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Abstract Two soft computing methods were extended in

order to predict the mean wall and bed shear stress in open

channels. The genetic programming (GP) and Genetic

Algorithm Artificial Neural Network (GAA) were investi-

gated to determine the accuracy of these models in esti-

mating wall and bed shear stress. The GP and GAA model

results were compared in terms of testing dataset in order to

find the best model. In modeling both bed and wall shear

stress, the GP model performed better with RMSE of

0.0264 and 0.0185, respectively. Then both proposed

models were compared with equations for rectangular open

channels, trapezoidal channels and ducts. According to the

results, the proposed models performed the best in pre-

dicting wall and bed shear stress in smooth rectangular

channels. The obtained equation for rectangular channels

could estimate values closer to experimental data, but the

equations for ducts had poor, inaccurate results in pre-

dicting wall and bed shear stress. The equation presented

for trapezoidal channels did not have acceptable accuracy

in predicting wall and bed shear stress either.

Keywords Shear stress � Rectangular channel � Genetic
Algorithm � Artificial neural network

Introduction

Awareness of shear stress values along the wetted

perimeter of channels is very important in solving

engineering problems such as sedimentation and depo-

sition also planning stable channels. To study channel

migration or to prevent bank erosion, awareness of wall

shear stress is required. The effective parameters in shear

stress values are the channel geometry, secondary flows

and the channel wall and bed roughness recognized

through numerous experimental studies (Knight 1981;

Tominaga et al. 1989; Knight and Sterling 2000; Atabay

et al. 2004; Seckin et al. 2006). Based the division

channel into two subsections, the channel bed and side-

wall, by Einstein (1942), many researchers used this idea

for estimating bed and wall shear stress, e.g., Lundgren

and Jonsson (1964), Yang and Lim (2005), Khodashenas

and Paquier (2002) and Yang (2005). The shear stress

distribution in circular and trapezoidal channels was

investigated using Shannon entropy-based power law by

Sheikh and Bonakdari (2015). Bonakdari et al.

(2015a, b) presented a new method of estimating the bed

and wall shear stress along a wetted perimeter in open

channels based on Tsallis entropy concept. The use of

soft computing methods to solve complicated problems

in hydraulic fields is expanding (Nagy et al. 2002;

Cigizoglu 2004; Giustolisi and Laucelli 2005; Alp and

Cigizoglu 2007). Cobaner et al. (2010) predicted the

percentage of shear force in smooth rectangular channels

and ducts using artificial neural networks (ANN). Huai

et al. (2013) utilized the ANN method for estimating

apparent shear stress in compound channels. The per-

centage of shear force carried by walls was modeled

using genetic programming (GP) and Genetic Algorithm

Artificial Neural Network (GAA) in rectangular channels
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with smooth and rough boundaries by Sheikh Khozani

et al. (2016a, b).

In this study, two different soft computing methods GP

and GAA were extended in order to estimate mean wall

and bed shear stresses in smooth rectangular channels. The

two models were explained systematically, and in each

stage, the best condition with the lowest error was selected

after that the best GP or GAA model with highest precision

was selected. In order to recognize the abilities of the

proposed models, they were compared with equations

presented by other researchers for rectangular channels,

trapezoidal channels and ducts.

Materials and methods

Data description used

In order to predict the mean bed and wall shear stress in

smooth rectangular channels, the experimental results of

Cruff (1965), Ghosh and Roy (1970), Kartha and Leu-

theusser (1970), Myers (1978), Knight and Macdonald

(1979), Knight (1981), Noutsopoulos and Hadjipanos

(1982), Knight et al. (1984) and Seckin et al. (2006) were

used. Different flumes with rectangular cross sections and

several aspect ratios (B/h) were employed in their experi-

ments to estimate the mean bed shear stress and wall shear

stress. Several equations were extracted from the

researchers’ results that can estimate shear stress in the bed

and wall of a channel.

Knight (1981) expressed an equation for predicting wall

shear stress in a rectangular channel as:

sw
qghSf

¼ %SFw

100

� �
B

2h

� �
; ð1Þ

sb
qghSf

¼ 1� 0:01%SFw; ð2Þ

where sw is the mean wall shear stress, sb the mean bed

shear stress, B the channel width, h the water depth, q the

fluid density and %SFw the total shear force carried by the

walls calculated as:

%SFw ¼ ea tanh pbð Þ � 0:5 tanh pbð Þ � b½ �2
� �

; ð3Þ

where

a ¼ �3:264 log
B

h
þ 3

� �
þ 6:211 ð4Þ

b ¼ 1� c
5
and c ¼ log

ksb

ksw

� �
: ð5Þ

Using the concept of the relationship between %SFw and

the wetted perimeter ratio, Pb/Pw, Flintham and Carling

(1988) introduced a general equation for trapezoidal

channels in the following form:

log %SFwð Þ ¼ C1 log
Pb

Pw

þ C2

� �
þ C3; ð6Þ

where C1, C2 and C3 are coefficients, and the limiting case

is fixed by defining %SFw = 100% for Pb/Pw = 0, then

one constant is eliminated. Hence,

C3 ¼ 2� C1 log C2ð Þ ð7Þ

and thus the transformed version of Eq (5) may be given

by:

a ¼ �3:23 log
Pb

Pw

þ 1

� �
þ 4:6052 ð8Þ

The mean wall and bed shear stress can be estimated by:

sw
qghSf

¼ %SFw

100

� �
T þ Pb

4h

� �
sin h

� �
ð9Þ

sb
qghSf

¼ 1� 0:01%SFw

T

2Pb

þ 0:5

� �
; ð10Þ

where T is the width of the water surface and h is the

sidewall angle.Knight and Patel (1985) calculated

boundary shear stress distributions in fully developed

turbulent flows in smooth rectangular ducts and extracted

the following equation:

%SFw ¼ 103:23

1þ 2B
3h

� 	� 	1:4128 ð11Þ

Rhodes and Knight (1994) also proposed a blow-up

equation for percentage of shear force in ducts:

%SFw ¼ 100

1þ 1þ1:345 h=Bð Þ
1þ1:345 B=hð Þ

� ��1:057
ð12Þ

The mean wall and bed shear stress was calculated using

Eqs. (1) and (2).

Genetic Algorithm-based artificial neural network

The hybrid Genetic Algorithm (GA) and Multi-Layer

Perceptron (MLP) artificial neural network were used in

this study to calculate rectangular smooth channel wall and

bed shear stresses. The MLP neural network is made from

layers, which are input, hidden and output layers. The input

layer receives input variables from the user and transfers

them to the hidden layers. The hidden layer receives data

from the input layer and after a nonlinear transformation,

prepares appropriate information for the output layer. The

output layer collects the previous layer’s output and pre-

sents the MLP procedure results to the user. Each layer

consists of some neurons. The input layer has the same
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number of neurons as the input variables of the model. In

the present study, there is one input variable, B/H, so the

input layer in the current MLP has only one neuron. The

output layer has the same number of neurons as output

variables of the model. General MLP models consider one

output variable. Therefore, there is one neuron in the output

layer.

Among the puzzling MLP modeling processes is deter-

mining the hidden layers’ neuron number because there is

no definitive rule for that. Therefore, in this study, a

modified GA is employed in order to adjust the MLP

structure by determining the number of neurons in the

hidden layers. The hybrid GA-MLP method is demon-

strated in Fig. 1. According to this figure, a random pop-

ulation of the MLP model with various numbers of hidden

layer neurons is first generated, after which the modified

GA generation begins in order to find the most appropriate

hidden layer number of neurons. In the present MLP, two

hidden layers are considered. Therefore, the modified GA

has two outputs: one that represents the first hidden layer’s

number of neurons and another that represents the second

hidden layer’s number of neurons.

The Levenberg–Marquardt Algorithm (LMA) (Leven-

berg 1944) is used to train the considered MLP methods.

The LMA has a random behavior in the determination of

network weights and biases. Therefore, it is probable for a

good MLP to be ignored in the GA process due to bad luck

in the LMA procedure. As a result, modification is required

in the GA optimization method. As shown in Fig. 1, in the

modified GA, each individual (MLP) of the elite population

is trained several times by the LMA to find the most

appropriate result of the considered individual. After that,

the best result of each individual is saved as its cost. By

using this simple modification, the GA algorithm can

successfully overcome the random nature of the LMA.

Another property of the MLP hidden layers that should

be determined in the modeling process is transfer function

selection. The sigmoid transfer function is often used as the

transfer function of the hidden layers (Zadeh et al. 2010;

Emiroglu et al. 2011; Pierini et al. 2012). The sigmoid

function is defined as any function that is bounded and has

a direct relation between the input variable and the output

variable (Smith 1993). The linear, logarithmic and hyper-

bolic tangent transfer functions that are defined in

Eqs. (13)–(15), respectively, are subsets of the sigmoid

transfer function. In this study, the linear transfer function

is used for the output layer, and the logarithmic and

hyperbolic tangent activation functions are examined and

compared on the hidden layers in order to find the most

appropriate.

purelinðxÞ ¼ x ð13Þ

log sigðxÞ ¼ 1

1þ e�x
ð14Þ

tan sigðxÞ ¼ 2

1þ e�2x
� 1 ð15Þ

Genetic programming

One of the most applicable subsets of the GA is Genetic

Programming (GP) (Koza 1992). According to Fig. 2, this

method undergoes the same procedure as the GA. How-

ever, GP uses the computer programs as individuals. Each

computer program generated randomly could be a response

Start Input variables Generate the initial population of the 
hidden layers neurons number Run the ANN

Calculate the cost of each 
chromosome by using the 

fitness function

GA
termination 

criteria 
achieved?

Storage the best 
chromosome

End

Yes

NoMutation

Crossover

Elite

Create the new 
populationRun the ANN

Run the ANN

New cost
function < previous

cost function

Replace the current result 
with the previous one

Yes

Elite 
termination 
achieved?

Put the new results in 
the elite population

No

Fig. 1 The GAA flowchart
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of the GP method. The computer program individuals are

used to predict the considered model output. The GP starts

with some random initial computer programs that serve as

the initial population. The computer programs are ran-

domly generated using the defined mathematical functions.

The cost of each computer program is calculated with the

fitness functions.

In the GP procedure, the computer programs are formed

using some mathematical functions. Despite the high effect

of appropriately selecting the computer programs’ allow-

able functions there is no definitive rule on choosing them.

Therefore, in this study, the function combinations of

Eqs. (16)–(19) were considered. The GP was modeled

using each function combination and the cost of each one is

calculated. Function combination selection is based on the

simplicity and complexity of the computer programs.

Equations (16)–(19) demonstrate that the first function

combination uses the simplest mathematical functions and

by moving from the first function combination to the last,

model complexity increases.

F1 ¼ þ; �; �; �ð Þ ð16Þ
F2 ¼ þ; �; �; �; sin; cosð Þ ð17Þ
F3 ¼ þ;�;�;�; sin; cos; abs; sqrt; powerð Þ ð18Þ
F4 ¼ þ;�;�;�; sin; cos; abs; sqrt; power; expð Þ ð19Þ

In this study, the initial computer programs’ length is

considered 12 and their maximum length 64. Other prop-

erties of the GP considered are shown in Table 1.

Model performance

The performance of the GAA and GP models in predicting

mean wall and bed shear stress were evaluated using sta-

tistical comparisons of the predicted and observed outputs.

The comparison applied the three most commonly used

error measures, RMSE, MAE and d%. The root mean

square error can be calculated by:

RMSE ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPn
i¼1

xip � xim
� 	2

n

vuuut
; ð20Þ

where xip is the mean wall or bed shear stress predicted by

the models, xim is the value of wall or bed shear stress

obtained from the experimental results, and n is the number

of observations. Mean square error (MSE), MAE based on

mean absolute error and average absolute deviation (d%)

were also investigated. The results of comparing the

models in each step as well as comparing the models with

other methods were found and tabulated in different

tables for each step. The other statistical parameters

employed are defined as:

MSE ¼

Pn
i¼1

xip � xim
� 	2

n
ð21Þ

MAE ¼ 1

n

Xn
i¼1

xip � xim
�� �� ð22Þ

d ¼

Pn
i¼1

ðxip � ximÞ
�� ��
Pn
i¼1

xip

0
BB@

1
CCA� 100 ð23Þ

Results

Fitness function selection

Considering the aspect ratio as input data, two different

fitness functions were investigated to select the best one for

modeling the mean wall and bed shear stress. The test

dataset results are reported in Table 1. In modeling

Start Input variables Generate the initial computer programs 
randomly

Run the 
computer 
programs

Calculate the cost of each 
computer program by using the 

fitness function

GP termination
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Storage the best 
computer 
program
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Fig. 2 The GP flowchart
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dimensionless mean wall shear stress with the GAA model,

MAE performed better with RMSE of 0.0305 than MSE

with RMSE of 0.0402. When the dimensionless mean wall

shear stress was modeled with the GP model, the MSE

showed better function than MAE did, with fitness func-

tions of RMSE of 0.0276 and 0.0306, respectively. It is

obvious in Table 1 that in modeling sw
qghS the GP model

performed better than the GAA model, with lower statis-

tical parameter values.

The results of dimensionless mean bed shear stress

modeling are shown is Table 2. A comparison of perfor-

mance based on error statistics indicates that in the GAA

model, MSE with d% = 2.3751 had better accuracy than

the MAE fitness function with d% = 2.6714 for the testing

dataset. The GP model with MAE as a fitness function

presented lower error with RMSE of 0.0218 than the MSE

fitness function with RMSE of 0.0276. Overall, in model-

ing sb
qghS the GP model with MAE fitness function had better

accuracy than the GAA model with MSE fitness function.

Selection of the best transfer function

In the final step of GAA modeling, the appropriate transfer

functions were investigated. Two commonly used types of

sigmoid transfer functions are the logarithmic transfer

function (Eq. 14) and hyperbolic tangent transfer function

(Eq. 15). In this study, the logarithmic and hyperbolic

tangent transfer functions were examined for the hidden

layers and the linear transfer function (Eq. 13) was used for

the output layer.

Table 3 shows the results of this stage for dimensionless

wall or bed shear stress. As seen in this table, the best

results of modeling sw
qghS were obtained by selecting the

logarithmic transfer function in the hidden layer and

purelin transfer function in the output layer. In fact, the log-

pur transfer function with MAE of 0.0240 performed better

than the tan-pur transfer function with MAE of 0.0270.

Considering the results in Table 3 for modeling sb
qghS, it can

be deducted that both log-pur and tan-pur transfer functions

were highly accurate in GAA modeling in the last step.

However, by selecting similar transfer functions for

dimensionless wall shear stress (i.e., logarithmic transfer

function in the hidden layer and purelin transfer function in

the output layer), the model exhibits better performance.

The difference between the results of log-pur and tan-pur

transfer functions in modeling sb
qghS is very small (about

0.0001 RMSE) and indicates that both transfer functions

are appropriate.

The output equation of the best GAA model with aspect

ratio as input data, MAE as fitness function and log-pur as

transfer function is:

�sw
qghS

¼ purelin log sig log sig
b

h
�

�0:11

1:14

� �T
þ

�11:23

1:15

� �T ! !   

�
�3:46 9:07

�6:91 �5:96

4:37 �7:05

2
64

3
75
T

þ
2:18

6:83

8:61

2
64

3
75
T1
CAÞ �

1:37

�1:74

�1:46

2
64

3
75þ 1:68Þ

ð24Þ

where purelin and logsig are Eqs. (13) and (14),

respectively.

The output of the best GAA model in modeling bed

shear stress with aspect ratio as input data, MSE as fitness

function and log-pur is a very simple equation, as follows:

Table 1 GP properties

Parameter name Parameter specification

Population size 500

Mutation frequency 93%

Crossover frequency 50%

Number of replication 10

Block mutation rate 30%

Instruction mutation rate 30%

Instruction data mutation rate 40%

Homologous crossover 95%

Table 2 Measured errors for different fitness functions for the testing dataset

Fitness functions Variables GAA GP

RMSE MAE d% RMSE MAE d%

MSE sw
qghS

0.0402 0.0324 5.6952 0.0276 0.0219 3.843

sb
qghS

0.0229 0.0173 2.3751 0.0231 0.0178 2.4058

MAE sw
qghS

0.0305 0.0240 4.2106 0.0306 0.0249 4.4187

sb
qghS

0.0258 0.0194 2.6714 0.0218 0.0151 2.0423
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�sb
qghS

¼ pureððlog sððlog s b

h
� ð�0:17Þ � 2:47Þ

� �

� ð�28:24Þ þ 4:9ÞÞ � 16:14� 15:08Þ ð25Þ

Evidently, the GAA model can present explicit and simple

equations for predicting wall and bed shear stress, whereas

several algorithm genetic methods cannot present equa-

tions as output.

Selection of the best mathematical function set

In this study, different mathematical functions were used in

the final step of GP modeling, including basic arithmetic

operators þ; �; �; �ð Þ as well as some other basic

mathematical functions sin; cos; abs; sqrt; power; expð Þ.
The different combinations of mathematical functions were

investigated as per Eqs. (16)–(19).

The selection of appropriate mathematical functions has

high impact on model performance. The results of the

comparison are tabulated in Table 4. In modeling wall

shear stress, the F2 mathematical function with the lowest

error had the best accuracy among the other function sets.

With increasing the depended functions the error values

increased. As seen in Table 4, modeling with F3 resulted in

RMSE of 0.0316 that indicates the worst accuracy.

In modeling bed shear stress, the combination of all

mathematical functions used, F4, with RMSE of 0.0185

was the most appropriate among the basic functions, while

F1 was second best. It is obvious that there are no basic

rules for identifying which has a better function than the

rest and the linking function selection depends on the

problem. Both parameters modeled with F3 had the highest

errors.

The more appropriate GP model’s output in modeling

the mean wall shear stress with aspect ratios as input

data, MSE as fitness function and F2 as mathematical

function set is displayed as the program in Table 5. The

output program for modeling mean bed shear stress in

the GP model with aspect ratios as input data, MAE as

fitness function and F4 as mathematical function set is

presented in Table 5. These programs were written in

Matlab software, and in these programs Tw is sw
qghS and

Tb is sb
qghS.

Selection of the more appropriate model

At this stage, a comparison between the GAA and GP

models was done in order to select the more appropriate

model for predicting wall and bed shear stresses. The

obtained results are shown in Table 6. It is clear that both

parameters modeled with GP performed better than with

the GAA model. In modeling sw
qghS, the GP with MAE of

0.0219 had better function than the GAA model with MAE

of 0.0240. Therefore, the GP model was selected as the

model with higher performance in predicting wall shear

stress. Since in modeling sb
qghS with the proposed models GP

with RMSE of 0.0185 was more accurate than GAA with

RMSE of 0.0229, the GP model was chosen for predicting

bed shear stress.

Comparison between the best model and other
equations

In order to investigate the proposed model’s ability to

predict shear stress along the wall and the bed of a smooth

rectangular channel, this model was compared with other

formulae presented by different researchers. The compar-

ison results for different methods of predicting wall shear

stress for the entire dataset are shown in Table 7. The

proposed models with the lowest statistical parameter

values, RMSE of 0.04637 and 0.0486 for the GAA and GP

models, respectively, performed the best compared to the

others. The equation for rectangular channels presented by

Knight (1981) could predict reasonable wall shear stress

values, since its statistical parameter values are close to the

proposed models. The presented equation for a trapezoidal

channel could not predict acceptable values for wall shear

stress, and with RMSE of 0.1826, it exhibited low precision

for predicting wall shear stress. The equations proposed for

smooth ducts presented by Knight and Patel (1985) and

Rhodes and Knight (1994) had the highest error values

(RMSE of 0.2694 and 0.2554, respectively) and indicated

the equations’ poor accuracy in predicting wall shear stress.

The results of the comparison between the GAA and GP

models with other equations obtained by researchers are

also illustrated in Fig. 3. If the R2 value is close to 1 the

Table 3 Statistical parameter values of transfer function selection for the testing dataset

Hidden layer transfer function Output layer transfer function sw
qghS

sb
qghS

RMSE MAE d% RMSE MAE %d

Logsig Purelin 0.0305 0.0240 4.2106 0.0229 0.0173 2.3751

Lansig Purelin 0.0347 0.0270 4.7316 0.0230 0.0174 2.3926
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best fit of observed versus predicted values is achieved.

The proposed model results are close to the fitted line since

the R2 value is 0.8775 for the GAA model and 0.8671 for

the GP model. Knight’s (1981) equation is better than the

equations for duct and trapezoidal channels with respect to

R2. As seen in Fig. 3, Flintham and Carling’s (1988)

equation estimates lower values for wall shear stress and it

can be deducted that the equation for trapezoidal channels

Table 4 Preliminary selection of mathematical functions in the GP model for the testing dataset

Mathematical functions sw
qghS

sb
qghS

RMSE MAE d% RMSE MAE d%

F1 0.0276 0.0219 3.843 0.0218 0.0151 2.0423

F2 0.0264 0.0219 3.8153 0.0223 0.0134 1.8227

F3 0.0316 0.0263 4.6265 0.0229 0.0148 2.0090

F4 0.0273 0.0228 3.9497 0.0185 0.0110 1.4866

Table 5 The output program of

the GP model for (a) modeling

the mean wall shear stress and

(b) modeling the mean bed

shear stress

(a) (b)

Appl Water Sci (2017) 7:3973–3983 3979
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is not useful for calculating wall shear stress in rectangular

channels. The values predicted by the duct equations are

underestimated and these equations had better not be used

for estimating wall shear stress in rectangular channels. As

seen in Fig. 3, the equations proposed by Flintham and

Carling’s (1988), Rhodes and Knight (1994) and Knight

and Patel (1985) predicted underestimated values for mean

wall shear stress that resulted in designing channels with

high erosion. Since the actual values of wall shear stress

are higher than the values predicted by these equations,

wall protective structures are needed; while designing

channel with wall shear stress obtained by GP and GAA

resulted in more stable channels.

The bed shear stress values predicted by the proposed

models and equations were compared and the results are

tabulated in Table 8. According to the results, the GAA

model with RMSE of 0.0293 and the GP model with

RMSE of 0.0312 have greater ability to predict bed shear

stress. The results of the equation presented by Knight

(1981) are similar to the proposed models’ results. Equa-

tion (10) with RMSE of 0.0951 had lower accuracy than

the proposed model and equation obtained for rectangular

channels. Considering the results in Tables 7 and 8, the

results of Eq (10) are more accurate than Eq (9). The duct

equations presented the worst outcome in predicting bed

shear stress, with RMSE of 0.1423 and 0.1458, respec-

tively. Overall, Tables 7 and 8 signify that all methods

perform better in predicting bed shear stress than wall shear

stress.

Figure 4 shows the results of the comparison between

the proposed models and other equations for bed shear

stress in the form of a scatter plot. Both proposed models

could predict bed shear stress values very close to experi-

mental data. In addition, the equation obtained for rectan-

gular channels could estimate values close to the fitted line.

Flintham and Carling’s (1988) equation for trapezoidal

channels calculated overestimated values for bed shear

stress and the impact of existing secondary flows can be

effective on overestimating values. It obvious from Fig. 4

that the relationships for estimating bed shear stress in

ducts, are not appropriate for predicting bed shear stress in

open channels. As seen from the fit line equations in ducts

(assuming the equation is y ¼ a1xþ a2), in the scatterplots

the a2 coefficients have very high values: 0.2643 for Knight

and Patel’s (1985) equation and 0.2749 for Rhodes and

Knight’s (1994) equation. As seen in Fig. 4, the obtained

equations for ducts could not predict accurate values for

bed shear stress in open channels. Since the presented

equations in trapezoidal channels and ducts predicted

overestimated values of bed shear stress, the designed

channels by these values resulted in high construction

costs. The designed channels based the bed shear stress

values obtained by GP, GAA and equation proposed by

Knight (1981) due to design stable and affordable channels.

Conclusion

Because shear stress plays an important role in hydraulic

problems of channels two soft computing methods, GAA

and GP models were developed to estimate wall and bed

shear stress in smooth rectangular channels. For GP

Table 6 Comparison between GAA and GP models

Variables GAA GP

RMSE MAE d% RMSE MAE d%

sw
qghS

0.0305 0.0240 4.2106 0.0264 0.0219 3.8153

sb
qghS

0.0229 0.0173 2.3751 0.0185 0.0110 1.4866

Table 7 Comparison between GAA and GP models with other equations for wall shear stress

Methods Statistical parameters

RMSE MAE d%

GAA model 0.0463 0.03202 5.9596

GP model 0.0486 0.0358 6.6082

Presented equation by Knight (1981) 0.0543 0.0429 7.8096

Presented equation by Flintham and Carling (1988) 0.1826 0.1645 44.0806

Presented equation by Knight and Patel (1985) 0.2694 0.2483 85.8381

Presented equation by Rhodes and Knight (1994) 0.2554 0.2383 79.6243
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Fig. 3 Comparison between

proposed models and other

equations for wall shear stress

Table 8 Comparison between GAA and GP models with other equations for mean bed shear stress

Methods Statistical parameters

RMSE MAE d%

GAA model 0.0293 0.0209 3.2288

GP model 0.0312 0.0183 2.7894

Presented equation by Knight (1981) 0.0318 0.0242 3.7667

Presented equation by Flintham and Carling (1988) 0.0951 0.0830 11.3135

Presented equation by Knight and Patel (1985) 0.1423 0.1273 16.2633

Presented equation by Rhodes and Knight (1994) 0.1458 0.1284 16.4748
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modeling, several fitness functions and mathematical

functions were investigated and the most appropriate was

selected to find the best GP model. According to the results

for modeling mean wall shear stress MSE as fitness func-

tion and F2 as mathematical function indicated the best

results with RMSE of 0.0262. Also for mean bed shear

stress MAE as fitness function and F4 as mathematical

function showed the best results with RMSE of 0.0185 than

other GP models. For GAA modeling, different fitness

functions and transfer functions were studied and the best

was chosen to make the most appropriate GAA model.

Both proposed models were compared with each other with

the testing dataset based on statistical parameter values and

the model with higher accuracy was introduced. The results

showed that both GAA and GP models were highly accu-

rate in predicting bed and wall shear stress. These models’

results were then compared with an equation for rectan-

gular channels presented by Knight (1981), an equation for

trapezoidal channels presented by Flintham and Carling

(1988) and two equations by Knight and Patel (1985) and

Rhodes and Knight (1994) for rectangular ducts for the

entire dataset. These results were obtained as:

1. Considering the results, the GAA and GP models

exhibited greater ability than the other equations, with

RMSE of 0.0463 and 0.0486, respectively, for wall shear

stressmodeling and RMSE of 0.0293 for the GAAmodel

and 0.0312 for the GP model for bed shear stress.

Fig. 4 Comparison between

proposed models and other

equations for bed shear stress

3982 Appl Water Sci (2017) 7:3973–3983

123



2. After the proposed models, the equation for rectangu-

lar channels proposed by Knight (1981) had reasonable

precision in predicting wall shear stress.

3. For bed shear stress, Flintham and Carling’s (1988)

equation predicted underestimated values and had high

errors similar to the wall shear stress results. The

equation for trapezoidal sections could not predict

acceptable values for wall shear stress and all predicted

values were underestimated.

4. The equations for rectangular ducts had the worst

accuracy in predicting wall and bed shear stress. In

estimating wall shear stress, the results obtained with

the equations for ducts were underestimated and for

estimating bed shear stress, they were overestimated.

5. Generally, soft computing methods can be powerful

means of predicting shear stress in rectangular chan-

nels and their results can result in designing more

stable and affordable channels.
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