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Abstract A generalized model of the Atwood machine when two bodies can swing in a plane is considered.
Combining symbolic and numerical calculations, we have obtained equations of motion of the system and analyzed
their solutions. We have shown that oscillations can completely modify motion of the system while the simple
Atwood machine demonstrates only the uniformly accelerated motion of the bodies. In particular, a quasi-periodic
motion of the system can take place even in case of equal masses of the bodies. We have also obtained a differential
equation determining an averaged translational motion of the system and have shown that its solution corresponds
completely to the numerical solution of the exact differential equations ofmotion. The validity of the results obtained
is demonstrated by means of the simulation of motion of swinging Atwood’s machine with the computer algebra
system Wolfram Mathematica.

Keywords Atwood’s machine · Oscillation · Quasi-periodic motion · Averaged motion · Simulation · Wolfram
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1 Introduction

The uniformly accelerated motion is traditionally considered in the course in physics and the Atwood machine was
proposed to demonstrate just such kind of motion (see [1]). In the simplest case it consists of two bodies, having
massesm1 andm2 (m2 > m1), attached to opposite ends of a massless inextensible thread wound round a massless
frictionless pulley. If each body is constrained to move only along a vertical and the thread doesn’t slip on the
pulley, the Atwood machine has only one degree of freedom. Using Newton’s second law, one can easily obtain the
following expression for the acceleration of the bodies:

a = m2 − m1

m2 + m1
g , (1.1)

where g is a gravity acceleration.
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However, in real experiment the bodies, being hung on a flexible thread, can oscillate during their motion under
an influence of the force of gravity. In such a case the Atwood machine has more than one degree of freedom and
its motion is described by a complex system of nonlinear differential equations. Although a general solution of this
system can not be found in symbolic form, one can choose some realistic values of the system parameters and solve
the equations numerically. Such simulation and real experiments show that the oscillations can modify the system
motion significantly and some unexpected kinds of motion such as a quasi-periodic or chaotic motion can arise
(see [2–9]).

To clarify the physical reasons of such influence of oscillation on the system motion in the previous paper [10]
we considered the simplest generalization of the Atwood machine when only one body is allowed to swing in a
plane while the other body can move only along a vertical. We have shown that oscillation results in increasing of
an averaged tension of the thread which depends on the amplitude of oscillation. If the amplitude becomes large
enough the averaged tension exceeds the gravity force m2g, and the body of the smaller mass m1 can pull the body
m2 up, which is not possible in the system without oscillation. As a result a quasi-periodic motion of the system
can occur.

In the present paper we consider the more complicated Atwood machine when both bodies are allowed to swing
in the plane. Such a system has three degrees of freedom and can demonstrate different kinds of quasi-periodic
motion depending on the mass difference and initial conditions. Note that the equations of motion become more
complicated and their analysis requires to combine symbolic and numerical calculations. However, such analysis
can be successfully performed with the computer algebra system Mathematica (see [11]) that is used for doing all
relevant calculations and visualization of results.

2 Equations of Motion

Let us consider a generalization of Atwood’smachinewhen both bodies are allowed to swing in a plane. To eliminate
an influence of the pulley mass and size on the systemmotion and to take into account only oscillations of the bodies
we replace the pulley in the standard Atwood machine by two separated small massless pulleys (see Fig. 1). The
corresponding mechanical system has three degrees of freedom and its geometrical configuration can be described
in terms of three variables, namely, two angles ϕ1, ϕ2 determining deviation of the thread from a vertical in the
left-hand and right-hand sides of the system, and a length r of the thread between the body m1 and the point, where
the thread departs from the pulley. Then Cartesian coordinates x1, y1, x2, y2 of the bodies can be determined as

x1(t) = r(t) sin ϕ1(t) , y1(t) = −r(t) cosϕ1(t) ,

x2(t) = −b + (L − r(t)) sin ϕ2(t) , y2(t) = −(L − r(t)) cosϕ2(t) ,

where the distance between the pulleys b does not influence the dynamics of the system and is chosen from the
condition of avoiding collisions of the bodies. Note that the radius of each pulley is considered to be negligibly
small and so the total length of the thread is equal to L + b.

Doing standard symbolic calculation, we can write the Lagrangian function of the system as (see, for exam-
ple, [12])

L = 1

2
ṙ2 + 1

2(1 + μ)

(
r2ϕ̇2

1 + (L − r)2ϕ̇2
2

)

+ g

1 + μ
(r cosϕ1 + μ(L − r) cosϕ2) , (2.1)

where the dot in ẋ denotes the time derivative of the function x(t), and μ = m2/m1 is the system parameter. Note
that the corresponding Hamiltonian given by
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Fig. 1 Generalized
Atwood’s machine with two
oscillating bodies

m

m

H = p2r
2

+ 1 + μ

2

(
p2ϕ1
r2

+ p2ϕ2
(L − r)2

)

− g

1 + μ
(r cosϕ1 + μ(L − r) cosϕ2) = const , (2.2)

is an integral of motion. Here pr , pϕ1, and pϕ2 are the momenta canonically conjugated to coordinates r , ϕ1, and
ϕ2, respectively.

Using the Lagrangian (2.1) or the Hamiltonian (2.2), we obtain the equations of motion of the system in the form

(1 + μ)r̈ = g(cosϕ1 − μ cosϕ2) + r ϕ̇2
1 − μ(L − r)ϕ̇2

2 , (2.3)

r ϕ̈1 = −g sin ϕ1 − 2ṙ ϕ̇1 , (2.4)

(L − r)ϕ̈2 = −g sin ϕ2 + 2ṙ ϕ̇2 . (2.5)

Obviously, in the absence of oscillations when ϕ1 = ϕ2 ≡ 0, Eqs. (2.4), (2.5) are satisfied identically while Eq.
(2.3) is easily solved and its solution is given by

r(t) = r0 + v0t − g(μ − 1)t2

2(μ + 1)
, (2.6)

where r0 = r(0) and v0 = ṙ(0) are initial distance and velocity, respectively. In case of μ �= 1 solution (2.6)
determines a uniformly accelerated motion of the bodies.

3 Motion of Atwood’s Machine with Two Oscillating Bodies

Oscillation of even only one body complicates the equations of motion significantly and may result in appearance
of a quasi-periodic motion of the system. In case of the two oscillating bodies the equations of motion (2.3)–(2.5)
are much more complicated in comparison to the case of one body oscillation (see [10]). And to demonstrate some
new peculiarities of the system motion we have to look for numerical solutions of these equations for different
initial conditions and different values of the system parameter μ.

3.1 Equal Masses

First let us consider the case when both bodies have the same mass (μ = 1) and the system is in the state of
equilibrium at the initial instant of time. The corresponding initial conditions are given by

r(0) = r0 , ṙ(0) = 0 , ϕ1(0) = ϕ10 , ϕ2(0) = ϕ20 , ϕ̇1(0) = 0 , ϕ̇2(0) = 0 . (3.1)
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Fig. 2 Motion of the system in case of equal masses and one oscillating body: L = 1.5, r0 = 0.5, ϕ10 = 0.1, ϕ20 = 0

Fig. 3 Translational motion
of the system in case of two
oscillating bodies: μ = 1,
r0 = 0.9, ϕ10 = 0.08,
ϕ20 = 0.05

In case of ϕ10 > 0 and ϕ20 = 0 only the first body can oscillate. Using theMathematica built-in functionNDSolve
(see [11]), we obtain the corresponding numerical solution of the equations of motion (2.3)–(2.5) (see Fig. 2). It
shows that r(t) is an increasing nonlinear function and, therefore, the oscillating body m1 pulls the second body
m2 up. Note that it is not possible in case of the simple Atwood machine because for equal masses m1 = m2 the
acceleration (1.1) is equal to zero and for the initial conditions (3.1) we obtain r(t) = r0 = const (see (2.6)). Only
in case of ṙ(0) = v0 > 0 the simple Atwood machine can demonstrate a uniform motion, but the function r(t)
shown in Fig. 2 is not linear.

If both bodies are deviated from the equilibrium (ϕ10 > ϕ20 > 0) the system motion completely changes (see
Figs. 3, 4). One can readily see that at the beginning an amplitude of oscillation of the body m1 is greater than that
of the body m2 and so it pulls the body m2 up. However, the length of the thread between the body m1 and the
pulley increases while the length of the thread between the body m2 and the second pulley decreases. This results
in decreasing the amplitude of oscillation of the body m1 while the amplitude of the body m2 oscillation increases.
Consequently, the growth of the function r(t) slows down and after reaching a maximum it starts to decrease. Then
the bodies change their roles and the second bodym2, oscillating with greater amplitude, starts to move down and to
pull body m1 up and so on. Thus, the system demonstrates quasi-periodic motion which is quite difficult to predict
without solving the equations of motion.

Choosing symmetrical initial conditions r0 = L/2, ϕ10 = −ϕ20, r0 = L − r0 = L/2 and solving the equations
of motion, we obtain the results shown in Fig. 5. One can readily see that the distance r(t) does not change with
time while the bodies oscillate in opposite phases with equal amplitudes. Intuitively this could be expected because
of the symmetry of the system. It should be emphasized also that the system does not demonstrate translational
motion and increasing the accuracy of calculation does not change the graphs shown in Fig. 5.
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Fig. 4 Oscillations of the bodies: μ = 1

Fig. 5 Motion of the system in case of μ = 1, r0 = L/2 = 0.75, ϕ10 = −ϕ20 = 0.08

Fig. 6 Motion of the system in case of μ = 1.02, r0 = L/2, ϕ10 = 0.12, ϕ20 = −0.1 (ϕ1(t) – red, ϕ2(t) – blue) (color figure online)

3.2 Unequal Masses (μ �= 1)

Increasing the mass of one body (m2 > m1, for example) breaks the symmetry of the system taking place in case of
the initial conditions r0 = L/2, ϕ10 = −ϕ20. The heavier body m2 starts to move down and to pull the body m1 up
even if the initial deviation of the body m1 is a little bit greater than that of the body m2 (see Fig. 6). As the length
L − r(t) of the thread between the body m2 and the pulley increases the amplitude of its oscillation decreases. At
the same time the amplitude of the bodym1 oscillation grows up because the length of the thread between this body
and the pulley decreases. When this amplitude becomes sufficiently large, the bodies stop their translational motion
and start to move in opposite direction. Again we observe a quasi-periodic motion of the system.

Increasing the initial deviation of the bodym1, one can observe that for sufficiently large value of ϕ10 the distance
r(t) starts to increse and the body m1 pulls up the heavier body m2 (see Fig. 7). Again, when the amplitude of its
oscillation becomes small enough, the translational motion of the bodies slows down and further they start to move
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Fig. 7 Motion of the system in case of μ = 1.02, r0 = L/2, ϕ10 = 0.4, ϕ20 = −0.2

in the opposite direction. When the body m1 reaches its initial position, the amplitude of its oscillation becomes
large enough to change the direction of translational motion of the system again and so on. Oscillation of the heavier
body m2 modifies the system motion a little bit but its character remains the same.

Note that if the difference of masses of the bodies m1 and m2 is small enough and both bodies acquire nonzero
initial angular velocities, the systemdemonstrates quasi-periodicmotion.Only for large enough difference ofmasses
quasi-periodic motion may disappear, because the length of the thread is finite and one of the bodies can reach the
pulley before the amplitude of its oscillation becomes sufficiently large to stop translational motion of the system.

4 Qualitative Analysis of the System Motion

Numerical solutions of Eqs. (2.3)–(2.5) visualized in Figs. 2, 3, 4 and 5 demonstrate clearly that even small
oscillations of the bodies can modify substantially the character of the system motion. Therefore, it makes sense
to start investigation of these equations from the simplified case when the oscillations are considered to be small.
Assuming |ϕ1,2(t)| � 1, one can expand trigonometric functions in (2.3)–(2.5) in power series in terms of ϕ1, ϕ2

up to the second order and to rewrite the equations of motion of the system in the form

r̈ = g(1 − μ)

1 + μ
− g

2(1 + μ)

(
ϕ2
1 − μϕ2

2

)
+ 1

1 + μ

(
r ϕ̇2

1 − μ(L − r)ϕ̇2
2

)
, (4.1)

ϕ̈1 = −g

r
ϕ1 − 2ṙ

r
ϕ̇1 , (4.2)

ϕ̈2 = − g

L − r
ϕ2 + 2ṙ

L − r
ϕ̇2 . (4.3)

In spite of the simplification, Eqs. (4.1)–(4.3) are quite complicated and application of the Mathematica built-in
functions (see [11]) does not enable us to find their general solution. However, one can try to find some particular
solutions of Eqs. (4.1)–(4.3) and to investigate behaviour of the system in their neighbourhood.

First, let us check whether a stationary solution r(t) = r0 = const may exist. Obviously, in such a case ṙ = 0
and Eqs. (4.2), (4.3) describe harmonic oscillations of the bodies. The corresponding solutions satisfying the initial
conditions (3.1) are

ϕ1(t) = ϕ10 cos

(√
g

r0
t

)
, (4.4)

ϕ2(t) = ϕ20 cos

(√
g

L − r0
t

)
. (4.5)

On substituting r(t) = r0 = const and solutions (4.4), (4.5) into (4.1) and reducing the trigonometric functions,
we obtain the following equation
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1 − μ + 1

4

(
ϕ2
10 − μϕ2

20

)
− 3

4

(
ϕ2
10 cos

(
2

√
g

r0
t

)
− μϕ2

20 cos

(
2

√
g

L − r0
t

))
= 0 . (4.6)

Obviously, Eq. (4.6) may be satisfied for any instant of time only if the following conditions are fulfilled

ϕ2
10 = μϕ2

20 , r0 = L − r0 . (4.7)

However, the first term (1 − μ) in (4.6) vanishes only if μ = 1 or the bodies have the same masses. Therefore, the
stationary solution r(t) = r0 = const exists only in the case when m1 = m2 and two pendulums in the left- and
the right-hand side of the system shown in Fig. 1 have the same length r0 = L/2. Besides, the amplitudes of their
oscillations must be the same and the bodies should oscillate in phase or in counter phase. Owing to the smallness
of the pulley radius these two kinds of oscillations influence the system motion in the same way.

One can easily check that such stationary solution satisfies also the exact equations of motion (2.3)–(2.5) if
μ = 1. Indeed, in case of r(t) = r0 = const and ṙ = 0 Eqs. (2.4), (2.5) determine nonlinear oscillations of two
pendulums which can be described in terms of the elliptic functions. In case of r0 = L/2 the pendulums have
the same frequency of oscillations and we have ϕ1(t) = ±ϕ2(t) for any instant of time if the initial conditions
ϕ10 = ±ϕ20 are chosen (see (3.1)). As a result equation (2.3) is satisfied identically. Note that the numerical solution
of the equations of motion (2.3)–(2.5) shown in Fig. 5 demonstrates just this kind of motion.

In case of ϕ10 �= ±ϕ20 or r0 �= L − r0 or ṙ0 �= 0 or μ �= 1 the symmetry of the system is broken and it
demonstrates quasi-periodic motion. However, one can observe that translational motion as well as oscillations of
the bodies may be considered as superposition of two kinds of motion one of which is relatively slow while another
one is fast (see Figs. 3, 4, 6, 7). For example, the amplitude and frequency of oscillation of each body change slowly
in time and their changes for one period of oscillation are quite small. Then we can represent the corresponding
solutions of Eqs. (4.2), (4.3) in the form

ϕ1(t) = A1(t) cos

(√
g

r1(t)
t

)
, ϕ2(t) = A2(t) cos

(√
g

L − r1(t)
t

)
, (4.8)

where A1(t), A2(t), r1(t) are unknown functions. Here we have taken into account that solution of equation (4.1)
may be also represented as r(t) = r1(t)+r2(t), where the function r1(t) describes slow change of the distance r(t),
while r2(t) corresponds to its fast change due to oscillations of the bodies, and |r2(t)| � r1(t) (see Figs. 3, 6). Note
that the average value of the function r2(t) for the period of its oscillation may be considered as negligibly small,
while the change of the function r1(t) is very small for this time. Therefore, the function r1(t) describes a smooth
averaged translational motion of the system and its derivative as well as derivatives of the functions A1(t), A2(t)
satisfy the condition

ṙ1(t)

r1(t)
�

√
g

r1(t)
,

Ȧ1(t)

A1(t)
�

√
g

r1(t)
,

Ȧ2(t)

A2(t)
�

√
g

r1(t)
, (4.9)

where
√
g/r1(t) determines a frequency of the bodym1 oscillation, and both frequencies

√
g/r1(t),

√
g/(L − r1(t))

may be considered as values of the same order.
On substituting the solutions (4.8) into Eqs. (4.2), (4.3) and keeping only the leading terms, we obtain two

differential equations

−
(
2 Ȧ1(t)r1(t) + 3

2
A1(t)ṙ1(t)

)√
g

r1(t)
sin

(√
g

r1(t)

)
= 0 , (4.10)

−
(
2 Ȧ2(t)(L − r1(t)) − 3

2
A2(t)ṙ1(t)

)√
g

L − r1(t)
sin

(√
g

L − r1(t)

)
= 0 , (4.11)
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where the conditions (4.9) were taken into account. Integrating the Eqs. (4.10), (4.11) gives

A1(t) = ϕ10

(
r0

r1(t)

)3/4

, A2(t) = ϕ20

(
L − r0

L − r1(t)

)3/4

, (4.12)

where r1(t) is an unknown function which describes a smooth translational motion of the system.
Note that on substituting r(t) = r1(t) + r2(t) and solutions (4.8) into Eq. (4.1) we obtain

r̈1(t) + r̈2(t) = g(1 − μ)

1 + μ

− g

2(1 + μ)

(
A2
1 cos

2
(√

g

r1(t)
t

)
− μA2

2 cos
2
(√

g

L − r1(t)
t

))

+ 1

1 + μ

(
(r1 + r2)

(
d

dt

(
A1 cos

(√
g

r1(t)
t

)))2

−μ(L − r1 − r2)

(
d

dt

(
A2 cos

(√
g

L − r1(t)
t

)))2
)

. (4.13)

Performing symbolic calculations in the right-hand side of Eq. (4.13), we obtain the terms of two different kinds,
namely, the terms determining a smooth change of the function r1(t) and the terms having the sine and cosine
functions as multipliers which determine fast oscillation of the function r2(t). Separating the slow and the fast terms
in the left- and the right-hand side of Eq. (4.13) and keeping only the leading terms, we obtain two equations

r̈1(t) = g

1 + μ

(
1 − μ + ϕ2

10

4

(
r0
r1

)3/2

− μϕ2
20

4

(
L − r0
L − r1

)3/2
)

, (4.14)

r̈2(t) = − 3g

4(1 + μ)

(
ϕ2
10

(
r0

r1(t)

)3/2

cos

(
2
√

g

r1(t)
t

)

−μϕ2
20

(
L − r0

L − r1(t)

)3/2

cos

(
2
√

g

L − r1(t)
t

))
, (4.15)

where conditions (4.9) and Eq. (4.12) were taken into account.
Obviously, Eq. (4.14) is independent of the function r2(t) and may be solved. One integration of this equation

gives

1

2
ṙ21 − g

1 + μ

(
(1 − μ)r1 − ϕ2

10r0
2

√
r0
r1

− μϕ2
20(L − r0)

2

√
L − r0
L − r1

)
= C = const , (4.16)

where the constant C is determined from the initial conditions. In case of the bodies of equal masses and initial
conditions ϕ10 = ϕ20, ϕ̇10 = ϕ̇20 = 0, r0 = L/2, Eq. (4.16) takes the form

ṙ21 = ṙ21 (0) + gr0ϕ2
10

2

(
2 −

√
r0
r1

−
√

r0
2r0 − r1

)
. (4.17)

As expression in the parenthesis in the right-hand side of (4.17) is non-positive and is equal to zero only for r1 = r0,
it follows from the condition ṙ21 ≥ 0 that in case of ṙ1(0) = 0 Eq. (4.16) has only a stationary solution r1(t) = r0
shown in Fig. 5. For nonzero initial velocity ṙ1(0) �= 0 we observe slow oscillation of the function r1(t) near
the point r1 = r0 in the domain determined by the condition ṙ21 ≥ 0. This result corresponds completely to the
numerical solution of the equations of motion (4.1)–(4.3) (see Fig. 8). The corresponding functions ϕ1(t), ϕ2(t)
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Fig. 8 Solution of Eq.
(4.14) (dashed blue curve)
and numerical solution of
the equations of motion
(4.1)–(4.3) (solid red curve)
in case of μ = 1,
ϕ10 = ϕ20 = 0.05,
ṙ(0) = 0.02

Fig. 9 Oscillations of the bodies described by solutions (4.8) (dashed blue curves) and numerical solutions of the equations of motion
(4.1)–(4.3) (solid red curve), μ = 1, ϕ10 = ϕ20 = 0.05, ṙ(0) = 0.02

Fig. 10 Solution of
Eq. (4.14) (dashed blue
curve) and numerical
solution of the equations of
motion (4.1)–(4.3) (solid red
curves) in case of μ = 1.02,
r0 = L/2 = 0.75,
ϕ10 = −ϕ20 = 0.1

given by (4.12) are depicted in Fig. 9. Of course, expressions (4.12) give only an approximation for the solutions but
qualitatively they demonstrate the same behaviour as numerical solutions of the equations of motion (4.1)–(4.3).

Note that the equilibrium value of r1 which corresponds to zero of the right-hand side in Eq. (4.14) depends on the
parameter μ and in case of μ > 1 it becomes smaller than r0. However, the solution of Eq. (4.14) shown in Fig. 10
is in a good agreement with the corresponding solution of the equations of motion (4.1)–(4.3). The equilibrium
value of r1 is depicted in Fig. 10 by the dashed black line.

As soon as the function r1(t) has been found the function r2(t) describing small oscillation of the distance r(t) is
obtained as solution of Eq. (4.15). Using the NDSolveMathematica function, one can easily find the corresponding
numerical solution. However, taking into account a small change of the function r1(t) for a period of oscillation,
one can easily integrate Eq. (4.15) under the assumption that r1(t) is a constant. The corresponding approximate
solution of Eq. (4.15) is given by
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r2(t) = 3

16(1 + μ)

(
r0ϕ

2
10

√
r0

r1(t)
cos

(
2
√

g

r1(t)
t

)

−μ(L − r0)ϕ
2
20

√
L − r0

L − r1(t)
cos

(
2
√

g

L − r1(t)
t

))
. (4.18)

Numerical estimation of the function (4.18) shows that it is really very small in comparison to r1(t) and it may play
an essential role only in the case when the function r1(t) is close to its equilibrium value.

5 Conclusion

In the present paper we have analyzed an influence of oscillations on the Atwood machine motion in the case when
both bodies are permitted to oscillate in a plane and the system has three degrees of freedom. To avoid an influence
of a mass and size of the pulley and changing the length of the thread between the body m1 and pulley owing to
winding the thread on the pulley we have considered the generalized Atwood machine with two small massless
pulleys shown in Fig. 1. Note that in this case the system motion does not change if the bodies oscillate in different
vertical planes.

Doing necessary calculation, we have shown that even small oscillations of the bodies can completely modify
a motion of the system, while the simple Atwood machine demonstrates only the uniformly accelerated motion
of the bodies. We have shown that an averaged translational motion of the system may be described by simplified
differential Eq. (4.14) which helps to understand qualitatively its behaviour. Comparing the obtained results with
the numerical solutions of the exact equations of motion have demonstrated validity of the proposed approach.

It should be noted that the Atwood machine is a classical example of a physical system which seems to be quite
simple but only in the case when all assumptions simplifying its motion are fulfilled. In practice it is quite difficult to
avoid oscillations of the bodies and this stimulates investigation of the corresponding mathematical models which
in fact turn out to be rather complicated. Fortunately, application of the modern computer algebra systems such as
Wolfram Mathematica, for example, helps a lot in analyzing such problems and promotes development of physical
intuition and better understanding of the subject.
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