order is, indeed, precise.

Theorem 1 There is a constant ¢ > 0 with the property that for every sufficiently small
& > 0 there is a continuous function f = fe, || flloo = 1, such that

If =Gl =e

for some G € A, but for any G* in A with |G*|lso < 1 we have

1
If = G*ll1 = celog .

Proof 1t will be convenient to verify the claim with ¢ replaced by 2.

Let

2
u(z) +iv(z) =

l+e—-7
where u(z) and v(z) are real. Using that

(1+&—cost)? +sin’t =& + 4(1 + ) sin(1/2),

for z = ¢!’ we have!

1 1+¢&—cost 1/e if |t] <e,
n = ) ~ 2 .
l+e—2z (14¢&—-cost)?+sin“t 1 +e/tife <|t| <m,
while
1 | sin 7| |t|/82 if 1] <e,
3 = —— ~ 9 Ul ife <t <7/2,
l+e—z (1 4+ & —cost)? +sin’¢

7 — |t if /2 < |t| < 7.

Indeed, these are easy consequences of the inequality

2 .
—u <sinu <u, 0<uc<m/2,
T

' In what follows A ~ B means that A /B lies in between two positive absolute constants, and A < B and
B > A stand for A/B being bounded.
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i.e. of
sinu ~ u, 0<u<m/2

For example, for z = et e < [t] <7 (0 <& < 1), we obtain

N 1 1+¢&—cost 2sin?(1/2) + ¢
N = =
l+e—2z (I1+e—cost)2+sin’r &2 +4(1+¢)sin’(1/2)
2 2
1“+e t“t+e 2
MEET A
as was claimed above.
The preceding relations show that
ity )€ if || <e,
ue™) {€2+£3/t2 ife < |t| <, @
while
| | ifle < e,
D~ /il ife <l <n/2 3)

2w — 1) ifw/2 < |t| <m.
Therefore, if we set F, = F(z) = exp(sz/(l + & —2)),|z] <1, then for small &

REE) — 1= e““Dcosvel’) — 1> (14 u(e)) cos v(el!) — 1
= u(e') cosv(e') — 2sin®(v(e'")/2) > 0.

This is so, because we subtract from a term ~ ¢ (|f| < €) resp > e3/12(jt] = €)a
term that is at most < & resp. < &*/r2. Now the preceding inequality implies in view
of the maximum principle that R F (z) — 1 is positive in the unit disk.

Let f; = f = F/|F|, for which we have for small ¢

lf—Fli= i(|F| =D =WlFI-1h = L i (e”(e”) — Ddt
|F| | 2 ),
s .
'v/ u(e™yde ~ &2, 4)
-7

where we used that u < e* — 1 < 2u provided 0 < u < 1/2 (cf. (2)).
Note that F is in the disk algebra and f is a continuous function with || f]lcc = 1.
Now let G* € A, ||G*| o0 < 1, be any function. We are going to show that

1
nf—WMzw%%g 5)
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with some ¢ > 0 independent of &, and that will prove the theorem (with ¢ replaced
by €2 and fy resp. Fy replacing f resp. G in it, where « is a constant for which
| foue = Faelli < %5 see (4).

For the L' distance of F and G* we have
IF —G*lh < IF — flh + Ilf — G*lly < C1e* + || f — G*||1. (6)
The real part of
g12) :=1—G"(2) +iIG*(0)
is clearly nonnegative. Now to the pairs g1 (z) and g2(z) := F(z) — 1 with nonnegative
real part in A and with imaginary part = 0 at the origin we can apply the “reverse
triangle inequality"
llgills + llg2llr < Collgr + g2ll1,

proved in [2, Lemma 3.5], where Cy is an absolute constant. This yields

IF =1l < lgillh +lIg2lli < Coll(F — 1) + (1 — G* +iIG*(0)|1
= CollF — G* +iIG*(0) |1 < Co(IF — G*[l1 + [iIG*(0)]).

On the right
liSG*(0) = [I(F — GHO)| < |F — G*|,
so, in view of (6),
IF =11l < 2Col|F — G*|l1 <2CoCie” +2Co| f — G*|y )

follows. Since on the left

e

1 T it ; 1 ;
IF =1l = ISF[h = 5= e"“lsinv(e)|dt > — |sinv(e')|dt
2 7 27 -

Y

1 /ml (@)l ~ log - =~ log -

— v(e ~¢g“log— = —¢“log —

~ 2/, 8e 72 82
(where, for the ~ relation we used (3)), the inequality (5) follows from (7) for all
sufficiently small ¢. O
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