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                    Abstract
In this paper, we study the long-time behavior of modified Calabi flow to study the existence of generalized Kähler–Ricci soliton. We first give a new expression of the modified K-energy and prove its convexity along weak geodesics. Then we extend this functional to some finite energy spaces. After that, we study the long-time behavior of modified Calabi flow.
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Appendix
Appendix
In this section, we prove Theorem 1.4 by following the argument of Berman–Darvas–Lu [4] in the case of \(X=0\). Kołodziej’s \(L^p\)-theory [26] for Monge–Ampère equation was necessary in [4]. In our case, Kołodziej’s \(L^p\)-theory still holds since the measure \(MA_g(\varphi )\) is controlled by the original Monge–Ampère measure \(MA(\varphi )\) according to [6].
We first generalize Kołodziej’s \(L^p\)-theory to g-measure.

                  Lemma 6.1

                  If \(f\in L^{p>1}\) is a K-invariant function on M, and \(\varepsilon \) is a fixed non-negative constant, then there is a unique solution \(\varphi \) to equation
$$\begin{aligned} MA_g(\varphi ) = fe^{\theta _X+\varepsilon \varphi } \omega ^n. \end{aligned}$$

                    (6.1)
                

If \(\varepsilon =0\), we also assume that \(\sup _M \varphi =0\).

                
                  Proof

                  The existence and uniqueness of \(\varphi \) can be obtained by the variational method and the convexity of functional
$$\begin{aligned} \mathcal {E}_\varepsilon (\varphi )= \mathcal {E}_X(\varphi ) + \frac{1}{\varepsilon } \log \int _M e^{\varepsilon \varphi +\theta _X} f\omega ^n, \text { for }\varepsilon > 0 \end{aligned}$$

                    (6.2)
                

and
$$\begin{aligned} \mathcal {E}_0(\varphi )= \mathcal {E}_X(\varphi ) + \int _M \varphi f e^{\theta _X} \omega ^n, \text { for }\varepsilon = 0. \end{aligned}$$

                    (6.3)
                

According to the fact that
$$\begin{aligned} \frac{1}{C}MA(\varphi ) \le MA_g(\varphi ) \le C MA(\varphi ), \end{aligned}$$

                    (6.4)
                

we get the continuity of \(\varphi \) by Kołodziej’s \(L^p\)-theory [26] in case \(\varepsilon =0\) and Eyssidieux–Guedj–Zeriahi’s result (Theorem 4.1 in [19]) in case \(\varepsilon >0\).\(\square \)

                Following the argument in [4], we have the following compactness result for a sequence of Monge–Ampère equations.

                  Corollary 6.2

                  Suppose \(\{f_i\}_{i=1}^\infty \) is a sequence of smooth positive K-invariant functions convergent to a bounded K-invariant function f in \(L^{p>1}\)-norm. For any fixed \(\varepsilon \ge 0\), let \(\varphi _i\) and \(\varphi \) be the unique continuous solutions to
$$\begin{aligned} MA_g(\varphi _i)=f_i e^{\theta _X+\varepsilon \varphi _i}\omega ^n \text { and }MA_g(\varphi )=f e^{\theta _X+\varepsilon \varphi }\omega ^n, \end{aligned}$$

                    (6.5)
                

respectively. If \(\varepsilon =0\), we also assume that \(\sup _M \varphi _i=\sup _M \varphi =0\). Then there exists a subsequence of \(\varphi _j\)(also denoted by \(\varphi _j\)) such that \(\varphi _j\) converge to \(\varphi \) uniformly.

                
                  Proof

                  We first prove the \(L^\infty \)-norms of \(\varphi _i\) and \(\varphi \) are uniformly bounded. Following the arguments in [4], \(\mathop {\sup }\limits _M \varphi _i\) are uniformly bounded for any i, and then the \(L^\infty \)-norms of \(\varphi _i\) are uniformly bounded. If not, we suppose that there exists a subsequence which is also denoted by \(\varphi _i\) such that \(\mathop {\sup }\limits _M \varphi _i =\infty \) as \(i\rightarrow \infty \).

                  We denote \(\psi _i=\varphi _i- \mathop {\sup }\limits _M \varphi _i\). According to [21], there exists a \(L^1\)-convergent subsequence of \(\psi _i\) which we also denote by \(\psi _i\). Since all \(L^q\)-topologies of \(PSH(M,\omega )\) are equivalent, \(\psi _i\) converges in \(L^q\)-norm. Then applying Jesen’s inequality to (6.5),
$$\begin{aligned} \int _M \varphi _i f_i e^{\theta _X} \omega ^n =\int _M \psi _i f_i e^{\theta _X} \omega ^n + \sup _M \varphi _i \int _M f_i e^{\theta _X} \omega ^n \end{aligned}$$

                    (6.6)
                

is uniformly bounded from above for any i. By Hölder inequality, the first item on the right-hand side of (6.6) is uniformly bounded. Since \(\mathop {\sup }\limits _M \varphi _i=\infty \), it is impossible when \(i\rightarrow \infty \).

                  The uniform upper bound of \(\varphi _\varepsilon \) implies the uniformly Hölder bound of \(\varphi _\varepsilon \) following the fact that
$$\begin{aligned} \frac{1}{C}MA(\varphi )\le MA_g(\varphi ) \le CMA(\varphi ) \end{aligned}$$

and Kołodziej’s results [26]. So we get the required result. \(\square \)

                Then by Corollary 2.6, we can prove Theorem 1.4 by using the arguments in Theorem 3.2 [4] line by line.
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