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It is demonstrated that calculations with a physically based model give an accurate description
of the start curve of bainite formation in a wide range of steels. The temperature dependence of
the overall kinetics, which determines the characteristic C shape of the start curve, is controlled
by both the undercooling below the start temperature (Th � T) and an effective activation
energy Qb. A systematic analysis of the model parameters extracted from the best fits of pub-
lished time-temperature-transformation (TTT) data reveals a material-independent relationship,
which means that the activation energy is in accordance with known details of the dislocation-
based nucleation model of bainite. It is shown that the C shape of the start curve can be
determined for a given alloying content using an empirical relationship derived for Qb and, in
combination with the material-independent relationship, the kinetics of bainite can be predicted
at all temperature levels.
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I. INTRODUCTION

OVER the last 80 years, much experimental work has
been conducted to construct time-temperature-transfor-
mation (TTT) diagrams of various steels.[1–5] These
diagrams display the initiation of the various possible
transformations and typically consist of two C-shaped
start curves, which are separated by a region that is
called the bay. The C curve at relatively high temper-
atures describes the progress of diffusional transforma-
tion microstructural constituents such as ferrite and
pearlite, whereas the C curve below the bay corresponds
to displacive transformations such as bainite and
Widmanstätten ferrite.[6,7] The exact shape and position
of the curves constituting the TTT diagram are depen-
dent on the composition and grain size of the austenite
that transforms. By the addition of certain alloying
elements, e.g., Mo or Cr, the bay region becomes wider,
while in plain carbon steels, the decomposition of
austenite to ferrite is so rapid that the two transforma-
tion ranges overlap to such an extent that there appears
to be only a single C curve in the TTT diagrams, which
is the combined result of diffusional and displacive
transformations.[5–7]

The existing physically based models for bainite
formation can be divided into two categories, namely
displacive and diffusional models. The controversy
between the two transformation mechanisms is an
ongoing debate in literature.[8–11] Although diffusional
models implicitly predict C-curve kinetics of bainite in
accordance with experimental observations, many
model parameters have to be chosen in the calculations,

including an arbitrary incubation time.[12] On the other
hand, kinetic simulations based on Bhadeshia’s displa-
cive transformation model predict a bainite start curve
with a flat top.[6,7] This is related to the assumption that
the number density of potential nucleation sites is
constant.[13] In contrast, by assuming the density of
potential nucleation sites to be proportional with the
driving force, a displacive model was recently developed
that predicts a C-shaped start curve.[14] Furthermore,
this proposed expression for bainite formation contains
only two well-defined adjustable parameters.[14]

The primary objective of the present study is to
understand and predict the characteristic C shape of the
start curve of bainite, as observed in TTT diagrams of
various steels. The analytical expression for isothermal
bainite formation proposed inReference 14 is the starting
point in this investigation. An expression for the time
required to form a certain fraction bainite at various
temperatures will be derived and calculations are com-
pared to the experimental start curves of steels with awide
range of compositions. It will be shown that the model
accurately describes the transformation kinetics over the
whole temperature range, including the nose region. The
correct model prediction of the C shape of the start curve
was already conjectured in Reference 15; however,
confirmation was not possible in either Reference 14 or
Reference 15, because the plain carbon steels that were
investigated do not display a nose in the TTT diagram.
In the present work, a thorough validation of the

model is accomplished using 40 published TTT dia-
grams. The accurate description of start curves engen-
ders confidence in the transformation model and gives
indirect evidence that the displacive growth mechanism
is a plausible assumption. The parameters extracted from
the best fits are systematically analyzed, and it will be
shown that the characteristic C shape of each investi-
gated start curve is governed by an effective activation
energy for which an empirical formula is developed.
Furthermore, there appears to be a material-independent
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relationship between the temperature-independent rate
factor and the effective activation energy. These findings
permit us to make predictions of the start curves for
various steel compositions. The proposed methodology
for the calculation of start curves can aid in our
understanding of bainite kinetics in general, and can
also be of practical importance in the thermomechanical
processing of steels and the development of new alloys.

II. THEORY

A. Transformation Model

In a previous article by the present author,[14] a
transformation model describing the fraction bainite f as
a function of time was developed on the basis of the
assumed displacive growth of bainite in combination
with the nucleation rate, similar to other investiga-
tions,[13,16,17] expressed as[14]

dN

dt
¼ mð1� fÞNið1þ kfÞexp �Q�

RT

� �
½1�

where m is the attempt frequency, which is assumed
constant and is chosen as 1 9 1013 s�1[16] in all calcula-
tions. The nucleation rate of bainite depends on Ni, the
number density of potential nucleation sites initially
present in the austenite, and the activation energy Q*.
The contribution from autocatalytic nucleation is
incorporated by the factor (1+ kf).[13,17,18] Different
from other models, it was assumed in Reference 14 that
Ni depends linearly on the net driving force at T, and is
thus proportional to (Th � T). The temperature Th is
the highest temperature at which a displacive transfor-
mation can occur,[19] and this temperature corresponds
to the start temperature for either Widmanstätten fer-
rite or bainite. Based on these assumptions and Eq. [1],
it was derived that the fraction bainite f can be calcu-
lated as a function of time with[14]

f ¼ 1� exp �jð1þ kÞtð Þ
kexp �jð1þ kÞtð Þ þ 1

½2�

in which j is a temperature-dependent rate constant
defined by

j ¼ mabðTh � TÞexp �Q�

RT

� �
½3�

where ab is a constant that is inversely proportional to
the austenite grain diameter dc.[14,18] The constant ab is
directly related to Ni and represents the effectiveness of
austenite grain boundaries for the nucleation of bai-
nite. Based on the derivation given in Reference 14, ab
is calculated as

ab ¼
Zd
dc

am ½4�

where d is the effective thickness of the austenite grain
boundary, Z is a geometrical factor, and am is a kinetic
parameter describing the rate of martensite formation in
the alloy.[17,20–22] In the present study, ab is calculated

for each alloy using Eq. [4] with the constants
Z = 6, d = 1 nm, and am = 0.015 K�1; thus, ab =
(9 9 10�5 lmK�1)/dc.
In References 14 and 15, it was demonstrated for

several plain carbon steels that the bainite formation as
a function of time at various temperatures can be
described using a single autocatalytic parameter k and a
temperature-dependent rate parameter j. Evaluation of
the model parameters in Reference 14 using Eq. [3]
showed that Q* decreases linearly with decreasing
temperature and can be described by

Q� ¼ Q0 � K1DGm ½5�

in which Q0 is a constant, K1 is a constant of
proportionality, and DGm is the maximum driving force.
Calculations for various steel compositions have shown
that in the temperature range of bainite formation, the
slope C = d(DGm)/dT is constant, which is in agreement
with the results reported in References 17 and 19.
Therefore, the maximum driving force can be expressed
as DGm = C(T1 � T), with T1 a temperature found by
extrapolation of the linear dependence to DGm = 0.
The obtained linear dependence of Q* on the driving

force in Reference 14 engendered confidence in the
modeling approach, because this relationship is in
qualitative agreement with the dislocation-based
nucleation model of bainite,[9] which was derived by
Bhadeshia using the isothermal martensite nucleation
theory proposed by Olson and Cohen.[23] This nucle-
ation model will be discussed in more detail in the
discussion of the results, in which it will be shown that
an evaluation of the model parameters in the present
study leads to a very similar expression of Q*, as
proposed in Reference 9.

B. Transformation Start Curve

In order to validate the transformation model using
the published experimental start curves of bainite, the
inverse function of Eq. [2] is determined. At a given
temperature, the time t required to form a volume
fraction bainite f can be calculated as

t ¼
� ln 1�f

1þkf

� �
jð1þ kÞ ½6�

Because k is not dependent on the isothermal holding
temperature and constant for a specific austenitizing
temperature Taus,

[14] the distinct C shape of the start
curve is determined by the temperature dependence of j.
To explicitly show which parameters control the tem-
perature dependence of j, Eq. [3], in combination with
DGm = C(T1 � T) and Eq. [5], is rewritten as

j ¼ mBðTh � TÞexp �Qb

RT

� �
½7�

with

Qb ¼ Q0 � K1CT1 ½8�
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which is denoted as the effective activation energy for
bainite formation, and the pre-exponential factor B is
described by

B ¼ abexp �
K1C
R

� �
½9�

With this expression of j shown in Eq. [7], it is readily
understood that the typical shape of the start curve is
governed by both Qb and (Th � T). The pre-exponential
factor B determines the overall (temperature-indepen-
dent) rate of the transformation, i.e., this parameter
shifts the start curve in the t direction of the TTT
diagram. Figure 1 illustrates qualitatively how the
parameters B and Qb change the transformation start
curve. For temperatures below the nose of the start
curve, the increase in start time with decreasing temper-
ature becomes stronger when Qb increases. Further-
more, the relative location of the additional curves
corresponding to later stages of transformation is
controlled by the autocatalytic parameter k, which will
be explained in more detail later.

From Eq. [6], it is evident that the nose of the
C-shaped start curve is simply determined by the
maximum in the rate parameter j. When j (Eq. [7]) is
differentiated with respect to T, the temperature corre-
sponding to the nose of the C curve in the TTT diagram,
Tnose, can be evaluated as

Tnose ¼ �
Qb

2R
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Qb

R

� �2

þ4Qb

R
Th

s
½10�

Calculations show that for decreasing Qb, the difference
between Th and Tnose increases.

C. Modeling Approach

In the present study, many published TTT diagrams
of various steels are analyzed to compare the start

curves with calculations using Eq. [6]. The agreement
between the calculated and experimental start curves is
optimized by adjusting Qb and B. In the discussion of
the results, the model parameters Qb and B extracted
from the best fits will be systematically analyzed and
interpreted in terms of associated parameters.
The parameters k and Th are also evaluated from the

experimental data, and some additional remarks are
given on the determination of these parameters. Most of
the steels studied contain significant additions of Cr or
Mo, which means that the bay region is wide and,
consequently, Th is strictly defined by the experimental
start curve. For only a few of the TTT diagrams studied
is this not the case because of overlap with the pearlite/
ferrite start curve or due to insufficient experimental
data in the temperature regime of the bay. The auto-
catalytic parameter k determines the S shape of the
fraction-time curve.[13,14] This means that k is related to
the difference in time between the start curve and the
additional curves in the TTT diagram. In the present
investigation, k is determined by optimizing the overall
agreement with the experimental start, halfway, and
finish curves. In Reference 14, it was demonstrated that
k increases with increasing austenite grain size dc, and
other studies indicated that k is also dependent on the
chemical composition of the steel.[13,24] However, the
precise mechanism of autocatalytic nucleation is not
thoroughly established and further research is required
to get a quantitative understanding of the influence of
alloying elements and carbide formation on k. When
only the start curve is given in an analyzed TTT
diagram, a best estimate of k is determined on the basis
of the reported dc or Taus and qualitative knowledge of
the variation in k with composition. An assessment of
possible inaccuracies in k will be given.

III. DATA FROM THE LITERATURE

Forty published TTT diagrams have been analyzed in
order to validate the transformation model. The alloys
investigated comprise a wide range of chemical compo-
sitions, as seen in Table I. For most of the alloys, the
austenitizing temperature Taus and the ASTM austenite
grain size number N have been reported (Table I). The
corresponding grain diameter d is calculated using

dc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð100� 25:4� 25:4Þ=ð2N�1Þ

p
lm:

According to the literature,[5] the most commonly
used method of obtaining the data for TTT diagrams is
the microscopic method originally used by Davenport
and Bain.[25] This method was probably employed for
most of the steels examined in the present investigation.
The analyzed TTT diagrams originate from different
sources in literature[1–5] and have been developed in
various nations. In each TTT diagram, it is often not
clearly stated which fraction of bainite fstart served to
construct the experimental start curve. The smallest
fraction detectable in optical micrographs is assumed to
be in the range of 0.5 to 4 vol pct. For each alloy
analyzed in the present investigation, the option of
associating the experimental start curve with 2 vol pct
transformation was chosen.

Fig. 1—TTT diagram showing the effect of B and Qb on the trans-
formation start curve.
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It is noted that deviations from this assumed fraction
of 2 vol pct cause an inaccuracy in the temperature-
independent rate factor B derived by fitting to the
published TTT data. This uncertainty in fstart will be
assessed and accounted for in the discussion of the
model parameters. To give a rough estimate of this
inaccuracy, when the actual start curve corresponds to
fstart = 1 vol pct, the value of B extracted from the best
fit is approximately 40 pct smaller than the value of B
evaluated for the assumed fraction of 2 vol pct. The
temperature-independent rate factor B is also correlated
with k, which is for some steels not accurately deter-
mined because of insufficient experimental data. How-
ever, B is influenced only moderately by changing k. The
inaccuracy in B due to uncertainties in k is approxi-
mately 15 pct, which is relatively small as compared to
the influence of uncertainties in fstart on B.

In most of the published TTT diagrams, the exper-
imental data points are not plotted. Only a curve, the
best fit based on a limited set of precise measurements
and empirical knowledge of the characteristic C
shape,[5] is shown. However, for a few alloys, more
detailed TTT diagrams, including the underlying data,
have been reported, e.g., Reference 26, and analysis of
these data discussed in Section IV gives insight into the
experimental inaccuracies involved in the construction
of TTT diagrams. The experimental inaccuracy is also
apparent from the significant differences that can be
identified between TTT diagrams of different steel
codes with virtually the same composition, which has
also been mentioned by Lee and Bhadeshia.[7] This
information will be used to give a well-balanced
assessment of the accuracy that can be attained with
the simulations.

Table I. Chemical Composition of Steels Investigated (Weight Percent)

Sample Steel Code Reference C Mn Si Cr Ni Mo

From Literature
Eq. [10]

Taus N Tnose Tnose

1 Fe-0.15C-3Cr 4, p. 205 0.15 0.24 0.12 2.90 — — — — 500 463
2 Fe-0.26C-3Cr 4, p. 207 0.26 0.31 0.23 3.11 — — — 420 405
3 Fe-0.15C 4, p. 227 0.15 0.45 0.20 1.54 4.03 0.03 — 7 to 9 400 370
4 Fe-0.29C-7Ni 1, p. 153 0.29 0.15 0.13 0.04 7.60 0.01 — — 500 451
5 Fe-0.12C 1, p. 523 0.12 0.85 0.24 0.54 1.05 0.51 1200 — 490 448
6 SAE 4150 2, p. 141 0.50 0.80 0.32 1.04 0.11 0.24 850 7 to 8 470 458
7 SAE 4330 1, p. 327 0.30 0.69 0.22 0.85 2.83 0.30 1095 1 to 3 440 430
8 Fe-0.27C 1, p. 333 0.27 0.53 0.26 0.71 3.38 0.18 1000 — 430 431
9 Fe-0.29C-Mo 4, p. 52 0.29 1.64 0.24 0.05 0.02 0.45 — 7 to 8 500 491
10 Fe-0.38C-3Cr 1, p. 53 0.38 0.20 0.18 2.98 — — 1200 2 to 3 440 416
11 Fe-0.42C-1Cr 1, p. 177 0.42 0.72 — 0.99 0.05 0.42 1100 3 to 4 490 480
12 En25 1, p. 100 0.31 0.62 — 0.64 2.63 0.58 835 6 to 7 420 413
13 En23 1, p. 100 0.32 0.61 0.28 0.63 3.22 0.22 830 7 450 457
14 En24 1, p. 101 0.38 0.69 0.20 0.95 1.58 0.26 835 7 to 8 450 449
15 En100 1, p. 101 0.40 1.34 0.21 0.53 1.03 0.22 845 6 460 462
16 En110 5, p. 100 0.39 0.62 0.23 1.11 1.44 0.18 845 7 to 8 455 460
17 En36 5, p. 106 0.70 0.35 0.16 0.96 3.24 0.06 860 >8 380 407
18 En11 5, p. 96 0.59 0.66 0.34 0.65 0.17 0.02 840 8 495 508
19 En17 5, p. 97 0.38 1.49 0.25 0.14 0.24 0.41 845 8 465 469
20 En18 5, p. 96 0.48 0.86 0.25 0.98 0.18 0.04 860 5 to 6 485 490
21 NE 8949 1, p. 350 0.52 1.19 — 0.51 0.53 0.35 — 7 to 8 465 477
22 NE 9540 1, p. 373 0.38 1.45 0.66 0.52 0.57 0.19 — 10 to 11 490 458
23 3310 (0.6 pct C) 5, p. 33 0.60 0.45 — 1.52 3.33 — 927 6 400 401
24 3310 (0.8 pct C) 5, p. 33 0.80 0.45 — 1.52 3.33 — 927 8 385 375
25 Fe-0.39C-Mo 4, p. 55 0.39 1.58 0.27 0.16 0.05 0.44 — 8 to 9 480 452
26 Fe-0.39C-Ni-Mo 1, p. 461 0.39 0.56 — — 3.53 0.74 870 8 to 9 460 470
27 Fe-0.51C 4, p. 184 0.51 0.73 — 0.99 2.74 0.45 920 — 410 408
28 Fe-0.55C 4, p. 185 0.55 0.60 1.03 0.36 0.19 920 7 to 8 470 469
29 Fe-0.72C-Mo 1, p. 121 0.72 0.32 0.19 0.09 0.09 0.45 — 7 to 8 535 540
30 Fe-0.52C-Mn 1, p. 202 0.52 1.18 0.30 0.13 0.16 0.30 — 8 to 9 505 512
31 Fe-0.80C-Mo 1, p. 120 0.80 0.90 0.30 0.09 0.16 0.44 — 8 to 9 465 483
32 Fe-0.77C-Mo 1, p. 124 0.77 0.72 0.20 — — 0.72 850 8 520 524
33 Fe-0.79C-Mo 1, p. 130 0.79 0.76 0.27 — — 0.77 850 8 495 497
34 Fe-0.97C 1, p. 312 0.97 0.72 0.32 0.80 1.54 0.26 — 2 to 4 420 423
35 Fe-1.04C-4Cr 1, p. 58 1.04 0.18 0.35 4.00 — — 2 340 351
36 Fe-0.98C-Mn-Si 31 0.98 1.89 1.46 1.26 — 0.26 — — — —
37 Fe-0.8C-2Mn 1, p. 92 0.80 1.88 — — — — 950 5 to 8 — —
38 Fe-1.2C-2Mn 1, p. 93 1.20 1.88 — — — — 950 6 to 8 — —
39 Fe-0.79C-5Ni 1, p. 147 0.79 0.23 0.22 0.04 5.25 0.01 — — — —
40 Fe-0.80C-5Ni 1, p. 145 0.80 0.52 0.28 0.07 5.00 0.03 — 6 — —
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IV. RESULTS

On the basis of the proposed transformation model
(Eq. [6]), the start curves of bainite have been calculated
for all the alloys listed in Table I. The values of k, Th,
Qb, and B used in the calculations to optimize the
agreement with the experimental data are shown in
Table II. The values of Tnose calculated with Eq. [10] are
listed in Table I, for comparison with values determined
from the experimental start curves. Comparison of these
Tnose values gives a qualitative indication of the agree-
ment between the calculated and experimental start
curve in the region near the nose of the C curve.

Figure 2(a) shows that for steel En 24,[1] the start
curve of bainite is very well described by the transfor-
mation model. In the low-temperature range of 300 �C
to 400 �C, the calculated 10, 50, 90, and 99.99 pct curves
differ somewhat from the experimental curves. The best
fit would be obtained for calculated 7, 34, 95, and

99.998 pct curves. To a considerable extent, these small
differences can be explained by experimental uncertain-
ties, because similar discrepancies are sometimes ob-
served by comparing TTT diagrams of the same steel
code published in different literature sources. In the
upper part of the temperature range of bainite forma-
tion (above approximately 400 �C for En 24), the
transformation is very slow and incomplete, according
to the experimental curves. In the literature, this
phenomenon has been reported for many experimental
data;[7,27,28] however, no conclusive explanation has
been given as to the reason the transformation to bainite
in the high temperature range is incomplete in such
steels with a low Si and Al content. Based on its
morphology, the bainite formed in this temperature
range is sometimes called granular bainite.[29,30] In the
comprehensive article by Steven and Haynes[27] in which
they investigated many British Standards (B.S.) En

Table II. Overview of Parameters Used in Model Calculations

Sample Steel Code Reference

Parameters from Best Fits

Neff K1C (J mol�1 K�1)
Eq. [16]

Qb (kJ mol�1)Th (�C) k Qb (kJ mol�1) mB (K�1 s�1)

1 Fe-0.15C-3Cr 4, p. 205 594 35 34 0.012 10 188 21
2 Fe-0.26C-3Cr 4, p. 207 521 40 33 0.0042 10 197 33
3 Fe-0.15C 1, p. 227 507 40 25 0.0004 7 208 28
4 Fe-0.29C-7Ni 1, p. 153 573 25 36 0.0047 8 190 38
5 Fe-0.12C 1, p. 523 584 80 32 0.0018 6 192 39
6 SAE 4150 2, p. 141 538 45 56 0.14 8 162 65
7 SAE 4330 1, p. 327 510 90 51 0.025 3 162 49
8 Fe-0.27C 1, p. 333 510 50 52 0.047 6.5 166 42
9 Fe-0.29C-Mo 4, p. 52 584 45 52 0.075 7.5 166 58
10 Fe-0.38C-3Cr 1, p. 53 508 95 43 0.0048 4 178 42
11 Fe-0.42C-1Cr 1, p. 177 563 70 57 0.14 5 153 58
12 En25 1, p. 100 486 50 53 0.087 7.5 164 57
13 En23 1, p. 100 533 45 58 0.13 6.5 158 49
14 En24 1, p. 101 530 70 54 0.055 6.5 165 54
15 En100 1, p. 101 541 60 57 0.12 6 157 60
16 En110 5, p. 100 531 70 63 0.35 7.5 153 52
17 En36 5, p. 106 458 35 76 3.37 8 135 75
18 En11 5, p. 96 579 40 71 1.60 7.5 140 65
19 En17 5, p. 97 548 60 57 0.20 8 159 64
20 En18 5, p. 96 569 65 61 0.32 6.5 151 57
21 NE 8949 1, p. 350 551 50 63 0.51 7 148 70
22 NE 9540 1, p. 373 526 30 65 1.16 10 150 63
23 3310 (0.6 pct C) 5, p. 33 465 65 59 0.10 6 159 64
24 3310 (0.8 pct C) 5, p. 33 421 65 75 1.13 7 142 82
25 Fe-0.39C-Mo 4, p. 55 515 50 70 0.93 7.5 145 67
26 Fe-0.39C-Ni-Mo 1, p. 461 542 55 63 0.24 7 155 66
27 Fe-0.51C 4, p. 184 462 50 71 0.74 7 145 70
28 Fe-0.55C 4, p. 185 548 40 59 0.28 8 156 62
29 Fe-0.72C-Mo 1, p. 121 606 50 83 7.44 6.5 124 83
30 Fe-0.52C-Mn 1, p. 202 573 40 84 8.90 7 124 71
31 Fe-0.80C-Mo 1, p. 120 529 45 104 263 7 96 97
32 Fe-0.77C-Mo 1, p. 124 573 55 108 475 7 91 99
33 Fe-0.79C-Mo 1, p. 130 544 55 104 175 7 100 104
34 Fe-0.97C 1, p. 312 464 95 97 23.2 3 105 108
35 Fe-1.04C-4Cr 1, p. 58 383 95 100 41.1 2 97 105
36 Fe-0.98C-Mn-Si 31 339 90 132 57,907 7 51 135
37 Fe-0.8C-2Mn 1, p. 92 521 55 98 304 8 98 90
38 Fe-1.2C-2Mn 1, p. 93 440 70 123 12,946 8 67 126
39 Fe-0.79C-5Ni 1, p. 147 488 70 85 3.71 6 129 82
40 Fe-0.80C-5Ni 1, p. 145 482 85 86 12.0 6 119 86
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steels, this incomplete transformation effect was already
noted and was quantified to some extent. They simply
argued that with some resemblance to the martensitic
transformation, the final extent of the bainitic transfor-
mation is also temperature dependent.[27] For the steels
investigated in Reference 27, the temperatures above
which more than 50 pct bainite will not form (B50) are
reported and, on average, this temperature was found to
be 60 �C lower than the Bs temperature.

Analogous to the method proposed in Reference 27,
the 10, 50, 90, and 100 pct curves have been calculated
for steel En 100[5] to realize the best agreement with the
experimental data as shown in Figure 2(b). The Bs

temperature of En 100 is 541 �C, and the temperatures
used in the simulations of the additional curves are

B10 = 516 �C, B50 = 486 �C, B90 = 446 �C, and B99 =
401 �C. Although this example demonstrates that the
idea of Steven and Haynes can account for the temper-
ature dependence of the final extent of the transforma-
tion, the exact mechanism by which the austenite is
stabilized during bainite formation in lean-Si steels at
relatively high temperatures remains unexplained.
Therefore, this scheme has not been pursued in the
simulations of the additional curves for the other alloys.
This stabilization phenomenon is very interesting, but
goes beyond the scope of the present investigation and
requires further research.
Figure 3 shows the comparison between the calcu-

lated and experimental start curve of steel En 110.[5] An
agreement is obtained similar to that for the steels En 24
and En 100 (Figure 2). Furthermore, the activation
energy Qb = 63 kJ mol�1 used in the calculation for En
110 is only slightly larger than the Qb = 54 and
57 kJ mol�1 found for En 24 and En 100, respectively.
Consistent with this comparison in Qb, the shape of the
start curves is also similar for all three B.S. En steels. To
demonstrate the effect of the autocatalytic parameter k
on the fit of the additional curves, the simulated curves
for two different k values are shown in Figure 3, namely
k = 70 for temperatures in the range 350 �C to 540 �C,
and k = 35 for temperatures below 360 �C. The region
of overlap between both simulations, indicated by the
encircled region in Figure 3, shows that the overall
agreement with the experimental data of the additional
curves is better for the calculations using k = 70. For
the calculations with k = 35, the same agreement with
the start curve was achieved by using a B value of
0.42 9 10�13 K�1, which is approximately 20 pct larger
than B = 0.35 9 10�13 K�1 used for k = 70. This
example explains the basis on which k is determined
and gives insight into the uncertainties in k and the
consequence for the evaluated parameter B. As men-
tioned earlier, the inaccuracy in B due to the uncertainty

Fig. 2—Comparison between experimental (dotted line) and calcu-
lated (solid line) start curve of bainite formation in (a) En 24[1] and
(b) En 100.[5] For En 100, the additional 10, 50, 90, and 99.9 pct
curves are calculated with the highest temperatures, in accordance
with the method suggested by Steven and Haynes.[27]

Fig. 3—Experimental (dotted line) and calculated (solid line) TTT
diagram of En 110[5] illustrating the effect of k (70 or 35) on the fit
of the additional curves.
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in fstart is considerably larger, and in the evaluation of
the model parameters, this uncertainty will be discussed.

In Figure 4, the calculated transformation curves
(solid lines) are compared with the experimental data
of Fe-0.42C-1Cr and Fe-0.38C-3Cr measured by Klier
and Lyman.[26] These two TTT diagrams are interesting,
in particular because the experimental data points are
shown together with the corresponding fractions. Such
detailed information is frequently not given and the
scatter in the experimental data offers valuable insight
into the experimental inaccuracies involved in the
construction of TTT diagrams. Figure 4(a) shows that
for Fe-0.42C-1Cr, both the calculated 2.5 and 97.5 pct
curves are in excellent agreement with the experimental
data points corresponding to these fractions, as evalu-
ated from dilatometry measurements.[26] This optimal
agreement for the two curves is achieved using k = 70.
The three experimental data points (open squares) in
Figure 4(a), which are reported to identify the start of
the transformation as deduced from metallographic
analysis,[26] are best described by the model when it is
assumed that these data points correspond to 1 pct
transformation. This seems to be a realistic fraction. In
addition, for Fe-0.38C-3Cr, the experimental data
points corresponding to 0.5 pct transformation are well
described by the model, as seen in Figure 4(b). However,
the agreement with the 99.5 pct dilatometry data is not
optimal.

Figure 5 shows the agreement between the calculated
start curve (solid line) for Fe-0.98C-1.89Mn-1.46Si and
the experimental data (solid circles) measured by Cabal-
lero et al.[31] This alloy transforms to bainite at very low
temperatures and the as-formed bainitic microstructure
is very strong due to the fine lath structure.[31] The
dashed line in Figure 5 indicates the start curve calcu-
lated with the model of Bhadeshia.[6,9] In this high-
alloyed steel, the transformation kinetics decrease
strongly with decreasing temperature, i.e., the C shape

is very pronounced and this is associated with a large
activation energy, Qb = 132 kJ mol�1, which is the
largest Qb found for all the investigated alloys.
The experimental TTT diagram of Fe-0.79C-5Ni[1] is

shown in Figure 6 together with the best fit (solid line)
of the data in the temperature range of bainite forma-
tion. This high-carbon steel has no significant Cr or Mo
addition and, consequently, the bay region is absent.
However, in the reported TTT diagram, it is clearly
indicated that the lower part of the single C curve
corresponds to bainite formation. By estimating Th, the
data are fitted to the model, and a value Qb = 85
kJ mol�1 is extracted from the best fit.

Fig. 4—TTT diagrams of (a) Fe-0.42C-1Cr and (b) Fe-0.38C-3Cr showing the degree of agreement between experimental data (Klier and Ly-
man[26]) and calculated transformation curves (solid lines).

Fig. 5—Calculated start curve (solid line) for Fe-0.98C-Mn-Si com-
pared to the experimental data (solid circles).[31] The dashed line
indicates the start curve calculated with the model of Bhadeshia.[9]
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Figure 7 shows the experimental and calculated start
curves of six steels[1,4] that have very different transfor-
mation kinetics. In agreement with the observed differ-
ences in the C shape of the start curves, the values of Qb

deduced from the best fits show a strong variation. The
characteristic C shape of the start curve is related to
certain alloying elements. Later in this article, a more
quantitative analysis will be given to derive a relation-
ship between Qb and the composition.

Because of space restrictions, the TTT diagrams of the
other alloys cannot be included in the present article, but
a comparable agreement, as seen in Figures 2 through 7,
has been obtained for the other steels. (For the online
version, the supplement to this manuscript shows the
other TTT diagrams of alloys listed in Table I.)

V. DISCUSSION

A. Correlation between B and Qb

The dependence between the parameters B and Qb

extracted from the best fits (Table II) is shown in
Figure 8(a), which plots the values of mB
(m = 1 9 1013 s�1) on a logarithmic scale against Qb.
This figure shows a clear correlation between B and Qb,
which is a remarkable outcome of this analysis. Appar-
ently, there exists a material-independent exponential
relationship between B and Qb, which are the essential
parameters describing the transformation kinetics of
bainite in the wide range of steels investigated. In fact, it
will be shown later that this finding is consistent with the
known details of the nucleation mechanism of bainite
based on a dislocation process.[9]

The uncertainty in fstart leads to inaccuracies in the
parameter B, which is indicated for a few data points in
Figure 8(a) by the vertical error bars. The fraction

corresponding to the experimental start curve fstart is
assumed to be 2 vol pct but may have a different value
in the range of 0.7 to 4 vol pct, which implies smaller or
larger B values, respectively, as indicated by the error
bars. For a few data points, diagonal error bars are also
shown, which indicate the correlated uncertainty in the
two model parameters B and Qb. When both B and Qb

are chosen, somewhat smaller or larger than the values
corresponding to the best fit (Table II), the agreement
with the experimental data decreases but can still be
regarded as acceptable.
It is noted that the pre-exponential factor B is related

to the number density of potential nucleation sites Ni;
however, the observed variation in B of six orders of
magnitude cannot be understood to be a realistic
material dependence of Ni. Assuming no material

Fig. 6—TTT diagram of Fe-0.79C-5Ni[1] showing the agreement be-
tween the calculated kinetics (solid line) and the experimental start
curve in the temperature range of bainite formation. Bainite start
curve has a strong overlap with the start curve of carbides due to
the very low Cr/Mo content of this alloy.
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Fig. 7—Comparison between the experimental (dotted lines) and cal-
culated (solid lines) start curves for six alloys listed in Table I.[1,4]

The two diagrams show the change in the shape of the start curve
with varying activation energy Qb, which is indicated by the number
in parentheses.
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dependence, ab is calculated according to Eq. [4] as
ab = (9 9 10�5 lm K�1)/dc. For N = 7 (dc = 32 lm),
which is approximately the average austenite grain size
of the steels investigated, ab = 2.8 9 10�6 K�1, and the
solid line in Figure 8(a) describes B as a function of Qb

according to

B ¼ abexp �
Qd �Qb

RTd

� �
½11�

with the composition-independent parameters Qd =
170 kJ mol�1 and Td = 705 K (432 �C). Alloys with
N> 7 and N< 7 have B values above and below this
calculated line, respectively. Calculations with Eq. [11]
using N = 3 and 11 are indicated by the dashed lines in

Figure 8(a), and it is seen that all data are within this
range.
When Eq. [9], which describes the relationship

between K1C and B, is combined with Eq. [11], it
follows that K1C = (170 kJ mol�1 � Qb)/(705 K), which
is indicated by the solid line in Figure 8(b). The values
of K1C can be evaluated from the B values listed in
Table II using Eq. [9] and the parameter ab, which
is a function of the grain size. The agreement between
the values of K1C and the relationship K1C = (170
kJ mol�1 � Qb)/(705 K) is optimized by adjusting the
effective austenite grain size Neff. In view of experimental
inaccuracies, it is considered acceptable that Neff devi-
ates ± 1 ASTM number from the reported grain size N
(Table I). Table II shows the values of Neff and K1C. It
can be seen that for most steels, Neff is equal to the
reported ASTM number N, and Figure 8(b) shows a
satisfactory agreement between the evaluated values of
K1C and the relationship K1C = (170 kJ mol�1 � Qb)/
(705 K). An error estimate of the constants in Eq. [11] is
made by calculating the just-acceptable fits through the
data, which leads to the two limiting equations, K1C =
(166 kJ mol�1 � Qb)/(683 K) and K1C = (175 kJ mol�1

� Qb)/(735 K).

B. Activation Energy Q*

By using the established relationship Qb ¼ Qd�
K1CTd and Eq. [9], the rate parameter j (Eq. [7]) can
be written as

j ¼ m
9� 10�5 lmK�1

deff
ðTh � TÞ

� exp �ðQd � K1CTd þ K1CTÞ
RT

� �
½12�

The activation energy Q* in this equation can be
rewritten using the material parameter T1 to show the
dependence on the driving force, DGm = C(T1 � T), in
a similar way as in Eq. [5], which leads to

Q� ¼ Qd þ K1CðT1 � TdÞ � K1CðT1 � TÞ ½13�

This expression closely resembles the expression of Q*

in the model derived by Bhadeshia for the nucleation
of bainite involving the dissociation of dislocations.[9]

In this model, which is based on the work of Cohen
and Olson,[23] the activation energy Q* originates from
the resistance of the lattice to the motion of disloca-
tions and is described by[9]

Q� ¼ G�0 þ sl þ
qA

b
Gstrain þ

2r
nPb

� �
v� � qAv

�

b
DGm ½14�

By comparison of Eqs. [13] and [14], with respect to the
term describing the proportionality with the driving
force, it is found that the parameterK1 can be expressed as

K1 ¼
qAv

�

b
½15�

where v* is an activation volume, b the magnitude of the
Burgers vector, and qA the spacing of the close-packed
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Fig. 8—(a) Values of mB as a function of Qb (Table II). Solid line is
calculated based on N = 7 and Eq. [11]. Vertical error bars are re-
lated to the uncertainty in fstart (0.7 to 4 vol pct). (b) Values of K1C
evaluated from the B values fitted to the solid line,
K1C = (170 kJ mol�1 � Qb)/(705 K).
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planes on which the faulting is assumed to occur.[9] It is
important to note that in agreement with Eq. [14], the
second term in Eq. [13] is also proportional to K1 or,
equivalently, is proportional to the activation volume.

According to Eq. [14], the temperature-independent
part of Q* is dependent on many material parameters
such as sl, the temperature-independent resistance to
dislocation motion; Gstrain, the strain energy per unit
volume of a; r, the a/c interfacial energy; and nP, the
number of close-packed planes participating in the
faulting process. A comparison of Eqs. [13] and [14]
also suggests that Qd (170 kJ mol�1) can be identified as
the constant G�0; the energy barrier between adjacent
equilibrium positions partial dislocations.

C. Empirical Relationship for Qb

In many previous experimental investigations, it was
already proposed that the chemical composition has an
influence on the characteristic C shape of the start
curve.[5] This understanding was based on the accumu-
lated knowledge in the construction of TTT diagrams.
In the present study, the C shape of the start curve is
unambiguously related to Qb, and an attempt has been
made to develop an empirical equation for Qb as a
function of the chemical composition such that predic-
tions of the shape of start curves can be made. It is
known that the alloying elements differ in the nature and
magnitude of their effect on the transformation to
bainite and that the combined effect on the transforma-
tion behavior can be rather complex.[5] As a starting
point, it is assumed that Qb has a linear dependence on
the concentration of alloying elements. Based on a
statistical analysis of the data (Table II) using the
method of least squares, an empirical relationship
between Qb and composition has been developed as
described by

QbðkJmol�1Þ ¼ 89xC þ 10xMn þ 12xSi þ 2xCr

þ 1xNi þ 29xMo ½16�

with the concentration x in weight percent. The values
of Qb calculated with Eq. [16] are given in Table II for
comparison with the values of Qb evaluated from the
best fits. Figure 9 shows an adequate agreement between
the calculated and measured values of Qb. The standard
error associated with the statistical analysis underlying
Eq. [16] is 6.0 kJ mol�1, and the corresponding R2

coefficient is 0.94. An analysis of Eq. [16] shows that
carbon increases Qb more markedly than any of the
other alloying elements. It is also noteworthy that of all
substitutional elements, Mo has the strongest effect on
Qb, while Cr is seen to have only a weak influence on Qb.

D. Predictions of Kinetics

For a steel with a composition in the range of
compositions analyzed in the present study, Eq. [16] can
be used to predict the value of Qb, which determines the
C shape of the start curve. To predict the kinetics, the
calculated Qb and the austenite grain size deff are
inserted in Eq. [11] in order to obtain the parameter B.

Subsequently, when Th is also known, the rate param-
eter j can be evaluated using Eq. [7], and together with
k, the kinetics can be predicted using Eq. [6]. To verify
that adequate predictions can be made based on Qb

calculated with Eq. [16], the start curve of Fe-0.52C-
Mn[1] has been simulated according to the procedure
described earlier, with deff and Th equal to the values
used in the calculation of the best fit. Figure 10 shows
the comparison between this semipredicted start curve
(dashed line) and the best fit (solid line). Table II shows
that for Fe-0.52C-Mn, the difference between the pre-
dicted and measured Qb is relatively large, approximately
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Fig. 9—Correlation between values of Qb calculated with the empiri-
cal relationship described in Eq. [16] and the measured values of Qb

corresponding to the best fits (Table II).

Fig. 10—Comparison between calculated best fit (solid line) of the
experimental data (Fe-0.52C-Mn,[1] open circles and dotted line) and
the start curve calculated using Qb predicted by Eq. [16] (dashed
line) and the fully predicted start curve (dashed-dotted line) based on
Eqs. [16] and [17], respectively.
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13 kJ mol�1, which means that this example demon-
strates the least accurate prediction for the investigated
dataset. Despite this strong discrepancy, it is seen in
Figure 10 that the predicted start curve gives a fair
approximation of the kinetics.

E. Empirical Relationship for Th

Predictions of the bainite start temperature with the
formula established by Steven and Haynes[27] do not
lead to an optimal agreement with the values of Th of the
steels investigated in the present article (Table II). The
origin of these deviations can be well explained by
the analyzed data set. Steven and Haynes[27] derived
their empirical relationship of Bs on the basis of results
obtained for many B.S. En steels, whereas in the present
study, many other, considerably different, steel codes are
analyzed as well. Analogous to the Steven and Haynes
approach, the influence of the composition on the Th of
the steels shown in Table II can be described by a
similar empirical equation, namely:

Th ð�CÞ ¼ 835� 198xC � 91xMn � 15xSi � 73xCr

� 36xNi � 87xMo ½17�

with the concentration x in weight percent. Figure 11
shows that the values of Th calculated with Eq. [17] are
in reasonable agreement with the measured values.
From the linear regression analysis associated with the
derivation of Eq. [17], it follows that the standard error
and the R2 coefficient are 23 �C and 0.84, respectively.
For comparison, the empirical equation established by
Steven and Haynes[27] tested against the present dataset
leads to a standard error of 28 �C and a correlation
coefficient of 0.77.

When both Qb and Th are calculated with Eqs. [16]
and [17], respectively, the start curve can be fully

predicted. This is demonstrated for Fe-0.52C-Mn in
Figure 10, in which the dashed-dotted line has been
calculated using Th = 579 �C, predicted by Eq. [17] in
combination with N = 8, the reported austenite grain
size. Comparison with the other curves in Figure 10
shows that this fully predicted start curve (dashed-
dotted line) overestimates the overall kinetics, i.e., the
curve is shifted to shorter times at all temperature levels.
This comparison reveals the strong sensitivity on the
austenite grain size. On the other hand, the predicted Th

for this alloy is only 6 �C higher than the value derived
from the best fit, which leads to a small shift of the start
curve in the T direction of the TTT diagram. This
example of a fully predicted start curve gives a reason-
able approximation of the overall pattern of the
transformation; however, it should be noted that a
much better representation of the kinetics can be given
when the model can be tested against one precise
experimental data point to derive deff.

F. Additional Remarks

To ensure an optimal transparency of the simulations
and the interpretation of the model parameters in the
foregoing, the values of d and am were assumed constant
in the calculations, which means that ab is only
dependent on the austenite grain size. However, it seems
also reasonable to assume that ab has a dependence on
the composition as well, through d and am, although it is
difficult to make justified assumptions regarding the
material dependence of d. Therefore, any possible
material dependence of ab has been accounted for in
the calculations by choosing an effective grain size, deff.
The values of deff derived for the studied alloys did not
differ much from the reported grain sizes, which
indicates that the material dependence of ab is weak.

VI. CONCLUSIONS

It is shown that the model calculations give a very
accurate description of the bainite start curve over the
whole temperature range of transformation. In partic-
ular, the satisfactory prediction of the shape of the C
curve in the region near the nose strongly supports that
the number density of potential nucleation sites Ni is
proportional to (Th � T), an important assumption
underlying the derivation of the model. A systematic
analysis of the model parameters derived by fitting to
published TTT data indicates that the kinetics of bainite
formation is mainly governed by the composition
dependence of Qb and Th. In addition, the transforma-
tion is also influenced by the parameters deff and k,
which are determined by the properties of the austenitic
matrix. An empirical formula for Qb is developed that
can be of practical use to determine the shape of start
curves. Subsequently, the bainite kinetics can be pre-
dicted at all temperature levels using the unique rela-
tionship between B and Qb, provided the model can be
tested against one precise experimental data point in the
TTT diagram to derive deff.
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