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Abstract

This paper is devoted to the analysis of the single layer boundary integral operator
C, for the Dirac equation in the two- and three-dimensional situation. The map C; is
the strongly singular integral operator having the integral kernel of the resolvent of
the free Dirac operator Ap and z belongs to the resolvent set of Ag. In the case of
smooth boundaries fine mapping properties and a decomposition of C; in a ‘positive’
and ‘negative’ part are analyzed. The obtained results can be applied in the treatment
of Dirac operators with singular electrostatic, Lorentz scalar, and anomalous magnetic
interactions that are combined in a critical way.

1 Introduction

In the analysis of boundary value and transmission problems for partial differential
equations associated potential and boundary integral operators often play an important
role. These objects are well understood for uniformly elliptic second order differen-
tial expressions, cf. the monograph [20] and the references therein. We remark that
the transmission problems are closely related to differential operators with singular
interactions like, e.g., §-potentials. In the recent years it turned out that similar objects
are also of importance in the study of boundary value and transmission problems for
the Dirac equation, which is the relativistic counterpart of the Laplace equation and
for which the associated differential expression is of first order and lacks ellipticity.
While the potential operator is sufficiently well investigated, the subtle examination
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of the associated boundary integral operator is less complete, see the review paper
[11] and the references therein. It is the main goal in this article to make some further
contributions to this study that are, in particular, necessary to examine Dirac operators
with singular é-potentials, where the involved parameters are combined in a critical
way.

To introduce the problem setting in a more detailed way, consider first a formally
symmetric and strongly elliptic second order partial differential operator P in RY,
g > 2, let Py be the self-adjoint realization of P defined on H?(R?), and let E_(x, y)
be the integral kernel of (Py — )7 hze p(Py). Moreover, let 2 C R? be a sufficiently
smooth domain with unit normal vector field v that is pointing outwards of €2 and let
B, be the conormal derivative at 92 associated with P. Then, the single layer potential
SL(z) and the double layer potential D L(z) applied to a sufficiently smooth function
¢ : 02 — C evaluated at x € R7\0<2 are

SL(2)px) = /asz E:(x,)p(»)do(y), DL(2)p(x) = /{)Q By yE:(x, y)p(y)do (y).
It is known that all solutions of the partial differential equation
(P—2)f=g in R?\94Q 1.1

can be described with the help of SL(z) and DL(z). To analyze boundary value or
transmission problems associated with the above equation, it is common to employ the
Dirichlet trace operator yp and B, to SL(z) and DL(z). Of particular interest is the
single layer boundary integral operator S(z) := ypSL(z). Its properties are closely
related to the solvability of the Dirichlet boundary value problem for (1.1), and relevant
properties, as, e.g., ellipticity, are inherited from those of P, cf. [20, Chapter 7].
Moreover, a good understanding of S can be useful for a thorough understanding
of different problems related to P in an operator theoretic language, for instance
to show the self-adjointness and compute spectral properties of operators associated
with boundary value or transmission problems for P including perturbations of Py by
singular interactions, cf. [12, 17, 18, 20].

It is the main goal in this paper to provide some properties of the counterpart of the
single layer boundary integral operator for the Dirac operator in the two- and three-
dimensional situation. For m > 0 the free Dirac operator in dimension two is given
by

Aof = —io1d1 f —ioda f +mosf, domAg=H'(R*C?), (12

where 01, 03, 03 € C2*2 gre the Pauli spin matrices defined in (2.1), and in dimension
three it is

Aof = —ioa\d f —iaads f —iazdsf +mpBf, domAg= H' (R CH, (1.3)
where a1, ap, a3, B € C*** are the Dirac matrices in (2.2). Here, we used the notation

H*R?; CH = HFRY) ® C! for the L?-based Sobolev space of k times weakly
differentiable vector-valued functions. The free Dirac operator is used to describe the
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propagation of a spin % particle in vacuum taking effects of the special theory of

relativity into account [24]. Moreover, the two-dimensional Dirac operator appears in
the mathematical description of graphene [1]. It is known that Ay is self-adjoint and
that its spectrum is

O(AO) = (—OO, _m] U [m’ 00)7

cf. [24]. This shows, in particular, that Ag is not semi-bounded from above or below.
For z € p(Ag) = C\((—o0, —m] U [m, 00)) the resolvent of A can be expressed via
the convolution with a function G 4 given in (2.3) below, i.e. as an integral operator.
With the help of this function we can formally introduce for a smooth and closed curve
¥ C R? orasmooth and closed surface ¥ C R3 the boundary integral operator acting
on sufficiently smooth functions ¢ : ¥ — CV as

C.p(x) := lim G g(x —y)e(y)do(y), xeX, (1.4)
eNO J3\B(x,e)

where B(x, ¢) is the ball centered at x withradiuse and N =2 forg =2and N =4
for ¢ = 3. It is known that C, gives rise to a bounded operator in L?(X; CV), but in a
similar way as Ag also C; lacks ellipticity [2, 5, 10].

The operator C; plays an important role in the analysis of boundary value and
transmission problems for the Dirac equation and motivated by this C, was studied
intensively in the recent years, cf. [2, 4, 6, 9-11, 13-15, 22]. In the present paper this
study is continued and, in particular, detailed mapping properties and a more detailed
analysis of the contribution of C, associated with the ‘positive’ and the ‘negative’ part
of its spectrum are provided. More precisely, as a consequence of the main results, it
is shown in dimension g = 2 in Corollary 3.8 that

0

1 *
C, = E(lel + o)V (P_ —p,

P_—P
0 +> V(o1 + o212) + K,

and similarly in dimension ¢ = 3 in Corollary 4.12 that

0 P —Pf

1 *
CZ_E(alv1+a2vz+tx3V3)V (P__p+ 0

) V(opvy + oovy +o303) + K,

where v = (vi,...,v,) is the unit normal vector on ¥ pointing outwards of the
bounded domain with boundary X, V is a unitary matrix-valued function defined
in (3.14) and (4.15) below, K is an operator with good mapping properties between
different Sobolev spaces (and hence, K is compact in H*(X; CV) for s € [—1, 1]),
and Py are self-adjoint operators in LZ(X; CN/2) that satisfy

Pi+P_=1, dimranPy =00, P} =Py, and PiPr=0, (1.5)

i.e. P+ are orthogonal projections in L?(X; CV/?). While for dimension ¢ = 2 the
operators Py are also orthogonal projections in H*(X; C), s € R, that satisfy (1.5),
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in dimension ¢ = 3 we prove that Py give rise to bounded maps in H*(Z; C?),
s € [—1, 1], that fulfil (1.5) in H*(Z; C?). We remark that in dimension ¢ = 3
similar, but not exactly the same decompositions of C, were considered in [4, 22] with
skew projections onto Hardy spaces on X; cf. Remark 4.13 for details. However, we
believe that the above representations are of interest, as the projections in [4, 22] are
not self-adjoint in LZ(E; CN/ 2) unless ¥ is a sphere, but which is useful in some
applications. One possible application of this fact is shown in the very recent paper
[11], where Dirac operators perturbed by singular potentials involving electrostatic,
Lorentz scalar, and anomalous magnetic interactions combined in a critical way are
studied.

It should be remarked that the above mentioned results are proved in different ways
in dimension two and three. In dimension two C; is closely related to the Cauchy
transform on X, for its analysis we follow ideas from [10] and apply the theory
of periodic pseudodifferential operators. In dimension three C; is closely related to
the Riesz transform on ¥ and results on pseudo-homogeneous kernels from [21]
are employed to show similar results as in dimension two. In particular, the latter
approach would allow to weaken the geometric assumptions on ¥ and to consider
also higher space dimensions. We remark that in the recent paper [16], which was
written independently of this article, the operator C, is studied in the three-dimensional
situation with the help of pseudodifferential techniques and results that are related to
the ones in this paper are recovered there as well.

The paper is organized as follows. In Sect. 2 we rigorously introduce the operator C,
formally given by (1.4) and discuss its basic properties. Then, in Sect. 3 we recall some
results about periodic pseudodifferential operators and do a more detailed analysis of
C; in the two-dimensional case. Finally, in Sect.4 we revise basic notions and results
on pseudo-homogeneous kernels and use them to investigate C, in dimension three.

2 Notations and Basic Properties of C,

Throughout this paper, let g € {2, 3} be the space dimension and define the number
N = N(q) by N(2) = 2 and N(3) = 4. Moreover, we assume that 2 C R? is a
bounded and simply connected domain with C°°-smooth boundary ¥ := 9<2 and unit
normal vector field v which is pointing outwards of 2. Let

0 (§): (1) () e

be the Pauli spin matrices and define the 4 x 4 Dirac matrices by

0 o . L 0
w=(0%). senza s=(80). 22)
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where I, is the n x n-identity matrix. We will often use for x = (x, x3) € C? the
notation

o -x =01X1 +02x2
and for x = (x1, x2, x3) € C3
o-xXx=awa1x] +oxxy +azx3 and o -x = o1x] + 02Xx2 + 03x3.

Next, we introduce the function G, , evaluated at x € R7\{0} by

*—m? o-x
Galx) = = Kl(—i\/zz——m2|X|>( )

2 |.X|

1
+ 37 Ko( =iV = m2x)) e 4 mos ). 23)
o .

Ge3(x) = Z]4+mﬁ+(1—i\/z2——mz|x|>l(a 0\ 1 it
’ Ix|2 ) 4m|x]|

where we write K ; for the modified Bessel functions of the second kind and choose
Jw for w € C\[0, 0o) such that Im/w > 0. Itis well-known that G , is the integral
kernel of the resolvent of the free Dirac operator Ag in (1.2) & (1.3); cf. [10, 11, 24].

Now, we are prepared to rigorously introduce and discuss the properties of the
operator C;, z € p(Ag) = C\ ((—oo0, —m] U [m, 00)), formally given by (1.4), i.e.
we consider now the strongly singular integral operator

C.p(x) := lim Gog(x —)p(do(y), ¢eC®Z;CY), xex; (24)
ENO J 3\ B(x,e)

here B(x, ¢) is the ball of radius ¢ centered at x. The basic properties of C, are
summarized in the following proposition; in the proof we mostly refer to [11], but
parts of the results were shown before in [10] in dimensiong = 2 andin [2, 3, 8,9, 15,
22] in dimension ¢ = 3. Below, H*(X), s € R, are the Sobolev spaces on ¥ defined
as in [20] and we denote by (-, -) s (x.cN)x H—s(z:cVy the sesquilinear duality product
in H¥(X; CN)y x H=5(Z; CN).

Proposition 2.1 For the operator C,, 7 € p(Ag) = C\((—oo, —m] U [m, 00)),
introduced in (2.4) and any s € R the following holds:

(i) The map C, gives rise to a bounded operator in H*(X; CV).

(ii) Foro € H*(Z;CN) and ¢ € H™(X; CN) one has

Co0. V) s z.oMyx s (z:0Ny = (@5 C2¥) s (3.0 x B (2:CN) -

In particular, for the realization of C, in L*(X; CN) the relation C} = C7 holds.
(iii) For ¢ = 2 one has —4(C.(0 - v))? = —4((0 - v)C;)* = I, and for g = 3 the
relation —4(C.(a - v))*> = —4((« - v)C;)?* = I4 holds.
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Proof The mapping properties of C; in item (i) follow from [10, Proposition 3.3] for
g = 2 and [15, Theorem 4.1] for ¢ = 3. The claim in statement (ii) is shown for
s €[— %, %] in [11, Proposition 4.4] taking into account that the spaces H; (X; CMYyin
[11] coincide for C*°-smooth X with H*(X; CV). Together with this a simple density
and continuity argument yields the claim for s ¢ [— %, %]. Similarly, assertion (iii) can
be found for s € [— % %] in [11, equations (4.6) and (4.24)], the statement for general

s € R follows then by restriction for s > % and duality for s < —%.

3 A More Detailed Analysis in Dimension g = 2

In this section we investigate C, in space dimension ¢ = 2 in a more detailed way.
For this, we make use of the theory of periodic pseudodifferential operators. Their

definition and some basic properties are recalled in Sect. 3.1. With the help of these
results we analyze C; in Sect. 3.2.

3.1 Periodic Pseudodifferential Operators

In this subsection we follow closely the short exposition on periodic pseudodifferential
operators in [ 10, Section 2.1], for a more comprehensive presentation see [23]. In order
to define periodic pseudodifferential operators, some notations are necessary. We set
T := R/Z and denote by D(T) the set of all 1-periodic test functions and by D’(T') the

set of all 1-periodic distributions. We will often make use of the functions e, € D(T)
defined by

en(t) =", pel. (3.1
For f € D'(T) we introduce the Fourier coefficients by
F) = (f, e—a)pemyxDem)s (3.2)

where (-, -)p/(T)xD(T) denotes the bilinear duality product in D'(T) x D(T). Set

1, ifn =0,
n:=
|n|, ifn e Z\ {0}

With the help of the Fourier coefficients one can define for s € R the Sobolev space
H*(T) of order s on T by

H*(T) = {f eD'(M): ) n®|fm)]* < oo (3.3)

nez
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and endow it with the natural inner product

(f, usery =Y _n* FmEm), u,ve H(T).

nez

The Fourier coefficients in (3.2) allow us also to establish periodic pseudodifferen-
tial operators.

Definition 3.1 A linear map A defined on D(T) is called periodic pseudodifferential
operator of order s € R, if there exists a function 2 : T x Z — C such that the
following holds:

(i) For any fixed n € Z one has h(-, n) € D(T).
(i) The action of A is given by

Af = h(,m) fme,

nez

with the sum converging in D'(T).
(iii) Forall p, g € Ny there exists ¢, ;, > O such that foralln € Zand t € R

a»
'(dt—pa)qh> (t,n)

holds, where wh(t,n) := h(t,n + 1) — h(t, n).

< cpq(l+1Inp)"™

The set of all periodic pseudodifferential operators of order s is denoted by W,
Moreover, we set W™ 1= (| g ¥°.

In the following let ¥ C R? be the boundary of a bounded and simply connected
C®°-domain, let £ be the length of ¥, and let y : [0, £] — R2 be an arc-length
parametrization of X that is orientated in the counter clockwise way. Similarly as
above, we denote by D(X) the set of all C*°-smooth functions defined on X and by
D'(T) the set of all distributions on X. In order to define periodic pseudodifferential
operators on X, we introduce the mapping U : D'(X) — D'(T) by

Uf():=f(t o€ 'y7'()),  feD(D), ¢ € D). (3.4)

If f is a regular distribution, then Uf is also a regular distribution generated by

Uf = f(y(£-)). With the map U one can translate the Sobolev spaces H*(T) on T
to Sobolev spaces on X by

H'(Z):={peD'(2):Up e H' (I}, seR, (3.5

and endow them with the inner product

(@, V) = U, UP)psry, @, ¥ € H(X).
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By this construction the map U defined in (3.4) is for any s € R a unitary operator
from H®(X) to H*(T) and the corresponding norm is equivalent to the norm in H*(X)
defined as in [20].

Definition 3.2 A map A defined on D(X) is called periodic pseudodifferential operator
on ¥ of order s € R, if there exists Ag € W* such that A = U~ AyU. The set of all
periodic pseudodifferential operators on X of order s is denoted by W$.. Moreover,
we set Ug™ 1= (g Vs

An important feature of periodic pseudodifferential operators is the fact that they
are automatically bounded in Sobolev spaces [23, Theorems 7.3.1 and 7.8.1].

Lemma3.3 Let A € V5 and B € V. for some s, t € R. Then, the following is true:

(i) Foranyr € R the map A can be extended to a well-defined and bounded operator
A:H () - H5(2).
(i) AB € Wy,
(iii) AB — BA e w51,

There are three types of periodic pseudodifferential operators that we are going
to use frequently. First, if f € D(X), then one has for the associated multiplication
operator

(D)2 ¢+ f-¢) e Wl (3.6)

Next, consider for a constant c4 > 0 and ¢ € R the map

t 4\ 1/2 7
L'f = (—) > ea+1n)2Fmyen.  f e D(D).

£
nez

Then itis not difficult to see that L1 L = L'+ holds forallz, t; € Rand L' € W!/2.
Hence, we can define

_ 2
A =UL'U € WY (3.7)

Taking the definition of H"(¥) in (3.3) and (3.5) into account it is not difficult to
show that for any r € R the map A’ : H"(X) — H"~'/2(X) is bijective and that the
realization of A’ as a possibly unbounded operator in L2(X) defined on dom A’ =
H™ (%) with T = max {§, 0} is self-adjoint, cf. [10].

The third periodic pseudodifferential operator that will play a crucial role in our
analysis is a multiple of the Cauchy transform on X. We define formally the integral
operator R acting on ¢ € D(X) by

, .
Re(x) = —= lim MO 20 ey, xes. (38)
T eNOJ5\B(x,e) X1 +ix2 — (y1 +iy2)
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We also consider the formal adjoint R* of R in L%(%), which acts on ¢ € D(Z) as

¥ _ 2 . vi(x) —iva(x)
p(x) = — lim - —o((y)do(y), x€Z. (3.9
T eNOJ5\B(x,e) X1 — X2 — (¥y1 —iy2)

Let Cx be the Cauchy transform on X, i.e. the strongly singular boundary integral
operator that acts on ¢ € D(X) evaluated at x = x; +ixp; € X C C ~ R? as

1
Crp(x) = — - lim / 0(0)dg

I eNOJs\B(x,e) X — &

1 o1 (t [ (t
= — L tim NOTO
i eNO0 J10,0\(y~! (r)—e,y~ (0)+e) X1 Tix2 — (Y1(2) +iy2(t))

where the first integral is a complex line integral, cf. [23, Section 5.9]. As we have
v(y(s)) = (y2(s), —y1(s)), s € [0, £), the map Cy is related to R by

R =2Cs. (3.10)

By [10, Proposition 2.8] this implies that
R, R* € . (3.11)
In particular, R, R* give rise to bounded operators in H*(X) for all s € R. Since R

and R* are adjoint to each other, a continuity argument shows for all ¢ € H*(X) and
Y e H*(X), s € R, that

(Ro, W s syxu-—sx) = (@ R*) ps (zyx 55 (3)» (3.12)

where (-, -) ys(s)x H—s(x) denotes the sesquilinear duality product.

3.2 Analysis of C,

In the following proposition, which is the starting point for our further considerations
and which is a direct consequence of [10, Proposition 3.3], we provide a link of R and
R* defined in (3.8) and (3.9), respectively, and the operator C; given in (2.4). Recall
that the map A is introduced in (3.7).

Proposition 3.4 Let z € (—m, m). Then there exists an operator K € \1152 such that

_{ G+mATT iR — iV2))
= <i("1 YR z—mA=2 )T K. (3.13)

In particular, for any r € R the mapping IC gives rise to a compact operator IC :
H™(Z; C? — H™(X; C?) and the realization of K in L*(X; C?) is self-adjoint.
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Proof Denote the operator defined in [10, equation (2.7)] by A. Then one easily
sees that the map A in (3.7) satisfies A = (47")1/ A Moreover, the tangential vec-
tor (y1, y2) on X and the normal vector are related by v(y (s)) = (y2(s), —y1(s)),
s € [0, £]. Hence, the representation in (3.13) follows from (3.10) and [10, Proposi-
tion 3.3]. Moreover, as K : H"(2; C?) — H"+2(Z; C?) is bounded for any r € R by
Lemma 3.3 and H't2(X; C?) is compactly embedded in H"T!(Z; C?) by Rellich’s
embedding theorem, K is compact from H' (X; (CZ) to Ht1(Z; (Cz). Eventually,
since the realization of C, in L?(Z; C?) is self-adjoint for z € (—m, m) by Proposi-
tion 2.1 (ii), the map X must be self-adjoint in L?(X; C?) as well. Hence, all claims
are shown.

In the following lemma we state a variant of (3.13) that is particularly useful in the
application in the boundary triple framework, as it is done, e.g., in [11]. Define the
matrix V € C>*2 by

1 0
V= (o v — iv2)> . (3.14)

Then we have the following result:

Lemma3.5 Let R and R* be defined by (3.8) and (3.9), respectively, let C;, 7 €
(—m, m), be given by (2.4), let A be as in (3.7), and let s € R. Then there exists
an operator K that is compact in H*(; C?) such that the bounded and everywhere
defined operator

4AV (o -v)Co(o - V)VFA : H(Z; C) — HI(Z: C?)

can be written as

ar 0 R* z—m 0
4AV (0 -v)Ci (0 - V)V A_—A<R O>A+4( 0 Zer)+lc.(3.15)

In particular, the realization of K in L>(X; C?) is self-adjoint.

Proof The claim follows immediately from Proposition 3.4 and a direct calculation
taking the identity
(0 vi—in
V(G : U) - <_l 0 > ’

Lemma 3.3 (iii), and (3.6) into account.

In the following proposition some further properties of R and R* that follow from
known results about the Cauchy transform (cf. [23, Section 4.1.3]), (3.10), Lemma 3.3,
and [10, Proposition 2.8] are stated.

Proposition 3.6 Let R and R* be defined by (3.8) and (3.9), respectively. Then, the
following holds:
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(i) R —R* € W™, In particular, for any s,t € R the map R — R* : H*(X) —
H!'(X) is compact.
(ii) One has R* = 41 and (R*)* = 41,. In particular, RR* — 41, € W and for
all s, t € R the operator RR* — 41, : H*(X) — H'(X) is compact.
(i) A72R —RA2 € U2

Eventually, we show that R +7R* can be written as the difference of two projections,
which is useful in the analysis of boundary value and transmission problems for the
Dirac equation with critical combinations of the coefficients, see, e.g., [11] for an
application. In order to formulate the result, we define the operators Py € \IJ% by

UPL U f=) fme, and UP_UT'f =) f(-me_,. feDD),
n=0 n=1
(3.16)

where U is the map in (3.4). Remark that P4 are orthogonal projections in H*(X)
defined by (3.5) for all s € R and with H+ := ran P+ one has H*(X) = H4+ & H_,
dimHy = oo, and Hy ¢ H'(X) for any r > s. Moreover, P commute with the
operator A’ defined in (3.7). The map P can be interpreted as the projection onto the
Hardy space on the unit circle.

Theorem 3.7 Let R and R* be defined by (3.8) and (3.9), respectively, and let P+ be
given as above. Then, there exists K € W5 such that

R+R*=4PL —4P_+ K.

In particular, for all s, t € R the operator K : H'(X) — H'(X) is compact.

Proof Let ¢ C R? be the circle of radius 1 centered at the origin and let Ug be the
map in (3.4) defined for € instead of X. Then, by [23, Section 5.8] one has for the
Cauchy transform C¢ on €
UeCeUg' =UPLUT —UP_U".

Moreover, by [23, Section 5.9 and Theorem 7.6.1] there exists C; € W™ such that

UCsU™! = UeCelUg' + K.
With (3.10) and the last two displayed formulas one gets
URU™' =2UCsU™" =2UeCelUg' + 2K =2UP, U™ —2U0P_U" +2K;.
Similarly, there exists JCp € W~ such that

URU' =20P, U ' —2U0P_ U + K.

By adding the last two displayed formulas one gets the claim.
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Finally, combining the results from Lemma 3.5 and Theorem 3.7, we get the fol-
lowing decomposition of C, into a positive and a negative part. In particular, this result
implies that :I:% belongs to the essential spectrum of C,, when this operator is viewed
as a mapping in H*(Z; C?).

Corollary 3.8 LetC,, 7 € (—m, m), be defined by (2.4), let P+ be as in (3.16), and let
V be given by (3.14). Then, there exists an operator K € W, U such that

1 N 0 P_— Py
CZ_E(G'U)V (P—P+ 0 )V(a~v)+l€.

In particular, the realization of K in L>(X; C?) is self-adjoint.

4 A More Detailed Analysis in Dimension g = 3

In this section we are going to prove similar results as in Sect. 3, but instead of pseu-
dodifferential operators we use the theory of pseudo-homogeneous kernels from [21].
Throughout this section we assume that £ C R3 is the boundary of a bounded and
simply connected C°°-smooth domain. First, in Sect. 4.1 we follow closely [21, Sec-
tion 4.3] and recall the main definitions and results related to pseudo-homogeneous
kernels, which are employed in Sect. 4.2 to analyze C..

4.1 Pseudo-Homogeneous Kernels

With the notion of pseudo-homogeneous kernels one can easily describe mapping
properties of the associated integral operators. In the following, we restrict our attention
to the three-dimensional case, but a similar construction can be done in any space
dimension, cf. [21, Section 4.3]. To define pseudo-homogeneous kernels, one first
introduces homogeneous kernels [21, Section 4.3.2].

Definition4.1 Let m € Np. A function K € C®(R3 x (R3\{0})) is called a
homogeneous kernel of class —m, if the following conditions hold:

(1) Forallw, B € Ng there exists a constant Cy g such that

alal lBl

a5 K. 0)

sup sup 8y% 9P

yeR3 [¢]=1

< Ca,ﬂ-

(i) Forany B8 € Ng with | 8| = m the function g‘c—ﬁ;
—2 with respect to ¢.
(iii) For any plane H which is constituted by the equation (%, ¢) = 0 and any m-tuple

of vectors ¢y, ..., ¢y in H the condition

K (y, ¢) is homogeneous of degree

[ KGO e =0
S]
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holds, where S! is the intersection of the sphere S? with H.

In the following lemma we consider a type of homogeneous kernels that will play
an important role in the analysis of C; in the next section.

Lemma4.2 Let k € C®(R3) such that x and all of its derivatives are bounded, let
k € Z, and let a € Ng such that |a| + 2k + 1 > 0. Then the function K(y, ) =
k(M) is a homogeneous kernel of class —(ja| + 2k + 1).

Proof First, one shows as in [21, Example 4.2] that E(y, 2) = ¢%1¢1*1 is a homo-
geneous kernel of class — (|| +2k + 1). Since the multiplication by a smooth function
depending only on y does not affect the conditions in Definition 4.1, the claim on K
follows.

With the help of homogeneous kernels we can introduce now pseudo-homogeneous
kernels [21, Section 4.3.3].

Definition 4.3 Let m € Ny. A function K : R x (R3\{0}) — C is called a pseudo-
homogeneous kernel of class —m, if for any s € N there exist [ € N, homogeneous
kernels Ky, of class —(m + j), j € {0,...,] — 1}, and a function K,,; that is s
times differentiable such that

-1

j=1

The important property of pseudo-homogeneous kernels is that one can provide the
mapping properties of the associated integral operators [21, Theorem 4.3.2].

Proposition 4.4 Let m € Ny and let K be a pseudo-homogeneous kernel of class —m.
Then, for any r € R the operator that is formally defined by
Ko (x) :=/ K(y,x = y)e(do(y), ¢€C?(X), xeX,
z

gives rise to a bounded operator K : H' (X)) — H" " ().

4.2 Analysis of C,

Let — A be the free Laplacian defined on HZ(R3).Weusefor u € p(—A) = C\[0, c0)
the notation S(u) for the single layer boundary integral operator associated with
—A — u, which acts on a sufficiently smooth function ¢ : ¥ — C as

ENCEEST

S(u)p(x) =f ———p()do(y), xe€X, 4.1)
x 4m|x — y|

where /i is the complex square root satisfying Im /i > 0 for u ¢ [0, 00), cf. [20].
If © < 0, then it is well-known that S(u) : H*(X) — H*t1(Z) is bounded and
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bijective for all s € R and that the realization of S(u) in L3(%) is non-negative and
self-adjoint; cf. [7, Lemma 2.6] for a similar argument for © = —1, space dimension
2,and s > —%; the property for negative s follows then by duality due to the formal
symmetry of S(u) for 4 < 0. For a constant ¢4 > 0 we define

172

A= (S(=1D)7"+ca) (4.2)

The following mapping properties A should be well-known, but for the sake of
completeness we present a proof:

Proposition 4.5 Foranys € R the operator A defined in (4.2) gives rise to a bounded
and bijective map A : H*(X) — H*~Y2(X). Moreover, the realization of A in L*>(X)
viewed as an unbounded operator defined on H'/*(X) is self-adjoint.

Proof Step 1: First, we show the claim for s = % and about the realization of A in
L%(%). In exactly the same way as in [7, Lemma 2.6 (ii)] one finds that the map
S(—D'2 . L>(2) — HY?(Z) is a non-negative and bijective operator that is self-
adjoint in L?(X). Hence, for any ¢ > 0O the quadratic form

alp, ¥] = (S(—l)*l/z(p’S(_l)fl/zw)u(z) T en(@ Dz
¢, ¥ €doma=ranS(—1)"? = H/?(%),

that is associated with the self-adjoint operator S(— D! + ¢4, is closed and strictly
positive. By the second representation theorem [19, Chapter VI, Theorem 2.23] one
has that (S(—1)~! + ¢5)!'/? is self-adjoint on the set dom (S(—1)"! 4 ¢,)1/? =
doma = H'/2(X) and, since this operator is strictly positive, it is bijective from its
domain H'Y/2(%) into L2(X). This implies all claims for s = %

Step 2: Next, we show the claim for s =/ 4 % with [ € N. Since the map S(—1) :
H"(Z) - H'T!(2) is bijective forall » € Rand ca > 0, it is not difficult to see that
S(—=1)"! 4 ¢4 gives for any r € R rise to a bounded and bijective operator

S(—D ' 4ep: HTY(Z) > H (D).
In particular, the mapping
ALy = (S(=D"" 4 ¢p) : HF(2) > H' (D)

is bounded and bijective for any r € R. Hence, we conclude with the result from Step 1
and the spectral theorem that

A=A SN +en) A HIYYA(D) > H (D)
is a bounded and bijective map that is a restriction of (S(—1)"! + ¢ A2
Step 3: To conclude, we mention first that the statement for s = —/ with [ € Ny

follows from the results in Steps I & 2 by duality and the formal symmetry of A. An
interpolation argument yields the claim for arbitrary s € R.



Single Layer Boundary Integral Operator for the Dirac Equation Page 150f28 135

The main object in this section is the operator R formally acting on a sufficiently
smooth function ¢ : ¥ — C? as

Re(x) = lim r(x, y)p(y)do (y), (4.3)
ENO J3\B(x,¢)

where the integral kernel r is the C**2-valued function

r(x,y) = — %( W), x £

The map R is closely related to the Riesz transform on X. We define also the formal
adjoint of R with respect to the inner product in L2(Z; C?) by

RFp(x) = lim r(y, x)* p(y)do (). 4.4)
eNO J3\B(x,e)

We remark that the definitions of R and R* imply the simple, but useful relations
(0 - VR=—-R*(c-v) and (o -vV)R*=—-R(c -v). 4.5)

In the following proposition we provide a link of R and R* and the operator C; given
by (2.4). In particular, this implies the mapping properties of R and R*.

Proposition 4.6 Let R and R* be defined by (4.3) and (4.4), respectively, let A be
as in (4.2), let C;, z € (—m,m), be given by (2.4), and let s € R. Then R and R*
give rise to bounded operators in H*(3; C?) and there exists an operator K that is
compact from H*(Z; C*) to HT1(Z; C*) such that

_(@+mA?L —iR(o-v)
C, = ( Lo MR G jm)A—%) + K. (4.6)

In particular, the realization of KK in L*>(X; C*) is self-adjoint.

Proof Denote by 7 the integral operator that is formally acting on a sufficiently smooth
function ¢ : ¥ — C? as

To(x) := lim tx —y)p(y)do(y), x€ X,
eNO J3\B(x,e)

where the integral kernel 7 : R3\{0} — C2*2 is given by

t(x) :=( —ivz? —m?|x I) ;{(al 73) WEoml, (4.7)
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Recall that S(z> — m?) denotes the single layer boundary integral operator for the
expression —A + m? — z2. With these notations we conclude from (2.3) that

. — <(z +m)Si? —mH L T )
Z .

T (z —m)S(> —m?) I (4.8)

Note that (4.8) implies that 7~ gives rise to a bounded operator in H*(X; C?), as C, is
bounded in H*(X; C*) by Proposition 2.1.
First, we analyze the diagonal terms and show that

S -mH)=A2+K, (4.9)
with a compact operator Ky : H*(X) - H s+1(%). Indeed (4.2) implies that
S —m*) =AM+ K+ K3,
where
Ky i=8@E* —m?) —S(=1) and K3:=8(=1D —(S(=D""+cn)7"
With (4.1) we get that /C; is an integral operator with kernel kp (x — y), where

e—Vm>—22Ix| e ¥l
47 |x| 4| x|

ky(x) = , x eR3\ {0}

By making a power series expansion we see that the first term in the sums cancels,

o0 o
ko(x) =Y crlx P+ delx
k=0 k=0

with some suitable coefficients ¢, dx € R, and that both sums converge absolutely, as
the power series expansion of the exponential function has this property as well. Hence,
the first sum is an analytic function, while the second sum is a pseudo-homogeneous
kernel of class —3 in the sense of Definition 4.3, cf. Lemma 4.2. Thus, we conclude
with Proposition 4.4 that /Cp : H(X) > H s+3(X%) is bounded for any s € R and in
particular, /Cp is compact as an operator from H*(X) to H sH(D).

Next, using the resolvent identity we see that

Kz =caSDS(=D) " +ep) P =eaS(—1)A2, (4.10)

which is due to the mapping properties of S(—1) and A bounded from H*(X) to
H’*t2(%) and hence compact from H* () to H*+1 (). Thus, we have shown (4.9).



Single Layer Boundary Integral Operator for the Dirac Equation Page 17 0f28 135

It remains to consider the anti-diagonal blocks. The integral kernel ¢ of the operator
T in (4.7) has the series expansion

) = 20 x)+ch(a x)|x|2k+zdk(0 D @

3
47| x| pard

with some suitable coefficients ¢, c?k € C, as the terms with |x|’2 cancel. Since
the power series for the exponential function is absolutely converging, both sums
in (4.11) are absolutely converging as well for any x # 0. In particular, the first sum
defines an analytic function. Moreover, by Lemma 4.2 the second sum is a pseudo-
homogeneous kernel of class —2 in the sense of Definition 4.3. Hence, we conclude
with Proposition 4.4 that

T = —%R(a V) + K, (4.12)

where /Cj4 is bounded from H*(Z; C?) to H**?(Z; C?) and, in particular, compact
from H*(2; C?) to H*T!(Z; C?). Combining (4.12) with (4.5), we can also write

T = %(o SR+ K. (4.13)

In particular, as 7 is bounded in H*(Z; C2) and o - v is a bijection in H*(X; (Cz),
we conclude that R and R* give rise to bounded operators in H*(X; C?). Finally,
Egs. (4.8), (4.9), (4.12), and (4.13) imply (4.6). Furthermore, as the realization of C,
in L(%; C*) is self-adjoint for z € (—m, m) by Proposition 2.1 (ii), also the operator
KC in (4.6) must be self-adjoint in L>(; C*).

Let us mention that, since R and R* are formally adjoint to each other with respect

to the inner product in L>(X; C?), a continuity argument shows forall g € H*(Z; C?)
and ¥ € H*(%; C?), s € R, that

(R(p, W)Hx(z;((ﬂ)x[_l—x(z;(ﬂ) = ((p, R*w)HS(E;(Cz)XH_S(X;(Cz)’ (414)
where (-, ) gs(z.c2)xm—s(z:c2) denotes the sesquilinear duality product in
H*(%; C*) x H™*(%; CH).

In the following lemma we state a variant of (4.6) that is particularly useful in the
application in the boundary triple framework, as it is done, e.g., in [11]. Define the

matrix V € C**4 by
(D 0
V= (O —i(o-v))' (4.15)

Then we have the following result:
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Lemma4.7 Let R and R* be defined by (4.3) and (4.4), respectively, let A be as
in (4.2), and let C;, 7 € (—m, m), be given by (2.4). Then, for any s € R there exists
an operator K that is compact in H*(2; C*) such that the bounded and everywhere
defined operator

4NV (- v)Co(a - V)VFA - H(Z; CH > H7l(z; ¢

can be written as

_— 0 R* z—m 0
ANV (@ - v)Cola - V)V A_—A<R O>A+4( 0 Z+m>+i€. (4.16)

In particular, the realization of K in L*(Z; C*) is self-adjoint.
Proof First, Eq. (4.6) and a simple calculation imply

4AV(a - v)Co(a - V)VFA

A 4z —m)(o -VIA (0 -v)  —R*
- -R 4(z +m)A™?

4.17
)A+IC1,( )

where K| is a compact operator in H*(X; C*) due to the mapping properties of A.
By (4.2) we can write

(- VA Z=A20-v)=T +Ka,

where 7 is the integral operator acting as

To) = ((0-VS(=1) = S(=D(o - )px) = /E 1(x, y)pdo(y)  (4.18)

with

e~ 1x=l

1(x,y) = (U “(v(x) — V()’)))m 4.19)

and /C, is given by

Ka= (0 - 0(SED +en)™ =SED) +(S(D = (S(=D +ca) )@ - v).
A similar argument as in (4.10) shows that K, is compact as a mapping from
H712(5; C?) to HSTV2(2: C?).

Next, we show that 7 in (4.18) is compact as an operator from H*~1/2(Z; C?)
to HSt1/2(2; C?). Denote by ¥ = (91, ¥, ¥3) a smooth and compactly supported
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extension of v that is defined on R3. Then, this function has a Taylor series expansion
of the form

3
Bx) =) + DI — ) + Y (= NTHT ()X = yej + ...,
j=1

where DV and HV; are the Jacobi matrix and the Hessian of ¥ and v}, respectively,
and e; are the canonical basis vectors in IR3. Using this and the power series expansion
of the exponential function we find that the function ¢ defined in (4.19) can be written
as

3

t(x,y)=o0" (Dﬁ(y)(x =Y+ @ =»THT ;) = yej +. >
j=1
o |x — y[*! 5 D Piluntin
;W —0o - (D(x) —V(Y));M'

Since the second term is a smooth function, we find with Lemma 4.2 that ¢(x, y) is
a pseudo-homogeneous kernel of class —2. Therefore, we get with Proposition 4.4
that 7 is bounded from HS_I/Z(E; (CZ) to HS+3/2(E; (CZ) and, in particular, compact
from HS~V/2(; C?) to Ht1/2(; C?). Hence, we conclude that

Ao - v)A_z((r -MA=DL+K3

holds, where K3 is compact in H(X; C?). Together with (4.17) this implies (4.16).

Finally, Eq. (4.16) and the fact that the realization of C, in L>(X; C?) is self-
adjoint for z € (—m, m) by Proposition 2.1 yield that also K must be self-adjoint in
L3(Z; CH.

In the following proposition some further properties of R and R* that follow from
known properties of C, are stated:

Proposition 4.8 Let R and R* be defined by (4.3) and (4.4), respectively, and let
s € R. Then, the following holds:

(i) The operator R — R* : HS~1(Z; C?) — H*(X; C?) gives rise to a bounded
operator.
(i) One has R* = 41, and (R*)? = 41,. In particular, this implies that

RR* — 4L : H (2, C?) > HY(Z; C?) (4.20)

gives rise to a bounded operator.
(iii) The operator A=>R — RA~2: HS~1(Z; C?) — H*(Z; C?) is compact.
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Proof (i) Taking the definitions of R and R* into account, we see that their difference
is a singular integral operator with kernel

r(x.y) —r(y. x)" = %(o v(y) — (o v(x))—| (—_yl);)
= f;'x(X_—y'y;J &) —v(y) — %j‘yﬁ” = 5106 y) + 5202, ¥).

.21

Following ideas from the proof of [22, Proposition 2.8], we remark first that the kernel
s2(x,y) = % is pseudo-homogeneous of class —1, as v(x) - (x — y) ~
|x — y|?> for x — y (for details see the considerations on the kernel K in the proof
of [22, Proposition 2.8]). Concerning the first term in the sum in (4.21), one gets in
a similar way as in the study of (4.19) with Lemma 4.2 that s;(x, y) is a pseudo-
homogeneous kernel of class —1 in the sense of Definition 4.3. Summing up, we find
thatr(x, y)—r(y, x)*is akernel of class — 1 and hence, by Proposition 4.4 the operator
R —R*: H~I(Z; C?) — H*(T; C?) is bounded, which is the claim of item (i).

(i1) First, we show that R? = 41, holds. It is known from [6, Proposition 3.5 (i)] that
Cp = lim;_,, C; exists with respect to the norm in the space of bounded operators
in L?(2; C*) and the limit is given by

c _L( 2mS —iR@-v)
T4 \=iR((0 V) 0

with
. 1
Sp(x) = / ————(da(y), ¢eL*(Z;C?.
s T|x —y|

Combining this with Proposition 2.1 (iii) yields

B . 2 (1 2mS  —iR(o -v) 0 i(o-m\)
I4—4(Cm(la.v)) _4<Z<—iR(a-v) 0 )(l-(g.v) 0 ))

_1 R 2imS(o - v) 2 R2 2imRS(o - v) + 2imS(o - V)R
—4\0 R _4 0 R? ’

which shows R? = 41,. By taking the adjoint this implies (R*)? = 4I,. Using this
we also find that

RR* — 4L = R(R* — R)

holds. This and the result from item (i) yield the mapping properties in (4.20).



Single Layer Boundary Integral Operator for the Dirac Equation Page210f28 135

(iii) First we note that Proposition 4.6 implies that

1 —iR 4(z4+m)A"%(0 - v)
Glv=7 (4(z —mA (@ v iR vy )T (322
holds, where KC; : H~!(Z; C*) — H*(Z; C*) is compact. Using this representation
in —4(C, (« - v))2 = Iy, see Proposition 2.1 (iii), we find that the upper right block of
this equation has the form

0=i(z+mRA (0 -v) —i(z+mA*R* (o -v) + K,
=i(z+m)(RA™Z = AR) (0 -v) +i(z+m)A "> (R — R*) (0 - v) + K,

with a compact operator K> : H*~(Z; C?) — H*(Z; C?). Since A"2(R — R*) is
bounded from H*~!(Z; C?) to H**!(Z; C?) by item (i) and the mapping properties
of A, the last equation and Rellich’s embedding theorem yield the claim.

Next, we show that R 4+ R* can be written as the difference of two projections,
which is useful in the analysis of boundary value and transmission problems for the
Dirac equation with critical combinations of the coefficients, see, e.g., [11] for an
application.

Theorem 4.9 Let R and R* be defined as above and let s € [—1, 1]. Then, there
exist a bounded operator K : H*(X; C?) — H'(Z; C?) and closed subspaces H+
of H*(X; C?) satisfying dim H, = dim H_ and H*(Z; C?) = H+H_ such that
the realization of R + R* in the space H* (X; C?) can be written as

R+R*=4P, —4P_ +K,

where Py is the projection onto 'H.+.

Proof The proof of this result is separated in four steps. In Step I we consider the
realization of R +R* in the space L?(X; C?) and prove a spectral representation that
is suitable to define the map K. In Step 2 we show an auxiliary embedding result,
which is then used in Step 3 to conclude the mapping properties of K. Finally, in Step
4 we show the claims about H4 and P+. Throughout the proof, we will denote by
(-, -) the inner product in L?(X; C?).

Step 1: Consider R and R* as bounded operators in L(%; C?). Then, Proposi-
tion 4.8 (ii) implies that

(R+RH*=R>+ (R +R*R+RR* =161, + A%, (4.23)
where we have set
A=iR—iR".

By definition, A is a bounded and self-adjoint operator in L?(X; C?) and by Propo-
sition 4.8 (i) A gives rise to a bounded operator from L2(Z:CH to HY(Z: C?) and
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hence, by Rellich’s embedding theorem, .4 is compact in L? (%; (Cz). Thus, the spectral
theorem implies that

c(R+RY) C [i\/16+k2 e U(.A)] (4.24)

and o (R+R*)\{£4}is purely discrete. We claim that the inclusion in (4.24) is actually
an equality. To see this, it suffices to show that o}, (R + R*) is symmetric with respect
to the origin. Let 4 € op(R +R*) and e € L?(X; C?) such that (R + R*)e = pue.
With (4.5) we see that

(R+R"(o -v)e=—(0-V)(R+R"e=—u(o-ve, (4.25)

i.e. also —u € op(R 4+ R*) and hence
o(R+R*) = {i\/16+k2 he a(A)] .

Thus, if we denote by uy = sign i - /16 + )L,% all eigenvalues of R + R* with

some A € o (A) and by e;—L the corresponding eigenfunctions (where the superscript
corresponds to the sign of the associated eigenvalue and which are by (4.23) also
eigenfunctions of A), and that are by the spectral theorem an orthonormal basis in
L?(X; C?), we can write

(R+R%p =) 1, ¢)eg =4Prp —4P_¢ + Ky (4.26)
k

with

Prp:=Y (p.eef. Pop:=) (p.¢)e;,

x>0 ug<0
Ro=3" (J16+22=4)@.ehef + 3. (4= 16 +22) (@, ey .
mk>0 k<0

4.27)

It remains to show that ﬁi give rise to bounded operators Py in HS(X; (Cz), that
H := ran Py fulfil HS(¥; C?) = H,+H_, and that K can be extended to a bounded
operator from H*(X; C?) to H'(Z; C?).

Step 2: Define the space G := ran A and endow it with the norm

_ 2
” (-’4 f (Lz(zv (Cz) e ker A)) 1‘P” LZ(Z;(CZ) + ||§0||i2(2;c2)

> 0+ DI, gD
A€o (A\{0}

2
lell3
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Remark that (A | (L?(X; C?) & ker A))~! is self-adjoint in the Hilbert space ran A
and hence, it is closed and G is a Hilbert space. Clearly, those eigenfunctions eki of
A that correspond to eigenvalues Ay # 0 are an orthogonal basis in G. Note that
Proposition 4.8 (i) implies that G = ran (R — R*) C H'(Z; C?). In this step, we
show that the embedding ¢t : G — H 1 (% (Cz) is continuous.

For that, we show that ¢ is closed. So let (¢,) C G such that ¢, — ¢ in G and
in = @u — ¥ in H'(Z; C?). Then, as G is complete ¢ € G and by the same
argument i € H'(X; C?). Since both G and H'!(Z; C?) are boundedly embedded in
L?(X; C?), we have that (¢n) converges to ¢ and ¥ in L?(X; C?). This can only be
true if ¢ = . This finishes the proof that ¢ is closed and thus, continuous.

Step 3: In this step we prove that the map K introduced in (4.27) can be extended
to a bounded operator from H -1 (x; (Cz) to H! (= (Cz), which gives then rise to a
bounded mapping K : H*(Z; C?) — H(Z; C?).

To show the stated boundedness property, let ¢ € LZ(E C?) be fixed. We clalm
that ICgo € G. To see this, we use that the definition of Kin (4.27) yields |(IC<p, e, )| =

(,/16 + A7 — 4) (¢, e)| and thus,

IKelg = > O+ DIKe, I
Aeo (A\{0}
2
)»2
= Y 0+ | =] le.DIF  “28)

e (A0} J16 + 27+ 4

+
<ca Y e el =l Apls g, < 00
Mo (A0}

Therefore, we have shown Ego € G. Combining now (4.28) with Proposition 4.8 (i)
(applied with s = 0) and the result in Step 2 we conclude

||IC‘P||H1(2 c?) = C2||’C‘P||g < C’;”A§0”L2(Z;(C2) = c4||¢||H’I(Z;(C2)'

Since L%(:; C?) is a dense subspace of H~1(Z; C2), the latter estimate shows that
K can indeed be extended to a bounded map from H~ Lz, CH to HI(Z; C).

Step 4: It remains to show that Pi give rise to bounded operators Py in H* (X; C?)
and that H. := ran P4 fulfil H*(Z; C?) = H,4+H_. To see the first claim, remark
that the eigenfunctions eki of R + R* form an orthonormal basis of L2(Z; C?) and
that the definition of ﬁi in (4.27) implies ﬁr + P = I>. Hence, formula (4.26) yields

~ 1 ~
Py = ig(R + R*+ 4L — K). (4.29)

Since the operator on the right hand side gives rise to a continuous map in H* (X; C?),
the same is true for the left hand side and we denote this realization by Px.
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It remains to show that the direct sum decomposition H*(X; C?) = H,+H_
holds. First, we note that (4.29) implies P, + P_ = I, and hence, H*(X; C?) =
Hy + H_. To see that the sum is direct, assume that ¢ € H4 NH_. Then, there exist
¢_, ¢y € H*(X; C?) such that

¢=Proy =P ¢_. (4.30)

Note that the definition of I~’i in (4.27) implies that ﬁi I~’¢ = 0. Thus, also P+ P~ = 0.
An Application of P4 to (4.30) shows then Prop = 0,1e.¢ = Pro + P_¢p = 0.
Therefore, H*(X; C2) = H,+H_ as a direct sum and all claims are shown.

Remark 4.10 1t follows from the proof of Theorem 4.9 that ¢ - v is an isomorphism
from H4 to He. Indeed, it is shown in (4.25) that (o - v)ker (R + R* — p) =
ker (R + R* + w) holds for any u # 0. Since H is defined for s € [—1, 0] as the
completion of

ran Py = spanf{u € L*(2;C?) :uecker (R+R*—p)for +u > 0}
in HS(X; (Cz) and for s € [0, 1] as the completion of

span{u e L*(Z;CH:uecker (R+R"—p)for +u > 4}
+(ker (R +R* F4) N H*(Z; CY)

in H¥(Z; C?), cf. (4.27), and o - v gives rise to a bounded map in H*(%; C2), this
map is indeed an isomorphism between H+ and H~.

Eventually, we state a result about a special operator in L?(X; C?) involving the
realizations R, R* of R, R* in H~/ 2(2;C?.In the following proposition we show
that zero belongs to the essential spectrum of A(Rﬁ* — 41>) A under some suitable
assumptions on the surface ¥. Remark that in the recent paper [16], that was devel-
oped independently from this note, a related result was shown with pseudodifferential
techniques.

Proposition 4.11 Assume that there exists an open subset ¥ C X such that X is
contained in a plane. Then, there exists a sequence (¢n) C L2(Z; C?) such that
l@nllL2(s:c2) = L, @n converges weakly to zero, and A(RR* — 41)Agy — 0 in
L2(%; C?). It is possible to choose this sequence such that (Ag,) C H-.

Proof The proof of this proposition is split into two steps. In Step I we follow closely
arguments from [8, Theorem 5.9 (i)] to show that there exists a singular sequence (¢, )
for A(RR* —41,) A, while in Step 2 we prove that this sequence (¢,,) can be chosen
such that Ag, € H+. o

Step 1: We show the existence of the singular sequence for A(RR* — 41,)A. For
this we note that by Proposition 4.8 (ii) the operator A(RR* — 41,)A is bounded
and self-adjoint in LZ(Z; (Cz) and hence, the claim follows, if we can show that
0 € 0ess(A(RR* — 41)A), which is true, if

3G ¢ L2(2: C%) 1 dim G < 0o and ran (A(RR* —4h)A) = L2(2:CH oG, (4.31)
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Let £; C g such that ©; C X, where the closure is understood in the relative
topology on Xg. Following closely arguments from Step 4 from the proof of [8,
Theorem 5.9 (i)], we will show that (R* — R)A¢) | 1 € H(Z; C?) forall ¢ €
L?(X; C?). Since Proposition 4.8 (ii) implies that ARisa bijection from H 12(2;C?%
to L*(X; C?), this yields (4.31).

Recall that R* — R is an integral operator with integral kernel

tx,y) i=r(y,x)"  —r(x,y) = ;;x—__yi;)o (@) —vx)) + 2%,

cf. (4.21). Clearly, ¢t (x, y) = Oholds forall x, y € ¥¢.Let U; C RZand ¢ : U} — R3
be a map that parametrizes Xp, i.e. ran¢ = Xp. Since for any y € X the map
Uy sur t(pu),y)is C®-smooth and X > y — Ou; 1(Pp(u), y) is C'-smooth for
any fixed j € {1, 2} and u € Uj, we find for any € LZ(E; (Cz) that

b, (R — Ryy) (b)) = /2 B, (W), )Y (3)do ()
holds. With this, we get

2
du

8, (R* = R)v) 725,02 = € /U ‘ fz 3, 1@ ), Y)Y ()do ()

2
du

=C /l; ‘(8,,/.t(¢(u), ), w)Hl/z(Z;CZ)XH—I/Z(Z;CZ)
1

2
<1 [ 0@ gsconey 191y
Uy ’ ’

2
= CZHVIHH*‘/?(E;CZ)'

By contNinuity, this can be extended for all ¥ € H —1/2(x. C?), which shows that
(R* —R)A¢) | 1 € H'(Z1; C?) forall ¢ € L?(X; C?) and yields the claim of the
first step.

Step 2: By the result of Step 1 there exists a sequence (¢,) C L%(%; C?) such
that [|gnllL2(s.c2) = 1, gn converges weakly to zero, and A(RR* —41) Ag, — Oin
L*(X; C?). It remains to verify that this sequence can be chosen such that Ag, € Hx.

First, we show that at least one of the sequences (A~ Py Agy) has the claimed
properties. Since by Proposition 4.8 (ii) the map R is bijective in H!/?(X; C?) with
R? = 41, we find with the mapping properties of A that

~ ~ 1~ ~~
(R* = R)Ag, = ZR(RR* —4h)Ag, —» 0 in H'2(2;C». (4.32)
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Taking the construction of Py in (4.29) into account, we conclude that

~ ~ 1 ~ ~  ~ ~
(R* = R)P+A@, = :Izg(R* —R)(R+R"+4 — K)Ag,
1 ~ ~ 1 ~ ~
= :Fg(R + R* F4L)(R* — R)Ag, F g(R* —R)KAp, — 0

in H'/2(2; C?) dueto (4.32),as R, R* give rise to bounded operators in HY2(z: C?
by Proposition 4.6 and K : H~/>(2; C?) — HY?(¥; C?) is compact by Theo-
rem 4.9 and hence, it turns the weakly convergent sequence (Ag,) into a strongly
convergent one. Using again R? = 41, and the mapping properties of A, we con-
clude that A(RR* — 4L)P+A¢@, — 0 in L*(Z; C?). Moreover, both sequences
(A~'Py Agy) are weakly converging to zero in L?(2; C?) and at least one of these
sequences satisfies ||A_1PiA<pn||Lz(E;Cz) > ¢ for a constant ¢ > 0. Hence, at
least one of the sequences (A~'PLA@,) C LA(Z:CH is a singular sequence for
ARR* —4h)A.

So we can assume w.l.o.g. that (Ag,) C Hy such that |lgallz2(5.c2) = 1, ¢
converges weakly to zero, and A(ﬁﬁ* —4h)A@, — Oin Lz(E; (CZ). But then, in
view of Remark 4.10, also the sequence defined by ¥, := A~!(o - v)Ag, satisfies
¥l 2(s:c2) = ¢ for some ¢ > 0, ¥, converges weakly to zero, and Ay, € H—.
Moreover, the relations in (4.5) and Proposition 4.8 (ii) imply that

ARR* —4L)AY, = ARR* — 4h) (0 - v)Ag, = Ao - V)(R*R — 41) Agy,

~ o~ 1 ~~
=A(c - V)RR (12 — ZRR*> Ap, — 0

in L2(X; C?). Thus, also (,,) fulfils all claimed properties and all claims are shown.

Finally, combining the results from Lemma 4.7 and Theorem 4.9, we get the fol-
lowing decomposition of C; into a positive and a negative part. In particular, this result
implies that j:% belongs to the essential spectrum of C;, when this operator is viewed
as a mapping in H*(%; (C4), se[-1,1].

Corollary 4.12 Let C,, z € (—m, m), be defined by (2.4), let P+ be as in Theorem 4.9,
andlet V be given by (4.15). Then, for any s € [—1, 1] there exists a bounded operator
K:H(Z;C* - H(Z; C* witht = min {1, s + 1} such that

0 P —P,

1 *
CZ=§(05'I))V (P_—P+ 0

)V(oe-v)+l€.

In particular, the realization of IC in L*>(X; C*) is self-adjoint.
Remark 4.13 In [4, Section 4.2] projections that are defined by

01 := —1 L+ —17?, and Q* = —1 + —1 R*
.
+ ) 2 | + ) 2 |
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were considered and they were identified as skew projections onto Hardy spaces. Note
that Theorem 4.9 and Py + P_ = I, imply

1 1 N 1 N 1 N
Qi:i IQ:I:Z('R-FR) :I:g(R—R)ZP:tig(R—R + K)

and similarly

1 1 1 1
Qi = 5(IZZIZZ(R+R*)>:Fg(R—R*)ZPi:Fg(R—R*—IC)-

Hence, the projections P4 constructed in Theorem 4.9 coincide, up to the map-
ping :I:%(R — R* 4 K), which is by Proposition 4.8 bounded from H*~'(Z; C?)
to H*(X; C?) and hence compact in H*(X; (Cz) for any s € R, with the skew pro-
jections onto Hardy spaces considered in [4, Section 4.2]. However, in contrast to Py
the projections Q- are not self-adjoint in L?(X; C?), unless ¥ is a sphere. This is a
drawback, as Q QjE # 0, unless X is a sphere, which makes the application of O+ in
problems involving the Schur complement of C, and related operators more involved.
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