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Abstract We prove that given a family (G;) of strictly pseudoconvex domains varying
in C? topology on domains, there exists a continuously varying family of peak functions
h; ¢ for all G; atevery ¢ € 0G;.
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1 Introduction

Let D C C" be a bounded domain and let ¢ be a boundary point of D. It is called a
peak point with respect to O(D), the family of functions which are holomorphic in
a neighborhood of D, if there exists a function f e O(D) such that f() =1and
Ff(D\{¢}) ¢ D :={z € C : |z| < 1}. Such a function is a peak function for D at
¢. The concept of peak functions appears to be a powerful tool in complex analysis
with many applications. It has been used to show the existence of (complete) proper
holomorphic embeddings of strictly pseudoconvex domains into the unit ball BY with
large N [3,5], to estimate the boundary behavior of Carathéodory and Kobayashi
metrics [1,7], or to construct the solution operators for F] problem with L or Holder
estimates [4, 10], just to name a few of those applications.

It is well known that every boundary point of strictly pseudoconvex domain is a
peak point. Even more is true, in [7] it is showed that, given a strictly pseudoconvex
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dom/gin G, there exists an open neighborhood G of G, and a continuous function
h: G x 3G — C such that for ¢ € 9G, the function A(-; ¢) is a peak function for G
at ¢.

In a recent paper [2], the following question has been posed:

Problem 1.1 Let p : D x C" — R be a plurisubharmonic function of class
C>*t* k € NU {0}, such that for any z € ID the truncated function Plizyxcn is strictly
plurisubharmonic. Define G, := {w € C" : p(z,w) < 0},z € D. This can be
understood as a family of strictly pseudoconvex domains over ID. Does there exist a
CK-continuously varying family (hz,¢)zep,ceac, of peak functions for G, at ¢?

We answer this question affirmatively in the case k = 0 and under additional assump-
tion that, roughly speaking, the function p keeps its regularity up to the set Q2 x C”,
where 2 is some open neighborhood of D (however, see Remark 1.5 below). Namely,
let us consider the following:

Situation 1.2 Let (G;);c7 be a family of bounded strictly pseudoconvex domains,
where T is a compact metric space with associated metric d. Suppose we have a
domain U CC C”" such that

M | JaG, ccu,

teT
(2) foreacht e T there exists a defining function r; for G, satisfying with neighbor-

hood dG; C U all the conditions (A)—(D) below (see Sect. 2),
(3) for any ¢ > O there exists a § > 0 such that for any s,z € T with d(s,1) < §
there is [|r; — rslle2 ) < €.

Observe that the above setting is completely in the spirit of the formulation of Problem
1.1:

(1) The assumption that all the functions r; satisty (A)—(D) with common neighbor-
hood dG,; C U stays in relation with the fact that in Problem 1.1 all the defining
functions for domains D, have the same domain of definition (C").

(ii) The assumption (3) comes from the fact that the function p in Problem 1.1 is of
class at least C2.

(iii)) The compactness of the set of parameters (7') reflects the above-mentioned
assumption that p continues to be of class C> up to  x C”, with Q being
some neighborhood of .

We shall prove the following:

Theorem 1.3 Let (G;):c1 be afamily of strictly pseudoconvex domains as in Situation
1.2. Then there exists an ¢ > 0 such that for any n1 < ¢ there exist an np > 0 and
positive constants dy, dy such that for any t € T there exist a domain G, containing
G, and functions h,(:; ¢) € O(a\[), ¢ € oGy fulfilling the following conditions:

@) hi(¢;¢) =1, h(; 0| < 1 0on G\{¢} (in particular, h;(-; ¢) is a peak function
for G; at ¢), e

®) 1 =hi(z; 0] =dillz— &l z € G NB(E, n2),

© ()l <dr<1l,z€ Gy, lz=¢ll =M.
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Moreover, the constants €, 13, dy, d», domains é\t, and functions h;(-; £) may be cho-
sen in such a way that for any a > 0 and any fixed triple (to, ¢o, z0), wherety € T, {y €
0Gy,, and zo € Gy, there exists a 8 > 0 such that whenever the triple (s, &, w) sat-

isfies s € T,E € 0G5, w € Gy, and max{d(s, 1p), 1€ — Coll, lw — zoll} < &, then
11 (205 S0) — hs (w3 §)] < cv.

The latter property will be referred to as continuity.

Remark 1.4 1t is known that for each t € T there exists an ¢ = £(¢) > 0 such that for
anyn < € there ex1staposmve n2 = n2(t) < ny, constants d1 =di(t),dr =dy(t) €
R, domain G, containing G/, and functions A, (-; Z) € O(G,) ¢ € 9G; satisfying
(a)—(c). This is a subject of Theorem 19.1.2 from [8]. The strength of our result dwells
in the fact that all the constants &, 12, d1, d» are chosen independently of # and in the
continuity property.

Remark 1.5 As noticed by the referee, our result can be strengthened in the spirit of
Theorem 5.1 from [6]. It gives the construction of Henkin—Ramirez functions for vari-
able strictly pseudoconvex open sets (with boundaries of class C>*%/; see Definition
2.5 therein) depending C'*%/-smoothly on a parameter. Under similar assumptions
as in [6], and by merging the method of proof of our Theorem 1.3 with the method
of proof of Theorem 5.1 from [6], we can get similar regularity for the dependence of
our peak functions on the parameter.

In Sect. 2, we recall some preliminaries concerning the strictly pseudoconvex
domains. The proof of Theorem 1.3 is presented in Sect. 3.

2 Strictly Pseudoconvex Domains

Let D CcC C" be a domain. It is called a strictly pseudoconvex if there exist a neigh-
borhood U of 3D and a defining function r : U — R of class C? and such that

(A) DﬂQ:{zeU:r(z) < 0},
(B) (C"\D)NU ={z €U :r@z) >0},
(€) Vr(2) #0for z € 9D, where Vr(2) i= (2. ... #2(2)),

together with

L(z; X) > 0forz € D and nonzero X € TZC(BD),

where £, denotes the Levi form of r and TZ(C(H D) is the complex tangent space to d D
at z.
It is known that U and r can be chosen to satisfy (A)-(C) and, additionally,

(D) L,(z; X) > 0forz € U and all nonzero X € C",

cf. [9].
Note that for a function r as above and a point { € dG, Taylor expansion of r at ¢
has the following form:

r(@) =r(0) —2ReP(z: ¢) + L (&2 — ¢) +o(llz = ¢|IP). 2.0
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where

"9 1 & %
P(z: ) :=—Z£"j(c)<zj~ —&) =5 Z gz, G~ G =)

j=1

is the Levi polynomial of r at ¢.

3 Proof of Theorem 1.3

We divide the proof into two parts. First we give the construction of G, and h; (:¢),te
T, and define the constants &, 12, d1, and d3, all independent of ¢. This is refinement
of the construction from the proof of Theorem 19.1.2 from [8]. Note that in order to
get the independence of all the constants from ¢, we must be more careful here. In the
second part, we prove the continuity property.

Construction of é\t and hy(-; ¢) and the choice of €, n2,d1,and dy. For t € T and
¢ € Gy let P;(z; ¢) be the Levi polynomial of r; at ¢. O

1 / L—
Fix an ¢y > O such that U’ := UzeT,;eaG, B(¢,e1) CcCU.
There exists a constant C; = C;(t) < 1 such that

L, (z:X) > CiIX|?, zeU' XeC"

Indeed, £,, is continuous and positive on U x (C"\{0}), so it attains its minimum
Ci(t) > 0on U’ x S"~!. Since for any nonzero X € C" we have - IIXH e "1, we get
the required inequality. Moreover, from the assumption (3) it follows that for s from
some neighborhood of ¢, we have

t
L (z; X) > 1()||X||2 zelU, XeC".

The compactness argument then gives that C; may be chosen independently of ¢.
Taylor formula (2.1) yields that with some 0 < C, < C there is

1(z) = —2RePi(z; ¢) + Callz — ¢ I 3.1)

for ||z — ¢l < e2(t) < €1,¢ € 3Gy, where €,(¢) is independent of ¢ € dG; (and
even of { € W CC U, some neighborhood of dG;—see [11], Proposition I1.2.16).
Moreover, from the proof of Theorem V.3.6 from [11], it follows that for s close
enough to ¢ we have

C
rs(z2) =2 rs(8) — 2ReP(z; ) + TZIIZ —¢l% CeW. 2=l < ).

Therefore, for s near to ¢, and for & € Gy, the following estimate holds true:
rs(z) = —2RePy(z; §) + 7|IZ —&NI7, llz =&l < &x(2).
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2470 A. Lewandowski

The compactness argument then implies that C, and &, in (3.1) may be chosen inde-
pendently of 7.

Let0 < n; < g and ¥ € C®(R, [0, 1]) be such that ¥ () = 1 fort < ’7—2’ and
X(t) = 0fort > n1.Put x(z; ¢) := x(llz—¢|). This is a smooth function on C" x C",
taking its values in [0, 1].

Define

00 = x(@OP@ O+ —x@ )z —¢l?, zeC

Observe that if ||z — || < 2L, then ¢;(z;¢) = Pi(z; ¢). In particular ¢;(:; ) €

2
O®(¢, %)). Furthermore, for z satisfying ||z — ¢| > % and r;(z) < Cz%l the
following estimate holds true:
1>
2Regi(z:§) = Crg- > 0. (32)

2 ~ N
Take 0 < n; < Cz%l such that the connected component G, containing G, of the
open set

G/ U{zeU :r(z) <n}

is a strictly pseudoconvex domain, relatively compact in G; U U’. Because of the
assumption (3), there exists a positive number 8 such that for s close to ¢ the connected
component G containing G of the set

GsU{zeU :ry(@) <n — B}

is a strictly pseudoconvex domain, relatively compact in Gy U U’. Making again use
of the compactness of T', we conclude that in fact n = 1; may be taken independently
of ¢. Note that, for the family (6;) teT, the assumption (3) remains true.

The function ¢;(-;¢) € C°(C") does not vanish on G,\B(¢, ”—2‘) and is in
O@B(¢, %)). Therefore ém defines a d-closed C*° form

(5 0) =Y a5 O)dz,

j=1
on G;, where

0, z€ G NBE; L),
oy j = ~
S B R OR € GA\B((; ).

1
w0’

Thanks to (3.2) we have [la;,j(-; §)llg, < C3, where, utilizing the compactness of T
together with the assumption (3), we deliver that C3 is independent of  and ¢ € dG;.
[11, Theorem V.2.7] gives then the functions v;(-; {) € C°°(C7,) with dv; (- Z) =
o (-3 ¢) and
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o Ol < Ca,

where C4 does not depend on { € dG;. Moreover, by [11, Theorem V.3.6] and the
compactness of 7', C4 may be chosen to be independent of 7.
Define

fi(50) = +Cs—v(50), z€GNZ(Q),

@i (5 8)
where
Z,(¢) =1z € G, : ¢,(z; ) = 0}.
Then (- ¢) € O(G,\Z:(¢)) as well as
Refi(5¢) >0

on the set ((?,\]B%({, %)) U (G,\{¢}), in virtue of (3.1) and (3.2). Since for any ¢ #
20 € G, NB(, '77‘) there exists a neighborhood U, of zg such that Re f;(-; £) > 0

on Uy, we conclude that there exists a neighborhood U; ; of E\{; } such that the
function

hi (55 ¢) == exp(—g:(:; ),

where g;(+; ¢) 1= ﬁ, is holomorphic on H; ; := (5,\15%({, '771)) U U;,¢ - Note that

h; takes its values 1n ID.
There exists a C5 > 0, independent of 7, such that

|Pi(z; ) < Csllz—¢ll, ¢, zeU".

Therefore, since for 0 < 1 < min { R 4C4C5 } which now is independent of ¢, and
forz € (Gt N B¢, 72))\Z;(¢) the following equality holds true:

Pi(z:¢)
1— Pi(z: ) (i (z:) — Ca)’

&(z;¢) =

we conclude that g;(-; ¢) is bounded near Z;(¢), which yields it extends to be holo-
morphlc on H, ¢i=H UMD, )N G,)

__Now H, ¢ depends on ¢, but using the inclusion G, C Ht ¢» we may find some
G,, strlctly pseudoconvex domain which is independent on ¢ € 3G, such that G; C
G, C H,; for each ¢ € dG;, and with the property that s (-; ¢) € O(G,) ¢ € 9G;
(use the joint continuity of ¢; with respect to z and ¢ to shrink H,,; little bit to get
some domain with desired properties, independent on & close to ¢, and finally apply
the compactness of dG;). .

Let Cg, independent on ¢ and ¢ € dGy, such that for z € G; with ||z — ¢|| < 172 we
have
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Csllz = ¢l
;O < < Cellz —¢||.
lgr(z; ) T 2CaCslle — 2| cllz =<l
This implies
[T —h:(z; 0| < Crlgr(z; O < CeCrllz = ¢l = dillz = ¢l (3.3)

for z € a lz — ¢l < n2, ¢ € 3Gy, if only C7 is chosen so that
le* =11 < C7lAl, Al < Conma.

In particular, d; does not_depend on ¢t and we have h;(¢; ¢) = 1.
Furthermore, for z € Gy, ||z — ¢|| > n; there is

51+ [z = ¢112(Cs — Revy (25 0))
11— llz = ¢12(ve(z; ¢) — Co)|?
2
> il
~(1+ 2(diamU)2C4)2

Reg/(z;:¢) =llz—¢ll

=: Cs,

which gives
lhe(z; Ol <e @ =1dy < 1.

Observe that d; is independent on 7. O

Proof of continuity Fixa > 0,19 € T, §o € 0G4y, and z9 € 6; Let K¢ be a compact
subset of G, containing in its interior the set G_mU {z0}. In the sequel, we shall use the
following convention: whenever we say that the triple (s, &, w) is near to (g, &o, z0),
it will carry the additional information that § € G, w € a , unless explicitly stated
otherwise.

Observe that for (s, &) close to (7, {o) (even without requiring that £ € dGy), and
any z € U’ we have

[ Pry (23 S0) — Py (23 §)| < Mo
with some positive My. In particular, for w close to zp the following estimate is true
| Pry (205 C0) — Ps(w; §)| < Mia,
where M| := My + 1.

Further, using the fact that all the functions ¢; are continuous as functions of both
variables, we conclude that for (s, &) close to (79, {p) we have

lry (-5 C0) — 05 (3 )y < Moo

with some positive M.
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For (s, &) near (#9, o) we have

(%‘)

< Mix

H S ~(:580) — 8%

U/

with some positive M3. Furthermore, for (s, £) close to (7o, £p) and z € @; N 6,;, the
following estimates hold true:

(@) Ifz ¢ B(o. 5) UB(E, ), then
latrg, j (23 S0) — s, j (23 )] < Lar,

where positive constant L does not depend on z as above. Indeed,

Fe@l) @] |RP@HFRE W) -6k @ @)

(k) PR | 02 (25 C0)92(z; €)

sog( E

2.9 ‘
2n — ¥1(25 %0) 2z, (z:8)

< o (n 2
—= an? (Ps U

4
7 (L1M3o + LoMoa) =
2M

(pt()

( é“o)—

N

2
v’

3z

where the first inequality is the consequence of (3.2).

D) If z € B(Zo, 5) UB(, 3):
Observe that letting & close to ¢y, we may make the balls arbitrarily close to each
other. Using then the assumption (3), the fact that n were chosen to be strictly

2
smaller than Cz%', and the strictness of uniform estimate (3.2), we see that for
(s, &) close enough to (#, {o) the estimate similar to the previous one holds true
forz e §:= U » B(w, ) with some sufficiently small y > 0 (and
wilw—goll=5

is independent on such z). Additionally, (s, &) may be chosen so that §' :=
(B(%o, 5) UB(E, Z)\S C B(o, 5) NB(E, 4.

Noting that for z € S’ and (s, &) as above oy, (z; o) = ay, j(z; §) = 0, we conclude
that

llety (5 80) — s (5 6Dl G G, = Macr

with some positive M.

Ofcourse G,O C G,O This yields that for s close to #y we have GtO C G as well as
G, C Gzo (the assumption (3) remains true for the family (G,),er) For s close to 1
we may now pick some Gy, g, a strictly pseudoconvex domain with smooth boundary
and such that
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G,UG; C Ko CC Gy CC Gy NGyp.
Again thanks to the property (3), G4, s may be chosen independently of s if s is close

enough to #. For such s, denote it by G™. Then, using Lemma 2 from [7], we find
some positive constant I" such that

lvg (5 C0) — vs (5 8)Iky < Ullatgy (5 S0) — s (45 8) g0 < T'Mya =: Msa.

Notice that I' may be chosen independently of s. Consequently, for (s, £, w) close to
(t0, %o, zo) there is

[vy (z03 $0) — vs (w3 §)] < vy (203 §0) — o (W3 L0) | + vy (w3 Go) — vs(w: §)| < Mot

for some positive Mg (use the smoothness of vy, (+; £o)).
There are two cases to be considered:

Case 1. zo € Hy, ¢, NintKo. Then ¢;(z0; o) # 0 and for (s, &, w) near (¢, o, z0)
we have ¢ (w; &) # 0. For such (s, &, w) we have

[ f1o (205 C0) — fs(w; )| <

+ vy (203 o) — vs(w; &)

1
@1, (205 £0) s (w; 5)‘
@s (w3 &) — 91y (20: C0)
@10 (z0: Co)ps(w; &)

<

+ Mex

Considering the last but one term, its denominator is bounded below by some positive
constant for (s, &, w) close to (g, ¢o, zo), and the numerator is estimated from above
by (M> + 1)a. Thus for (s, &, w) close to (o, &o, z0)

| f10(z0; C0) — fs(w; §)| < M7
for some positive M7.
In our situation, the function gy, (-; {o) is holomorphic in a neighborhood of zg

and s0 is gs(+; &) for (s, &) close to (to, o). We conclude that for (s, &, w) close to
(10, o, o) there is

1810 (203 C0) — &s(w: §)| < Mg
for some positive Mg, and
|hiy (205 S0) — hs(w; §)] = |exp(—guy(20: £0)) — exp(—gs(w; £))| < Moar

for some positive Mo.

Case 2. 7o € (G NB(Zo, 72)) NintK,,.
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() Suppose 1, (zo; o) # 0.
It is equivalent to Py, (zo; ¢o) # 0. This yields that Ps(w; &) # 0O for (s, &, w)
close to (tg, ¢o, zo)- Then

1819 (2035 S0) — &s(w; &)
_ Py (203 %0) B Ps(w; §)
| 1= Py (20: £0) (v (203 £0) — Ca) 1 — Py(w; &) (vs(w; &) — Cy)
< N|Pyy(z0; §0) — Ps(w; &) + N| Py (z0; S0) Ps(w; &) vy (zo; §0) — vs(w; §)]
< NMia + N' Mg =: Mypa,

and similarly as in the previous case

|hy (203 Go) — hs(w; §)| < My
with some positive N, N', Mg, and M.
(II) Suppose ¢y, (z0; ¢o) = 0.
This is equivalent to Py, (z0; {o) = 0. Then for some positive p we have
B(z0, p) CC Ko N B(&o, n2). Similarly, for (s, &) close to (#o, {o) there is

B(zo, p) CC Ko N B(&, n2). Therefore, because of the choice of dj in (3.3),
for (s, &, w) close to (fo, {0, z0), w € B(zo, §) there is

iy (w; §o) — hg(w; E) < |1 — hyy(w; So)| + |1 — hy(w; &)
= di(flw = %ol + llw — &) < 2din>.

Consequently, since the functions &y, (; £o) — hs(-; &) are holomorphic in suitable

neighborhood of z for (s, &) close to (¢, £o), for some positive p < %, for every

x,y € B(zo, g) we have
iy (x5 C0) — hs (x5 8) — hig(y: o) + hs(y; )| < cv. (34
Moreover, p may be chosen so that for v, w € B(zp, g) there is
iy (Vi S0) — hyy (w3 Z0)| < (3.5)

by continuity of A, (-; {o). Fix some wo € B(zo, ’2—7) such that Py, (wo; o) # 0.
Then for (s, &) near (¢, o), by virtue of the subcase (I), we have

|22y (o3 §0) — hs(wo: &) < .
Finally, for w € B(zo, g) and (s, &) close to (7o, £o) we have

|hsy (203 0) — hs(w; &) < |hyy (205 C0) — hyy (o3 0| + gy (wo; Co) — hs(wo; &)
+lhs(wo; &) — hy(w; )| < o + o + 2a = 4a,
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where the last estimate follows from (3.4) and (3.5), which leads us to the con-
clusion. o
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