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Abstract
Determination of homogeneous regions of precipitation is a major step towards obtaining regional rainfall patterns, which 
are models for the estimation of total rainfall used in water resources engineering. In this study, homogeneous regions of 
precipitation were identified within the Hydrographic Region of Tocantins–Araguaia (HRTA) of Brazilian Amazonia. This 
hydrographic basin is of great importance for Brazil because it has been exploited for the production of hydropower since 
the 1970s. Currently it is a border of the agribusiness of the country. Therefore, it is important to know the rainfall regime of 
the region. Thus, three homogeneous regions of precipitation were delimited using the Fuzzy c-means method and physical-
climatic variables such as location (latitude and longitude), altitude, and precipitation. These regions were also tested and 
confirmed for their homogeneity using the Heterogeneity Test H. The values of total precipitation found for the regions are 
consistent with the volume of precipitation recorded in the analysed region and that found in the literature. The formation 
of these regions, in addition to contributing to the understanding of the hydrological behaviour, will aid in studies of the 
regionalization of rainfall in the region.

Keywords Physical-climatic variables · PBM index · Heterogeneity Test H

Introduction

The knowledge of hydrological variables is indispensable 
for the management of water resources. Among the hydro-
logical variables, precipitation is one of the most important 
variable. For example, its scarcity affects uses such as irriga-
tion and public supply. Already their surplus can generate 
floods and erosion of the soil, damaging, respectively, cities 
and the use of the soil. However, one of the problems pre-
sented in precipitation studies is the lack of monitoring and 

temporal and spatial information on precipitation. This prob-
lem greatly affects the planning and management of water 
resources, especially in irrigation projects, supply reservoirs, 
urban drainage design and flood control systems, which need 
knowledge of precipitation to be planned and operated effi-
ciently, guaranteeing essential services to the population.

In order to obtain information on rainfall in a river basin, 
researchers have sought techniques to explore existing rain-
fall data in certain parts of a basin and estimate it for areas 
in need or lack of hydrological information. In this context, 
the formation of homogeneous regions of precipitation is a 
tool capable of providing the spatial and temporal behaviour 
of precipitation. The term homogeneous regions are asso-
ciated with regions that have hydrological similarity (Patil 
and Stieglitz 2011; Wazneh et al. 2013; Swain et al. 2016).

In this context, the Fuzzy c-means method has presented 
good results in the formation of regional clusters, as, for 
example, in the studies developed by Dikbas et al. (2011). 
These authors compared the Fuzzy c-means and k-means 
clustering methods and noted that the Fuzzy c-means 
method was the best for homogeneous region formation. 
Sadri and Burn (2011) adopted the L-moment statistic and 

 * Claudio José Cavalcante Blanco 
 blanco@ufpa.br

 Evanice Pinheiro Gomes 
 gomesevanice@ufpa.br

 Francisco Carlos Lira Pessoa 
 fclpessoa@ufpa.br

1 Post-Graduation Program of Civil Engineering, Federal 
University of Pará – PPGEC/ITEC/UFPA, Belém, Brazil

2 School of Environmental and Sanitary Engineering, Federal 
University of Pará – FAESA/ITEC/UFPA, Belém, Brazil

http://orcid.org/0000-0001-8022-2647
http://crossmark.crossref.org/dialog/?doi=10.1007/s13201-018-0884-6&domain=pdf


 Applied Water Science (2019) 9:6

1 3

6 Page 2 of 12

the Fuzzy c-means method for the formation of homoge-
neous regions of precipitation in the Canadian provinces 
of Alberta, Saskatchewan, and Manitoba. Satyanarayana 
and Srinivas (2011) were able to identify and regionalize 
twenty-four homogeneous precipitation clusters throughout 
the Chinese territory using the Fuzzy c-means method. Far-
sadnia et al. (2014) adopted the self-organizing feature map 
(SOFM) method, along with the Fuzzy c-means, K-means, 
and Ward methods to identify homogeneous regions of pre-
cipitation in Mazandaran Province of northern Iran. Goyal 
and Gupta (2014) compared the Fuzzy c-means and k-means 
methods in the definition of homogeneous regions of pre-
cipitation in Northeast India and concluded that the Fuzzy 
c-means method presented better results in the formation 
of regions.

Existing precipitation studies, carried out by Brazilian 
Agricultural Research Corporation—EMBRAPA (1994), by 
the National Water Agency—ANA (2009) and by Loureiro 
et al. (2015), which adopted geostatistical interpolation in 
the region, characterized the precipitation, considering only 
the behaviour of the historical series and identified that the 
total rainfall decreases in the north–south direction. How-
ever, the formation of homogeneous regions by the fuzzy 
group c-means taking in account the series of precipitation, 
geographic, and climatic characteristics of the basin, making 
this method complete, since the precipitation is influenced 
by several climatic elements, such as altitude and the geo-
graphic position, which were adopted in this study. In rela-
tion to the formation of homogeneous regions, comparing to 
other methods, the Fuzzy c-means is based on the concept 
of pertinence, identifying homogeneous regions with less 
subjectivity than other methods.

The Hydrographic Region of Tocantins–Araguaia—
HRTA is of great importance for Brazil due the hydroelec-
tric production. In addition to hydroelectric potential, the 
region has excelled in mining, agroindustry, agriculture, and 
livestock, and especially in irrigation projects for corn, rice, 
and soybeans. EMBRAPA (2014) registered 109.5 thousand 
hectares of irrigable areas in the region. Thus, the objective 
of the paper is to identify homogeneous regions of precipita-
tion in the HRTA, using Fuzzy c-means method, showing 
the spatial variability of annual rainfall totals in the region. 
These results can be used by society towards a more sustain-
able use of water resources, especially for this region, which 
has a big demand for water resources.

Materials and methods

Study area

The region lies between the south parallel 0°30′ and 
18°05′ and the longitude meridians 45°45′ and 56°20′. Its 

configuration is elongated, with a South–North direction, 
following the predominant direction of the main water-
courses, the Tocantins and Araguaia rivers. The total drain-
age area of the HRTA is 918.822 km2 and covers part of 
the Midwest, North and North-east regions of Brazil. This 
region has a tropical climate, with an average annual tem-
perature of 26 °C, and two well-defined climatic periods: 
rainy, from October to April, with more than 90% precipita-
tion, with the existence of some dry days between January 
and February, forming the so-called summer; and dry matter, 
from May to September, with low relative humidity. The 
water balance of the region estimates that the average annual 
precipitation is of the order of 1.837 mm and the flow is of 
13.624 m3/s and the actual evapotranspiration is 1.371 mm, 
which represents 75% of the precipitation, while the annual 
average real evapotranspiration of the country is 1.134 mm 
or 63% of the precipitation, and the mean coefficient of sur-
face flow is 0.30 (National Water Agency (ANA) 2009). Fig-
ure 1 presents that HRTA is divided into three sub-basins: 
Alto Tocantins (ATO), Baixo Tocantins (BTO), and Ara-
guaia (ARA). This figure also shows the use and occupation 
of soil, indicating strong anthropic action and the use of 
water resources mainly destined to hydroelectric production. 
Thus, the hydrographic basin is of great importance for Bra-
zil, since its source has been exploited for the production of 
hydropower since the 1970s and has not yet been exhausted. 
Tucuruí Hydroelectric Power Plant, located in the state of 
Pará, is a large-scale hydroelectric power plant. In addition 
to hydroelectric potential, the region has excelled in mining, 
agroindustry, agriculture, and livestock, and especially in 
irrigation projects for corn, rice, and soybeans. According 
to the monitoring carried out by the Brazilian Agricultural 
Research Company—EMBRAPA, 109.5 thousand hectares 
of irrigable areas were registered in this region in 2014. The 
activities of land use and occupation are divided into urban-
ized areas of crops, of agroforestry systems, pastures, and 
agricultural establishments. 

Data sources

Historical series of rainfall amounts were adopted from 83 
rainfall gauge station of the National Water Agency (ANA) 
database in HRTA (Fig. 1). The rainy seasons were chosen 
based on the historical series of data, opting for the stations 
with a larger series of data that were consistent and without 
observation failures. Of the 83 stations adopted, 70 had series 
with 30 years of data (1975–2004) and 13 stations had series 
ranging from 17 to 28 years (1977–2004). These series were 
organized in a database, which includes calculations for the 
average annual precipitation of each station. Information on 
altitude and geographic location was also extracted from the 
ANA database. The mean annual precipitation (MAP), alti-
tude, latitude and longitude were used were used to apply the 
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Fuzzy c-means method and thus identify the homogeneous 
regions of precipitation. Table 1 shows the rainfall gauge sta-
tions and variables used in this study. 

Fuzzy c‑means

In the Fuzzy c-means clustering, the partitions were gener-
ated by minimizing a function, equated by an iterative algo-
rithm (FCM), indicating the degree of membership of an 
element belonging to a particular cluster. Therefore, it is a 
technique in which each element belongs to a cluster with 
a certain degree of pertinence. The technique required pre-
specifications of the number of clusters to be formed. The 
Fuzzy c-means cluster looks for the partition that minimizes 
the objective function, as represented by Eq. 1.

where n is the number of data; p is the number of clusters; uij 
is the degree of relevance of the sample Xi to the j-th cluster; 
m is the fuzziness parameter; d is the Euclidean distance 
between Xi and Cj; Xi is the data vector, with i = 1, 2, …, n, 
representing a data attribute; and Cj is the centre of a fuzzy 
clustering. The objective function J is minimized, and the 
membership degrees uij are generated according to Eq. 2.

(1)J =

n∑
i=l

p∑
j=l

(
uij
)m

d
(
Xi,Cj

)2
,

where Cj can be obtained by Eq. 3.

The degrees of membership uij, representing the prob-
abilities, are generated from a uniform distribution in the 
interval [0,1]. The clusterings are modified at each iteration 
following the algorithm (Fig. 2).

The fuzziness parameter (m) is also known as the Fuzzy 
weight exponent and is a parameter that controls the level of 
diffusivity in the classification process. Thus, for m = 1, the 
clusters have strict limits equivalent to those of the k-means 
and, as the value increases, the boundaries become more 
diffuse. According to Cox (2005), m is usually in the range 
of 1.25–2.0. The cluster decision is defined by the greater 
degree of relevance presented for each element analysed. 
Thus, for a given Xi , its greater degree of pertinence will 
determine to which cluster this Xi belongs, which clusters all 
the data and avoids equivocations and rigidity in the forma-
tion of the clusterings.

(2)uij =

⎡⎢⎢⎣

c�
k=l

�
d(Xi,Cj)

d
�
Xi,Cj

�
�2∕(m−1)⎤⎥⎥⎦

(3)Cj =

∑n

j=l
(uij)

mXi∑n

j=l
(uij)

m

Fig. 1  Hydrographic region of 
Tocantins–Araguaia (HRTA)
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Table 1  Rainfall gauge stations 
and variables used in this study

ID Stations MAP (mm) Altitude (m) Latitude Longitude

E1 São José da Serra 1613.78 797 − 15.836 − 55.322
E2 Rio das Mortes 1689.70 551 − 15.315 − 54.176
E3 Alô Brasil 1657.61 339 − 12.164 − 51.697
E4 Santo Antonio Leverger 1581.00 205 − 12.292 − 50.963
E5 Barreira do Campo 1417.30 195 − 9.228 − 50.211
E6 Fazenda Caiçara 1730.10 95 − 6.815 − 50.539
E7 Faz. Estrela Norte 1931.40 22 − 3.854 − 50.463
E8 Acampamento IBDF 2011.56 11 − 1.792 − 51.434
E9 Maracacuera Florestal 2619.68 20 − 2.245 − 51.179
E10 Cachoeira Tracambeua 2381.51 50 − 3.510 − 49.209
E11 Abaetetuba 2583.90 13 − 1.738 − 48.859
E12 Vigia 2843.30 15 − 0.868 − 48.110
E13 Faz. Maringa 1933.30 20 − 3.161 − 48.100
E14 Tomé-Açu 2552.80 45 − 2.421 − 48.149
E15 Abreulandia 2117.39 240 − 9.624 − 49.155
E16 Almas 1524.14 427 − 11.579 − 47.174
E17 Alto Araguaia 1681.33 659 − 17.300 − 53.219
E18 Ananas 1561.50 191 − 6.364 − 48.073
E19 Araguacema 2048.03 203 − 8.810 − 49.556
E20 Araguatins 1551.70 122 − 5.648 − 48.125
E21 Arapoema 1866.98 215 − 7.659 − 49.065
E22 Aruanã 1536.86 200 − 14.927 − 51.081
E23 Bandeirantes 1456.25 276 − 13.698 − 50.800
E24 Bom Jardim de Goiás 1649.99 402 − 16.209 − 52.169
E25 Britânia 1416.60 297 − 15.246 − 51.163
E26 Cachoeira GO 1513.54 766 − 16.669 − 50.649
E27 Caiaponia 1631.64 713 − 16.949 − 51.811
E28 Campinaçu 2441.46 683 − 13.790 − 48.567
E29 Cavalcante 1849.89 821 − 13.797 − 47.462
E30 Colinas do Sul 1573.37 530 − 14.151 − 48.078
E31 Colinas TO 1801.25 229 − 8.053 − 48.482
E32 Colonha 1419.70 264 − 12.388 − 48.711
E33 Contagem 1570.26 1242 − 15.653 − 47.878
E34 Córrego do ouro 1544.32 569 − 16.298 − 50.557
E35 Dianópolis 1449.21 679 − 11.625 − 46.811
E36 Dois Irmãos Tocantins 2028.89 264 − 9.257 − 49.064
E37 Entroncamento S M 1634.60 345 − 13.103 − 49.201
E38 Estrela do Norte 1750.67 467 − 13.873 − 49.071
E39 Fátima 1897.41 352 − 10.764 − 48.902
E40 Faz Primavera 1816.08 257 − 7.559 − 48.421
E41 Faz São Bernardo 1674.44 750 − 17.680 − 52.833
E42 Faz. Lobeira 1556.30 243 − 11.531 − 48.292
E43 Faz. Santa sé 1684.06 573 − 15.216 − 47.157
E44 Flores GO 1144.44 200 − 14.450 − 47.045
E45 Goiantins 1572.48 185 − 7.711 − 47.315
E46 Israelândia 1597.32 406 − 16.300 − 50.906
E47 Itaberaí 1827.62 726 − 16.030 − 49.800
E48 Itacaja 1844.53 250 − 8.392 − 47.763
E49 Itapirapua 1589.17 343 − 15.816 − 50.609
E50 Itapuranga 1644.69 646 − 15.816 − 50.608
E51 Jeroaquara 1779.80 400 − 15.373 − 50.500



Applied Water Science (2019) 9:6 

1 3

Page 5 of 12 6

PBM validation index

One of the questions in a clustering analysis is the validation 
of the formed clusters. To achieve a good result, it is neces-
sary to evaluate which partition is most suitable for the data 
and whether the partition generated by the algorithm is of 
good quality. To answer these questions, there are several 
validation indices in the literature, such as the VPC and VPE 
index (Bezdek 1981); the VWPE index (Windhan 1981); the 
VMPC index (Fukwyama and Sugeno 1989) and the PBM 
index (Pakhira et al. 2004).

In this study, the PBM index was used to validate the 
clusters and assess both the distances between the clusters 
formed and those between the elements and the centres 
of the formed clusters, which makes the validation safer. 
According to Pakhira et al. (2004), the PBM index serves 
to validate the number of clusters or subsets formed from a 

Table 1  (continued) ID Stations MAP (mm) Altitude (m) Latitude Longitude

E52 Lagoa da Flexa 1436.41 200 − 14.333 − 50.730
E53 Mimoso 1307.59 687 − 15.058 − 48.159
E54 Miracema Tocantins 1706.89 210 − 9.564 − 48.388
E55 Monte Carlos GO 1542.97 400 − 15.606 − 51.357
E56 Mozarlandia 1654.07 400 − 14.741 − 50.577
E57 Muricilandia 1671.40 393 − 7.154 − 48.470
E58 Niquelândia 1703.61 568 − 14.475 − 48.041
E59 Nova América 1605.70 800 − 15.021 − 49.892
E60 Novo Acordo 1598.19 300 − 9.961 − 47.675
E61 Novo Planalto 1588.39 286 − 13.245 − 49.502
E62 Paraíso do TO 2280.65 390 − 10.165 − 48.891
E63 Perez 1499.26 299 − 15.890 − 51.853
E64 Pilar de Goiás 1948.00 765 − 14.761 − 49.580
E65 Pindorama do Tocantins 1614.57 444 − 11.140 − 47.576
E66 Piranhas 1582.92 356 − 16.423 − 51.823
E67 Piraquê 1760.80 184 − 6.672 − 48.470
E68 Ponte Paranã 1245.44 363 − 13.425 − 47.139
E69 Porto Gilandia 1656.37 220 − 10.786 − 47.800
E70 Porto Real 1599.03 200 − 9.307 − 47.929
E71 Porto Uruaçu 1468.39 572 − 14.555 − 49.139
E72 Rio Pintado 1443.73 200 − 13.529 − 50.188
E73 Sama 1410.71 375 − 13.533 − 48.227
E74 Santa fé 1614.51 400 − 15.767 − 51.104
E75 Santa Terezinha GO 1504.88 400 − 14.433 − 49.706
E76 São Ferreira 1673.12 361 − 16.306 − 51.471
E77 São João Aliança 1498.55 1009 − 14.707 − 47.524
E78 Tesouro 1714.94 389 − 16.078 − 53.549
E79 Torixoreu 1405.73 307 − 16.201 − 52.550
E80 Travessão 1516.55 450 − 15.369 − 50.705
E81 Tupiratins 1740.09 192 − 8.398 − 48.130
E82 Xambioá 1694.99 148 − 6.413 − 48.533
E83 Xavantina 1526.45 263 − 14.672 − 52.355

Algorithm of the Fuzzy c-means method 

• Determine the value for p (number of groups), m (fuzziness parameter)

and Ɛ (error);

•Initialize the centroids according to Equation 3;

•Initialize the iteration counter t as t = 0;

•Calculate the objective function J by means of Equation 1;

•Calculate the degrees of membership according to Equation 2;

•Check the stop condition:

• If stop condition = false then repeat the previous steps; otherwise,

finalize the algorithm.

Fig. 2  Structure of the Fuzzy c-means algorithm
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dataset. This index is defined as the product of three factors 
(Eq. 4), of which maximization ensures that the partition has 
a small number of compact clusters with large separations 
between at least two.

where k is the number of clusters.
The factor E1 (Eq. 5) is the sum of the distances of each 

sample to the geometric centre of all samples w0. This factor 
does not depend on the number of clusters.

The factor Ek (Eq. 6) is the sum of the distances between the 
clusters of K clusterings and is weighted by the corresponding 
relevance value of each sample to the cluster.

Dk (Eq. 7) represents the maximum separation of each pair 
of clusterings.

The procedure to calculate the PBM index can be described 
as follows:

1. Select the maximum number of clusters M;
2. Calculate the factor E1;
3. For K = 2 to K = M, do:

a. Run the FCM algorithm;
b. Calculate the factors Ek and Dk;
c. Calculate the PBM index (k).

4. Determine the best number of clusters K (Eq. 8).

The PBM index is an optimization index, so to obtain the 
best partition, one must process the algorithm for several K 
values and choose the one that results in the highest index 
value because the higher the PBM index, the better the parti-
tion (Pakhira et al. 2004).

L‑moments

The L-moments make up a system of more reliable statisti-
cal measures for describing the characteristics of probability 
distributions and are derived from the probability-weighted 
moments (PWM) as generalized by Hosking and Wallis 
(1993). These moments are considered measures of the posi-
tion, scale and shape of the probability distributions and are 

(4)PBM(k) =

(
1

k
⋅

E1

Ek

⋅ Dk

)2

(5)E1 =
∑

t−1…n

d
(
x(t),W0

)

(6)Ek =
∑

t=1…n

∑
i=1…k

ui(t)d
(
x(t),Wi

)2

(7)Dk = max
i,j=1…k

(
d
(
wi,wj

))

(8)K = maxarg(PBM(k))

similar to conventional moments, but estimated by linear com-
binations (Eq. 9), asymmetry, kurtosis and the coefficient of 
variation.

where βr is the probability-weighted moment (PWM); E is 
the probability of occurrence of the variable; and Fx(x) is the 
cumulative distribution function of X. According to Naghet-
tini and Pintpo (2007), the estimation of βr, from a finite 
sample of size n, begins with the ordering of its constituent 
elements in ascending order, that is, X1: n ≤ X2: n ≤ … Xn: 
n and the values of the observed variable. Thus, the sample 
L-moments are calculated (Eqs. 10–13).

where Xj represents the samples, and n is the number of 
samples. These estimators serve to calculate the first four 
moments: λ1, λ2, λ3, and λ4, which are obtained using 
Eqs. 14, 15, 16 and 17, respectively.

Regarding shape measurements of distributions, it 
becomes more convenient for the L-moments to be expressed 
in dimensionless quantities. These quotients serve to deter-
mine the standard deviation of the homogeneous regions and 
are obtained using Eqs. 18–20.

(9)�r = E{X[Fx(x)]}

(10)�r =
1

n

n∑
j=r+1

(j − 1)(j − 2)… (j − r)

(n − 1)(n − 2)… (n − r)
xj∶n

(11)�0 =
1

n

n∑
j=1

xj∶n

(12)�1 =
1

n

n∑
j=2

(j − 1)

(n − 1)
xj∶n

(13)�2 =
1

n

n∑
j=1

(j − 1)(j − 2)

(n − 1)(n − 2)
xj∶n

(14)�1 = �0

(15)�2 = 2�1 − �0

(16)�3 = 6�2 − 6�1 + �0

(17)�4 = 20�3 − 30�2 + 12�1 − �0

(18)Cv − L = �2 =
�2

�1

(19)� − L = �3 =
�3

�2



Applied Water Science (2019) 9:6 

1 3

Page 7 of 12 6

The determination of the L-moments (MML) and 
L-moment quotients in hydrological studies of a given 
region can help in the treatment of data consistency, regional 
analysis and the identification of homogeneous regions. The 
advantage of this method is that it requires less computa-
tional effort to solve systems of equations (Naghettini and 
Pintpo 2007). The use of this methodology allows the use 
of the H test, which uses the L-moment quotients to test the 
homogeneity of regions classified as homogeneous.

Heterogeneity Test H

The measure of heterogeneity H (Eq. 21), which is used in 
hydrology and meteorology, was proposed by Hosking and 
Wallis (1993) and aims to verify the degree of heteroge-
neity of a region by comparing the observed and expected 
variability of a homogeneous region based on L-statistics. 
This measure assists in determining the homogeneity of the 
regions formed in the cluster.

(20)K − L = �4 =
�4

�2

where V is the sample-weighted standard deviation for CV-L, 
µv is the arithmetic mean of the statistics Vj obtained by sim-
ulation, and �v is the standard deviation between the values 
of the dispersion measure of the simulated samples (nsim), 
which are obtained using Eqs. 22, 23 and 24, respectively.

(21)H =

(
V − �v

)
�v

(22)V =

�∑n

i=1
ni
�
ti − tR

�2
∑n

i=1
ni

�

(23)�v =

∑nsim
j=1

Vj

nsim

(24)�v =

����
∑nsim

j=1
(Vj − �v)

2

N−1
sim

Fig. 3  PBM indices of the 
clusters

Table 2  Results of the 
application of the PBM index to 
the clusterings of the algorithm 
FCM

p m = 1.2 m = 1.3 m = 1.4 m = 1.5 m = 1.6 m = 1.7 m = 1.8 m = 1.9 m = 2.0

2 3E+04 3E+04 3E+04 2E+04 1E+05 1E+05 3E+04 1E+05 1E+05
3 9E+05 1E+06 1E+06 1E+06 8E+05 8E+05 2E+05 2E+07 2E+06
4 3E+04 3E+04 3E+04 3E+04 2E+04 8E+04 4E+04 6E+04 2E+05
5 3E+04 1E+04 3E+04 3E+04 3E+04 5E+04 2E+04 3E+04 2E+04
6 2E+04 2E+04 2E+04 3E+04 3E+04 1E+04 2E+04 1E+04 3E+04
7 4E+04 2E+04 1E+04 3E+04 2E+04 2E+04 1E+04 2E+04 3E+04
8 5E+04 9E+03 2E+04 2E+04 1E+04 2E+04 2E+04 2E+04 1E+04
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Fig. 4  Pertinence degrees of the stations by cluster

Fig. 5  Clusterings according to the precipitation and altitude characteristics
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The determination of H starts with the calculation of the 
weighted standard deviation V of CV-Ls of the observed 
samples. Then, the simulation of the homogeneous region 
of precipitation is simulated from the adjusted Kappa dis-
tribution (Eq. 25), which obtains the quotients of regional 
L-moments. Next, the statistics Vj (j = 1, 2, …Nsim) are cal-
culated (Eq. 23) for all homogeneous regions.

(25)F(x) =

{
1 − h

[
1 −

k(x − �)

�

] 1

k

}1∕h

where x is the studied variable, ξ is the position parameter, α 
is the scale parameter, and k and h are the shape parameters. 
According to the test of significance, which was proposed by 
Hosking and Wallis (1997), if H < 1, the region is considered 
“acceptably homogeneous”, if 1 ≤ H < 2, the region is “pos-
sibly homogeneous,” and finally, if H ≥ 2, the region should 
be classified as “definitely heterogeneous”.

Results and discussion

Formation of homogeneous regions

In total, 63 clusterings were performed by varying the fuzzi-
ness parameter from 1.2 to 2.0 and the number of clusters 
from 2 to 15. However, it was verified that the larger the 
number of clusters, the smaller the value of the PBM index. 
In this way, tests of up to 8 clusters were performed, ensuring 
the objectivity of the research, since the PBM index would 
tend to decrease with clusters greater than 8. The choice for 
the best cluster was determined by the PBM index, which 

Fig. 6  Homogeneous regions of HRTA precipitation

Table 3  Average of L-moment quotients and the H value of the 
homogeneous regions

Region NS Average CV-L 
Obs.

Average CV-L 
Sim.

H

I 52 0.1087 0.1075 0.0047
II 21 0.1134 0.1133 − 0.0049
III 10 0.1120 0.1125 − 0.7874
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presented a higher index (Fig. 3) in the formation of three 
clusters with a fuzziness parameter equal to 1.9 (Table 2).

One of the results from the FCM algorithm is the degree 
of the pertinence of the clustered elements. This degree of 

pertinence refers to the probability that an element belongs 
to a particular cluster. Thus, all of the rainfall gauge sta-
tions, which are represented by their characteristics of mean 
annual precipitation, altitude, and location, are presented a 

Fig. 7  Scatter plot of CV-L and L-Asymmetry quotients
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pertinence degree for each cluster. For example, the Acam-
pamento IBDF Station (E8) has for Clusters 1, 2, and 3 a 
degree of pertinence of 0.34, 0.15, and 0.52. According to 
Mingoti (2005), this station has an approximate 52% prob-
ability of belonging to Cluster 3. Thus, the decision to allo-
cate the station to a given cluster is due to its degree of 
pertinence (Fig. 4).

The clusters formed represent the homogeneous regions 
of precipitation. Region I is formed by 52 stations, Region II 
is formed by 21 stations, and Region III is formed by 10 sta-
tions according to their pertinence degrees. In the formation 
of the clusters by the Fuzzy c-means, the rainfall stations are 
clustered considering the similarity between the elements of 
the cluster, according to the characteristics involved in the 
clustering analysis, in which each cluster has its clustering 
centre (Fig. 5).

Region I is formed by the rainfall stations with a mean 
of 1625 mm, a minimum of 1187 mm, and a maximum of 
1990 mm. These stations are concentrated in the central and 
south-western portion of the HRTA, specifically in the sub-
basins of Alto Tocantins and Araguaia, where the Cerrado 
biome dominates the tropical climate with a low rainfall 
index. Region II is formed by stations with average annual 
precipitations of approximately 1700 mm, a minimum of 
1349 mm and a maximum of 1989 mm. Most of the sta-
tions in this cluster are distributed in the south and south-
east portions of the HRTA. The predominant biome in this 
region is also the Cerrado. Region III is formed by stations 
that present higher volumes of precipitation, with an aver-
age of 2400 mm, a minimum of 2025 mm, and a maximum 
of 2843 mm. The stations of this cluster are concentrated in 
the northern portion of the HRTA and in the region Baixo 
Tocantins, where the Amazonian biome predominates with 
a hot and humid climate and a high rainfall index (Fig. 6).

Heterogeneity Test H

The calculation of the heterogeneity measure of the homo-
geneous regions was made by comparing the variances 
between the observed and simulated CV-L. In this way, the 
heterogeneity measure is calculated according to Eq. 21. 
In the verification of the Heterogeneity Test H, a value of 
0.047, − 0.0049, and − 0.7874 was obtained for Region I, 
Region II, and Region III, respectively (Table 3), which con-
fers acceptably homogeneous regions, since all H < 1.

The significance of the measure of heterogeneity can be 
visualized using the L-moment quotient diagrams (Fig. 7). 
In diagrams such as these, a possibly homogeneous region 
would have CV-L samples less dispersed than those obtained 
by simulation. In quantitative terms, this idea can be trans-
lated by the difference centred between the observed and 
simulated dispersions. The dispersion in the simulated 
regions, for the L-moment quotients, shows that there was 

no dispersion of the data, and, therefore, there are no stations 
with mean values much greater or less than the expected 
values. Thus, the simulated and observed dispersions are 
similar and form an acceptably homogeneous region.

Conclusion

The combined use of the Fuzzy c-means method, the PBM 
index, and the H Heterogeneity Test was satisfactory for 
the formation and validation of homogeneous regions of 
precipitation. The satisfactory results of the application 
of the methodology were indicated by the formation of 
distinct clusters, with well-defined homogeneous regions, 
showing the spatial variability of annual rainfall totals in 
the region. In addition to contributing to the understanding 
of the hydrological behaviour of the region, the formation 
of these homogeneous regions of precipitation will aid in 
regionalization studies and support the management and 
planning of water resources in the Hydrographic Region 
of Tocantins–Araguaia—HRTA that is of great importance 
for Amazon and Brazil.
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