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Abstract The indirect boundary element method is used to

study the 3D dynamic response of an infinitely long alluvial

valley embedded in a saturated layered half-space for obli-

quely incident SV waves. A wave-number transform is first

applied along the valley’s axis to reduce a 3D problem to a

2D plane strain problem. The problem is then solved in the

section perpendicular to the axis of the valley. Finally, the 3D

dynamic responses of the valley are obtained by an inverse

wave-number transform. The validity of the method is con-

firmed by comparison with relevant results. The differences

between the responses around the valley embedded in dry

and in saturated poroelastic medium are studied, and the

effects of drainage conditions, porosity, soil layer stiffness,

and soil layer thickness on the dynamic response are dis-

cussed in detail resulting in some conclusions.

Keywords Saturated layered half-space �
3D scattering � Alluvial valley � Plane SV waves �
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1 Introduction

Earthquake investigations in the field show that local valley

sites significantly influence the amplification of ground

motion. For example, during the 1985 earthquake in Mexico,

structures built on the alluvial basin suffered heavy damage,

whereas the damage to buildings situated on bedrock on the

outskirts of the Mexico City was significantly less.

Since the pioneering studies of Aki and Larner (1970)

and Trifunac (1971), a great deal of work has been reported

on wave scattering by valleys. The resulting problem can

be solved analytically or numerically. Analytical methods

(Aki and Larner 1970; Trifunac 1971; Wong and Trifunac

1974; Yuan and Liao 1995; Liang et al. 2003) have the

advantage in that they explore the physical nature of the

particular problem; however, numerical methods (Kawase

and Aki 1989; Dravinski and Mossessian 1987; Sainchez-

Sesma et al. 1993; Liang and Liu 2010; Ba and Liang

2011) are more suitable for dealing with problems that

have complex geometries and varying material properties.

Although the majority of studies are still limited to a 2D

case in a uniform half-space, few articles consider obli-

quely incident waves or a layered site. In spite of this, some

studies have found that soil layers have important effects

on both the amplitude and the spectrum of ground motion

(Ba and Liang 2011a, b), and that the 3D wave scattering

by an alluvial valley is fundamentally different from that of

a 2D case (Liang et al. 2009, 2010). Articles (Liang et al.

2009, 2010; De Barros and Luco 1995; Khair et al. 1989,

1991; Liu et al. 1991) studied the 3D wave scattering

problem by an infinitely long valley or valleys, but the

solutions reported are still restricted to the elastic case.

In reality, soil is not homogeneously elastic but poro-

elastic and often saturated with fluid, especially in coastal

areas. In this paper, we extend the method presented in

article (Ba and Liang 2011) to apply it to a fluid-saturated,

poroelastic medium to study the 3D scattering by a valley

in a saturated layered site. By using Green’s functions for

moving loads as the fundamental solutions, the presented

method yields very accurate results with low computational

cost.
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2 Calculation model and method

The model used in this paper makes use of an infinitely

long alluvial valley with an arbitrary cross section

embedded in a site composed of saturated soil layers and

underlying bedrock. The excitation is represented by plane

SV waves, which incident obliquely from the bedrock. The

incoming wave arrives with an azimuth hh relative to the

axis of the valley (Fig. 1a) and an incidence hv to the

vertical axis (Fig. 1b). The profile of the valley cross sec-

tion is shown in Fig. 1c.

The total wave filed near the valley can be expressed as the

summation of the free wave field and the scattered wave

filed. The free wave field is the motion produced by the

obliquely incident SV waves in the absence of the valley and

the scattered wave field is induced by the alluvial valley. At

first, the free wave field is calculated using the direct stiffness

method. Then, the scattered wave fields inside and outside of

the valley are simulated by the dynamic responses produced

by moving fictitious distributed loads on the interface of the

valley. The densities of the moving distributed loads can be

determined through the continuity conditions associated

with interface S. Finally, the total motion is obtained by

adding the scattered wave filed to the free wave filed.

2.1 Biot’s equation for a poroelastic medium

The dynamic equilibrium equations in a fluid-saturated,

poroelastic medium (Biot 1956a, b) can be written as:

Gr2U þ kc þ Gð ÞgradðdivUÞ þ aMgradðdivUÞ
¼ q€U þ qf €w; ð1aÞ

aMgradðdivUÞ þ MgradðdivwÞ ¼ qf
€U þ m €W þ b _w; ð1bÞ

where U and w are, respectively, the solid frame’s dis-

placement vector and the displacement vector of the pore

fluid with respect to the solid frame; w = n(W - U), W is

the displacement vector of the pore fluid; q =

(1 - n)qs ? nqf is the total density, qs and qf are, respec-

tively, the solid grain density and the pore fluid density, n is

the porosity; b is a parameter that accounts for internal

fractionation; m = q22/n2 = (nqf ? qa)/n
2, qa is the cou-

pled density between the solid grain and the pore fluid;

G and k are the two Lame’s constants corresponding to the

solid frame, kc = k ? a2M; a and M are the Biot’s

parameters, which account for compressibility of a two

phase material.

2.2 Free-field response

We use the direct stiffness method to calculate the free

wave field. The key step within the method is to build an

exact 3D dynamic stiffness matrix of the saturated layered

site. As each saturated soil layer contains the upward

traveling and downward traveling P1, P2, SV, and SH

waves, the displacement and stress amplitudes at the top

and bottom interfaces of each soil layer can be written as:

Ux1; Uy1; iUz1; iwz1; Ux2; Uy2; iUz2; iwz2

� �T

¼ ½D� AP1; BP1; AP2; BP2; ASV; BSV; ASH; BSHf gT;

ð2aÞ

�szx1; �szy1; �irz1; iPf1; sx2; sy2; irz2; �iPf2

� �T

¼ ½S� AP1; BP1; AP2; BP2; ASV; BSV; ASH; BSHf gT;

ð2bÞ

where Ux1, Uy1, Uz1, wz1 and Ux2, Uy2, Uz2, wz2 are the

displacement amplitudes of the solid frame and of the pore

fluid at the top and bottom interfaces of the saturated soil

layer. szx1, szy1, rz1, pf1 and szx2, szy2, rz2, pf2 are the stress

and pore pressure amplitudes at the top and bottom inter-

faces. AP1, BP1, AP2, BP2, ASV, BSV, ASH, and BSH are the

amplitudes of the upward and downward traveling waves

associated with P1, P2, SV, and SH waves, respectively.

Eliminating the amplitudes of the upward and downward

traveling waves in Eq. (2) results in a dynamic stiffness

matrix of the 3D saturated soil layer, which can be written

as ½SL
P1�P2�SV�SH�: For the saturated half-space, only the

downward traveling waves exist, and the matrix of the

saturated half-space ½SR
P1�P2�SV�SH� can be derived by let-

ting AP1 = AP2 = ASV = ASH = 0. By introducing the

continuity condition at the soil layer interfaces, we can

obtain the global dynamic stiffness matrix [SP1–P2–SV–SH]
Fig. 1 a Horizontal plane, definition of angle hh, b vertical plane,

definition of angle hv, and c cross section of the saturated valley
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by assembling ½SL
P1�P2�SV�SH� for each soil layer and

½SR
P1�P2�SV�SH� for the half-space.

Once the 3D global dynamic stiffness matrix is

obtained, the dynamic equation of the fluid-saturated

poroelastic layered site can be expressed as

SP1�P2�SV�SH½ �fUg ¼ fQg; ð3Þ

where {U} is the vector of the amplitude of displacement at

the solid layer interfaces and {Q} is the external load

vector.

For plane waves obliquely incident to the bedrock, the

last four elements of vector {Q} can be determined by Eq.

(4) with other elements equal to zero. Solving Eq. (3), the

displacement at the interface of each soil layer is obtained.

Then, the amplitudes of the upward and downward trav-

eling waves in each soil layer can be determined by Eq.

(2a). Finally, the displacement and stress amplitudes for

any location can be obtained by Eqs. (2a) and (2b).

Rx0; Ry0; iRz0; iRf0

� �T

¼ SR
P1�P2�SV�SH

� �
Ux0; Uy0; iUz0; iwz0

� �T
;

ð4Þ

where Ux0, Uy0, Uz0, and wz0 are the out-cropping motion.

More details about the free wave field can be found in

article (Ba 2008).

2.3 Green’s functions for moving loads in a fluid-

saturated, poroelastic layered half-space

The problem of 3D scattering of obliquely incident plane

waves by a 2D valley is somewhat simpler than the full 3D

problem. For any two cross sections, the wave field will be

identical but phase shifted in the frequency domain.

Therefore, dynamic responses of distributed loads (pore

pressure) acting on inclined lines that move parallel to the

y axis can be used to simulate the scattered wave field. The

dynamic responses of moving distributed loads (pore

pressure) are usually called moving Green’s functions for

moving loads.

The moving Green’s functions are calculated in the

following way. First, Green’s function for moving dis-

tributed loads (pore pressure) acting on inclined lines in a

layered site is derived. Then a Fourier integral along the

axis of the valley (y axis) is used to calculate moving

Green’s functions. The moving velocity is cR
s /(coshhcoshv)

from Fig. 1, where cR
s is the S-wave velocity of the

bedrock.

To derive Green’s function for distributed loads (pore

pressure) acting on inclined lines, the distributed loads are

transformed into the wave-number domain by a Fourier

transform. Then, calculations are performed to obtain

Green’s function for the wave-number domain. Finally, an

inverse Fourier transform is used to transform Green’s

functions back into the space domain. In the wave-number

domain, two fictitious interfaces are introduced to fix the

distributed loads. Corresponding reaction forces are cal-

culated, and then reaction forces with reversed directions

are applied as loads on the saturated layered site to cal-

culate the global response. The total response can be

obtained by adding the results of the fixed layer and the

results of the reversed reaction forces.

If [gu(s)] and [gt(s)] are the moving Green’s functions

for displacement and stress in a drained free surface, the

resulting displacement (include the displacement of pore

fluid with respect to the soil frame) and stress (include pore

pressure) at the valley interface S can be expressed as

Up
x ; Up

y ; Up
z ; wp

n

n oT

¼ guðsÞ½ � px0; py0; pz0; pf0

� �T
; ð5Þ

tp
x ; tp

y ; tp
z ; t

p
f

n oT

¼ gtðsÞ½ � px0; py0; pz0; pf0

� �T
; ð6Þ

where the superscript ‘p’ in the displacement terms

fUp
x ; Up

y ; Up
z ; wp

ng
T

and in the stress terms ftp
x ; tp

y ; tp
z ; t

p
f g

T

indicates the results attributable to the moving fictitious

distributed loads or pore pressure. The elements in the

vector {px0, py0, pz0, pf0}T are the fictitious distributed

loads in the x-, y-, and z-directions and the fictitious pore

pressure.

Similarly, if [guu(s)] and [gut(s)] are the Green’s func-

tions corresponding to an undrained free surface, the

resulting displacement (include the displacement of pore

fluid with respect to the solid frame) and stress (include

pore pressure) at the valley interface S can be expressed as

Up
x ; Up

y ; Up
z ; wp

n

n oT

¼ guuðsÞ½ � px0; py0; pz0; pf0

� �T
; ð7Þ

tp
x ; tp

y ; tp
z ; t

p
f

n oT

¼ gutðsÞ½ � px0; py0; pz0; pf0

� �T
: ð8Þ

2.4 Boundary conditions

If the free surface of the saturated layered site and the

valley interface are both permeable (i.e., a drained

boundary), the continuity conditions at the displacement

interface (including the displacement of pore fluid with

respect to the solid frame) and stress (including pore

pressure) can be expressed as

Z

s

½WðsÞ�T
tL
x ðsÞ

tL
y ðsÞ

tL
z ðsÞ

tL
f ðsÞ

2

664

3

775þ

tf
xðsÞ

tf
yðsÞ

tf
zðsÞ

tf
fðsÞ

2

664

3

775

0

BB@

1

CCAds

¼
Z

s

½WðsÞ�T
tV
x ðsÞ

tV
y ðsÞ

tV
z ðsÞ

tV
f ðsÞ

2

664

3

775ds; ð9aÞ
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Z

s

½WðsÞ�T

UL
x ðsÞ

UL
y ðsÞ

UL
z ðsÞ

wL
n ðsÞ

2

666664

3

777775
þ

Uf
xðsÞ

Uf
yðsÞ

Uf
zðsÞ

wf
nðsÞ

2

666664

3

777775

0

BBBBB@

1

CCCCCA
ds

¼
Z

s

½WðsÞ�T

UV
x ðsÞ

UV
y ðsÞ

UV
z ðsÞ

wV
n ðsÞ

2

666664

3

777775
ds;

ð9bÞ

with [W(s)] is the weighting function. If [W(s)] takes the

value 1 in a single element and 0 in all the others, the

integral can be evaluated over each element separately.

Substituting Eqs. (5) and (6) into Eq. (9) gives:

TL
p

h i
p1x; p1y; p1z; p1f

� �Tþ Tf½ �

¼ TV
p

h i
p2x; p2y; p2z; p2f

� �T
; ð10aÞ

VL
p

h i
p1x; p1y; p1z; p1f

� �Tþ Vf½ �

¼ VV
p

h i
p2x; p2y; p2z; p2f

� �T
; ð10aÞ

where

TL
p

h i
¼

Z

s

½WðsÞ�T gL
t ðsÞ

� �
ds

TV
p

h i
¼

Z

s

½WðsÞ�T gV
t ðsÞ

� �
ds

Tf½ � ¼
Z

s

½WðsÞ�T tfðsÞ½ �ds;

ð11aÞ

VL
p

h i
¼

Z

s

½WðsÞ�T gL
u ðsÞ

� �
ds

VV
p

h i
¼

Z

s

½WðsÞ�T gV
u ðsÞ

� �
ds

Vf½ � ¼
Z

s

½WðsÞ�T vfðsÞ½ �ds;

ð11bÞ

where gL
u ðsÞ and gV

u ðsÞ are the Green’s functions pertaining

to the displacement of the layered saturated site and of the

valley, gL
t ðsÞ and gV

t ðsÞ are the Green’s functions pertaining

to the stress of the layered saturated site and of the valley.

Elements in the vector {p1x, p1y, p1z, p1f}
T and

{p2x, p2y, p2z, p2f}
T are the distributed load and pore

pressure applied on the valley interface to calculate the

moving Green’s functions for the layered half site and for

the valley, respectively. Combining the solutions of Eqs.

(10) and (3), the surface displacement for the valley can be

written as:

Uxðx; y; zÞ
Uyðx; y; zÞ
Uzðx; y; zÞ

8
<

:

9
=

;
¼

Uf
xðx; y; zÞ

Uf
xðx; y; zÞ

Uf
zðx; y; zÞ

8
<

:

9
=

;

þ gL
u ðx; y; zÞ

� �
p1x

p1y

p1z

p1f

2

664

3

775 ðinside the valleyÞ;

ð12aÞ

Uxðx; y; zÞ
Uyðx; y; zÞ
Uzðx; y; zÞ

8
<

:

9
=

;
¼ gV

u ðx; y; zÞ
� �

p2x

p2y

p2z

p2f

2

664

3

775 ðoutside the valleyÞ:

ð12bÞ

If the free surface of the layered site and the interface of

the valley are both impermeable (i.e., an undrained

boundary), the boundary condition dictates that the

displacement of the soil frame and the stress are

continuous, but the displacement of pore fluid with

respect to the solid frame is equal to zero. The

displacement in the valley can then be obtained using the

same method that was used to solve the drained boundary

case.

3 Verification of the method

When hh = 90� the present method will be reduced to the

2D case. We first compared our results with those of Liang

and Liu (2010) for the 2D case of a semi-circular valley in

a uniform saturated half-space. The material parameters of

the saturated half-space and of the valley are shown in

Table 1 for a porosity of 0.3; the superscript ‘H’ represents

the half-space and the superscript ‘V’ represents the valley.

The dimensionless frequency is defined as g =

xa/pcb = 0.5, where a is the radius of the valley and cb is

the shear wave velocity of the saturated half-space. It is

evident from Fig. 2 that our results are consistent with

those of Liang and Liu (2010).

When qf = 0 the presented method will reduce to the

dry soil case. We also compared our results with those of

De Barros and Luco (1995) for 3D scattering caused by a

2D semi-circular valley in an elastic layered site. The

parameters are as follows: Poisson’s ratio m = 1/3, the

dimensionless incident frequency g = xa/p cL
s = 0.5, the

damping ratio f = 0.005, the ratio of the shear wave

velocity of the valley to that of the half-space

cV
s =cL

s = 0.5, the mass density ratio qV
s =q

L
s = 2/3, the

horizontal incident angle hh = 45�, and the vertical inci-

dent angle hv = 30�, 60�, and 90�. Figure 3 also shows

that our results are relatively consistent with those of De

Barros and Luco (1995).
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4 Numerical results

Figure 4 shows the surface displacement amplitudes of a

uniform saturated half-space under drained boundary con-

ditions for different obliquely incident angles. The

parameters of the half-space and of the valley are shown in

Table 1 for a porosity of 0.3. We define the dimensionless

incident frequency as g ¼ xa=p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GH=qH

p
; where x is the

incident circular frequency and a is the radius of the valley.

Other parameters are as follows: g = 0.5 and 1.0,

hv = 45�, hh = 0�, 30�, 60�, and 90�. |Ux|, |Uy|, and |Uz| in

Fig. 4 are the solid frame displacement amplitudes and

|ASV| is the amplitude of the incident plane SV wave.

Figure 4 shows that the incidence angle has a significant

effect on the displacement amplitude. As the horizontal

incident angle increases, the amplitudes in the x-direction

Table 1 Parameters for the saturated layer, saturated half-space, and saturated valley (Lin et al. 2005)

nH(nL) GH(GL) qH
s ðqL

s Þ (kg/m3) qH
f ðqL

f Þ (kg/m3) MH(ML) (MPa) mH(mL) (MPa) mH(mL) aH(aL) fH(fL)

0.1 156.33E8 2650 1000 182.16E8 55000 0.25 0.2762 0.05

0.3 37E8 2650 1000 60.72E8 7222 0.25 0.8287 0.05

0.34 13.13E8 2650 1000 53.58E8 5358 0.25 0.9392 0.05

nV GV(MPa) qV
s (kg/m3) qV

f (kg/m3) MV(MPa) mV(MPa) mV aV fV

0.1 39.08E8 2650 1000 143.71E8 55000 0.25 0.2762 0.05

0.3 9.25E8 2650 1000 47.92E8 7222 0.25 0.8287 0.05

0.34 3.28E8 2650 1000 42.27E8 5358 0.25 0.9392 0.05

Fig. 2 Comparison our results with those of article (Liang and Liu 2010)

Fig. 3 Comparison of our results with those of article (De Barros and Luco 1995)
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increase gradually, while the amplitudes in the y-direction

decrease gradually. This is probably due to an increase in

the vibrational component in the x-direction as the inci-

dence direction tends to the x axis.

Analysis of the results in Fig. 4 also indicates that the

3D dynamic response (hh = 90�) is fundamentally differ-

ent from the 2D case (hh = 90�). As a result, the obliquely

incident SV waves should not simply be decomposed into

the cross section of the valley and into the axis of the

valley, and then calculated as the summation of the in-

plane results and the anti-plane results.

Figure 5 shows the amplitudes of the surface displace-

ment around a valley embedded in a uniform saturated

half-space under undrained boundary conditions with

porosities n = 0.1, 0.3, and 0.34. The material parameters

used are given in Table 1, where superscript ‘H’ represents

the half-space and superscript ‘V’ represents the valley.

The dimensionless incident frequency g = 0.5 is defined as

in Fig. 4, the horizontal incident angle is hh = 45�, and the

vertical incident angle is hv = 5�, 30�, 60�, and 90�.
Figure 5 shows that porosity has a significant effect on

wave scattering throughout the valley. Large differences

are observed related to changes in porosity for the surface

displacement amplitudes and large phase shifts. For low

porosity (n = 0.1), the amplitudes corresponding to a sat-

urated case are almost identical to those of a dry poro-

elastic case. The amplitudes of the horizontal displacement

decrease gradually with an increase in porosity, which may

be due to the smaller horizontal amplitudes of the free

wave field corresponding to larger porosities. It can also be

seen from Fig. 5 that the displacement amplitudes in the

x- and z-directions are more complex than the amplitudes

in the y-direction. This is probably because the valley is

infinite in the y-direction.

To study the effect of a saturated soil layer, Fig. 6

depicts the simplest model, which consists of a single layer

overlying elastic bedrock. The applied material parameters

are given in Table 1 for a porosity of 0.3, with superscript

‘‘L’’ representing the saturated layer and superscript ‘‘V’’

representing the valley. The parameters of the elastic

bedrock are as follows: mass density qR = 1,855 kN/m3,

Poisson’s ratio vR = 0.25, damping ratio fR = 0.02, and

the ratio of the shear module of the bedrock to the layer isffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GR=GL

p
= 2.0 and 5.0. The thickness of the layer is

H/a = 2.0. The dimensionless frequency is defined as g ¼
xa=p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GL=qL

p
with chosen values of g = 0.25 and 0.75.

The horizontal incident angle is hh = 45�, the vertical

incident angles are hv = 5�, 30�, 60�, and 90�.
This study shows that surface displacement amplitudes

can differ greatly between a layered site and a uniform

half-space. This is because the dynamic responses of the

layered case are determined by the dynamic characteristics

of the valley and the soil layer, whereas the dynamic

responses of the uniform case are determined solely by the

valley. Furthermore, the differences between the uniform

case and the layered case cannot be solely attributed to the

differences in the free wave field; there is an interaction

between the valley and the soil layer, which can be called

the soil layer–valley interaction. When the incident fre-

quency is equal to the fundamental frequency of the lay-

ered site (g = 0.25), the displacement amplitudes are

Fig. 4 Displacement amplitudes corresponding to different obliquely incident angels
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significantly larger than those of other incident frequencies.

It can also be seen from Fig. 6 that, although the shear

module ratio between the bedrock and the saturated layer

has changed, the distribution of the amplitudes still looks

similar. This is most likely due to the unchanging self-

dynamic characteristic of the layered site as the thickness

of the soil layer is constant.

To study the influence of soil layer thickness, Fig. 7

shows the surface displacement amplitudes for additional

soil layer thicknesses H/a = 1.0 and 4.0. The same model

is used as in Fig. 6 with
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GR=GL

p
= 5.0 and g = 0.5. All

other parameters are the same as those in Fig. 6.

A comparison of the results in Figs. 6 and 7 shows that soil

layer thickness has a significant effect not only on amplitude

but also on the distribution of surface displacement. For the

same dimensionless incident frequency g = 0.5, the distri-

bution of surface displacement is entirely different for dif-

ferent soil layer thicknesses H/a = 1.0, 2.0, and 4.0. This may

be due to changes in the soil layer thickness, which result in a

change in the layered site’s self-vibrational characteristics.

The displacement amplitudes decrease gradually with the

increase of the soil layer thickness, and this is because material

damping is considered in the presented method and the control

point selected at the outcrop of the bedrock.

Fig. 5 Displacement amplitudes for different porosities
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5 Conclusions

This paper examines the 3D scattering of obliquely inci-

dent plane SV waves by an alluvial valley embedded in a

fluid-saturated, poroelastic layered half-space. The direct

stiffness method is used to calculate the free wave field,

and Green’s functions corresponding to the movement of

distributed loads and pore pressure acting on inclined lines

are used to simulate the scattered wave filed. Numerical

results and analyses are performed by taking examples of a

valley embedded in a uniform saturated half-space and in a

single saturated soil layer overlying elastic bedrock. We

conclude the following:

(1) The oblique incident angel has a significant effect on

surface displacement amplitudes. In general, the

surface displacement amplitudes in the x-direction

increase gradually with an increase in the horizontal

incident angle (the incident direction gradually tends

to the x-direction).

(2) Porosity has an important effect on surface displace-

ment amplitudes. Large differences in the

Fig. 6 Displacement amplitudes for a saturated layered site with different soil layer rigidities
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displacement amplitudes and large phase shifts are

observed for different porosities.

(3) Total dynamic responses are determined by the soil layer–

valley interaction. The stiffness ratio of the bedrock to the

saturated layer affects the amplitudes, whereas the soil

layer thickness affects not only the amplitudes but also the

spatial distribution of the surface displacement.
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