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Interpreting the results of scattering data for complex materials with a hier-
archical structure in which at least one phase is amorphous presents a sig-
nificant challenge. Often the interpretation relies on the use of large-scale
molecular dynamics (MD) simulations, in which a structure is hypothesized
and from which a radial distribution function (RDF) can be extracted and
directly compared against an experimental RDF. This computationally
intensive approach presents a bottleneck in the efficient characterization of
the atomic structure of new materials. Here, we propose and demonstrate an
approach for a hierarchical decomposition of the RDF in which MD simula-
tions are replaced by a combination of tractable models and theory at the
atomic scale and the mesoscale, which when combined yield the RDF. We
apply the procedure to a carbon composite, in which graphitic nanocrystallites
are distributed in an amorphous domain. We compare the model with the RDF
from both MD simulation and neutron scattering data. This procedure is
applicable for understanding the fundamental processing-structure-property
relationships in complex magnetic materials.

INTRODUCTION

Modern material discovery efforts are predicated
on the development of predictive structure/property
relationships. These relationships must invoke
structural descriptors that contain information rel-
evant to the properties of interest. Often these
descriptors are measures of the local environment
at the atomic scale and the mesoscale. Typically, the
representation available of the structure of a mate-
rial comes from x-ray or neutron scattering exper-
iments in the form of the structural function, S(Q),
or equivalently its Fourier transform, the radial
distribution function (RDF). For crystalline materi-
als, the transformation of this data-lean description
to a data-rich representation, (e.g., the atomic
coordinates and lattice parameters of the unit cell)
is routinely accomplished via existing software.1,2

However, for complex materials, which are highly
disordered, amorphous, and/or hierarchically struc-
tured, neither the interpretation of the RDF nor its
transformation to a data-rich format is

straightforward. On-going efforts exist to develop a
general approach to extracting information regard-
ing the structure of complex materials via
scattering.3,4

One approach currently used involves hypothe-
sizing the structure with a sufficient number of
atoms to capture the structure on length scales of
interest. For large systems, molecular dynamics
(MD) simulation is invoked to equilibrate the struc-
ture. Once equilibrated, an RDF can be generated
from the simulation and compared directly to the
experimental RDF. If the agreement between sim-
ulation and experiment is poor, another iteration of
the simulations must be performed. Examples can
be found for amorphous iron5 and for carbon
composites, in which graphitic nanoparticles are
dispersed within a disordered amorphous carbon
matrix.6–8 This approach is computationally and
labor intensive.

This article introduces an alternative approach to
the interpretation of the scattering data of complex
materials, which removes this computational
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bottleneck and has the potential to be automated in
a manner analogous to software targeted at crys-
talline materials. This approach embraces the hier-
archical structure of complex materials by
introducing a hierarchical decomposition of the
RDF. If each component of an RDF can be described
in terms of a well-established model or theory at the
atomic scale or the mesoscale, then a satisfactorily
accurate understanding of the structure contained
within the scattering data can be quickly generated.
Such an approach has the potential to speed up the
rate of material discovery in many fields. For
example, non-rare-earth magnetic materials,9

hybrid perovskites,10 conducting polymers,11 solid
state electrolytes,12 carbon fibers,13 and memory
polymers14 are complex materials composed of both
amorphous and crystalline domains.

A hierarchical structure in which crystalline
nanoparticles, displaying hard magnetism, are dis-
persed uniformly within an amorphous ferromag-
netic matrix, displaying soft magnetism has been
discovered in melt-spun ribbons of rare-earth-free
Hf2Co11B.9 This composite material exhibited com-
parable ferromagnetic performance to the best
existing materials. The ability to predictively under-
stand how processing conditions modify the struc-
ture and, in turn, their impact on magnet
performance would address fundamental scientific
questions regarding emergent properties in hierar-
chically structured materials and specifically deli-
ver new permanent magnets.

In this work, we provide the first demonstration
of this hierarchical decomposition for carbon com-
posites, based on pyrolyzed lignin. The model RDF
is compared to MD simulation on a component-by-
component basis to demonstrate that this approach
is a physics-based rather than a fitting algorithm.
The model RDF is also compared to the experimen-
tally determined scattering data from the Spallation
Neutron Source (SNS). Since the crystalline/amor-
phous composite magnets are mesoscopic isomorphs
of the carbon composites, the developed tool can be
directly extended to understand the basis of pro-
cessing-structure-property relationships in non-
rare-earth magnets.

NATURE OF THE DECOMPOSITION

Because the RDF describes correlations between
pairs of atoms, at the first level of decomposition, a
general composite can be formulated in terms of
interactions between atoms located within the same
phase (intraphase) and those in different phases
(interphase).15 In the example shown in Fig. 1a, the
carbon composite is composed of two phases, the
first consisting of crystalline (graphitic) nanoparti-
cles shown in gray and the second consisting of
amorphous carbon, represented as fragments of
graphene shown in blue. As illustrated, both phases
need not be contiguous and the model is directly
generalizable to materials with more than two

phases and with diffuse boundaries. The first level
of decomposition, as shown on the first line of
Fig. 1c, contains three terms: an amorphous-amor-
phous (AA), amorphous-crystalline (AC), and a
crystalline-crystalline (CC) component.

The ability to further decompose the model
depends on the ability to identify smaller structural
units in each phase. For an interphase component,
such as AC, there is likely no further decomposition.
For intraphase components, there are several
options, two of which are illustrated in this exam-
ple. In the amorphous phase, we consider the
structural unit to be a fragment of graphene sheets,
a choice motivated by the graphitization induced by
the pyrolysis process and ultimately validated by
comparison of the simulated RDF with experiment.
In this case, the AA term is decomposed at the
second level into interplanar (AA,interP) and intra-
planar (AA,intraP) terms. For phases composed of
nanoparticles such as the crystalline phase, the
nanoparticle is a structural unit. Thus, the CC term
is decomposed at the second level into intercrystal-
lite (CC,interC) and intracrystallite (CC,intraC)
terms. Each nanoparticle has an internal structure
that can be further decomposed. Since the particle is
graphitic, a layered crystal, the CC,intraC term can
be decomposed into interplanar (CC,intraC,interP)
and intraplanar (CC,intraC,intraP) terms. For
other nanoparticles with negligible internal degrees

Fig. 1. Model structure and the general formulation of its decom-
position of a carbon composite. (a) Structural model of a lignin-de-
rived carbon composite used as a battery anode material consisting
of crystalline graphitic nanoparticles (in gray) distributed in a matrix
of amorphous carbon (in blue). The crystallite size, rc = 5 Å, com-
posite density, q = 1.94 g/cm3 and crystalline volume fraction,
/c = 0.9.7 (b) Schematic of the hierarchical decomposition of the
model structure. (c) The resulting decomposition equation of the
RDF.
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of freedom, further decomposition of the nanoparti-
cle may not be necessary. In this example, the six
components pulled from the first, second, and third
levels of decomposition are illustrated graphically in
Fig. 1b, whose numbering correspond to the analo-
gously numbered terms in Fig. 1c.

The goal in this decomposition is to create a set of
components for which an RDF can be readily
evaluated by theory without resorting to MD sim-
ulation. However, to demonstrate that the process is
not simply an exercise in curve fitting, we must
establish a physical basis for each component of the
RDF. To do so, we require a decomposition based on
MD as a validation of the procedure. The example in
this work illustrates the simplicity and broad
applicability of the decomposition approach. In the
case of a carbon composite, six components are
identified, pulled from the first, second, and third
levels of decomposition. These components are
illustrated graphically in Fig. 1b. The numbering
of the components in Fig. 1b corresponds to the
analogously numbered terms in Fig. 1c.

Justification of the Decomposition

Since only the total RDF is available experimen-
tally, the advantage of a decomposition has not been
apparent. However, for this carbon composite exam-
ple, a full MD simulation analysis of a suite of
composites was performed.7 From simulation, the
decomposition can be easily performed since the
origin of each pair correlation can be readily iden-
tified as one of the six components in Fig. 1. The
decomposition of the RDF not only provides a much
clearer understanding of the origin of each feature
in the total RDF, but it also provides additional
insight into the structure captured in the RDF. In
Fig. 2, the six components of the RDF as obtained
from MD simulation are plotted.

With the advantage of seeing the utility of this
decomposition, we were motivated to find an
approach that can reproduce it without resorting
to MD simulations.

Evaluation of the Decomposition

Each component of the RDF can be approximated
in a straightforward manner at either the atomic-
scale or the mesoscale level. The nature of each
decomposition is described as follows.

Amorphous-Crystalline (AC) Component

This component represents an interphase contri-
bution between pairs of atom in the amorphous and
crystalline phase. Here a mesoscale, mean-field
theory is adopted that neglects the atomistic struc-
ture of the material, replacing it with a continuum
mean-field density. The evaluation of the AC com-
ponent requires the RDF describing the interaction
of a single nanoparticle in an infinite amorphous
matrix followed by an averaging over the

distribution of nanoparticles. The single-particle
RDF is generated through a four-step process that
is used repeatedly in this work. First, a joint
probability distribution is formulated over the six
independent coordinates of the two atoms in the
pair. Since the coordinates are independent, the
joint probability distribution is the product of the
single-variable probability distributions. Second,
the radial argument r of the RDF is defined as a
function of the independent coordinates in the
system. Third, the cumulative distribution function
is obtained in terms of the single variable of
interest, r, by analytically integrating over all the
independent variables across the volumes of inter-
est, e.g., a sphere for a nanoparticle. Fourth, the
differentiation of the cumulative probability distri-
bution function, F(r), with respect to r yields the
probability distribution function, f(r), which can
then be normalized to give the component RDF, g(r).

In the evaluation of the AC component, there are
two parameters in the model, the atom size,r, and the
radius of the crystallite, rc, whose values were 2.8 Å
and 5 Å, respectively, as determined from structural
characterization experiments such as the transmis-
sion electron microscope. We assumed that the
nanoparticles were distributed uniformly through-
out the material, although the approach readily
accommodates other distributions. The result of the
model for the AC component is shown in Fig. 2a,
along with the RDF obtained from MD simulation.7

The AC component of the RDF rises steeply at r and
then quickly plateaus. The simulation RDF shows
some additional features at short distances. How-
ever, it is unclear whether these features are artifacts
from a small system size (70,000 atoms in this
simulation) that would disappear through the aver-
aging present in larger systems. There is no exper-
iment to compare with for a single component of the
RDF. Comparison with experiment must be delayed
until all components are generated.

Amorphous-Amorphous, Intraplanar (AA,intraP)
Component

Based on an understanding of the pyrolysis
process of lignin, the amorphous phase of this
carbon composite was modeled as randomly ori-
ented fragments of graphene. At low crystalline
volume fraction, the amorphous phase is a contin-
uous matrix. At high crystalline volume fraction (as
is the case in this example), the amorphous phase
fills interstitial spaces between crystallites.
Although in the simulation, the amorphous phase
is composed of a distribution of fragment sizes, in
the model, we assume a single, circular fragment.
Thus, there is one geometric parameter in this
component, the characteristic radius of the gra-
phene planes in the amorphous domain,ra, which is
2.5 Å. To evaluate this term, we took the known
crystal structure of graphene and cut out a circle of
radius raand explicitly evaluated the RDF, a trivial
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exercise given that such a fragment contains only 10
C atoms. We then broadened each peak with a
Gaussian distribution representing thermal noise.
The variance of this Gaussian represents a second
parameter for this component, which captures both
temperature and the force constant of the C-C bond
within a graphene plane. As shown in Fig. 2b, the
AA,intraP component of the RDF from model and
simulation agree very well.

Amorphous-Amorphous, Interplanar (AA,interP)
Component

In general, we have very little information
regarding the irregular shape of the amorphous
domain or the organization of graphene fragments
within it. Therefore, we rely on a low-order approx-
imation for this component, namely, the mean-field
approximation again. This approximation requires
the atom size, r, already introduced and a second
(and final) Gaussian distribution variance. As
shown in Fig. 2c, the AA,interP rises and then
reaches a plateau at 0.008. The model agrees
qualitatively with the simulation. Again, the dis-
crepancy lies in features at short distances, which
may be artifacts due to small simulation sizes.

Crystalline-Crystalline, Intercrystallite (CC,interC)
Component

The CC,interC component represents contribu-
tions from atoms in different crystallites. As was the
case in the AC component, the same mesoscale

model of spherical nanoparticles without atomistic
detail is invoked. Following the same procedure, we
analytically derived the RDF for a pair of spheres,
separated by distance, d. We then assumed the
same uniform distribution of spheres beginning at
separations that avoided particle overlap. This
resulted in a curve with the general, smooth shape
of a complementary error function. This approach
worked very well for systems with low-crystallite
volume fractions. However, for high values of /c (0.9
in this example), we observed a more complicated
structure in the RDF. In fact, at high /c, two
features are observed, the sharp rise due to an
atomic interface as shown in Fig. 2a and c and a
much slower rise over the particle size. Thus, the
CC,interC was captured in two effects as shown in
Fig. 2d, in which a steep rise due to atomic inter-
actions between two crystallites pressed against
each other eventually leads to a more general rise
reflecting the shape of the nanoparticle.

Crystalline-Crystalline, Intracrystallite, Intrapla-
nar (CC,intraC,intraP) Component

The interaction between two carbon atoms within
the same plane of a crystallite is treated in an
exactly analogous way as was the intraplanar
interaction in the amorphous phase, through expli-
cit counting of pairs from the graphene crystal
structure for a plane of radius, rc, which is again
trivial as a plane of radius 5 Å contains 31 C atoms.
The assumption that all planes in the crystallite are

Fig. 2. Comparison of the component RDFs from model and MD simulation: (a) AC component (b) AA,intraP component, (c) AA,interP com-
ponent, (d) CC,interC component, (e) CC,intraC,intraP component, and (f) CC,intraC,interP component.
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the same size does not correspond to a spherical
nanoparticle but to a cylindrical nanoparticle. This
is a nonessential simplifying assumption used in
this analysis. The value of 5 Å corresponds to the
radius of the nanocrystallites used in the simula-
tion. The peaks are broadened with the same
Gaussian distribution used in the amorphous phase,
resulting in no additional structural parameters for
this component. As shown in Fig. 2e, the CC,in-
traC,intraP component of the RDF from the model
and simulation agree very well.

Crystalline-Crystalline, Intracrystallite, Interplanar
(CC,intraC,interP) Component

The interaction between two carbon atoms in
different planes with the same crystallite is treated
at the mesoscale. We assumed each plane was a
circular disk with uniform distribution of density.
Following the procedure described for the AC, we
derived an analytical expression for the interaction
between two planes as a function of the distance
between them. This distance between planes, dp, is
a parameter in the model. Here we used 3 Å, a
reasonable value supported by experiment.16 A
nanocrystallite of radius 5 Å contains three planes.
Therefore, there will be contributions to the RDF at
two distances: adjacent planes and planes separated
by one plane between them. As shown in Fig. 2f, the
component displays two peaks corresponding to the
two distinct distances. Larger crystallites will have
more peaks in this component RDF because they
contain more planes. At 0 K, these nanoparticles
generate a sharp peak. However, at room temper-
ature, the peak due to this planar spacing is broadly
distributed, which is why graphitic nanoparticles
have been called entropically driven structures.16

This feature can be lost in the background of the
total RDF, a point that highlights the value of this
decomposition.

Weighting Constants

To the total RDF, each component must be
weighted appropriately. These weights are rigor-
ously determined by the relative preponderance of
each type of pair correlation, which is a function of
the number of atoms in each phase and in each
plane. The essential structural quantities to deter-
mine these weights are the volume fractions and the
densities of the phases, properties that can be
provided through other experiments (microscopy
and various densometry techniques) or fit.

Total RDF

The total RDF is shown in Fig. 3. The RDF from
simulation and model are obtained by summing the
six terms in Fig. 2. The experimental RDF was
obtained on the NOMAD beam line at SNS. Careful
comparison of the simulated and experimental
RDFs has been previously presented.7 What is

new here is the addition of the model. There is
some noise at low separations in the experimental
data. Every peak that appears in the experimental
data also appears in the simulated and model data;
these peaks originate from intraplanar interactions
in the amorphous and crystalline phases. The
largest observable difference between the simula-
tion and the experimental result appears between
the third and fourth peaks at a value slightly
greater than 3 Å. Perhaps, we have underestimated
the fluidity of the planes within such small crystal-
lites, as does the simulation. Regardless, the model
offers just as good of a comparison with experiment
as does the MD simulation.

The MD simulations of the carbon composite
materials included from 70,000 C atoms to 550,000
C atoms and used 1000 CPU hours to 10,000 CPU
hours each.7 The model used less than one second of
CPU time on a laptop. Thus, for a comparable level
of accuracy, the model offers at least six orders of
magnitude increase in efficiency. The true value of
the simulation was in providing a well-founded
basis for the decomposition. Because of its low
computational requirement, the model can be used
to explore other structural variables in the system,
such as polydispersity of nanoparticles or nanopar-
ticle arrangements in a reasonable time frame.
Thus, the efficiency gain enables a much broader
scientific investigation.

The ultimate goal is to replace computationally
expensive MD simulations with theoretical approx-
imations to the greatest extent possible. The inter-
pretation of experimental data could be done in the
absence of the decomposition from MD. The param-
eters in the theory would be fit to the total RDF
available from experiment. Each component of the
RDF would be evaluated but the difference between
the total RDF generated from experiment and the

Fig. 3. Comparison of the total RDF from the model to results from
MD simulation and NS experiments.
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model would serve as the objective function upon
which optimization is based. Certainly the model
parameters, such as volume fraction of the crys-
talline phase and size of the nanocrystallites can be
initialized and or bounded based on corroborating
experimental evidence from electron microscopy.
One can also imagine that the presence of a
decomposition of the RDF from MD for one example
of the material might prove beneficial, while a fuller
range of structures due to variation in, for example,
a processing parameter is investigated strictly using
the more computationally efficient model.

CONCLUSION

A hierarchical decomposition of the RDF was
presented. The process decomposes contributions to
the RDF in a hierarchical manner until all compo-
nents are able to be rapidly evaluated by theory or
model, at either the atomic scale or the mesoscale.
The model rivals the MD simulation in the ability to
explain scattering data of hierarchical materials at
a fraction of the computational cost. The hierarchi-
cal decomposition of the RDF described earlier and
applied to a carbon composite is generalizable and
can readily be applied to any composite material in
which nanoparticles of one phase are distributed in
a matrix of another phase. We anticipate that the
model, combined with experiment and simulation,
will provide structure-property relationships that
will lay the foundation for the discovery of new
magnets that can be used in electronics, wind
turbines, and electric vehicle motors. This combi-
nation of theory, experiment, and simulation is
consistent with the aims of the Materials Genome
Initiative17 for the rapid development of material
structures, through high-throughput computational
analysis to extract maximum insight from limited
experiments.
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