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                    Abstract
In this paper, we construct several families of radial solutions for the stationary Keller–Segel equation. The first one consists in solutions which concentrate simultaneously on the interior and on the exterior boundary of an annulus. The second family is made of solutions on the unit ball which concentrate on an interior sphere while the solutions of the third one concentrate simultaneously on an interior sphere and on the boundary of the unit ball. We also show how to construct other families of multi-layered radial solutions in the unit ball under a suitable non degeneracy assumption. Our construction is based on a fixed point argument. Our work generalizes (Pistoia and Vaira in Proc R Soc Edinb Sect A 145(1):203–222, 2015) and continues the analysis started in Bonheure et al. (Multiple positive solutions of the stationary Keller–Segel system. arXiv:1603.07374v1, 2016).
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Appendix A
Appendix A
The aim of this appendix is to discuss the inversibility of the matrix \(N_k\) defined in (5.4). To rewrite this matrix, we need a more explicit expression of the function \(U_{\varepsilon ,a,\sigma }\) defined in (5.1). First, let us recall the following lemma.

                  Lemma A.1

                  ([4, 9]). There exist two positive linearly independent solutions \(\zeta \in C^2 ((0,1])\) and \(\xi \in C^2 ([0,1])\) of the equation
$$\begin{aligned} -u''(r)-\dfrac{n-1}{r}u'(r)+u(r)=0,\quad r\in (0,1), \end{aligned}$$

satisfying \(\zeta '(1)=\xi '(0)=0\),
$$\begin{aligned} r^{n-1} (\xi '(r) \zeta (r)- \xi (r) \zeta '(r) )=1,\quad r\in (0,1), \end{aligned}$$

                    (A.1)
                

and such that \(\xi \) is bounded and increasing in [0, 1], \(\zeta \) decreasing in [0, 1], and
$$\begin{aligned} \lim _{r\rightarrow 0^+} \xi (r)= \dfrac{1}{n-2}, \end{aligned}$$


                              $$\begin{aligned} \lim _{r\rightarrow 0^+} r^{n-2}\zeta (r)= 1, \end{aligned}$$

and
$$\begin{aligned} \lim _{r\rightarrow 0^+} r^{n-3}\zeta ' (r)= -(n-2). \end{aligned}$$


                           
                Thanks to this lemma, we can express \(U_{\varepsilon ,a,\sigma }\) in term of the functions \(\xi \) and \(\zeta \). This shows in particular that \(U_{\varepsilon ,a,\sigma }\) is a smooth function of the parameters \(\varepsilon ,a,\sigma \). Proceeding along the same lines of Section 2 of [3], we see that, for \(\varepsilon >0\) small enough,
[image: ]

where the \((\rho _i)_\varepsilon \)’s satisfy
$$\begin{aligned} \dfrac{\xi ^\prime (\rho _i)}{\zeta ^\prime (\rho _i)}=\dfrac{\xi (\alpha _{i}+\sigma _i)-\xi (\alpha _{i+1}+\sigma _{i+1})}{\zeta (\alpha _i+\sigma _i) - \zeta (\alpha _{i+1} +\sigma _{i+1})}+O(\varepsilon ). \end{aligned}$$

To simplify the notations, we set \(U_{\varepsilon , a, \sigma }=U\). Using the relation satisfied by \((\rho _i)_\varepsilon \), one can rewrite U as
[image: ]

In view of the previous explicit expression of U, one can rewrite \(N_k\) as
[image: ]

where we used the convention
$$\begin{aligned} U^{\prime \pm }_{\sigma _i} (\alpha _j) = \dfrac{\partial }{\partial \sigma _i}(U^{\prime \pm }_{\varepsilon ,a,\sigma } (\alpha _j +\sigma _j) )|_{\varepsilon =0,a,\sigma =0}. \end{aligned}$$

This yields \(\mathrm{det} N_1=1\) (by convention),
$$\begin{aligned} \mathrm{det} N_2 =\tilde{C}_1 (U_{\sigma _1}^{\prime +}+U_{\sigma _1}^{\prime -})(\alpha _1)=M_1, \end{aligned}$$

and, for \(k\ge 3\),
[image: ]

                    (A.2)
                

where \(\tilde{C}_k= \Pi _{i=1}^k (-1)^i |U_k^\prime (\alpha _i)|^2 \).

                  Proposition A.1

                  Let \(M_k\) be defined as above. Then, we have that
$$\begin{aligned} M_1 > 0. \end{aligned}$$


                           
                
                  Proof of Proposition A.1

                  We show that \(U_{\sigma _1}^{\prime -}(\alpha _1)>0\) and \(U_{\sigma _1}^{\prime +}\ge 0\). First, using the explicit expression of U, one can see that
$$\begin{aligned} U_{\sigma _1}^{\prime -}(\alpha _1)=\dfrac{\xi (\alpha _1) \xi '' (\alpha _1)- \xi ' (\alpha _1)^2}{\xi (\alpha _1)^2}. \end{aligned}$$

It has been proved in [3] (see (2.21)) that this quantity is strictly positive. To prove that \(U_{\sigma _1}^{\prime +}\ge 0\), we use a sliding argument.Footnote 1 Let us denote by \(u_x\), \(x\in (\alpha _1 ,1)\), the function satisfying
$$\begin{aligned} {\left\{ \begin{array}{ll} -u_x''(r) -\dfrac{n-1}{r}u_x'(r)+u_x(r)=0,\quad r\in (x, 1),\\ u_x (x)=u_x (1)=1. \end{array}\right. } \end{aligned}$$

To prove \(U_{\sigma _1}^{\prime +}\ge 0\), we are going to establish that \(x \rightarrow u_x'(x)\) is increasing. In the sequel, we let \(y\in (x,1)\). First, we claim that there holds
$$\begin{aligned} u_y (r) > u_x (r),\quad \mathrm{for}\ \mathrm{all}\; r\in (y,1). \end{aligned}$$

                    (A.3)
                

Indeed, suppose by contradiction that there exists \(r_0 \in (y,1)\) such that \(u_y (r_0)=u_x (r_0)\). Then \(v=u_y - u_x\) is a solution to
$$\begin{aligned} {\left\{ \begin{array}{ll} -v''(r) -\dfrac{n-1}{r}v'(r)+v(r)=0,\quad r\in (r_0, 1),\\ v (r_0)=v (1)=0, \end{array}\right. } \end{aligned}$$

implying that \(u_y(r) = u_x(r)\), for all \(r\in (r_0,1)\) and then for all \(r\in (y,1)\) by unique continuation. Since \(u_y(y)=1\) while \(u_x(y)<1\), this proves the claim.

                  Next, let \(\rho \in (y,1) \) be such that \(u_y' (\rho )=0\). We claim that, for all \(t\in (x, \rho +x-y))\),
$$\begin{aligned} u_y (y-x+r) > u_x (r). \end{aligned}$$

To prove the claim, we define
$$\begin{aligned} \tau ^*= \sup \{\tau \ge 0 | \ u_y(\sigma +r) > u_x (r),\ \forall r\ge y-\sigma \; \mathrm{and}\; \sigma \in [0,\tau ] \}. \end{aligned}$$

Observe that \(\tau ^*\le y-x\) since \(u_x (x)=u_y ((y-x)+x)\). The claim follows if we prove that \(\tau ^*=y-x\). Suppose by contradiction that \(\tau ^*< y-x\). Since \(u_y (\sigma +r)>u_x (r)\), for all \(r\ge y-\sigma \), and \(\sigma \in [0,\tau ^*)\), we have \(u_y (\tau ^*+r)\ge u_x (r)\), for all \(r\in (y-\tau ^*, \rho -\tau ^*)\), and there exists \(r^*\) such that \(u_y (\tau ^*+r^*)=u_x (r^*)\). This implies also that \(u_y'(\tau ^*+r^*)= u_x' (r^*)\) if \(r^*>y-\tau ^*\). We know that \(u_y'(r) \le 0\), for all \(r\in (y-\tau ^*, \rho -\tau ^*)\). Therefore, we have
$$\begin{aligned} -\dfrac{n-1}{r+\tau ^*}u_y' (r+\tau ^*)\le -\dfrac{n-1}{r}u_y' (r+\tau ^*), \end{aligned}$$

which implies
$$\begin{aligned} -\Delta u_y (.+\tau ^*) +u_y (. +\tau ^*)\ge 0,\quad \mathrm{on}\; (y-\tau ^*, \rho -\tau ^*). \end{aligned}$$

Consequently, we have that \(v(r)=u_y(r+\tau ^*)- u_x (r)\), \(r\in (y-\tau ^*, \rho -\tau ^*)\), satisfies
$$\begin{aligned} {\left\{ \begin{array}{ll} -\Delta v +v \ge 0,\\ v\ge 0. \end{array}\right. } \end{aligned}$$

If \(r^*\in (y-\tau ^*, \rho -\tau ^*)\), then \(v(r)=0\), for all \(r\in (y-\tau ^*, \rho -\tau ^*)\) which yields a contradiction. Thus, \(r^*= y -\tau ^*\) or \(r^*= \rho -\tau ^*\). The first case contradicts the fact that \(u_y (y)=1\). If \(r^*= \rho -\tau ^*\), we also obtain a contradiction since the Hopf Lemma implies that \(v'(\rho -\tau ^*)<0\) but we know that \(v'(\rho -\tau ^*)=0\). We conclude that \(\tau ^*=y-x\) and therefore that, for all \(r\in (x, \rho +x-y))\),
$$\begin{aligned} u_y (y-x+r) > u_x (r). \end{aligned}$$

Since \(u_y (y-x+\cdot )\) coincides with \(u_x (\cdot )\) on the left boundary \(r=x\), the Hopf lemma implies \(u'_y (y)>u_x'(x)\) and therefore the function \(x \rightarrow u_x'(x)\) is increasing. This establishes the proposition. \(\square \)
                           

                Finally, let us conclude with some remarks about the inversibility of \(N_k\) when \(k>2\). First, we notice, using the same sliding argument as the one in the previous proposition, that it is possible to prove that
$$\begin{aligned} U^{\prime \pm }_{\sigma _i} (\alpha _i) \ge 0,\quad \mathrm{for}\ \mathrm{any}\ i\in \{ 1,\ldots , k\}. \end{aligned}$$

However, using the explicit expression of U and (A.1), one gets
$$\begin{aligned}&U_{\sigma _i}^{\prime +}(\alpha _{i-1})\\&\quad = \dfrac{-\left( (\xi (\alpha _{i-1})-\xi (\alpha _i) )\zeta ' (\alpha _{i-1})- \xi ' (\alpha _{i-1})( \zeta (\alpha _{i-1})-\zeta (\alpha _i)) \right) (\xi (\alpha _{i-1}) \zeta ' (\alpha _i)-\xi '(\alpha _i) \zeta (\alpha _{i-1}) ) }{(\xi (\alpha _{i-1})\zeta (\alpha _i) - \xi (\alpha _i) \zeta (\alpha _{i-1}))^2}\\&\qquad +\dfrac{(\xi '(\alpha _{i-1})\zeta '(\alpha _i)-\xi '(\alpha _i)\zeta '(\alpha _{i-1}) ) (\xi (\alpha _{i-1})\zeta (\alpha _i) - \xi (\alpha _i) \zeta (\alpha _{i-1}))}{(\xi (\alpha _{i-1})\zeta (\alpha _i) - \xi (\alpha _i) \zeta (\alpha _{i-1}))^2}\\&\quad = \dfrac{((\xi (\alpha _{i-1}) - \xi (\alpha _i)) \zeta ' (\alpha _i) - \xi ' (\alpha _i) (\zeta (\alpha _{i-1}) - \zeta (\alpha _i)))[\xi '(\alpha _{i-1}) \zeta (\alpha _{i-1}) - \xi (\alpha _{i-1}) \zeta '(\alpha _{i-1})]}{(\xi (\alpha _{i-1})\zeta (\alpha _i) - \xi (\alpha _i) \zeta (\alpha _{i-1}))^2}\\&\quad = \dfrac{((\xi (\alpha _{i-1}) - \xi (\alpha _i)) \zeta ' (\alpha _i) - \xi ' (\alpha _i) (\zeta (\alpha _{i-1}) - \zeta (\alpha _i)))}{\alpha _{i-1}^{n-1}(\xi (\alpha _{i-1})\zeta (\alpha _i) - \xi (\alpha _i) \zeta (\alpha _{i-1}))^2}\le 0, \end{aligned}$$

and
$$\begin{aligned}&U_{\sigma _{i-1}}^{\prime -}(\alpha _i)\\&\quad = \dfrac{-\left( (\xi (\alpha _{i-1})-\xi (\alpha _i) )\zeta ' (\alpha _i)- \xi ' (\alpha _i)( \zeta (\alpha _{i-1})-\zeta (\alpha _i)) \right) (\xi ' (\alpha _{i-1}) \zeta (\alpha _i)-\xi (\alpha _i) \zeta ' (\alpha _{i-1}) ) }{(\xi (\alpha _{i-1})\zeta (\alpha _i) - \xi (\alpha _i) \zeta (\alpha _{i-1}))^2}\\&\qquad +\dfrac{(\xi '(\alpha _{i-1})\zeta '(\alpha _i)-\xi '(\alpha _i)\zeta '(\alpha _{i-1}) ) (\xi (\alpha _{i-1})\zeta (\alpha _i) - \xi (\alpha _i) \zeta (\alpha _{i-1}))}{(\xi (\alpha _{i-1})\zeta (\alpha _i) - \xi (\alpha _i) \zeta (\alpha _{i-1}))^2}\\&\quad = - \dfrac{((\xi (\alpha _{i-1}) - \xi (\alpha _i)) \zeta ' (\alpha _{i-1}) - \xi ' (\alpha _{i-1}) (\zeta (\alpha _{i-1}) - \zeta (\alpha _i)))}{\alpha _i^{n-1}(\xi (\alpha _{i-1})\zeta (\alpha _i) - \xi (\alpha _i) \zeta (\alpha _{i-1}))^2}\le 0. \end{aligned}$$

This shows that it is not obvious to conclude that \(M_k \ne 0\) even in the case \(k=2\) in view of (A.2).
As mentioned earlier in the introduction, we conjecture \(M_k \ne 0\) for every k. Our conjecture is strongly supported by some numerical tests but it would be interesting to achieve a complete proof of that fact. As an example, we computed with Mathematica in dimension 3 that \(\tilde{\alpha }_1\sim 0.499041\), \(\tilde{\alpha }_2 \sim 0.776978\) and \(M_2\sim 0.786622\).
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