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Abstract: In this paper, the problem of time varying telecommunication delays in passive teleoperation systems is addressed. The
design comprises delayed position, velocity and position-velocity signals with the local position and velocity signals of the master and
slave manipulators. Nonlinear adaptive control terms are employed locally to cope with uncertain parameters associated with the
gravity loading vector of the master and slave manipulators. Lyapunov-Krasovskii function is employed for three methods to establish
asymptotic tracking property of the closed loop teleoperation systems. The stability analysis is derived for both symmetrical and
unsymmetrical time varying delays in the forward and backward communication channel that connects the local and remote sites.
Finally, evaluation results are presented to illustrate the effectiveness of the proposed design for real-time applications.
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1 Introduction

Over the past decades bilateral teleoperation control
technology has been attracted by many researchers around
the world, see for example, [1–25, and many others]. The
main goal in most reported control mechanism for teleop-
eration systems is to ensure stability and transparency of
the whole closed loop system in the presence of time delay.
These results can be broadly classified into two categories as
passive and nonpassive teleoperation systems. The control
system for nonpassive teleoperation can be found in [1−4].

Polushin et al.[1, 2] developed teleoperation systems in the
presence of nonpassive human and environment input forces
under symmetrical time varying delay. Small gain theorem
was employed to show the position and velocity synchro-
nization errors between master and slave manipulators pro-
vided that the human and environment input forces are
bounded. Most recently, authors in [3, 4] have introduced
control methods for nonpassive bilateral teleoperation sys-
tems in the presence of unsymmetrical time varying delay.
The stability analysis of these methods was based on using
strict linear matrix inequality. Control mechanisms for pas-
sive teleoperation systems have been extensively studied by
many researchers, see for example, [5−25]. Historical sur-
vey and comparison with different teleoperation control al-
gorithms can be traced from [5, 6]. Classical teleoperation
schemes using passivity theorem and scattering approach
have been proposed in [7−11]. Li and Song[12] developed
virtual environment modeling and correction technique for
force reflecting teleoperation with constant time delays.
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Authors in [13] developed a control scheme for Internet
based teleoperation systems using wave variable approach
under time varying delays. Bate et al.[14] proposed con-
trol mechanism to reduce the reflection from wave based
passive teleoperation systems. The stability analysis for
wave variable method introduced in [12−14] was established
for the single degree of freedom (DOF) linearized master

and slave manipulators. Alise et al.[15] extended such wave
variable mechanism to multiple-DOF systems. In [16, 17],
authors presented teleoperation systems in the presence of
time varying communication delays. Lee and Spong[18] have
presented proportional-derivative control scheme for passive
teleoperation systems for position coordination of the mas-
ter and slave manipulator. Authors in [19] have showed that
the stability condition established in [18] can be obtained
by using only delayed position signals based teleoperation
system. However, the control design parameters require to
satisfy specific conditions to ensure closed loop stability of
the closed loop teleoperation system. Lee and Huang[20]

developed passive set-position modulation framework for
Internet based teleoperation systems with time varying de-
lay. In [21], authors presented adaptive tracking system
for uncertain nonlinear systems with time varying delays
and unmodeled dynamics by using radial basis functional
networks.

We can notice from the structure of the delays that most
reported passive teleoperators are based on the assumption
that the time delays are either constant or time varying
nature. Moreover, the time delays in passive designs are
assumed to be of symmetrical nature which may not be
realistic in bilateral teleoperation applications. In practice,
however, the data packet delays, i.e., the time required for
the data packets to reach the remotely located sites and
data packet returns to the local sites may be of unsymmet-
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rical nature which varies with respect to the network load,
number of the traversed nodes and distance[3, 4, 22].

In this paper, we address the stability problem of passive
teleoperation systems under symmetrical and unsymmetri-
cal time varying delays. The teleoperators are designed by
coupling local and remote sites via delaying position and
position-velocity signals of the master and slave manipu-
lators. The input algorithms also combine local position
and velocity signals with nonlinear adaptive terms to cope
with the parametric uncertainty associated with the grav-
ity loading vector. In our first design, we introduce passive
teleoperation systems under symmetrical time varying de-
lays. In second design, we develop teleoperators depending
on unsymmetrical nature of time varying delays. Lyapunov-
Krasovskii function is used to analyze the asymptotic track-
ing property of the closed loop teleoperation systems. These
stability properties are illustrated by conducting simulation
studies on a 2-DOF master-slave teleoperation systems.

The rest of the paper is organized as follows: Sec-
tion 2 describes the dynamics of the teleoperation system.
Sections 3 and 4 introduce teleoperation strategies under
symmetrical and unsymmetrical time varying communica-
tion delays. A detailed convergence analysis is also given in
Sections 3 and 4. Simulation example is presented in Sec-
tion 5. Finally, Section 6 concludes the paper.

2 Model dynamics

2.1 Master and slave manipulator dynam-
ics

Let us first consider the equation of motion for n-links
master and slave manipulators with human and environ-
ment input forces

Mm(qm)q̈m + Cm(qm, q̇m)q̇m + Gm(qm) = τm + Fh (1)

Ms(qs)q̈s + Cs(qs, q̇s)q̇s + Gs(qs) = τs − Fe (2)

where m and s represent the master and slave systems re-
spectively, q̈m ∈ Rn, q̇m ∈ Rn, qm ∈ Rn and q̈s ∈ Rn,
q̇s ∈ Rn, qs ∈ Rn are the joint acceleration, velocity and
position, Mm(qm) ∈ Rn×n and Ms(qs) ∈ Rn×n are the
symmetric and uniformly positive definite inertia matrices,
Cm(qm, q̇m)q̇m ∈ Rn and Cs(qs, q̇s)q̇s ∈ Rn are the cori-
olis and centrifugal loading vectors, Gm(qm) ∈ Rn and
Gs(qs) ∈ Rn is the gravitational loading vector, τm ∈ Rn

and τs ∈ Rn are applied control input vector, and Fh ∈ Rn

and Fe ∈ Rn denote the operational torque applied to the
master by human operator and environmental torque ap-
plied to slave manipulators, respectively. The teleoperation
systems (1), (2) can be written as

q̈m = M−1
m (qm) [τm + Fh − Cm(qm, q̇m)q̇m − Gm(qm)]

q̈s = M−1
s (qs) [τs − Fe − Cs(qs, q̇s)q̇s − Gs(qs)] . (3)

Throughout our stability analysis, we will use the
following dynamical property of master and slave
manipulators[23].

Property 1. The matrices Ṁm(qm)− 2Cm(qm, q̇m) and

Ṁs(qs) − 2Cs(qs, q̇s) are skew symmetric.
Property 2. The mass matrices Mm(qm) and Ms(qs)

are the symmetric, bounded and positive definite satisfying
the inequality ‖Mm(qm)‖ � βm and ‖Ms(qs)‖ � βs with
βm > 0 and βs > 0.

Property 3. If the signals q̈m and q̈s are bounded, then
Ċm(qm, q̇m) and Ċs(qs, q̇s) are bounded.

2.2 Interaction forces between human-
master and between slave-environment

The interaction forces between human and master and
between slave and environment play a significant role to
achieve desired transparency and stability of the closed loop
teleoperation systems. These forces can be modeled as a
second-order mass-spring-damper system[24]. It is also pos-
sible to use simpler models to estimate interaction forces,
such as, pure stiffness or dampening-stiffness[25]. In this
work, the interaction forces are estimated by using spring-
damper systems as [4, 18−20, 22, 25]

Fh = −Smqm − Dmq̇m (4)

Fe = Ssqs + Dsq̇s (5)

where Sm ∈ Rn×n and Dm ∈ Rn×n represent stiffness and
damping constant matrices for the human operators and
Ss ∈ Rn×n and Ds ∈ Rn×n defines stiffness and damping
constants matrices for the remote environment.

3 Algorithm design and stability anal-
ysis

In this work, we design two control strategies for passive
teleoperation systems and analyze their stability proper-
ties in the presence of symmetrical and unsymmetrical time
varying telecommunication delays. In our analysis, the data
transmission delays in the forward communication channel
from master to slave platforms and backward communica-
tion channel from slave to master platforms are defined as
γdm(t) and γds(t), respectively.

We first consider that the time delays in forward and
backward communication channels are symmetrical as
γdm(t) = γds(t) = γd(t). The input for the systems (3)
is then designed by comprising delayed position signal with
the local position, velocity and adaptive control term for
gravity compensation as

τm = −KPm (qm − qs(t − γd(t))) − KDmq̇m + Ĝm(qm)

˙̃
θm = −ΓmYm(qm)q̇m

τs = KPs (qm(t − γd(t)) − qs) − KDsq̇s + Ĝs(qs)

˙̃
θs = −ΓsYs(qs)q̇s (6)

where KPm > 0, KDm > 0, KPs > 0, KDs >

0, Ym(qm)θ̃m =
(
Ĝm(qm) − Gm(qm)

)
, Ys(qs)θ̃s =(

Ĝs(qs) − Gs(qs)
)
, θ̃m =

(
θ̂m − θm

)
, θ̃s =

(
θ̂s − θs

)
,

Γm ∈ Rm×m and Γs ∈ Rs×s are the positive definite con-
stant matrices. The control scheme (6) is depicted in Fig. 1
with γdm(t) = γds(t) = γd(t). Parameter adaptation mech-
anism given above may cause discontinuous property in the
parameter estimates even after parameter converges to the
actual one. To ensure that the parameters θm and θs re-
main bounded over the given compact sets θm ∈ Ωm and
θs ∈ Ωs, a projection algorithm can be used to limit the pa-
rameter estimates. For this, we define Ω̂m and Ω̂s such that
Ω̂m ⊂ Ωm and Ω̂s ⊂ Ωs with Ωm = {xmi � θmi � ymi}
and Ωs = {xsi � θsi � ysi}. We also define Ωδm and
Ωδs as Ωδm = {xmi − δm � θmi � ymi − δm} and
Ωδs = {xsi − δs � θsi � ysi − δs} where δm and δs are

chosen such that Ω̂m ⊂ Ωδm and Ω̂s ⊂ Ωδs. Then, the pro-
jection of the parameter adaptation rule can be written as
˙̂
θm = Proj(θ̂m, Φm) and

˙̂
θs = Proj(θ̂s, Φs) with
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Fig. 1 Control scheme for bilateral teleoperation systems with delayed position signals for symmetrical case γdm(t) = γds(t) = γd(t)

and unsymmetrical case γdm(t) �= γds(t)

[Proj(θ̂k, Φk)]i =

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ΓkΦki, if xki � θ̂ki � yki or

if θ̂ki > yki and Φki � 0 or

if θ̂ki < xki and Φki � 0

ΓkΦ̄ki, if θ̂ki > yki and Φki > 0

ΓkΦ̆ki, if θ̂ki < xki and Φki < 0

(7)

where Φ̄ki =
[
1 + yki−θki

δk

]
Φki, Φ̆ki =

[
1 + θki−xki

δk

]
Φki

and Φki is the i-th element of the column matrix −Y T
k (qk)q̇k

with k = m, s. Using (6) and (3), the closed loop teleoper-
ators can be represented as

q̈m =M−1
m (qm)[KPmqs(t − γd(t)) − KPmqm − KDmq̇m−

Cm(qm, q̇m)q̇m + Ĝm(qm) − Gm(qm) − Smqm−
Dmq̇m] (8)

q̈s =M−1
s (qs)[KPsqm(t − γd(t)) − KPsqs − KDsq̇s−

Cs(qs, q̇s)q̇s + Ĝs(qs) − Gs(qs) − Ssqs − Dsq̇s]. (9)

To derive the stability condition for the systems (8) and
(9), we consider the following Lyapunov-Krasovskii func-
tional

V = V1 + V2 + V3 + V4 (10)

with

V1 =q̇T
mMm(qm)q̇m + q̇T

s Ms(qs)q̇s

V2 =Λd

∫ t

(t−γd(t))

q̇T
m(η)q̇m(η)dη+

Λd

∫ t

(t−γd(t))

q̇T
s (η)q̇s(η)dη

V3 =KPm (qm − qs)
T (qm − qs) + SmqT

mqm + Ssq
T
s qs

V4 =θ̃T
mΓ−1

m θ̃m + θ̃T
s Γ−1

s θ̃s (11)

where Λd = 1
1−|γ̇d(t)| with |γ̇d(t)| � ς ≺ 1. We now take

the derivative (10) along the trajectories of the closed loop
teleoperation systems (8), (9). Then, we apply Property 1,

adaptive control laws
˙̃
θm and

˙̃
θs along with projection mech-

anism (7), KPm = KPs and the following inequalities

2q̇T
m

∫ t

(t−γd(t))

q̇T
s (η)dη � q̇T

mq̇m +

∫ t

(t−γd(t))

q̇T
s (η)q̇s(η)dη

2q̇T
s

∫ t

(t−γd(t))

q̇T
m(η)dη � q̇T

s q̇s +

∫ t

(t−γd(t))

q̇T
m(η)q̇m(η)dη.

(12)

V̇ can be simplified as

V̇ � −Kmq̇T
mq̇m − Lsq̇

T
s q̇s − σq̇T

s (t − γd(t))× (13)

q̇s(t − γd(t)) − σq̇T
m(t − γd(t))q̇m(t − γd(t))+

KPm

∫ t

(t−γd(t))

q̇T
s (η)q̇s(η)dη + KPm×

∫ t

(t−γd(t))

q̇T
m(η)q̇m(η)dη (14)

where Km = (2KDm + 2Dm − Λd − KPm), Ls =
(2KDs + 2Ds − Λd − KPm) and σ = Λd (1 − ς). Let us now
first apply Schwartz inequality on the last two terms and
then use the bound on the time varying delays. Then, we
can write V̇ in the following simplified form

V̇ � −Kmq̇T
mq̇m − Lsq̇

T
s q̇s − σq̇T

s (t − γd(t))q̇s(t − γd(t))−
σq̇T

m(t − γd(t))q̇m(t − γd(t)) + KPmAα×∫ t

(t−γd(t))

q̇m(η)Tq̇m(η)dη + KPmAα×
∫ t

(t−γd(t))

q̇s(η)Tq̇s(η)dη (15)

where |γd| � Aα. Taking the integral from zero to time T ,

V̇ leads to

V (T ) − V (0) � −Km

∫ T

0

q̇T
mq̇mdt − Ls

∫ T

0

q̇T
s q̇sdt−

σ

∫ T

0

q̇T
s (t − γd(t))q̇s(t − γd(t))dt−
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σ

∫ T

0

q̇T
m(t − γd(t))q̇m(t − γd(t))dt+

KPmAα

∫ T

0

∫ t

(t−γd(t))

q̇m(η)Tq̇m(η)dηdt+

KPmAα

∫ T

0

∫ t

(t−γd(t))

q̇s(η)Tq̇s(η)dηdt. (16)

We again apply Schwartz inequality for the last two
terms and then the bound on V̇ can be calculated
as V (T ) − V (0) � −ηm‖q̇m‖2

2 − ηs‖q̇s‖2
2 − σ‖q̇m(t −

γd(t))‖2
2 −σ‖q̇s(t−γd(t)‖2

2 with ηm =
(Km − KPmA2

α

)
and

ηs =
(Ls − KPmA2

α

)
. This implies that (q̇m, q̇s, q̇m(t −

γd(t)), q̇s(t − γd(t))) ∈ L2 and (q̇m, q̇s, q̇m(t − γd(t)), q̇s(t −
γd(t)), q̇m − q̇s, q̇s − q̇m, qm, qs, qm − qs, qs − qm) ∈ L∞. To
show the bound on the two terms (qm − qs(t − γd(t))) and
(qs − qm(t − γd(t))), let′s first write them as

(qm − qs) +

∫ t

(t−γd(t))

q̇s(η)dη (17)

(qs − qm) +

∫ t

(t−γd(t))

q̇m(η)dη. (18)

Using Schwartz inequality, the bound for the terms∫ t

(t−γd(t))
q̇m(η)dη and

∫ t

(t−γd(t))
q̇s(η)dη can be manipu-

lated as A
1
2
α ‖q̇m‖2 and A

1
2
α ‖q̇s‖2. Since qm and qs are

bounded, then we have (qm − qs(t − γd(t))) ∈ L∞ and
(qs − qm(t − γd(t))) ∈ L∞. In view of our above analysis,
Property 2, Property 3, the boundedness property of the
parameter estimates from projection mechanism (7) and in-

variance theorem[26], we can conclude that, for the given ς,
there exists KPm = KPs, KDm and KDs such that the po-
sition, velocity and tracking error between master and slave
manipulators in (8), (9) with passive input (4), (5) under
symmetrical time varying delays are asymptotically stable.

We now design bilateral teleoperation systems where the
forward and backward data packet delays are not symmet-
rical nature as γdm(t) �= γds(t). The input algorithms for
the systems (3) are designed as

τm = − KPm (qm − qs(t − γds(t))) − KDmq̇m + Ĝm(qm)

τs =KPs (qm(t − γdm(t)) − qs) − KDsq̇s + Ĝs(qs). (19)

The control scheme (19) is shown in Fig. 1 with γdm(t) �=
γds(t). Using (3) and (19), the closed loop teleoperators
under unsymmetrical time varying delays can be derived as

q̈m =M−1
m (qm)[KPmqs(t − γds(t)) − KPmqm − KDmq̇m−

Cm(qm, q̇m)q̇m + Ĝm(qm) − Gm(qm) − Smqm−
Dmq̇m]

q̈s =M−1
s (qs)[KPsqm(t − γdm(t)) − KPsqs − KDsq̇s−

Cs(qs, q̇s)q̇s + Ĝs(qs) − Gs(qs) − Ssqs − Dsq̇s]. (20)

To analyze the convergence property of the teleoperators
(20), let us use the following Lyapunov-Krasovskii function

V = V1 + V2 + V3 + V4 (21)

where

V1 =q̇T
mMm(qm)q̇m + q̇T

s Ms(qs)q̇s

V2 =Λdm

∫ t

(t−γdm(t))

q̇T
m(η)q̇m(η)dη+

Λds

∫ t

(t−γds(t))

q̇T
s (η)q̇s(η)dη

V3 =KPm (qm − qs)
T (qm − qs) + SmqT

mqm + Ssq
T
s qs

V4 =θ̃T
mΓ−1

m θ̃m + θ̃T
s Γ−1

s θ̃s

where Λdm = 1
1−|γ̇dm(t)| and Λds = 1

1−|γ̇ds(t)| with

|γ̇dm(t)| � ςdm < 1 and |γ̇ds(t)| � ςds < 1. Using the
Property 1, (20), adaptation laws with projection mecha-
nism (7), KPm = KPs and the following inequalities

2q̇T
m

∫ t

(t−γds(t))

q̇T
s (η)dη �q̇T

mq̇m +

∫ t

(t−γds(t))

q̇T
s (η)q̇s(η)dη

2q̇T
s

∫ t

(t−γdm(t))

q̇T
m(η)dη �q̇T

s q̇s +

∫ t

(t−γdm(t))

q̇T
m(η)q̇m(η)dη.

(22)

V̇ can be represented as

V̇ � −Kmuq̇T
mq̇m − Lsuq̇T

s q̇s − σmsq̇
T
s (t − γds(t))×

q̇s(t − γds(t)) − σmuq̇T
m(t − γdm(t)))q̇m(t − γdm(t))+

∫ t

(t−γds(t))

q̇T
s (η)q̇s(η)dη +

∫ t

(t−γdm(t))

q̇T
m(η)q̇m(η)dη

where Kmu = (2KDm + 2Dm − Λdm − KPm), Lsu =
(2KDs + 2Ds − Λds − KPm), σms = Λds (1 − ςds) and
σmu = Λdm (1 − ςdm). We now use Schwartz inequality
on the last two terms and then take integral from zero to
time t = T . Then, V̇ can be written as

V (T )−V (0) � −Kmu

∫ T

0

q̇T
mq̇mdt − Lsu

∫ T

0

q̇T
s q̇sdt−

σms

∫ T

0

q̇T
s (t − γds(t))q̇s(t − γds(t))dt − σmu×

∫ T

0

q̇T
m(t − γdm(t))q̇m(t − γdm(t))dt + KPmAdα×

∫ T

0

∫ t

(t−γdm(t))

q̇m(η)Tq̇m(η)dηdt + KPmAsα×
∫ T

0

∫ t

(t−γds(t))

q̇s(η)Tq̇s(η)dηdt

with |γdm| � Adα and |γds| � Asα. Applying Schwartz in-

equality on the last two terms, V̇ can be simplified further

V (T ) − V (0) � − ηmu‖q̇m‖2
2 − σmu‖q̇m(t − γdm(t))‖2

2−
ηsu‖q̇s‖2

2 − σms‖q̇s(t − γds(t)‖2
2 (23)

where ηmu = (Kmu−KPmA2
dα) and ηsu = (Lsu−KPmA2

sα).
This implies that (q̇m, q̇s, q̇m(t − γdm(t)), q̇s(t − γds(t))) ∈
L2 and (q̇m, q̇s, q̇m(t − γdm(t)), q̇s(t − γds(t))) ∈ L∞. We
can also show the bounds on the terms (qm − qs(t − γds(t)))
and (qs − qm(t − γdm(t))). To show that, we first rewrite
the term (qm − qs(t − γds(t))) as

(qm − qs) +

∫ t

(t−γds(t))

q̇s(η)dη (24)
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and the term (qs − qm(t − γdm(t))) as

(qs − qm) +

∫ t

(t−γdm(t))

q̇m(η)dη. (25)

In view of Schwartz inequality, we can obtain the bound

on
∫ t

(t−γdm(t))
q̇m(η)dη and

∫ t

(t−γds(t))
q̇s(η)dη as A

1
2
dα‖q̇m‖2

and A
1
2
sα‖q̇s‖2 imply the bound (qm − qs(t − γds(t))) ∈ L∞

and (qs − qm(t − γdm(t))) ∈ L∞. Then, applying invari-

ance theorem[26], Property 2 and Property 3 along with the
parameter projection mechanism (7), we can conclude that
the position, velocity and tracking error between master
and slave manipulators converge to zero as the time goes to
infinity.

4 Teleoperation system with delayed
position and velocity signals

Let us now design teleoperation systems by coupling local
and remote sites by delaying position and velocity signals
of the master and slave systems. The input algorithms for
the systems (3) with symmetrical time varying delays can
be designed as follows

τm = − KDm (q̇m − q̇s(t − γd(t))) + Ĝm(qm)−
KPm (qm − qs(t − γd(t))) − ζmq̇m

τs =KDs (q̇m(t − γd(t)) − q̇s) − KPsqs + Ĝs(qs)−
KPs (qs − qm(t − γd(t))) − ζsq̇s (26)

with ζm > 0 and ζs > 0. The implementation block dia-
gram of the control scheme (26) is presented in Fig. 2 with
γdm(t) = γds(t) = γd(t). The closed loop teleoperation
systems with input algorithms (26) can be formulated as

q̈m =M−1
m (qm)[KDmq̇s(t − γd(t)) − KPmqm − KDmq̇m−

Cm(qm, q̇m)q̇m + Ĝm(qm) − Gm(qm) − Smqm−
Dmq̇m + KPmqs(t − γd(t)) − ζmq̇m] (27)

q̈s =M−1
s (qs)[KDsq̇m(t − γd(t)) − KDsq̇s − KPsqs−

Cs(qs, q̇s)q̇s + Ĝs(qs) − Gs(qs) − Ssqs − Dsq̇s+

KPsqm(t − γd(t)) − ζsq̇s]. (28)

For the convergence analysis of the teleoperation systems
(27), (28), let us employ the following Lyapunov-Krasovskii
function

V = V1 + V2 + V3 + V4 (29)

with

V1 =q̇T
mMm(qm)q̇m + q̇T

s Ms(qs)q̇s

V2 =Λd1

∫ t

(t−γd(t))

q̇T
m(η)q̇m(η)dη + Λd2

∫ t

(t−γd(t))

q̇T
s (η)

q̇s(η)dη

V3 =KPm (qm − qs)
T (qm − qs) + SmqT

mqm + Ssq
T
s qs

V4 =θ̃T
mΓ−1

m θ̃m + θ̃T
s Γ−1

s θ̃s

where Λd1 = KDm
1−|γ̇d(t))| and Λd2 = KDs

1−|γ̇d(t))| . Using KPm =

KPs, KDm = KDs, adaptive control with projection mech-
anism (7), Property 1, (12) and

2q̇T
m q̇s(t − γd(t)) �q̇T

mq̇m + q̇T
s (t − γd(t))q̇

T
s (t − γd(t))

2q̇T
s q̇m(t − γd(t)) �q̇T

s q̇s + q̇T
m(t − γd(t))q̇m(t − γd(t)).

(30)

The time derivative of (29) along the trajectories
of (27), (28) can be simplified as V (T ) − V (0) �
−πDm‖q̇m‖2

2 − πDs‖q̇s‖2 with πDm = (KDm + 2Dm +
KPmA2

α + ζm − Λd1 − KPm) and πDs = (KDm + 2Ds +
KPmA2

α − Λd2 − KPm). This implies that (q̇m, q̇s) ∈
L2 and (qm, qs, q̇m, q̇s, q̇m − q̇s, q̇s − q̇m, qm − qs, qs − qm) ∈
L∞. Now, we need to show the bounds on the terms
(q̇m − q̇s(t − γd(t))) and (q̇s − q̇m(t − γd(t))) from the fol-
lowing relationship

(q̇m − q̇s) +

∫ t

(t−γd(t))

q̈s(η)dη (31)

(q̇s − q̇m) +

∫ t

(t−γd(t))

q̈m(η)dη. (32)

Fig. 2 Control scheme for bilateral teleoperation systems with delayed position and velocity signals for symmetrical time varying delay

γdm(t) = γds(t) = γd(t) and unsymmetrical time varying delay γdm(t) �= γds(t)
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Applying Schwartz inequality, we can write∫ t

(t−γd(t))
q̈m(η)dη and

∫ t

(t−γd(t))
q̈s(η)dη as A

1
2
α ‖q̈m‖2 and

A
1
2
α ‖q̈s‖2. This implies that (q̇m − q̇s(t − γd(t))) ∈ L∞ and

(q̇s − q̇m(t − γd(t))) ∈ L∞. From (17) and (18), we also
have (qm − qs(t − γd(t))) ∈ L∞ and (qm − qs(t − γd(t))) ∈
L∞. Then, in view of Property 2, Property 3, projection
mechanism for the parameter estimates (7) and invariance

principle[26], we can conclude that the position, velocity
and tracking error signals in the closed loop teleoperators
(27), (28) are bounded and asymptotically converge to zero.

Finally, we design teleoperation systems by delaying po-
sition and velocity signals with unsymmetrical time varying
communication delays as

τm = − KDm (q̇m − q̇s(t − γds(t))) − KPmqm + Ĝm(qm)+

KPmqs(t − γds(t)) − ζmq̇m

τs =KDs (q̇m(t − γdm(t)) − q̇s) − KPsqs + Ĝs(qs)+

KPsqm(t − γdm(t)) − ζsq̇s. (33)

The control scheme is shown in Fig. 2 with γdm(t) �=
γds(t). Using (33) and (3), the closed loop teleoperation
systems can be derived as

q̈m =M−1
m (qm)[KDmq̇s(t − γds(t)) − KPmqm − KDmq̇m−

Cm(qm, q̇m)q̇m + Ĝm(qm) − Gm(qm) − Smqm−
Dmq̇m + KPmqs(t − γds(t)) − ζmq̇m] (34)

q̈s =M−1
s (qs)[KDsq̇m(t − γdm(t)) − KDsq̇s − KPsqs−

Cs(qs, q̇s)q̇s + Ĝs(qs) − Gs(qs) − Ssqs − Dsq̇s+

KPsqm(t − γdm(t)) − ζsq̇s]. (35)

Now, for analyzing the stability of the closed loop systems
(34), (35), we choose the following Lyapunov-Krasovskii
functional

V = V1 + V2 + V3 + V4 (36)

with

V1 =q̇T
mMm(qm)q̇m + q̇T

s Ms(qs)q̇s

V2 =Λdm1

∫ t

(t−γdm(t))

q̇T
m(η)q̇m(η)dη+

Λds2

∫ t

(t−γds(t))

q̇T
s (η)q̇s(η)dη

V3 =KPm (qm − qs)
T (qm − qs) + SmqT

mqm + Ssq
T
s qs

V4 =θ̃T
mΓ−1

m θ̃m + θ̃T
s Γ−1

s θ̃s

where Λdm1 = KDm
1−|γ̇dm(t)| and Λds2 = KDs

1−|γ̇ds(t)| . We

now take the derivative (36) along the trajectories of the
closed loop systems (34), (35). Then, using KPm = KPs,
KDm = KDs, (22), adaptation laws with parameter projec-
tion scheme (7), Property 1 and

2q̇T
m q̇s(t − γds(t)) �q̇T

mq̇m + q̇T
s (t − γds(t))q̇

T
s (t − γds(t))

2q̇T
s q̇m(t − γdm(t)) �q̇T

s q̇s + q̇T
m(t − γdm(t))q̇m(t − γdm(t)).

(37)

We can simplify the time derivative of (36) as
V (T ) − V (0) � −ξsm‖q̇m‖2

2 − ξss‖q̇s‖2, where ξsm =(
KDm + 2Dm + KPmA2

dα + ζm − Λdm1

)
, and ξss =

(
KDm + 2Ds + KPmA2

sα + ζs − Λds2

)
. This means that

(q̇m, q̇s) ∈ L2 and (qm, qs, q̇m, q̇s, q̇m − q̇s, q̇s − q̇m, qm − qs,
qs − qm) ∈ L∞. Using the relationship (q̇m − q̇s) +∫ t

(t−γds(t))
q̈s(η)dη and (q̇s − q̇m) +

∫ t

(t−γdm(t))
q̈m(η)dη, we

can also show the bound on (q̇m − q̇s(t − γds(t))) ∈ L∞
and (q̇s − q̇m(t − γdm(t))) ∈ L∞. Applying our previous
analysis for (24), (25), it is also possible to guarantee
(qm − qs(t − γds(t))) ∈ L∞ and (qs − qm(t − γds(t))) ∈
L∞. Then, using invariance theorem[26], Property 2,
Property 3 and boundedness of parameter estimates from
projection laws (7), we can state that the position, veloc-
ity, tracking error signals in (34) and (35) asymptotically
convergent to zero.

5 Evaluation results

We now show the design and evaluation process of the
proposed control methods on bilateral teleoperation sys-
tems constructed by a 2-DOF master and slave manipula-
tor. For simplicity, we only present evaluation results of the
teleoperation algorithms given in (19). In our evaluation, it
is assumed that the local and remote sites are connected by
Internet telecommunication channel. The motion dynamics
of a 2-DOF master and slave manipulator can be written
as

Mm(qm)q̈m + Cm(qm, q̇m)q̇m + Gm(qm) = τm + Fh (38)

Ms(qs)q̈s + Cs(qs, q̇s)q̇s + Gs(qs) = τs − Fe (39)

where Mm(qm) =

[
m11 m12

m21 m22

]
, Cm(qm, q̇m) =

[
c11 c12

c21 c22

]
, Fh =

[
Fh1

Fh2

]
, Fe =

[
Fe1

Fe2

]
and

Gm(qm) =

[
Gm(qm1)

Gm(qm2)

]
with m11 = (2l1 cos q2 + l2)l2m2+

l21 (m1 + m2), m12 = (l2m2 + l1l2m2 cos q2), m21 = (m2l
2 +

m2l
2 cos q2), m22 = m2l

2
2, c11 = −l1l2m2 sin q2q̇2, c12 =

−l1l2m2 sin q2 (q̇2 + q̇1), c21 = l1l2m2 sin q2, c22 = 0,
G(qm1) = gm2l2 sin (q1 + q2) + g (m1 + m2) l1 sin q1 and
G(qm2) = gm2l2 sin (q1 + q2). The uncertain parame-
ters for gravity loading vectors are chosen as θm1 =
m2l2, θm2 = m1l1 and θm3 = l1m2. We also consider
that Ms(qs) = Mm(qm), Cm(qm, q̇m) = Cs(qs, q̇s)q̇s and
Gm(qm) = Gs(qs). The model parameters for master
and slave manipulators are chosen as m1 = 15, m2 = 5,
l1 = 1, l2 = 0.5 and g = 9.82. In our first evaluation,
the time varying delays in forward, γdm(t), and backward,
γds(t), internet telecommunication channels are assumed to
be unsymmetrical nature as γdm(t) = 10 + 0.8 sin(t) and
γds(t) = 5 + 0.5 cos(t). The time history of the time vary-
ing delays are given in Fig. 3. The environment and hu-
man input forces are modeled as Fe1 = Ss1qs1 + Ds1q̇s1,
Fe2 = Ss2qs2 + Ds2q̇s2, Fh1 = ko1 − Sm1qm1 − Dm1 q̇m1,
Fh2 = ko2 − Sm2qm2 − Dm2 q̇m2 with ko1 > 0 and ko2 > 0.

In our evaluation, we consider three different types of
interaction forces between slave and environment. In first
case, the slave manipulators are operating in free space as
Fe1 = 0 and Fe2 = 0. The parameters for human oper-
ator forces are chosen as ko1 = 10, ko2 = 10, Sm1 = 15,
Sm2 = 15, Dm1 = 10 and Dm2 = 20. The control design
parameters are selected as Γm = I3×3, Γs = I3×3, KPm1 =
KPs1 = 10, KPm2 = KPs2 = 10, KDm1 = KDm2 = 150 and
KDs1 = KDs2 = 150. The evaluation results are presented
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in Fig. 4.

Fig. 3 Unsymmetrical forward γdm(t) and backward γds(t) time

varying communication delays in second

Fig. 4 Position tracking of the master and slave manipulators

in radians with free remote environment space

Second, we consider that the remote slave manipulators
are interacting with soft environment as Ss1 = 2, Ss2 = 2,
Ds1 = 1 and Ds2 = 1. The parameters of the human in-
put forces are chosen as ko1 = 15, ko2 = 15, Sm1 = 15,
Sm2 = 15, Dm1 = 10 and Dm2 = 20. The control design
parameters are chosen for this evaluation as Γm = I3×3,
Γs = I3×3, KPm1 = KPs1 = 10, KPm2 = KPs2 = 10,
KDm1 = KDm2 = 250, KDs1 = KDs2 = 150. The eval-
uation results are given in Fig. 5 with unsymmetrical time
varying delays as depicted in Fig. 3.

In third case, we apply very hard interaction forces be-
tween remote slave manipulator and environment as Ss1 =
50000, Ss2 = 50 000, Ds1 = 1 and Ds2 = 1. Then, we
choose the parameters for human and master interaction
forces as ko1 = 15, ko2 = 15, Sm1 = 15, Sm2 = 15,
Dm1 = 10 and Dm2 = 20. The control design parame-
ters are considered as Γm = I3×3, Γs = I3×3, KPm1 =
KPs1 = 10, KPm2 = KPs2 = 10, KDm1 = KDm2 = 250,
KDs1 = KDs2 = 150. The unsymmetrical time varying de-
lays are kept similar to our previous evaluation as depicted
in Fig. 3. With these parameters, the design strategy pro-
posed in (20) is applied to the given teleoperation systems.
The evaluation results with very hard contact forces be-
tween slave and environment are shown in Fig. 6.

Let us now repeat the evaluation of third case with un-

symmetrical random time varying delays. For our evalu-
ation, the time derivative of the random time varying de-
lays for the forward and backward communication channels
are chosen as shown in Fig. 7. All other design parameters
are kept similar to our previous case. The evaluation re-
sults are depicted in Fig. 8. The sampling time is chosen
as 0.01 s. From these results, we can see that the position
and tracking error of the master and slave manipulators are
asymptotically stable in the presence of unsymmetrical for-
ward and backward time varying delays. The asymptotic
stability is also guaranteed in the presence of free space,
soft and very hard interaction forces between remote slave
and environment.

Fig. 5 Position tracking of the master and slave manipulator in

radians with soft interaction between remote slave and environ-

ment

Fig. 6 Position tracking of the master and slave manipulator

in radians with very hard interaction between remote slave and

environment

Remark 1. We notice from our various evaluation
results that the performance with the delayed position-
velocity signal based teleoperator provides better perfor-
mance than the performance achieved under delayed posi-
tion signal based teleoperator. This is mainly because of
the fact that the position-velocity based teleoperator pro-
vides additional damping to the master and slave manipu-
lator ensuring better coordination of the master and slave
manipulator.

Remark 2. Note that the conditions for KPm =
KPs can be removed by modifying V1 and V3 as
V1 = q̇T

mMm(qm)q̇m + KPm
KP s

q̇T
s Ms(qs)q̇s and V3 =
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KPm (qm − qs)
T (qm − qs) + PmqT

mqm + KPm
KP s

Psq
T
s qs.

Fig. 7 The time derivative of unsymmetrical forward γdm(t) and

backward γds(t) random time varying communication delays in

second

Fig. 8 Position tracking of the master and slave manipulator

with random time varying delays with very hard interaction be-

tween remote slave and environment

6 Conclusions

In this paper, passive bilateral teleoperation systems have
been studied with symmetrical and unsymmetrical time
varying communication networks delay. A delayed position
and position-velocity signals are used to couple local and
remote sites via using telecommunication channel. Non-
linear adaptive control terms have been employed locally to
learn and compensate uncertain parameters associated with
gravity loading vector of the master and slave manipulators.
Detailed stability analysis for three different control meth-
ods has been given by using Lyapunov-Krasovskii function
to explore asymptotic convergence property of the closed
loop teleoperators for both symmetric and unsymmetrical
time varying delays. Simulation results have been used to
demonstrate the theoretical development of this paper.
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