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Abstract. We prove a fixed point result for nonlinear operators, acting
on some classes of functions with values in a dg-metric space, and show
some applications of it. The result has been motivated by some issues
arising in Ulam stability. We use a restricted form of a contraction con-
dition.
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1. Introduction

The name of Ulam has been somehow connected with various definitions
of stability (see, e.g., [1,12,16,24]), but roughly speaking, the following one
describes our considerations in this paper (A® denotes the family of all func-
tions mapping a nonempty set B into a nonempty set A, R stands for the set
of all real numbers and R :=[0, 00)).

Definition 1. Let (Y, d) be a metric space, E be a nonempty set, Dy C D C
Y and £ € R4F be nonempty, 7 : D — Y and S : £ — R F. We say that
the equation
T()(t) =9(t), teE,
is S-stable in Dy provided, for any ¢ € Dy and 6 € £ with
AT(W)(1),¥(t) <4o(t), tEE,
there is a solution ¢ € D of the equation, such that

d(o(t),¥(t)) < So(t),  tekE.

There are some close connections between Ulam stability and fixed-
point theory (see, e.g., [6]). In particular, the subsequent theorem has been
presented in [7, Theorem 2] and it has been shown there how to deduce some
quite general Ulam stability results from it (see also [6,9,14]). To formulate
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it, we need the following hypothesis concerning operators A : R+E — R+E
(E is a nonempty set):

(C) If (8, )nen is a sequence in R ¥ with lim,, .o 6,(t) = 0 for t € E, then

lim Ad,(t) =0, teFE.

Let us yet recall that A : R, ¥ — R+E is non-decreasing provided
AE(t) < Ag(t),  teE,
for every &, € R.¥ with £(t) < n(t) for every t € E.

Theorem 2. Assume that (Y,d) is a complete metric space, E is a nonempty
set, A : R+E — R+E is non-decreasing and satisfies hypothesis (C), and
T:YE = YF is such that

d((TE(®), (Tu)(t) <A(dEw)(t),  &neYF tekE, (1)
and functions e : E — Ry and ¢ : E =Y fulfil

d((Te)(t), p(t) <e(t), teE,

and

ot):= Y (A"e)(t) <oo, teE.
neNy

Then, for every t € E, the limit

lim (T7)(6) = (1)
exists and the function 1 € YT, defined in this way, is a fived point of T
with

d(p@t),v(t)) <a(t), teE.

In the next section, we present a similar fixed-point theorem for dis-
located quasi-metric spaces that generalizes Theorem 2 and several similar
outcomes in [5,7,8]. In particular, we apply a restricted version of a weaker
form of condition (1) (see Remark 3).

Let us recall that a dislocated quasi-metric (dg-metric, for short), in a
nonempty set Y, is a function d: ¥ xY — [0, 4+00) that satisfies the following
two conditions:

(A1) if d(z,y) = d(y,x) =0, then = =y,
(A2) d(z,y) <d(z,2) +d(z,y)

for all z,y, z € Y. The notion of a dg-metric space is a natural generalization
of the usual definitions of metric, quasi-metric, partial metric, and metric-
like spaces and plays crucial roles in computer science and cryptography (see,
e.g., [2,4,11,13,15,20-22,25,26]).
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Remark 1. Let a,b € (0,00), n,k € N (positive integers), a : R — R4 and
a~1({0}) = {0}. Then, it is easy to check that the function d: RxR — [0, c0),
given by any of the following six formulas, is a dg-metric:

d(z,y) = a(z), =zyeR,
d(z,y) = max{alz|*,bly|"},  =zy€ER,
d(z,y) = alz|* +bly[*,  z,yeER,
d(z,y) = y/alz[F +bly[",  x,yeR,
d(x, y) = YV max {x — y,0}, r,y € R,
y) =

max {x — [y], 0}, z,y € R,

where [y] denotes the integer part of y, i.e., [yl:=max{n € Z : n < y} and
Z stands for the set of integers. For some further examples we refer to, e.g.,
[2,4,13,22] and the references therein.

Let d be a dg-metric in a nonempty set Y. We say that x € Y is a limit
of a sequence (x,)52 1 in Y provided

lim max {d(zy,,z),d(z,x,)} = 0;

then we write 2, — 2 or & = lim,,_, o Z,; in view of (A2), it is easy to note
that such a limit must be unique. Next, we say that a sequence (z,,)2%, in
Y is Cauchy if

lim  sup d(zp,2m)=0;
N*’OOm,nZN

d is complete if every Cauchy sequence in Y has a limit in Y.

Remark 2. Usually, in a dg-metric space, the Cauchy sequence is defined in a
somewhat different way; e.g., in a metric-like space (Y, d), a sequence (z,,)52 ;
is said to be Cauchy if the limit limy o sSup,, ,>n d(Tn, Tm) exists and is
finite (see [3]). However, such definitions are too weak and would exclude from
our considerations the metric and quasi-metric spaces. The same concerns the
notion of completeness.

Our definition of a limit of a sequence is stronger than the usual, but this
seems to be necessary in the proof of the main result; moreover, it actually
corresponds to our definition of the Cauchy sequence and makes such limit
unique (which is not the case in general) and, therefore, more useful.

2. The main result

In what follows, we always assume that (Y, d) is a complete dg-metric space,
i.e., d is a complete dg-metric in a nonempty set Y. Moreover, E denotes a
nonempty set and d: YZ x YZ — R, ¥ is defined by

d(&, p)(8):=d(&(t), u(t),  &EueYF teb.
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Analogously, as in the classical metric spaces, if (xn)nen IS a sequence
of elements of Y¥, then a function y € Y¥ is a pointwise limit of (xy)nen
provided

lim max {d(x, x»)(t), d(xn, X))} =0,  t€E;

n—oo

x € YE is a uniform limit of (x,)nen provided

lim sgg max {d(x, xn)(t), d(xn, x)(t)} = 0.

n—oo t

A nonempty subset F of YZ is called p-closed (u-closed, respectively)
if every x € Y¥, which is a pointwise (uniform, resp.) limit of a sequence
(Xn)nen of elements of F, belongs to F.

Furthermore, given f,g € R, we write f < g if f(t) < g(t) for t € E.
Let 0 £CCcYP A:RP - R, and w e R.F. Wesay that 7: C — YF
is (w, A)—contractive provided

d(TETu) <AS
for any &, € C and § € R F with
6<w, d&p) <o
Given a set A # () and f € A4, we define f* € A4 (for n € Ng) by
Pla)y=2, ") =f(f"(@), z€AneN.

Finally, to simplify some formulas, we denote by A the identity operator

on R.F ie., Agd =& for each 6 € R,.F.

Now, we are in a position to present the fixed-point theorem, which is
the main result of this paper.

Theorem 3. Let C C Y be nonempty, A,: R+E — R+E for n € N, and
T:C — C. Assume that there exist functions 1,65 € RyT and ¢ € C, such
that

Ei(t)=> Aigj(t)<oo, tEE,j=1.2, (2)
=0

d(Ty,p) <e1,  dp,Ty) <ey, (3)

limianl(ZAisj)(t) -0, teBE,j=12 (4)

and write €*(t):=max{e1(t),e2(t)} fort € E. Let T™ be (¢*, A,) —contractive
for n € N and one of the following two hypotheses be valid.

(i) C is p-closed.
(ii) C is u-closed and the sequence (Y. AiEi)neN tends uniformly to €
on E forj=1,2.

Then, for each t € E, there exists the limit
P(t):= lim T"p(t) (5)
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and the function ¢ € C, defined in this way, is a fived point of T with
o0
AT e, ) <> Nier,  d($, T <ZA e,  neNg. (6
i=n

Moreover, the following two statements are valid:

(a) for every sequence (kp)nen of positive integers with lim,, o k,, = 00, 9
is the unique fixed point of T, such that

P) <Y Aigg,  d@,TH) < Y Mg, meN,

i=ky
with some j,l € {1,2};
(b) if
liminf A,.e5(t) = 0, j=1,2,teFE, (7)

n—00

then 1 is the unique fized point of T with

dlp,¥) <ei,  d¥,p) <ej,
and for every j,1 € {1,2}

(1) = lim THE®L),  E€CdEy) <& b, <, te B, (8)

for every sequence (kn)nen of positive integers with lim, ., Ay, &5, (t) =
0 fort € E and m € {j,1}.

Proof. Clearly, (3) implies that, for any k,l € N and n € Ny
k—1
AT, Tp) <Y d(TH o, T )
i=0
n+k—1

Z A61<ZA617 (9)

-1

d(T"p, T ) < d(T e, T )
i=0
n+l—1

Z A€2<ZA 2, (10)

IN

IN

whence

d(TnJ'_k(p,Tn-’_l(p) < d(T”+k<p,TnQD) +d(Tn(p7Tn+lg0)
< ZAi51 + ZA¢€2~

Therefore, by (2), (7"¢(t))nen is a Cauchy sequence in Y for each ¢t € E.
Since Y is complete, this sequence is convergent. Consequently, (5) defines a
function ¢ € C.
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Letting k£ — oo in (9) and | — oo in (10), on account of (5), we get
P) <Y Mer, A, T e <ZA€2» neNo, (11)
which is (6). Next, using (11), we get

AT o, Ty) < Ay ( i Ai51>a ATy, T ) < Ay ( i Aﬁz)

i=n

for n € Ny. Hence, for each n € Ny

A, TY) < d(, Tg) + d(T™ 6, TH) < d(, T ) + M (Y Aen ).

d(T, ) < A1(ZA1‘€2) +d(T" e, ),

which with n — oo yields d(¢), 7)) = 0 and d(7,v) = 0 [in view of (4)],
and consequently 7T = 1.

Let (kn)nen be a sequence of positive integers with lim,, o k,, = o0
and ¢ € YF be a fixed point of 7 with

AT p(x),&(x) < D Migs(1),  d(E(@), T p(2)) < Y Nea(t),
i=ky, i=kn
neNteFE,

with some j,1 € {1,2}. Then, by (6)
d(E(t), (1) < (&), T o(t)) + d(T (1), (t))

< i Aiﬁl(t)—l— i Aifl(t), n € No,t € F,
i=ky, i=ky,
d(p(t),&(t) < d((t), T (1)) + d(T (1), £(1))
< iAzag(t)—i— iAzsj(t), n €Ny, t€FE
i=kn i=kn

whence letting n — oo, we get & = 1.
It remains to prove statement (b). Therefore, assume that (7) holds and
¢ € Y¥ is a fixed point of 7 with

d(p,§) <ei,  d(& ) < e
Then, for any n € Ny, we have
d(,§) <d(, T ) +d(T"p,T"¢)
<d(, T"p) + Aper,
d(&,¢) <d(T"E, T ) +d(T"p,v)
< Apes +d(y, T ),

whence letting n — oo, we can easily see that & = 1.
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Now, let 7,1 € {1,2} and (k,)nen be a sequence of positive integers
with

lim Akns,*n(t)zo, tGE,me{j’l}'

Let € C be a function such that d(§,v) < e} and d(v),§) < e;. Then
AT € 9) = d(TH ¢, Ty) < Ag,ej,  neN

d(ep, T* &) = d(T*p, T &) < Ay,ef,  neN
Letting n — oo, we get (8). O
Theorem 3 implies at once the following.

Theorem 4. Let C C Y be nonempty, T: C — C and A: R,F — R, F
Assume that there exist functions e1,e5 € Ry T and ¢ € C, such that

z):=Y Nej(t) <oo, teEj=12

d(Te,p) <e1,  d(p,Tp) < e, (12)
1£{5£fA(ZA15J)) 0, teE,j=1,2, (13)

and T is (g*, A)-contractive, where e*(t):=max{e1(t),e2(t)} for t € E. Next,
let one of the following two hypotheses hold.
(i) C is p-closed.
(i) C is u-closed and the sequence (Y. AiEj)nGN tends uniformly to €
on E forj=1,2.
Then, for each t € E, there exists the limit

P(t):= lm T"p(t)
and the function ¢ € C, defined in this way, is a fized point of T with

d(T"p,¥) < ZAiﬁh d(, T"p) < ZA €2, n € Np.

Moreover, the following two statements are valid:

(a) For every sequence (kn)nen of positive integers with lim, o k, = 00,
¥ is the unique fized point of T with

Thnp, ) < Z Aley, d(v, Tr ) < Z Aley, n € N.

i=kp, i=kn
(b) If
liminf A"} (t) = 0, teE,j=1,2, (14)

n—oo

then v is the unique fized point of T with
dlp,¥) <ei,  d¥,p) <es.
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and for every j,l € {1,2},
Y(t) = lim TEg(t),  £€C.d(§¢) <ef,d(¥,€) <ef tEE,

for every sequence (kn)nen of positive integers with lim, ., Ag, &5 () =
0 fort € E and m € {j,1}.

Proof. Tt is enough to notice that 7" is (¢*, A™)—contractive for each n € N
and use Theorem 3. O

Remark 3. There arises a natural question whether, in some situations, as-
sumption (2) can be weaker than (12) with A:=A;. Below, we provide a
somewhat trivial example that this is the case.

Let Y = R? be endowed with the euclidean norm, ¢ € R and F = R.
Define the operator 7: Y® — Y& by

T¢((E) = (07¢1($),¢2(.’E) + C)a VS Ru
for every ¢ = (¢1, o, ¢3) € YX. Then
1To(x) — Tu(z)l = (0, 91(z) — p1(x), p2(x) — pa(x))||
[o(x) — u(@)ll, = eR,
for every ¢ = (¢1, ¢2, ¢3), pt = (1, pi2, u3) € Y'®. This shows that A; and A
exist, because it is enough to take any Ay and Ay with A;d > 6 for § € IR{+R
and i = 1, 2. Next
T"¢(x) = (0,0, nc), reR neN,n>3,

for every ¢ = (¢1,¢2,¢3) € Y® and we can take A,d(x) = 0 for § € R, E,
x € Rand n € N, n > 3. Clearly, in such a case, (2) holds for any ¢1,e2 € RE.
We show that, for any such A;, we must have

A1d > 6, § e R.E. (15)

IN

Therefore, take arbitrary § € R.® and define ¢, € YR by
¢o(x) = (6(x),0,0), ¥(x) = (0,0,0), x € R.
Then
To(x) = (0,0(x),c), Ty(z) = (0,0,c¢), z €R,
[6(x) = ¢()ll = [|(6(2),0,0)[| = 6(x),  z€eR,
and
1T p(x) — T ()|l = [|0,6(x),0)[| = 0(z) < Ard(z), =z €R.

This shows that (15) holds, whence, by induction, we obtain that for
each n € N

A6 >0,

and therefore

> AS(x) =00,  xER,H(x)#0.
1=0
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3. Some comments

We need yet the following hypothesis concerning operators A: R+E — R+E .
(C) If (6, )nen is a sequence of elements of R, ¥ with

lim 0,(t) =0, te kb,
then
lim inf Ad, () = 0, teE.

n—0oo
Remark 4. Note that if Ay fulfils hypothesis (C), then (4) results at once from
(2). Analogously, (12) yields (13) if A fulfils (C).

Remark 5. Let j € N and K be either the set of reals R or the set of complex
numbers C. Fix f;: E — E and L;: F — K for ¢« = 1,...,7. Then, the
operator 7: KF — KF, given by

To(t)=Y Li(t)(fi(t), oK tek,
1=1

is (w, A) contractive, with any w € R¥ and A: R, — R.F defined by the
formula
J
AS(t):= > [Li(t)6(fi(t), SeR P teE.
i=1
Moreover, (C) holds.
Next, for any function eg: E — R with €f given by [see (12)]

o0
z)i=» ANeg(t) <oo, teEj=12

we have
J 0o j
A&‘S(t) = Z |Ll(t)‘ Z 50 fz ZZ |Lz 50 fz( ))
i=1 k=0 k=0 i=1
= > (Mfe)(t), teE,
k=1
and analogously, by induction, we get
Ameg(t) = > (AFe)(t),  te E,neN,.
k=n

This means that (12) yields (14). Therefore, [9, Theorem 1] can be
derived from Theorem 4.

Remark 6. Let F : E x R; — R4 be subadditive and non-decreasing with
respect to the second variable (i.e., F(z,a +b) < F(x,a) + F(z,b) and
F(z,a) < F(z,c) for a,b,c € Ry witha < candx € E). Let f : E — E be
given and A: R, ¥ — R, Z be defined by

Ae(z) = F(x,e(f(x))), r € E,neNyecR,



143 Page 10 of 16 J. Brzdek, E. El-hady, and Z. Les$niak JFPTA

We show that for such A, condition (12) yields (13) and (14).
Therefore, assume that (12) holds for some suitable ¢; with j = 1, 2.
Fix « € F and define a function Fy : Ry — Ry by
Fy(a) = F(z,a), a€Ry.

Since Fp is non-decreasing and A"eq(f(z)) > 0 for each n € Ny, we
have

An+1€1(56) = FO (A"el(f(x))) Z Fo(O)

Hence, by (12), we get Fy(0) = 0.

Fix j € {1,2}. Next, we prove that Fj is continuous at 0 or there exists
lop € N with

Ae;(f(x)) =0, neN,n>l.

To this end suppose that Fj is not continuous at 0 and there is a strictly
increasing sequence (ky), . of positive integers, such that Afre;(f(x)) # 0
for n € N. Since Fp is non-decreasing and F(0) = 0, there exists d > 0 with
Fy(c) > d for every ¢ > 0, whence

AFntlei(z) = Fy (Ak"aj(f(x))) >d, n €N,

which contradicts to (12).
Thus, we have proved that

i B A (@) =0, j=12.
n=j

Furthermore, by subadditivity of Fy, for every k,l € Ny, [ > k, we get
1

Fo( Yo Ames(f@)) < 3o A es@) + Fo( 0 A"e(f()))
n=k n==k n=Il+1
whence letting | — oo, we obtain

AT @) = BT (@) < 3 Avs)
n=k n=k

and consequently, by induction (with k& = 0)

Al<iA"5j(x)> < iA"sj(aﬂ), leN.
n=0 n=Il

Clearly, using those inequalities, we can easily deduce (13) and (14)
from (12).

Now, consider a very special situation when the set E has only one
element, E = {s}. Then, actually, each C C Y can be considered as a
subset of Y of the form C:={¢(s) : ¢ € C}.

Given e € Ry, A\: Ry — Ry and C' C Y, analogously as before, we say
that T: C' — C' is (e, \)—contractive provided

d(Ty, Tz) < A(9),

for every y,z € Y and ¢ € Ry, such that d(y,2) < <e.
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Next, for A\;: Ry — R4, hypothesis (C) takes the following form:

(Co) If (6n)nen is a sequence in Ry with

lim §, =

n—oo

then

lim inf A\ (6,,) = 0.

n—00

Theorem 3, with yo = ¢(s) and zy = 9(s), takes the following form (we
write Ag(g):=¢ for each € € Ry).

Theorem 5. Let T : Y — Y, \,: Ry — Ry for n € N, and A\ satisfy
hypothesis (Cp). Suppose that there exist yo € Y and e1,e9 € Ry, such that

d(T(y0)7y0) <er, d(y07T(y0)) < e,

=) Ni(g) <00,  j=12 (16)
i=0
and T™ is (%, \,) —contractive for n € N with e*:=max {e},e5}. Then, the
limit

zo:= lim T"(yo)

n—oo

exists and zg 1s a unique fized point of T with
d(T"(g), 20) < D Ailen), (20, T™(y0)) < D Ai(ea), n € No.

Moreover, the following two statements are valid:

(a) for every sequence (kn)nen of positive integers with lim,, o kn = 00, 2o
1s the unique fized point of T with

d(T " yo Z )\Z 61 d(ZO,Tk”(yo)) < Z Ai(fg), n e N;

(b) if
liminf A, (5) = 0, ji=1,2

n—oo
then zy is the unique fixed point of T, such that
d(y07 ZO) S ETa d(ZanO) S 5;-

Clearly, if there is A € R, such that \,,(a) = A"a for a € Ry and n € N,
then Theorem 5 becomes a natural modification of the Banach Contraction
Principle (with a local contraction condition) and (16) means that A < 1.
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4. Ulam stability

Now, we show how we can derive some simple Ulam stability outcomes from
the results of the previous section. To this end, given e > 0 or e = oo, we
need the subsequent hypothesis.

(H1) jeN, L, :E—Ry fori=1,...,5,®: ExY? - Y, and

M-

d(®(t,wa, ..., w;), B¢, 21, ..., 25)) < Li(t)d(wg, 2x)
—1

€ Y7, such that d(z;,w;) < e

~— o~

for any t € E and (w1, ..., w;), (#1, ..., 2j
fori=1,...,7.

The following corollary also can be easily deduced from Theorem 2.
Corollary 6. Assume that €1,e2 : E — R, hypothesis (H1) is valid with
e=sup{e;(t) : t € E,j = 1,2}, where

ei(t)=> Aej(t)<oo, teE,j=1.2,
i=0

and A : Rf — ]Rf is given by

A = S Lu®i(h().  deREiCE,
k=1

with some fi,...,f; 1 E— E, and ¢ : E =Y is such that

d(®(t, o(f1(1), - 0(f5(1), (1) < ealt),  teE, (17)

d(p(t), ®(t, o(f1(1)), -, o(f5(1)))) < e2(t),  te€E. (18)
Then, the limit
V()= lim T(0) (19)

exists for each t € E, with T given by

To(t):=2(t, o(fit), - o(f;(1), weYF teE,
and the function ¢ : E — Y, defined by (19), is the unique solution of the
functional equation:

O, (1), 0(f5(1) = ¢(),  tEE, (20)
such that
d(p(t), (1)) <ei(t),  d((b),(t) <e3(t), tek. (21)
Proof. Let us note that inequalities (17) and (18) imply (3). Next
liminf A"e}(t) = 0, te B,j=1,2,

n—oo

n—oo

1imian<§:Afej>(t) —0, teEj=12,

in view of Remarks 4 and 5. Therefore, by Theorem 4, the function ¢ defined
by (19) is the unique fixed point of 7 (that is a solution of (20)) satisfying
(21). O
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Stability of functional equations of form (20) (or related to it) has been
already studied by several authors, and for further information, we refer to
the survey papers [1,8]. A particular case of (20) is the linear functional
equation of the form

J
o)=Y Lit)o(fi(t), ¢eYP tek,
i=1
under the assumptions as in Remark 5; some recent results concerning sta-
bility of less general cases of it can be found in [10,18,19,23].

As an example of applications of Corollary 6 consider stability of the

difference equation:

V(i) = @@, ¥+ 1)), ieN, (22)
where @ : N x Y — Y is given and ¢ : N — Y is unknown. Clearly, (22) is a
very simple particular case of (20), with E =N, j =1 and f1(i) =i+ 1 for
e X.
Let (an)nen be a sequence of positive reals, such that

oo k—1

ajy; < 00, 7€ N. (23)
> 11

k=1 1=0
For instance, we can take p € (0,1) and write

1
agp = ;, aA2p—1 :/)27 n €N

Then
2k—2 2k+1 2k—1

2k

Ham =p H it H aitp=p H it k €N,

1=0 1=0 1=0 1=0
whence (23) is valid and

i(1+a; .
ZH%H:M7 ieN
I—-p
Let operator A : Rl}‘_ — ]RT_ be defined by
AS(i) = a;id(i+1), SeRY,ieN.

Note that
k—1
A*§(i) = 6(i+k) [[ aisss  keN,seRY,
=0
whence
n n k—1
> AR =Y 66+ k) [Jai, neNGeRY. (24)
k=1 k=1 =0

Take v > 0 and let ¢ : N — Y fulfil inequalities (17) and (18) with some
1,82 : N — [0,7], that is

d(®(i,¢(i +1)),0() <er(i),  d((i), ®(1,¢(i +1))) <e2(i), ieN
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Then, (24) implies that, for each j € {1,2}

0o oo k—1
exli)= Y Are(i) < 7(1 +3° 11 alﬂ-) <o, €N
k=0 k=1 1=0

Next, if
d(D(i,2), P(i,w)) < a;d(z,w), w,z €Y,i € N,d(z,w) <e,

where e:=sup {¢}(i) : i € N,j = 1,2}, then ® is as in (H1) with j = 1, and
the assumptions of Corollary 6 are satisfied with
Li(i) = ay, i) =i+1, ieN.
Hence, the limit
B(i)= lim T (i) (25)

exists for each ¢ € N, with
TEG):=0(i, (i + 1)), e€YF ieN,
and ¢ : E — Y, given by (25), is the unique solution of (22), such that
d(p(i), p(1)) <er(i),  d((i), (i) <e3(i), i€l

Open Access. This article is distributed under the terms of the Creative Commons
Attribution 4.0 International License (http://creativecommons.org/licenses/by /4.
0/), which permits unrestricted use, distribution, and reproduction in any medium,
provided you give appropriate credit to the original author(s) and the source, pro-
vide a link to the Creative Commons license, and indicate if changes were made.
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