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Abstract: The bi-conjugate gradients (Bi-CG) and bi-conjugate residual (Bi-CR) methods are powerful tools for solving nonsymmet-
ric linear systems Ax = b. By using Kronecker product and vectorization operator, this paper develops the Bi-CG and Bi-CR methods
for the solution of the generalized Sylvester-transpose matrix equation

∑ p
i=1(AiXBi + CiXTDi) = E (including Lyapunov, Sylvester

and Sylvester-transpose matrix equations as special cases). Numerical results validate that the proposed algorithms are much more
efficient than some existing algorithms.
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1 Introduction

This paper considers the generalized Sylvester-transpose
matrix equation

p∑

i=1

(AiXBi + CiX
TDi) = E (1)

where Ai, Bi, Ci, Di, E ∈ Rm×m (i = 1, 2, · · · , p) are given
matrices and matrix X ∈ Rm×m needs to be determined.
The generalized Sylvester-transpose matrix equation (1) is
quite general and includes as particular cases several classi-
cal and important linear problems in the space of matrices:
block linear systems, commuting matrices, the Lyapunov
matrix equation:

DTX + XD = E. (2)

The Sylvester matrix equation:

AX + XD = E. (3)

And the Sylvester-transpose matrix equation is

AX + XTB = C. (4)

It is well-known that the Lyapunov, Sylvester and Sylvester-
transpose matrix equations are important equations which
play a fundamental role in the various fields of engineering
theory, particularly in theories and applications of stability
and control[1−4]. The Sylvester and Lyapunov matrix equa-
tions arise in stability analysis of linear systems[5], model
reduction[6] and in the solution of the algebraic Riccati ma-
trix equation[7]. The solution of linear matrix equations
such as Sylvester and Lyapunov matrix equations has been
addressed in a large body of literature[8−13].

In [14], a Hessenberg method was proposed for solving the
Sylvester matrix equation XA+BX = C. A new Smith ac-
celerative iteration (containing the well-known Smith accel-
erative iteration as a special case) was established in [2] for
solving the Stein matrix equation X = AXB + C. In [15],
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by using the so-called Kronecker matrix polynomials, closed
form solutions to a family of generalized Sylvester matrix
equation were given. Li and Huang[16] proposed an itera-
tive method to solve generalized coupled Sylvester matrix
equations, based on a matrix form of the least-squares QR-
factorization (LSQR) algorithm. In [17, 18], Ding and Chen
presented a gradient based method and a least-squares
based iterative method for generalized Sylvester matrix
equations and general coupled matrix equations by intro-
ducing the star (�) product of matrices. The gradient it-
erative (GI) algorithms of solving general matrix equations
were studied in [19] by using the hierarchical identification
principle[20]. Recently by extending the conjugate gradient
(CG) approach, Dehghan and Hajarian proposed efficient
iterative algorithms to find the generalized bisymmetric,
skew-symmetric, (generalized) reflexive and anti-reflexive
solutions of linear matrix equations[21−23]. Solvability, exis-
tence of unique solution, closed-form solution and numerical
solution of matrix equation X = Af(X)B +C were studied

in [24], where f(X) = XT, f(X) = X
T

and f(X) = X . By
Moore-Penrose generalized inverse, Piao et al.[25] obtained
some necessary and sufficient condition for the existence of
the solution and the expressions of the Sylvester-transpose
matrix equation (4). Zhou et al.[26, 27] established the solu-
tion of the several generalized Sylvester matrix equations.
Zhou et al.[28] proposed an iterative method for finding
weighted least squares solutions to coupled Sylvester ma-
trix equations. The Bi-CG and Bi-CR methods are two of
the most important and useful algorithms for the numeri-
cal solutions of linear equations. The purpose of this paper
is to develop the Bi-CG and Bi-CR methods for solving
the generalized Sylvester-transpose matrix equation (1) via
Kronecker product and vectorization operator.

The paper is organized as follows. In Section 2, the Bi-
CG and Bi-CR methods are briefly described. By applying
Kronecker product and vectorization operator, we derive
new algorithms for solving (1) based on the Bi-CG and
Bi-CR methods in Section 3. In Section 4, numerical re-
sults demonstrate that new algorithms are more efficient
than some existing algorithms. Conclusions will be drawn
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in Section 5.
Throughout the paper, we denote the n-vector space by

Rn, and the set of m × n matrices by Rm×n. AT stands
for the transpose of matrix A. We denote by I the identity
matrix. For matrix A ∈ Rm×n, the so-called stretching
function vec(A) is defined by the following

vec(A) = ( aT
1 aT

2 · · · aT
n )T

where ak is the k-th column of A. Symbol A ⊗ B stands
for Kronecker product of matrices A and B. Moreover, we
define the inner product: 〈A, B〉 = tr(BTA) for all A,B ∈
Rm×n. Then Rm×n is a Hilbert inner product space, and
the norm of a matrix generated by this inner product is the
matrix Frobenius norm || · ||.

2 A brief description of Bi-CG and Bi-
CR methods

To solve nonsymmetric linear systems as

Ax = b (5)

where A is an m×m real nonsymmetric matrix and b is an
m-vector; the Bi-CG and Bi-CR methods have been pro-
posed as an extension of CG and CR, respectively.

First we present the Bi-CG algorithm and then based
on the Bi-CG derivation, we present the Bi-CR algo-
rithm. There are several ways to derive the algorithm of
Bi-CG. Here we give the details of one of the simplest
derivations[29]. By using (5) and a dual linear system
ATx∗ = b∗, we obtain the following 2m × 2m symmetric
linear system:

(
O A

AT O

) (
x∗

x

)

=

(
b

b∗

)

, or Âx̂ = b̂. (6)

Now for solving (6), we apply the CG algorithm with the
following preconditioner:

P =

(
O I

I O

)

. (7)

Hence the resulting algorithm at the n-th iteration step can
be written as

p̂n = P−1r̂n + βn−1p̂n−1

αn =
(P−1r̂n, r̂n)

(p̂n, Âp̂n)

x̂n+1 = x̂n + αnp̂n

r̂n+1 = r̂n − αnÂp̂n

βn =
(P−1r̂n+1, r̂n+1)

(P−1r̂n, r̂n)
.

Substituting P−1 of (7) and the vectors

x̂n =

(
x∗

n

xn

)

r̂n =

(
r∗n
rn

)

p̂n =

(
p∗

n

pn

)

(8)

into the previous recurrences, we obtain the following Bi-
CG algorithm[30].

Algorithm 1. (Bi-CG algorithm)
x0 is an initial guess, r0 = b − Ax0;
choose r∗0 (e.g., r∗0 = r0);
set p∗

−1 = p−1 = 0, β−1 = 0;
for n = 0, 1, · · · , until convergence, do:

pn = rn + βn−1pn−1;
p∗

n = r∗n + βn−1p
∗
n−1;

sn = Apn;
s∗n = ATp∗

n;

αn =
〈r∗n, rn〉
〈p∗

n, sn〉 ;
xn+1 = xn + αnpn;
rn+1 = rn − αnsn;
r∗n+1 = r∗n − αns∗n;

βn =
〈r∗n+1, rn+1〉

〈r∗n, rn〉 .

By using the preconditioned CR method with the pre-
conditioner (7) to symmetric linear system (6), we have

p̂n = P−1r̂n + βn−1p̂n−1

αn =
(P−1r̂n, ÂP−1r̂n)

(P−1Âp̂n, Âp̂n)

x̂n+1 = x̂n + αnp̂n

r̂n+1 = r̂n − αnÂp̂n

βn =
P−1r̂n+1, ÂP−1r̂n+1

(P−1r̂n, ÂP−1r̂n)
.

Substituting P−1 of (7) and vectors (8) into the previous
recurrences, we obtain the following Bi-CR algorithm[30].

Algorithm 2. (Bi-CR algorithm)
x0 is an initial guess, r0 = b − Ax0;
choose r∗0 (e.g., r∗0 = r0);
set p∗

−1 = p−1 = 0, β−1 = 0;
for n = 0, 1, · · · , until convergence, do:

pn = rn + βn−1pn−1;
p∗

n = r∗n + βn−1p
∗
n−1;

sn = Apn;
s∗n = ATp∗

n;
tn = Arn;

αn =
〈r∗n, tn〉
〈s∗n, sn〉 ;

xn+1 = xn + αnpn;
rn+1 = rn − αnsn;
r∗n+1 = r∗n − αns∗n;
tn+1 = Arn+1;

βn =
〈r∗n+1, tn+1〉

〈r∗n, tn〉 .

For more details about Bi-CG and Bi-CR methods see
[29 − 31].

In the next section, based on Algorithms 1 and 2, we pro-
pose new algorithms for solving the generalized Sylvester-
transpose matrix equation (1).

3 New algorithms

In this section, we develop Algorithms 1 and 2 to solve
the generalized Sylvester-transpose matrix equation (1).

By using Kronecker product and vectorization operator,
the generalized Sylvester-transpose matrix equation (1) can
be transformed into the following nonsymmetric linear sys-
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tems
( ∑p

i=1(B
T
i ⊗ Ai + (DT

i ⊗ Ci)P )
)

︸ ︷︷ ︸
A

vec(X)
︸ ︷︷ ︸

x

= vec(E)
︸ ︷︷ ︸

b

(9)

where A ∈ Rm2×m2
, x, b ∈ Rm2

, and P ∈ Rm2×m2
is a

unitary matrix[24]. It is obvious that the size of the above
system is large. However, iterative methods will consume
more computer time and memory space once the size of the
system is large. To overcome this complication, we extend
Algorithms 1 and 2. Now by considering the linear systems
(9) and using the vectorization operator, we rewrite vectors
rn, r∗n, pn, p∗

n, sn, s∗n, tn and xn of Algorithms 1 and 2 into
the matrix forms. We can write

r0 = b − Ax0 → r0 = vec(E) =

(

p∑

i=1

(BT
i ⊗ Ai + (DT

i ⊗ Ci)P ))x0 (10)

sn = Apn → sn =

(

p∑

i=1

(BT
i ⊗ Ai + (DT

i ⊗ Ci)P ))pn (11)

s∗n = ATp∗
n → s∗n =

p∑

i=1

(BT
i ⊗ Ai + (DT

i ⊗ Ci)P )Tp∗
n =

p∑

i=1

(Bi ⊗ AT
i + P (Di ⊗ CT

i ))p∗
n (12)

tn = Arn → tn =
p∑

i=1

(BT
i ⊗ Ai + (DT

i ⊗ Ci)P )rn. (13)

By considering (10) – (13), we define

xn = vec(Xn), sn = vec(Sn) (14)

pn = vec(Pn), rn = vec(Rn) (15)

s∗n = vec(S∗
n), p∗

n = vec(P ∗
n) (16)

r∗n = vec(R∗
n), tn = vec(Tn) (17)

where Xn, Sn, S∗
n, Rn, R∗

n, Pn, P ∗
n , Tn ∈ Rm×m. From (14)–

(17), we can get

R0 = E −
p∑

i=1

(AiX0Bi + CiX
T
0 Di) (18)

Sn =

p∑

i=1

(AiPnBi + CiP
T
n Di) (19)

S∗
n =

p∑

i=1

(AT
i P ∗

nBT
i + DiP

∗T
n Ci) (20)

Tn =

p∑

i=1

(AiRnBi + CiR
T
nDi) (21)

Pn = Rn + βn−1Pn−1, P ∗
n = R∗

n + βn−1P
∗
n−1 (22)

Xn+1 = Xn + αnPn (23)

Rn+1 = Rn − αnSn, R∗
n+1 = R∗

n − αnS∗
n. (24)

For Algorithms 1 and 2, parameters αn and βn can be de-
termined as

αn =
〈r∗n, rn〉
〈p∗

n, sn〉 =
〈vec(R∗

n), vec(Rn)〉
〈vec(P ∗

n), vec(Sn)〉 =
〈R∗

n, Rn〉
〈P ∗

n , Sn〉 (25)

βn =
〈r∗n+1, rn+1〉

〈r∗n, rn〉 =
〈vec(R∗

n+1), vec(Rn+1)〉
〈vec(R∗

n), vec(Rn)〉 =

〈R∗
n+1, Rn+1〉
〈R∗

n, Rn〉 (26)

and

αn =
〈r∗n, tn〉
〈s∗n, sn〉 =

〈vec(R∗
n), vec(Tn)〉

〈vec(S∗
n), vec(Sn)〉 =

〈R∗
n, Tn〉

〈S∗
n, Sn〉 (27)

βn =
〈r∗n+1, tn+1〉

〈r∗n, tn〉 =
〈vec(R∗

n+1), vec(Tn+1)〉
〈vec(R∗

n), vec(Tn)〉 =

〈R∗
n+1, Tn+1〉
〈R∗

n, Tn〉 . (28)

Here by applying (14) – (28), we present the matrix form of
Algorithms 1 and 2 for finding the solution of (1).

Algorithm 3. (Matrix form of Bi-CG algorithm to solve
(1))

X0 ∈ Rm×m is an initial guess and
R0 = E − ∑p

i=1(AiX0Bi + CiX
T
0 Di);

choose R∗
0 (e.g., R∗

0 = R0);
set P ∗

−1 = P−1 = 0, β−1 = 0;
for n = 0, 1, · · · , until convergence, do:

Pn = Rn + βn−1Pn−1;
P ∗

n = R∗
n + βn−1P

∗
n−1;

Sn =
∑p

i=1(AiPnBi + CiP
T
n Di);

S∗
n =

∑p
i=1(A

T
i P ∗

nBT
i + DiP

∗T
n Ci);

αn =
〈R∗

n, Rn〉
〈P ∗

n , Sn〉 ;

Xn+1 = Xn + αnPn;
Rn+1 = Rn − αnSn;
R∗

n+1 = R∗
n − αnS∗

n;

βn =
〈R∗

n+1, Rn+1〉
〈R∗

n, Rn〉 .

Algorithm 4. (Matrix form of Bi-CR algorithm to solve
(1))

X0 ∈ Rm×m is an initial guess and
R0 = E − ∑p

i=1(AiX0Bi + CiX
T
0 Di);

choose R∗
0 (e.g., R∗

0 = R0);
set P ∗

−1 = P−1 = 0, β−1 = 0;
for n = 0, 1, · · · , until convergence, do:

Pn = Rn + βn−1Pn−1;
P ∗

n = R∗
n + βn−1P

∗
n−1;

Sn =
∑p

i=1(AiPnBi + CiP
T
n Di);

S∗
n =

∑p
i=1(A

T
i P ∗

nBT
i + DiP

∗T
n Ci);

Tn =
∑p

i=1(AiRnBi + CiR
T
nDi);

αn =
〈R∗

n, Tn〉
〈S∗

n, Sn〉 ;

Xn+1 = Xn + αnPn;
Rn+1 = Rn − αnSn;
R∗

n+1 = R∗
n − αnS∗

n;
Tn+1 =

∑p
i=1(AiRn+1Bi + CiR

T
n+1Di);

βn =
〈R∗

n+1, Tn+1〉
〈R∗

n, Tn〉 .

In the next section, we report some numerical results to
test the proposed iterative algorithms.
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4 Numerical results

The aim of this section is to compare Algorithms 3 and 4
with the CG method (CG M)[23], GI method (GI M)[18] and
the matrix LSQR method (LSQR M)[16]. Our experiments
were done in Matlab.

Example 1. In the first example, we consider the matrix
equation AXB = C, where

A = tril(rand(m, m), 1) + diag(0.5 + diag(rand(m)))

B = triu(rand(m,m), 1) + diag(1 + diag(rand(m)))

C = rand(m, m).

For m = 20, Fig. 1 shows the convergence histories of the
mentioned methods, where

rn = log10 ||C − AXnB||. (29)

From Fig. 1, it may be seen that Algorithms 3 and 4 have
faster convergence rates than other methods.

Fig. 1 The residual for Example 1

Example 2[32]. As the second example, the Sylvester
matrix equation (3) is considered with the following pa-
rameters:

A = tril(rand(m, m), 1) + diag(1.75 + diag(rand(m)))

D = triu(rand(m, m), 1) + diag(2 + diag(rand(m)))

E = rand(m,m).

When m = 100, Fig. 2 represents the performance of the
mentioned algorithms, where

rn = log10||E − AXn − XnD||. (30)

From Fig. 2, we observe that Algorithms 3 and 4 are the
most efficient among the five tested methods.

Fig. 2 The residual for Example 2

Example 3. Finally, we study the Sylvester-transpose
matrix equation (4) with

A = tril(rand(m,m), 1) − diag(1.5 + diag(rand(m)))

B = triu(rand(m, m), 1) − diag(2 + diag(rand(m)))

C = rand(m,m).

For m = 30, the obtained results are depicted in Fig. 3
where

rn = log10||C − AXn − XT
n B||. (31)

The results show that Algorithms 3 and 4 are quite efficient.

Fig. 3 The residual for Example 3

5 Conclusions

Linear matrix equations play a significant role in numer-
ous problems in control, power systems and communication
systems theory. By using Kronecker product and vector-
ization operator, we have proposed new neat algorithms
based on Bi-CG and Bi-CR methods to find the solution of
the generalized Sylvester-transpose matrix equations (1).
The comparison results have shown that the proposed al-
gorithms are more efficient than some existing algorithms.
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