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Abstract

This paper presents encoding and decoding algorithms for several families of optimal rank
metric codes whose codes are in restricted forms of symmetric, alternating and Hermitian
matrices. First, we show the evaluation encoding is the right choice for these codes and
then we provide easily reversible encoding methods for each family. Later unique decoding
algorithms for the codes are described. The decoding algorithms are interpolation-based
and can uniquely correct errors for each code with rank up to |[(d —1)/2] in polynomial-
time, where d is the minimum distance of the code.

Keywords Rank metric codes - Hermitian matrices - Symmetric matrices - Alternating
matrices - Linearized polynomials - Interpolation-based decoding - Berlekamp-Massey
algorithm
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1 Introduction

Rank metric codes were introduced first by Delsarte in [2], and independently by Gabidulin
in [12] and Roth in [27]. They have been extensively investigated because of their applica-
tions in crisscross error correction [27], cryptography [6] and network coding [35]. The
coding-theoretic properties of these codes have been studied in detail, and constructions
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of optimal codes with respect to a Singleton-like bound, known as MRD codes, have been
found. An interested reader may refer to [8, 32] for more details.

Known decoding algorithms for MRD codes can be generally classified in two dif-
ferent approaches: syndrome-based decoding as in [5, 7, 25, 27] and interpolation-
based decoding as in [9, 10, 13, 14, 16, 24]. Gabidulin in [5] solves the key equation
in the decoding process by employing the linearized version of extended Euclidean
(LEE) algorithm, while in [25], the key equation was solved by a linearized version
of Berlekamp-Massey (BM) algorithm. The error values in both decoding algorithms
in [5] and [25] are computed by an algorithm called Gabidulin algorithm. Loidreau in
[16] proposed the first interpolation-based decoding approach for MRD codes and con-
sidered the analogue of Welch-Berlekamp (WB) algorithm, which was originally used
to decode Reed-Solomon codes [38]. The algorithm directly gives the code’s interpola-
tion polynomial and computing the error vector is not required in the decoding process.

In [31], Sheekey proposed the first family of MRD codes over [, which is linear
over [Fq (instead of [Fq,, as the well-known Gabidulin codes) and his idea were used later
to introduce new MRD codes that are linear over a sub-field of [Fqn [18, 20-22, 36].
When the rank of the error vector reaches the maximum unique decoding radius, the
syndrome-based decoding approach works only for MRD codes that are linear over the
main extension field. Randrianarisoa in [24, 26], gave an interpolation based decoding
algorithm for twisted Gabidulin codes. Later this idea was adopted to decode additive
generalized twisted Gabidulin codes and Trombetti-Zhou rank metric codes [10, 11].
Again BM algorithm is involved in the process of solving the key equations in [10]
and [11] and it reduces the decoding problem to the problem of solving the projective
polynomial equation x4 *! + ax 4+ b = 0 and quadratic polynomial equation P 4ex+d
=0 over [, respectively. A similar idea is also used in [9] to decode Gabidulin codes
beyond half the minimum distance. All the decoding algorithms described above have
polynomial-time complexities. The result in [34] shows that when low-complexity nor-
mal basis are used, the complexity can be reduced even further. Solving the key equa-
tions carried out by BM or LEE algorithm are the most expensive steps in the above
decoding algorithms.

Besides the aforementioned new MRD codes, there are also some restricted rank
metric codes that are linear over a subfield of F,, which are not defined based on
Sheekeys’ idea. The study of subsets of restricted matrices equipped with rank metric
was started in 1975 by Delsarte and Goethals in [3], in which they considered sets of
alternating bilinear forms. The theory developed in [2] and [3] found applications also
in the classical coding theory. Indeed, the evaluations of the forms found in [3] give
rise to subcodes of the second-order Reed-Muller codes, including the Kerdock code
and the chain of Delsarte—Goethals codes; see also [28].

Using the theory of association schemes, bounds, constructions and structural prop-
erties of restricted rank metric codes have been investigated in symmetric matrices
[17, 29, 39], alternating matrices [3] and Hermitian matrices [30, 37].

In this paper we will present both encoding and decoding algorithms for several
optimal symmetric, alternating and Hermitian rank metric codes. Since the targeted
codes are not linear over the extension field, syndrome-based decoding algorithms in
[5] is not applicable. We choose interpolation-based decoding approach which is able
to decode errors up to half of the minimum distance in polynomial time for all the
aforementioned codes. A part of our work in this paper responds to a suggestion in [1],
where the authors suggested studying the decoding of Hermitian rank metric codes.
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2 Preliminaries

Let [, denote a finite field of ¢ elements and [F;X” be the set of the square matrices of order
n defined over F,. We can equip [Fg"x” with the following metric

d.(A,B) =1k(A - B),

where rk(A — B) is the rank of the difference matrix A — B. If C is a subset of [F‘:‘X” with the
property that

d=min{rkA—B): A,B€C,A # B},

then C is called a rank metric code with minimum distance d, or that C is a d-code, see e.g.
[28]. A rank metric code C is said to be additive if it is closed under the classical matrix
addition + and said to be linear over a subfield E of F, if it is closed under both matrix
addition and scalar multiplication by any element in E.

Let £, , denote the quotient [ -algebra of all o-polynomials over F,, with degree smaller

than 7 , namely,
n—1 )
L,,= {Z ax’: a; € Fp }
i=0

It is well known that the F-algebra £, , is actually isomorphic to the [ -algebra [F;’X”.
Hence many rank metric codes C C [Fp”x” are expressed in terms of g-polynomials in L, ,.
If ¢ is fixed or the context is clear, we can use the term linearized polynomials instead of
¢-polynomials.

Here we recall one important property of the Dickson matrix associated with
o-polynomials which is critical for the decoding in this paper.

n—1 .

Proposition 1 Let L(x) = Y ax? over F,» be a ¢-polynomial with rank 7. Then its associ-
i=0

ated Dickson matrix

0 0
[ an_l al 1
i 0 -
D= (g? ) =% 9 a, , (1)
i—j(modn) /.,
0 o
a,_ an_2 ao

has rank ¢ over [, and any ¢ X ¢ submatrix formed by ¢ consecutive rows and ¢ consecutive
columns in D is non-singular.

For the first part of the above result see [4, 19], whereas for the last part we refer to [24].

Below we shall introduce three families of rank metric codes whose codewords have
restrictive forms. The first two consist of symmetric and alternating matrices over [,
respectively, and the third one consists of Hermitian matrices defined over [qu, where ¢ is a
prime power.

Recall that a matrix A € F"™" is said to be symmetric if AT = A and is said to be alter-
nating if AT = —A, where A" is the transpose matrix of A. Let S,(¢) and A, (g) be the set of
all symmetric matrices and alternating matrices of order n over [, respectively. Following
the connection given in [17], the set S,(¢g) can be identified as
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n—1
Sulg) = {Z et ey =c forie{0,...,n— 1}} cL,,

i=0

The set A, (¢g) can be identified as

n—1
A, (q) = {Z Cixqi e, = _C;l"_' forie {0,...,n— 1}} CL,,
i=0

Consider the conjugation map * from F, to itself: x — x = x7. For a matrix A € [F",X",
we denote by A" the conjugate transpose of A, which is obtained by applying the conjugate
map to all entries of A”. Recall that a matrix A € [F"x" is said to be Hermitian if A = A”. Let
H (q ) be the set of all Hermitian matrices of order nover . Similarly, it can be identified
as

n—1
2 2, 2n=2i+1 .
H,(q°) = {Zcixq D e =) fori e {0,...,n— 1}} CL,p
i=0

where the indices are taken modulo 7. Note that if 7 is odd then ¢, 1), belongs to F,..
It can be easily verified that these three sets, together with the classical sum of matrices
and the scalar multiplication by elements in F,, are F-vector spaces with dimensions

n(n+ 1),dim[E](An(q)) _ nn—1)

dim (S,(9)) = ,dimg (H,(¢%) = n*.

A subset of S,(g), A,(g) or Hn(qz) endowed with the rank distance will be termed a sym-

metric, alternating or Hermitian rank metric code, respectively, or symmetric, alternating
or Hermitian d-code if d is the minimum distance of the considered code. With the iso-
morphism between [F;’X" and £, ,, 0 €{q.¢4*}, the codewords in these restricted rank metric
codes will be represented in polynomials throughout this paper. For simplicity, we will
denote by x!! := x4 and xI1l := x4" for any non-negative integer i.

2.1 Optimal symmetric and alternating d-codes

For symmetric and alternating rank metric codes, the following bounds on their size have
been established [3, 29].

Theorem 2 [29, Theorem 3.3] Let C be a symmetric d-code in [F;X”. If d is even, suppose
also that C is additive. Then

qn<n—d+2>/2 ifn — dis even,
#C < { q("+1>(”—d+2)/ 2 ifn — dis odd.

Theorem 3 [3, Theorem 4] Let m = L§J~ Let C be an alternating 2e-code in [F;X". Then

n(n—1) .,
#quibn (m—¢+l)'

A symmetric (resp. alternating) d-code is said to be optimal if its parameters satisfy the
equality in Theorem 2 (resp. Theorem 3). The following theorems present some instances
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n=1 .

of optimal symmetric (resp. alternating) d-codes, where Tr ./, (x) = x+x7 + - +x7 " is
the trace function from [, to .

Theorem 4 [29, Theorem 4.4] Let n and d be two positive integers such that 1 <d < n
and n — d is even. The symmetric forms S : F. X F,. — F, given by S(x,y) = Tr ., (yL(x))
with

n—d

2 .
L) =byx+ Y, (b + o), @)
J=1
as by, ..., bn-a range over [Fq,l, form an additive optimal d-code in S,(g).
2

In [29, Theorem 4.1] it has been shown that constructions of optimal symmetric
d-codes with n — d odd in S, (d) can be obtained by puncturing the examples of optimal
symmetric d-codes found in [29, Theorem 4.4].

Theorem 5 [3, Theorem 7] Let n and e be two positive integers such that n is odd
and 1 < 2¢ < n —1, and let d =2e. The alternating forms A : F, XF, — F, given by
Alx,y) = Trq,, /q(yL(x)) with

n—1

L= (b - b77), 3)

j=e

asb,, ..., b~ range over [Fq,,, form an additive optimal d-code in A, (g).
2

2.2 Optimal Hermitian d-codes

Schmidt characterized the upper bound on the size of Hermitian d-codes as follows [30,
Theorem 1].

Theorem 6 [30, Theorem 1] An additive Hermitian d-code C in [F;zx" satisfies
#C < qn(n—d+1).

Moreover, when d is odd, this upper bound holds also for non-additive Hermitian d-codes.

A Hermitian d-code is called a optimal Hermitian d-code if it attains the above
bound. Schmidt in [30] also gave constructions for optimal Hermitian d-codes for all
possible value of n and d, except if n and d are both even and 3 < d < n. There are some
examples of optimal Hermitian d-codes, see [30, 37]. We recall two examples given in
[30, Theorems 4 and 5], where Trq2n /i is the trace function from [FLIZ” to [qu‘

Theorem 7 [30, Theorem 4] Let  and d be integers of opposite parity satisfying 1 < d <
n. The Hermitian forms H : F. X Fon — Fp given by H(x,y) = Tr . 2 (v7L(x)) with
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n—d+1
2

_ @n=2j42) | g g
L) = 21, (B0 + ™), “
=
as by, ..., b range over [qun, form an additive optimal d-code in H,,(qz).
2

Theorem 8 [30, Theorem 5] Let n and d be odd integers satisfying 1 < d < n. The Hermi-
tian forms H : F o X F oo — Fp2 given by H(x, y) = Tr e VLX) with

nd

Lix) = (box)q<n+1) n Z <(bjx)q<n+2j+1) " quq(nfzm))’ (5)
J=
as b, ranges over F and by, ..., b4 range over Fns form an additive optimal d-code in
2

H,(¢%).

3 Encoding

In the literature, no encoding method has been given for symmetric, alternating and Her-
mitian d-codes. This section is dedicated to the encoding of these three types of restricted
d-codes. As a matter of fact, the encoding of an optimal d-code C is mainly concerned with
setting up a one-to-one correspondence between a message space of size #C and the code C
in an efficient way, which ideally also allows for an efficient decoding algorithm.

3.1 Encoding of symmetric d-codes

We start with the encoding of the optimal symmetric d-codes of size ¢""~**?"2 in Theo-
rem 4, where n — d is even. The family of codes is linear over [, and the message space is
naturally a vector space over F, with dimension n(n — d +2)/2. But we can represent each
message in the form of a k-dimensional vector over I, where k = (n — d +2)/2 and the set
of all the message vectors are closed under [F-linear operations.

In order to present a polynomial-time decoding algorithm for the optimal symmetric
d-codes in Theorem 4, we shall express their codewords as evaluations of certain poly-
nomials at linearly independent points over F,. For this reason, we need to employ a pair
of dual bases in [, over F,. Recall that given an ordered F_-basis (ay,....a,) of F,,, its dual
basis is defined as the ordered F-basis (8;,...,3,) of F. such that

Trq,,/q(a,-ﬂj) = 5,-j fori=1,2,...,n,
where §; denotes the Kronecker delta function. Note that a dual basis always exists for a
given order basis (a,...,a,) of F,. [15, Definition 2.30].
Let (ay,....a,), (f},....,) be a pair of dual bases of F,. over F,. We will write Trqn/q(x)

as Tr(x) for simplicity when the context is clear. Let L(x) be a linearized polynomial as in
Theorem 4. For the symmetric form we have

S, y) = Tr(xL(y)).
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Now, we denote the associated matrix of S with respect to the ordered [Fq—basis (aj,...
,a,) by S, of which the (i.j)-th entry S(, /) is given by

8@, j) = S(a;, aj) = Tr(ajL(a,-)).

Furthermore, the codewords of the additive d-code in Theorfr:lm 4 can be exp;essed in

the symmetric matrix form as follows: let x,y € F,., then x = leiai and y = 21 y;a; for
i= j=

some x;,y; € [Fq and

S(x,y) = Tr<<z yjaj> inL((xi)) = Tr(z xiyjajL(a,»))
J i ij
Y1

= le-ijr(ajL(ai)) = inS(i,j)yj =(Xg,..05%,) S y:2 ,
ij ij :
yn

where S(i, /) is the (i,j)-th entry in S.

In the following we show that the evaluation of the corresponding linearized polyno-
mial at linearly independent elements a;,...,a, is a proper encoding method.

Define an n-dimensional vector over F, as

S =(S1seees8,) =By B) - S
Since the i-th row of S is given by (Tr(a;L(e)),...,Tr(e,L(a;))) and since each L(e;) can be
written as Y ¢, f, for some ¢, € F,, we can write s; as

si = X BSG.)) = X BTr(a,L(ay)

J J

= Z ﬂjTr<aj Y C,ﬂ,) = Z B; 2 ¢/ Tr(a;B,)
J t It

= X B = Lay)
J

since Tr(x) is linear over F, and (§,,....,) is the dual basis of (ay,...,a,). From the
equality s; = L(a;), we see that the encoding of symmetric d-codes given by Tr(yL(x)),
as in Theorems 4 and 5, can be seen as the evaluation of L(x) at the basis (ay,...,a,) of
..
! With the above preparation, we are now ready to look at the encoding of the optimal
symmetric d-codes in Theorem 4 more explicitly.

Let (@,...,®,_,) be a basis of [Fq,, over [Fq. For optimal symmetric d-codes in Theo-

rem 4, the linearized polynomial can be expressed as
k-1
Lex) = byx + )" (bl + (b)),
j=1
where k = (n — d +2)/2. Then the encoding of a message f = (f,....f;_) € [F;,, for the

symmetric codes in Theorem 4 can be expressed as the evaluation of the following lin-

earized polynomial at points wy,...,w,_:
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k—1

n—1
L(x) = fox + (Zf/_xtil + (f,-x)["_j'> = Zﬁx[il,
J=1 i=0

where
F= (oo Jitn 000t oo fot) ©
—k+1 -1
= (for i O O, p o),
Let N = (a)l[’] )an be the n X n Moore matrix generated by w;’s. So the encoding of

optimal symmetric and optimal alternating d-codes can be expressed as

(s - o fio) P (@), ..., L@, ) =F - NT, (7)

where f = (f y e ’fn—l) and N7 is the transpose of the matrix N. Note that the first k and the
last k — 1 elements of f are nonzero. This means at most n — d + 1 columns of the matrix
NT are involved in the encoding process.

3.2 Encoding of alternating d-codes

The encoding of alternating d-codes in Theorem 5 can be done similarly since the code-
words in A(x,y) has the same form Tr(yL(x)) as in Theorem 4.
For alternating d-codes in Theorem 5, the linearized polynomial can be expressed as

n—1

Lx) = 2 (bjxm _ (b_ix)ln_jl)'

Jj=e

Note that in Theorem 5, the parameters n is odd and d =2e. The optimal alternating codes
are F-linear with dimension n(n — d +1)/2. For simplicity, we again consider the message
vectors in the form of vectors over .

Let (wg,....»,_;) be a basis of [Fq,, over [Fq. The encoding of a message
=0y fic) € [Fqkn can be expressed as the evaluation of the following linearized poly-

nomial at points @,...,,_;:

n—1

2 n—1
L(x) = Z A — (f_ 0l | = Z Fadli,
j=e i=0

where

= (0,...,o,fe,...,f%,f%,...,fn_e,o,...,o)
[

n—e (8)
= (0,...,o,fo,...,fk_l,—fk_zl ooy ],0,...,0>.

Similarly, the encoding of optimal alternating d-code can be expressed as

(s - o fio) P (L(@y), ..., L(w,_,)) =f - NT, 9)

where f‘ = (f Y ,fn_l) and NT is the transpose of the matrix N. As shown in (8), at most
n — d +1 columns of the matrix N are involved in computation.
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3.3 Encoding of Hermitian d-codes

This section is dedicated to the encoding of the optimal Hermitian d-codes of size ¢4V
explained in Theorems 7 and 8. Given positive integers d,n with 1 < d < n, for encoding of
optimal Hermitian d-codes we are going to set up a one-to-one correspondence between a
message space of size ¢"" %*V, and a Hermitian optimal d-code, which later permits us to
decode efficiently. Therefore, for a message space of size ¢"" %V, we may assume its ele-
ments as vectors over [, of dimensionk=n —d +1.

For the optimal Hermitian d-codes in Theorems 7 and 8, we shall express their codewords
as evaluations of certain polynomials at linearly independent points over F.. For this reason,
we need to introduce the Hermitian variant of a basis in F .. over F .. Given an ordered [
-basis (ay,....a,) of [qu,,, its Hermitian dual basis is defined as the ordered [qu-basis Brs--Py)
of I 2, such that

Trqzn/qz(a?ﬂj) =¢g;fori=1,2,....n,

n—1
where Tr 2/ is the relative trace function from [F 2 to 2 namely, Tr Ry x) = Z x4" and

d;; denotes the Kronecker delta function. Note that such a Hermitian dual ba51s always

ex1sts for a given order basis (a;,...,a,). Indeed, since there exist a dugl basis (y.....y,) for

(ay,...,a,) satisfying Tr . /2(a;7;) = 6, one can simply takes f; = y for j=1,2,...,n

and then the above Hermitian dual property follows. We shall also wrlte Trpen /2 O as Tr()
for simplicity whenever there is no ambiguity.

Let (ay,...,a,) be anF, z-basis of F 2 and (B Iy .,f3,) be its Hermitian dual as described above.

Let x,y € Fp, then x= Zxa and y =Y y;f, for some x;,y; €Fp. It is clear that
i=1

Tr(xly) = nyJTr(aq,B)—ny,—((xl,... XD, gy e V)

ij=1
Note that the Hermitian forms in Theorems 7 and 8 are of the form H(x,y) = Tr(x?L(y)).

Now, we denote the associated matrix of H with respect to the ordered F-basis (ay,....a,) by
‘H, of which the (i,j)-th entry H(i, ) is given by

H(.j) = H(a;, a)) = Tr<a;1L((xl-)).

Furthermore, the codewords of the additive d-code in Theorem 8 can be expressed in the
Hermitian matrix form as follows
Yy

q
H(x,y) = Tr<<zyjaj> Z%M%)) Tr<2xly aqL(a ))
J ' i
q

= S Te( /@) = ZoHi ) = o) | 7 |
i iy :
Vi
where H(i,j) is an element in H. In the following we show that the evaluation of the corre-
sponding linearized polynomial at linearly independent elements a,...,a,, is a proper encoding

method. Define an n-dimensional vector over [qu as

h=(hy,....h)=(By..... 5,) H.
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Since the i-th row of H is given by (Tr(a!L(a;)), ..., Tr(a;L(e,))) and since each L(a;) can
be written as Y, ¢, /3, for some ¢, € F,, we can write /; as

he = T AHGD) = 2 4Tr(!L(@) )
J J

= ;ﬂjTr(oejfZ ;ctﬂt> = ;pj z{: Csz(afﬂ,)
= Z pic; = L(w;),

where the fourth and fifth equality signs hold because Tr(x) is linear over F, and
(f1.--.,p,) is the Hermitian dual basis of (a;,...,,). From the equality h; = L(a;), we see
that the encoding of Hermitian d-codes given by Tr(y?L(x)), as in Theorems 7 and 8, can
be seen as the evaluation of L(x) at the basis (ay,...,a,) of Fen-

With the above preparation, we are now ready to look at the encoding of the Hermi-
tian d-codes in Theorems 7 and 8 more explicitly.

Letk = [%] and H be the Hermitian form given in Theorem 7. The linearized poly-
nomial in (4) can be written as

L(x) = Z ((bjx)llnﬂ—jll + b]‘_lxlljll),

J=1

and assuming m = %, similarly one can write the linearized polynomial in (5) as
— [m] [lm-+711 9 llm=jl
L) = (b + Y (b 4+ i),
j=1

Let {1,7} be an [Fqn—basis of [qun. Let ay.ay,...,a,_; be a basis of [qun over [qu. Rais-
ing all the basis elements «; to the qz-zth power will still give a linearly independent
set of elements in F.. We use ag',ai’ , ...,aZfl as the evaluation points for optimal
Hermitian d-codes in Theorem 7. The reason for this is to keep the consistent form
L(x) = {100 4 [ x4 ... 7 xI"=11 for the linearized polynomial representation
(employing a,...,a,_; as the evaluation points for this codes will obligate us to use the
linearized polynomial of the form L(x) = [xT'V + [,xT21 4 ... 7 _ 070,

The encoding of a message f = (f;), ... .f,_1) € [ZFqk can be expressed as the evaluation

of the following linearized polynomial at points a ,af ..., a! :
k—1 n—1
L(x) = <Z(ﬁ + ,,lij)qx[[n—l—/]] + (]; + ,,lijx)[[/]]) = Zfix[[l]]’ (10)
=0 i=0

where

f = (f()? ’fk—l’o’ ’O?fn—/(’ ’ﬁl—l) = ((fO + ’Zf/()IIO]]v (R (11)
(fK—] + rleK—l)IIK_I]]’(L ’05 (f:(—l + rlf2k—l)q’ cee (fO + l’lfK)q),

and k =2«. For the optimal Hermitian d-code in Theorem 8 and the evaluation points
anQy,...,q,_;, the encoding of a message f = (fy,....fy_1) € [F;‘n can be expressed as the
evaluation of the following linearized polynomial at points ag,a;,....a

n—1+
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L(x) = (fyolm 4+ <Z (f +nf., ) 9y m=jl 4 ((f, + ,#K+j)x)“"l+j”
- (12)

= T
z

where

N
|

= (07 e 707fm—x7 [RX] 7fm—]7ﬁn,fm+]! LEX) 7fm+xv O, s 70)
SO0y A )y + ) f“'"“, (13)
(f] + nfx+1)|lm+1]]7 ey (fK‘ + anK)llm-H(]] 0 > 0)’

and k =2« + 1. The first 2 and the last =2 coefficients of f are Zero[ ) )

Let M, = ( 7+ ) on bethen X n Moore mcgtrlx generated by a ai’ yaes ,aZ where [
€{0,1}. We take [ =1 when we consider ag s a'f Y e aZ ,as the evaluatlon points Wthh is
used in (10) and / =0 when ¢,a,,...,a,_, are the evaluation points in (12).

So the encoding of the optimal Hermitian rank metric codes can be expressed as

o oo s foy) o (L<agz'),...,L(aZfl)) —F-M, (14)

where f = (f;. ....f,_;) and M is the transpose of the matrix M,.

When n.d are integers with opposite parities as shown in (10), only the first ¥ and the
last x elements of f‘ are nonzero. Also in the case when n,d are both odd integers, as can be
seen in (12), the first m — « and the last m — x —2 elements of f are zero. So we only use
n — d + 1 columns of the Moore matrix in the encoding process.

In summary, the encoding of the optimal symmetric, alternating and Hermitian d-codes
relies on converting the codewords of those codes to simplified linearized polynomials L(x)
under carefully-chosen base of the extension fields, which enables us to treat encoding of
those codes as evaluations of L(x) at linearly independent points.

4 Decoding

In Section 3 the encodings of symmetric, alternating and Hermitian d-codes are in the form
of polynomial evaluation. In this section we will present interpolation-based decoding of
those codes, which make use of some nice properties of Dickson matrices in Proposition 1.

4.1 Key equations for error interpolation polynomials

We start with the optimal symmetric and alternating d-codes in Theorems 4 and 5. Note
that their codewords are in the form Tr(yL(x)) and can be deemed as n-dimensional vec-
tors (L(wy), - .- , L(w,_)) over F .. We assume errors that occur in transmission or storage
medium are also vectors in [F”,

Given a message f = (fy, ... .f,_;) € FX e its correspondlng codeword ¢ = f - NT, where
7 and NT are as given in Sectlon 3. Letr = (ry, ..., 1,_) over F, be a received word when

the codeword ¢ € [F”,, is transmitted, namely, r = ¢ + e for certaln error vector e € [F" Sup-
n—1

pose g(x) = Y. gx!1!is the error interpolation polynomial such that

i=0

@ Springer



1292 Cryptography and Communications (2022) 14:1281-1300

g(wi)=ei=ri_ci’ i=0,...,n—1. (15)

Clearly the error vector e is uniquely determined by the error interpolation polynomial
g(x), and vice versa. Denote g = (g, ..., &,_;)- Then it follows that

r=c+e=(f+g)NT. (16)
Denote by G the associated Dickson matrix of the g-polynomial g(x), i.e.,

(1] [n—1]

8o 8,4 - 8
U g gl g
G = (gi—j (mod n) )nx” = (GOGI"’Gn—l) = 0 2 R
1 n—1
8n-1 g,[,_]z g([) ]

where the subscripts are taken modulo n. Suppose the error e has rank #, by Proposition
1 we know that G has rank ¢ and any ¢ X ¢ submatrix formed by ¢ consecutive rows and
columns in G has rank ¢. Furthermore, the first column of G can be expressed as a linear
combination of Gy, ..., G, as

Gy = 1,G| + -+ A,G,, 17

where Gy, ..., G, are linearly independent over [,

In the following we will make use of the pattern of L(x) in Theorems 4 and 5, which
have consecutive d — 1 zero coefficients (up to a cyclic shift on the coefficients), and the
properties of G in recovering the vector g.

4.1.1 Optimal symmetric d-codes in Theorem 4

For optimal symmetric d-codes, by (6) we can rewrite (16) as

re(NT) = (s oo o Fects O o s 0o oo Fot )
+(go’ oo s 8158k -+ s 8nk> n—k+1s -+ ’gn—l)'

where fo = fy, /; = fand f; = /" for j =1.....k — 1. Recall that k = (n — d +2)/2 for
symmetric d-codes in Theorem 4. Letting # = (f;, ..., B,_;) = r- (NT) ", we obtain

b; fori=k,...,k+d-2,
&= (18)

p—f fori=n—k+1,....,n—2k+1,

where the subscripts are taken modulo n. Since the elements g,....,g,_; are known, from
(17) we can have the following system of linear equations:

8= Mgl + dgty+ o+ Agl k1 <i<n—k, (19)

which contains # unknowns 4,,...,4,in d — 1 — ¢ linear equations.

4.1.2 Optimal alternating d-codes in Theorem 5

From (8) it follows that (16) is equivalent to

@ Springer



Cryptography and Communications (2022) 14:1281-1300 1293

re(NT) ™ = (0,.0,0,Fs s foiesO, ..., 0)
+(80 -+ 2 8e-1:8er -+ + 8ner 8ne1> -+ &n1)-

where ]3+e =f and f,]_eﬂ = —ﬁ["_e_j] for j =0,...k. Suppose we have
B=By s Bpy)=71" ( )_ , similarly we obtain

b; fori=n—e+1,...,n+e—1,
8= (20)

ﬁi—fi fori=e,...,n—e,

where the subscripts are taken modulo n. Based on (20), we obtain the following linear
system of equations

[1]

g=hg + 2,82+ + 48 n—e+1+t1<i<n+e modn @1

i-t’

with 7 unknowns 4,....,4,in 2e —1 —t =d —1 — t linear equations.
From the above analysis, one sees that the equations (19) and (21) are the key equations
for decoding optimal symmetric and optimal alternating d-codes, respectively.

4.1.3 Optimal Hermitian d-codes

The approach of establishing the key equations in decoding Hermitian d-codes is similar to
that for symmetric and alternating d-codes. Because Hermitian d-codes are defined over [
instead of I/, we briefly describe the process in the sequel.

Suppose a Hermitian codeword ¢ € [F;’zn is transmitted and a word r = ¢ + e, with an
n—1

error e with rank 7 added to the codeword c, is received. Suppose g(x) = Y, gxIl is an
i=0

error interpolation polynomial with rank ¢ such that
g(all.ll]]) =e¢=r,—¢;, i=0,...,n—1andle {0,1}, (22)

where we use [ =1 for the Hermitian d-codes in Theorem 7 and [ =0 for the codes in
Theorem 8. It is clear that the error vector e = (e,...,e,_,) is uniquely determined by the
polynomial g(x). Denote by

/1
G =G Go) = (87 ot )
the Dickson matrix associated with g(x), then G has rank ¢ and we can express
GO = AlGl + -+ AZGI’ (23)

with unknown 4;’s in F ..
Denote g = (g, .-, &,—;)- From (14) and (22) it follows that

r=c+e=(Ff+3M. (24)

Case 1. This case considers the optimal Hermitian d-codes in Theorem 7. Recall that
in Theorem 7 the Hermitian d-codes have parameters n,d with opposite parities and the
message space was represented in k- d1mens10nal vectors over [, which are closed under F,
-linear operations. Denoting k = [—] we can rewrite (24) as
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P (M) = (oo Femts Ot 0. F s e i)
+(g0’ ’g)(—l’gx’ ’gn—K—l’gn—K’ ’gn—l)’

where for j =0,1,....x — 1, fn_j_l = (f; + 1y ) andfj'- = ~:Zi], and {1,n} is an F-basis
Of[F 2.

2

Let = (y, ... B,)) =7-(M])"". Since 2k=n —d +1,wehaven —k -1 =x +d -2
and

B; fori=«,...,xk+d-2
8 = (25)

pi—f fori=n—x,....,n+x—1.

This together with (23) gives a system of d —1 — ¢ linear equations over Fp., with ¢
unknowns 4;’s in F .

Case 2. This case considers the optimal Hermitian d-codes in Theorem 8. In this case
n,d are both odd integers. Denote m = (n +1)/2 and x = (n — d)/2. Note that (24) is equiva-
lent to

—1 ~ ~
re(MI)7 = (00,0, /s - pgin 0,02, 0)
+(g0’ s 8m—k—1>8m—r> -+ > 8mtxs Emtr+1s -+ ’gn—l)'

where J, =f"V and for j =12, fusj = (i + nfy)? and f,, =frZ_+;j Denote
B=- b)) =r-(M))". Sincex =(n — d))2, wehaven —1 — (m + k +1) +1 + (m

—k)=n—2k—1=d —1known g;’s and we can obtain

b; fori=m+x+1,....m+x+d-1
8= (26)

Bi—f; fori=m—x,...,m+x,
where the subscripts are taken modulo #. Similarly, this together with (23) gives a system

of d —1 — t linear equations over F», with 7 unknowns 4;’s in F 2.

4.2 Reconstruction of the error polynomial

Recall that the error polynomials g(x) for symmetric and alternating d-codes are g-polyno-
mials over [, and the one for Hermitian d-codes are g*-polynomials over F,2.. Despite the
difference in representation, the approach used for recovering the coefficients will be the
same for those error polynomials. This observation allows us to present the common proce-
dure of reconstructing g(x)’s in a unified manner.

n—1
Let ¢ €{g,q°}. Given an error polynomial g(x) = ¥ € F,» [x] with rank ¢, its associate
i=0

Dickson matrix given by

_ _ o

also has rank ¢ and G, = 4,G, + *** + 4,G, for ¢ unknown 4;’s in F,, which gives rise to a
linearized recurrence as

8= Mg+ A8l e+ Agl forL=0,1,...,n—1 7
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where the subscripts of g;’s are taken modulo n. For the optimal symmetric, alternating and
Hermitian d-codes in Section 2, Section 4.1 has established a system of d —1 — ¢ linear
equations over [, in # unknowns 4; € [, for each of them.

According to the pattern in G, we have the following major steps for recovering the
coefficients g;’s:

Step 1. derive the unknowns 4,,...,4, from the d — 1 — ¢ linear equations given in Sec-
tion 4.1 for each optimal d-code;
Step 2. use 4,,...,4, to recursively compute unknown g,’s in G.

Step 1 is the critical step in the decoding process. In Step 1 one has a system of d — 1
— t linear equations for each optimal d-codes with ¢ unknowns. There are two options
for solving the unknowns. The first option is simply applying Gaussian elimination
algorithm on the equations; and the second option is to apply the modified Berlekamp-
Massey algorithm in [33]. As a matter of fact, with the linearized recurrence in (27), the
task of Step 1 becomes finding the coefficients of modified version of a linear shift reg-
ister as in [33] for given d — 1 consecutive inputs g;’s for each optimal d-codes.

For Step 2, with the recursive relation in (27), one can calculate the remaining
unknown coefficients g;’s in a sequential order.

4.3 Reconstruction of the original message

Recall that for each optimal d-code, it is assumed that a codeword c is transmitted and a
word r = ¢ + e is received. With the error polynomials g(x) obtained in Section 4.2, we
are directly able to derive the codeword ¢ = r — e. With the codeword ¢, we can obtain

n—1 .
the coefficient vector f of the interpolation polynomial f(x) = ¥ fx4" where u €{1,2}.
- . - i=0
One can compute f = (fy, ...,f,_;) = ¢ - (A”)~! where A is the Moore matrix associated
with the linearly independent evaluation points. When the f is obtained, we can further
reconstruct the original message f = (f,,....f;_ ;) according to the encoding for each opti-
mal d-code as follows:

e Symmetricd-codes.

F=00 o Jic) = (J?m ’fk—l)'

e Alternatingd-codes.

f=%wwm0=@wwﬂg.

2

e Hermitian d-codes.

— Case 1. When n,d have different parities: for j €{0,....x — 1} where k =2« we
have the following equations

{Z’ = (f; + fies)”

Fuer = + ). 28)
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The unknown coefﬁ01ents JisT [ € F,. forj €{0,....x — 1} can be seen as the unique
coordinate vector of f" (or f D) expressed with respect to the basis {1,n} of F..
over [, and can be computed dlrectly.

— Case 2. When n,d are both odd: for j € 1,...,k — 1 where k =2k + 1 we have the fol-
lowing linear system of equations

f:‘ m - f qzm _
Foi = G+ )0 29)
fm—j = (f[ + rlf)(+j)q

The coefficient £, can be computed from the first equation as f; =f,Z_2m Similar
to the Calsez(l the unknown coefficients f;f;,. can be seen as coordinate vector of
fq j’Z i ) written with respect to the basis {1,7}. So we can compute all the
unknown coefficients fy, ..., fy_; € F . and recover the message.

4.4 Summary

The decoding algorithms in Section 4 share some similarities and one can summarize the
decoding algorithms for all the restricted codes as follows:

)

2
3
“

©)
(6)
@)

Input: a received word r = (ro, .,¥,_1) with errors of ¢ < ! rank and linearly inde-
pendent points 6y,...,0,_; inF., where u €{1,2}.

n—1 )

Idea: Reconstructing the code’s interpolation polynomial f(x) = Y fx?" via the error
n—1 . =0

interpolation polynomial g(x) = Y g;x?" where f(0,) + g(6) = ¢; + ¢; =
i=0

Output: The codeword c =r — e.

n—1

Compute the coefficients j; of the polynomial f(x) = Z Bix?" where r; = (6,). This is

equivalent to r - (MT)~L, where M is the Moore matrlx associated with 6,’s.
Specify the known coefﬁ01ents (gj,. cos8jtd— )= (ﬁj,. . .,/)’] +d—2)» Where the subscripts are
taken modulo n, based on the code.
Use the 2¢ known coefficients g; as the initial state in the BM algorithm and find the
unique connection vector 4 = (4;,...,4).
Let G be the Dickson matrix associated with g(x) with rank ¢. Write the first column
G, as the linear combination of the columns G,,...,G, which can be written as the fol-
lowing recursive equations
u 2u
g = /llg:’_l + Azg?_z -+ ﬁ,g 0<i<n. (30)

i—t’

Find the remaining coefficients g; using the recursive (30).

Compute f = B> -+ Buet) — (go, ,gn_l).
Compute the codeword ¢ = f - MT

The lines (1) and (7) in the above procedure need O(n>) operations over F,« which can

be optimized if one applies the ideas in [23]. The line (2) needs linear complexity while the
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line (3) dominates the complexity of the whole process. The BM algorithm has complexity
in the order of O(n?) operations over F,. The complexity of the the remaining steps can be
neglected.

4.5 Examples

Example 1 (Symmetric d-Codes) Let C be an optimal symmetric d-code with minimum
distance d =5 and length n =7 defined over [F,;. We consider a normal basis of [F,; over F,
with normal element w = z*° as the evaluation points. Here z is a primitive element in [F2*7.

Encoding: Suppose Alice wants to transfer the message f = (fy,f;) = (z/,z"?) to Bob
via a noisy channel. The code’s evaluation polynomial would have the coefficient vector

f= (fo,fl,O, 0,0, O,flqﬁ> = (27,23,0,0,0,0,27°) which gives the codeword

1011110
0010010
1100101
c=f(M") = (21%,2,211,212,27,24,2) =[ 100000 1 |,
1010101
1100000
0011101

in symmetric form.
Channel’s transmission: We assume that the noisy channel adds an error vector
e = (293,71%6,7126 283 7126 7126 7126) with rank ¢ =2 to the codeword ¢ and Bob receives

the word

r=c4e= (24,Z4S,Z124,252,237,Z

104, 113).
Decoding: Now Bob received r and he wants to recover the message f. He first com-
putes f=r- (M) = (217,27, 2%, 2124, z'600,183,z86) and directly gets the coefficients

(82:83:84:85) = (Bo,P3.84,05) where g(x) = gixzi is the error interpolation polynomial
i=0
and g = (g, ..., &) Then he submits (g,,83.84.85) in the BM algorithm and obtains the

unique connection vector (4, 4,) = (125 ,zlzé). Now he uses both (g,,83.84.85) and
(41,4,) as inputs for modified version of LFSR described in [33] and get the vector

8 124 _100 83 _5 115 71
(®.z

a = (8, 83:84-85- 8680+ 81) = ,2'0,28,29,7'% ¢ )

115 71 98 124 55)
> > > ).

Now he can rearrange the components of @ and gets g = (z 20,7, 2,27, 2%, 2
Since he knows f and g, he is able to compute f = g -3 = (z/,2'3,0,0,0,0,z7°) and

finally £ = (fo./;) = (.2").

100 83
9 b

Example 2 (Alternating d-Codes) Suppose D € [, be an alternating d-code with
length n =9 and minimum distance d =6. Let w = z**’ be the normal element for
our normal basis which is used as the interpolation points. For the received word
r= (2793, 380,930, 7227 481 M5 7426 7404 2339 containing error of 1 = |(d —1)/2] =2
rank, we can compute f, (4,, 4,),a, &,f, c and f similar to Example 1 as follows:

e f= (Z486’1233’Z334’1155,Z167’ 226,

483 231 88
.21, 2%,

Z Z Z
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BosBr1:PasP1:Ps) = (80:81:82:87:88)-
BM algorithm input (5,,85.80.8,.5,) gives (4,, 4,) = (2'%*,22%),
modified LESR input (5,.5;.50.0.5,) and (4,,4,) gives

a = (ﬂ7’ ﬂg’ ﬂ()a ﬂl’ ﬂ2’ g%y g4a gSs g(;)

— (Z23l , Z88 2486, 1233’ Z334 ZSOS Z1 13’ Z265, 2425),

(1486’2233 334 ZSOS Z113 Z265 Z425,Z ,Z )’

ﬂ g — (0 0 0 Z77 397 2440 329 0 0)

f (MT) — Z244 Z4]2 Z364,Z400 Z368 Zlﬁl,lez,ng,lez),

f=0f) = (Bfa) = (7.27).

<': &Nom

Example 3 (Hermitian d-Codes) Suppose C € F 21 , be an optimal Hermitian d-code with
length n =7, minimum distance d =5 and 5 = z. We use the normal basis W of [,.s over Fy,
with normal element w = z3%°! as the evaluation points, where z is the primitive element in
F*, Letr = (13672, 72957 71343 3039 /10923 9913 21618) be a received word with error of ¢t =

(d _ 1)/% = 2 rank. Then ,B =r. (MT)—I — (15036,25234,2203,2840,12939,213080 15830) Let
g=3 gix22[ be the error interpolation polynomial. Due to the expected form of f in

optimai OHermitian d-codes we have (By.f,.,.8c) = (80.81:82:8¢)- Now we submit
(Bs:Po-Br-P) in the BM algorithm and get the output (4, A,) = (2'"'*,z!4283). using both
(Bs.BosP1,P) and (4,,4,) as the input for the modified version of linear feedback shift regis-
ter explained in [33], we get

15830 5036 5234 203 _12223 _9784 _1048
a = (B, Bo» Br» Pr 83 84> 85) = (21790, 229°0, 27234, 2205, 712223 9784 1098,

So = (15036,15234,1203,112223,z9734,11048,z15830) and the code’s evaluation polynomial
has the coefficient vector f = (0,0,0, 746, 711481 715498 0) Then the codeword is

CcC =

>
<

< o< o~ o o |

(Z781, Zl3]3,Z4481,25]30,Z1671,Z9656,Z1567)

y y 1

S O =
o = O

o
—_—te e
[T SR )

1
y
0
0
y
y
0

—_—t L

where y is the primitive element in F, and the message is f' = (fp,....fi_) = 817,12
where [ is the primitive element in F.

5 Conclusion

This work proposes the first encoding and decoding methods for three restricted families
of rank metric codes including optimal symmetric, optimal alternating and optimal Her-
mitian rank metric codes. We showed that the evaluation encoding is a right choice for the
aforementioned families and the proposed encoding methods are easily reversible and effi-
cient. We also introduce three interpolation-based decoding algorithms that are based on
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the properties of Dickson matrix associated with linearized polynomials. In the decoding
process we reduced the rank decoding problem to the problem of solving a system of lin-
ear equations which can be solved by Gaussian elimination method or Berlekamp-Massey
algorithm in polynomial time.

Acknowledgements The authors would like to thank the anonymous reviewers for their valuable sugges-
tions and comments. The work of Chunlei Li was supported by the Research Council of Norway under
Grants 247742 and 311646. The work of Ferdinando Zullo was supported by the project “VALERE: VAn-
viteLli pEr la RicErca” of the University of Campania “Luigi Vanvitelli” and was partially supported by the
Italian National Group for Algebraic and Geometric Structures and their Applications (GNSAGA - INdAM).

Funding Open access funding provided by University of Bergen (incl Haukeland University Hospital)

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License,
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long
as you give appropriate credit to the original author(s) and the source, provide a link to the Creative Com-
mons licence, and indicate if changes were made. The images or other third party material in this article
are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons licence and your intended use is not
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly
from the copyright holder. To view a copy of this licence, visithttp://creativecommons.org/licenses/by/4.0/.

References

1. De La Cruz, J., Evilla, J.R., Ozbudak, F.: Hermitian rank metric codes and duality. IEEE Access 9,
38479-38487 (2021)

2. Delsarte, P.: Bilinear forms over a finite field, with applications to coding theory. J. Comb. Theory A
25(3), 226-241 (1978)

3. Delsarte, P., Goethals, J.-M.: Alternating bilinear forms over GF(g). J. Comb. Theory A 19(1), 26-50
(1975)

4. Dickson, L.: Linear Groups, with an Exposition of the Galois Field Theory - Scholar’s Choice Edition.
Creative Media Partners LLC (2015)

5. Gabidulin, E.M.: Theory of codes with maximum rank distance. Probl. Peredachi Informatsii 21(1),
3-16 (1985)

6. Gabidulin, E.M., Paramonov, A., Tretjakov, O.: Ideals over a non-commutative ring and their applica-
tion in cryptology. In: Advances in Cryptology —- EUROCRYPT 91, pp 482—489. Springer (1991)

7. Gabidulin, E.M., Paramonov, A.V., Tretjakov, O.V.: Ideals over a non-commutative ring and their
application in cryptology. In: Davies, D.W. (ed.) Advances in Cryptology — EUROCRYPT 91, pp 482—
489. Springer (1991)

8. Gorla, E., Ravagnani, A.: Codes endowed with the rank metric. In: Network Coding and Subspace
Designs, pp 03-23. Springer (2018)

9. Kadir, W.K.: New communication models and decoding of maximum rank distance codes. In: 2021
XVII International Symposium “Problems of Redundancy in Information and Control Systems,
(REDUNDANCY), pp 125-130 (2021)

10. Kadir, W.K., Li, C.: On decoding additive generalized twisted gabidulin codes. Cryptogr. Commun.
12, 987-1009 (2020)

11. Kadir, WK., Li, C., Zullo, F.: On interpolation-based decoding of a class of maximum rank distance
codes. In: 2021 IEEE International Symposium on Information Theory (ISIT), pp 31-36 (2021)

12. Kshevetskiy, A., Gabidulin, E.: The new construction of rank codes. Proceedings. International Sym-
posium on Information Theory, 2005 (2005)

13. Li, C.: Interpolation-based decoding of nonlinear maximum rank distance codes. In: 2019 IEEE Inter-
national Symposium on Information Theory (ISIT), pp 2054-2058 (2019)

14. Li, C., Kadir, W.K.: On decoding additive generalized twisted Gabidulin codes. presented at the Inter-
national Workshop on Coding and Cryptography (WCC) (2019)

15. Lidl, R., Niederreiter, H.: Finite Fields. Encyclopedia of Mathematics and its Applications. Cambridge
University Press, 2 edn. (1997)

@ Springer


http://creativecommons.org/licenses/by/4.0/

1300 Cryptography and Communications (2022) 14:1281-1300

16. Loidreau, P.: A Welch-Berlekamp like algorithm for decoding Gabidulin codes. In: Ytrehus, @. (ed.)
International Workshop on Coding and Cryptography (WCC), pp 36—45. Springer, Berlin, Heidelberg,
(2006)

17. Longobardi, G., Lunardon, G., Trombetti, R., Zhou, Y.: Automorphism groups and new constructions
of maximum additive rank metric codes with restrictions. Discret. Math. 343(7), 111871 (2020)

18. Lunardon, G., Trombetti, R., codes, Y. Zhou.: Generalized twisted Gabidulin. J. Comb. Theory A 159,
79-106 (2018)

19. Menichetti, G.: Roots of affine polynomials. In: Barlotti, A., Biliotti, M., Cossu, A., Korchmaros, G.,
Tallini, G. (eds.) Combinatorics ’84, volume 123 of North-Holland Mathematics Studies, pp 303-310,
North-Holland (1986)

20. Otal, K., Ozbudak, F.: Additive rank metric codes. IEEE Trans. Inf. Theory 63(1), 164-168 (2017)

21. Otal, K., Ozbudak, F.: Constructions of cyclic subspace codes and maximum rank distance codes. In:
Network Coding and Subspace Designs, pp 43—-66. Springer (2018)

22. Otal, K., Ozbudak, F.: Some new non-additive maximum rank distance codes. Finite Fields Appl. 50,
293-303 (2018)

23. Puchinger, S., Wachter-Zeh, A.: Fast operations on linearized polynomials and their applications in
coding theory. J. Symb. Comput. 89, 194-215 (2018)

24. Randrianarisoa, T.H.: A decoding algorithm for rank metric codes. arXiv:1712.07060 (2017)

25. Richter, G., Plass, S.: Fast decoding of rank-codes with rank errors and column erasures. In: Interna-
tional Symposium on Information Theory (ISIT), pp 398-398 (2004)

26. Rosenthal, J., Randrianarisoa, T.H.: A decoding algorithm for twisted Gabidulin codes. In: Interna-
tional Symposium on Information Theory (ISIT), pp 2771-2774. IEEE (2017)

27. Roth, RM.: Maximum-rank array codes and their application to crisscross error correction. IEEE
Trans. Inf. Theory 37(2), 328-336 (1991)

28. Schmidt, K.-U.: Symmetric bilinear forms over finite fields of even characteristic. J. Comb. Theory A
117(8), 1011-1026 (2010)

29. Schmidt, K.-U.: Symmetric bilinear forms over finite fields with applications to coding theory. J. Alge-
braic Comb. 42(2), 635-670 (2015)

30. Schmidt, K.-U.: Hermitian rank distance codes. Des. Codes Crypt. 86(7), 1469-1481 (2018)

31. Sheekey, J.: A new family of linear maximum rank distance codes. Adv. Math. Commun. 10, 475
(2016)

32. Sheekey, J., codes, M.R.D.: Constructions and connections. Combinatorics and Finite Fields: Differ-
ence Sets, Polynomials, Pseudorandomness and Applications, edited by Kai-Uwe Schmidt and Arne
Winterhof, Berlin, Boston: De Gruyter, 2019, pp 255-286 (2019)

33. Sidorenko, V., Richter, G., Bossert, M.: Linearized shift-register synthesis. IEEE Trans. Inf. Theory
57(9), 6025-6032 (2011)

34. Silva, D., Kschischang, F.R.: Fast encoding and decoding of Gabidulin codes. In: International Sympo-
sium on Information Theory (ISIT), pp 2858-2862. IEEE (2009)

35. Silva, D., Kschischang, F.R., Koetter, R.: A rank-metric approach to error control in random network
coding. IEEE Trans Inform Theory 54(9), 3951-3967 (2008)

36. Trombetti, R., Zhou, Y.: A new family of MRD codes in [qu"xz” with right and middle nuclei F,. IEEE
Trans. Inf. Theory 65(2), 1054-1062 (2019)

37. Trombetti, R., Zullo, F.: On maximum additive Hermitian rank-metric codes. Journal of Algebraic
Combinatorics, pp. 1-21 (2020)

38. Welch, L.R., Berlekamp, E.R.: Error correction for algebraic block codes, Dec. 30 1986. US Patent
4,633,470

39. Zhou, Y.: On equivalence of maximum additive symmetric rank-distance codes. Des. Codes Crypt.
88(5), 841-850 (2020)

Publisher’s note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer


http://arxiv.org/abs/1712.07060

	Encoding and decoding of several optimal rank metric codes
	Abstract
	1 Introduction
	2 Preliminaries
	2.1 Optimal symmetric and alternating d-codes
	2.2 Optimal Hermitian d-codes

	3 Encoding
	3.1 Encoding of symmetric d-codes
	3.2 Encoding of alternating d-codes
	3.3 Encoding of Hermitian d-codes

	4 Decoding
	4.1 Key equations for error interpolation polynomials
	4.1.1 Optimal symmetric d-codes in Theorem 4
	4.1.2 Optimal alternating d-codes in Theorem 5
	4.1.3 Optimal Hermitian d-codes

	4.2 Reconstruction of the error polynomial
	4.3 Reconstruction of the original message
	4.4 Summary
	4.5 Examples

	5 Conclusion
	Acknowledgements 
	References


