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Numerical analysis on thermal conductivity 
of poly-mineral rock∗ 
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Abstract  In order to explore the thermal conductivity of the natural poly-mineral rock, numerical tests of rock models 
with randomly-distributed components were conducted and compared with each other. Elaborately designed Monte Carlo 
method was adopted to ingratiate the requirement of the random characteristics of grain size and the grains’ spatial distribu-
tion. This requirement was fulfilled by clustering the randomly generated unstructured tetrahedral elements in full three di-
mensions. Natural rocks are consisted of randomly distributed crystal particles or intergranular minerals. Our primary results 
verify that the thermal conductivity of the rock is strongly sensitive to the ingredients’ volume fraction and their spatial dis-
tribution. Furthermore, we proved that, in order to reduce the measurement error to a reasonable range, the numerical speci-
men must be large enough or include sufficient number of mineral particles. Our numerical test results are in accordance with 
a variety of empirical formulas which are currently employed in petrology. 
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1 Introduction  

Thermal conductivity is one of the major thermo-
dynamic coefficients of the rock when the numerical 
investigation of the long-term Coulomb stress migration 
is carried out. Coulomb stress is now widely accepted as 
the crucial criteria to evaluate the characteristics of 
seismic activities in specific regions (Stein et al, 1997; 
Lin and Stein, 2004). It also has a promising future in its 
application to short-term earthquake forecast with es-
sential input of real on-site geological constrains in 
Chinese mainland, such as western Sichuan and Yunnan 
area (Zhang et al, 2009). During the evolution of the 
thermal structure of lithosphere or thermal evolution 
history in deep mantle, the interior heat of the earth is 
transmitted to the earth’s surface by two major mecha-
nisms: advection and conduction. And conduction is the 
predominant mode of heat transfer in lithosphere, ac-
companied by the slow deformation of the plates 
(Clauser, 2009). Various geophysical parameters of 
lithosphere including the state of rock rheology, thermal 
structure and heat flow are all closely related to the 
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thermal conductivity characteristics of the lithosphere 
rocks (Abdulagatov et al, 2006). In recent years, the 
study on the rock’s thermal conductivity is one of the 
important issues to petrophysicist (Liu et al, 2005; 
Aurangzeb et al, 2006, 2007; Aurangzeb and Maqsood, 
2007; Davis et al, 2007; Jessop, 2007). 

Many types of advanced equipments for the meas-
urement of rock’s thermal conductivity are well devel-
oped (Ou et al, 2003; EKO, 2007). With the advance-
ment of the instruments and the improvement of tech-
nology, systematical measurement error from equipment 
is becoming decreased gradually. However, it is still 
time-consuming and also very expensive to perform 
these kinds of measurements in the laboratory (Zhao et 
al, 1995; Liu et al, 2005). And those instruments em-
ployed also have their own technical limitations to 
simulate the actual high-temperature and high-pressure 
environment of the realistic rocks in the deep litho-
sphere and mantle. The major obstacles may come from 
those complex factors that can affect the rock’s thermal 
conductivity. Some of them cannot be easily isolated 
from each other because of the nonlinear characteristics 
of these factors or physical parameters. Furthermore, the 
measurement processes are sensitive and susceptible to 
environmental changes, which makes it very difficult to 
maintain the stability of the experiment results. 

Doi: 10.1007/s11589-010-0718-6 
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The natural occurrence of rocks is almost anisot-
ropic, heterogenic, and multiphase (Peng and Cheng, 
1999). Therefore, the granular scale effect and the com-
ponent fraction effect inevitably exist during the meas-
urement of thermal conductivity of the rock. This is ba-
sically why the various instruments must have their own 
specifications on the grain size and component fraction 
of the rock specimens. The rock specimens must be 
typical and representative for the natural rocks. The 
rock’s thermal conductivity varies with the proportion 
and grain structure of its components (Chen and Huang, 
2001). Thus we need a couple of rock samples to get the 
statistic effective thermal conductivity of the rocks, 
which is not easy to be put into practice.  

In view of the difficulties mentioned above, it is 
not an easy task to obtain large quantities and statistical 
regularity of thermal conductivity values barely from 
laboratories. Under such circumstances, many investi-
gators from the petrologic and geodynamical communi-
ties are now seeking to use numerical tests to replace the 
traditional laboratory measurement tests (Haghighi et al, 
1990; Ramani and Vaidyanathan, 1995; Cheng et al, 
2005; Jessop, 2007; Zhang et al, 2007). The numerical 
simulation of the two-phase and multiphase media is 
becoming one hot issue as well. Lv et al (2006) and 
Huai et al (2007) analyzed the effective thermal conduc-
tivity of fractal porous media by using finite volume 
method. Usowicz et al (2006a, b) and Zhang et al (2007) 
predicted the terrestrial soil with water content or 
air-filled porosity thermal conductivity. Wang et al 
(2007) investigated the spatial-scale effect on the effec-
tive thermal conductivity of porous media, and Grand-
jean et al (2006) calculated the thermal conductivity of 
porous ceramics based on micrographs by numerical 
methods. There are a variety of theoretical and empirical 
models as well (Progelhof et al, 2004; Carson, 2006). 
Most of those models are based on simplified cases. In 
those models, the shape of the specimen is either cubic 
or sphere. But the actual rocks are composed of irregular 
shapes of components. In our simulation, we use un-
structured tetrahedral mesh in order to imitate the realis-
tic plain rocks. 

This paper firstly put forward our numerical test 
method to simulate the thermal conduction process of 
the given rock specimens, and then utilized the Monte 
Carlo statistical method to analyze the calculated data to 
determine the specific values of overall thermal conduc-
tivity of the rock specimen. Finite element method is 
used in our numerical tests. Comparison between the 

numerical results and empirical formula was also given 
to verify the correction of our models and the reliability 
of empirical formula as well. 

2 Principles and numerical model 

2.1 Principles and equations 
Thermal conductivity K is the physical property of 

a material, which characterizes its capacity to conduct 
the quantity of the heat across the unit area during the 
unit time interval. Ordinary rock is generally composed 
of a variety of minerals or their mixtures, and its thermal 
conductivity is an important physical property. There 
are a couple of ways to measure the rock’s thermal 
conductivity. Each of them is only suitable for limited 
types of the rocks, depending on their thermal properties 
and existing temperature range. Apparatus for measur-
ing thermal conductivity of rocks are generally divided 
into two catalogs: steady-state and non-steady state. The 
former requires a relatively large specimen size and the 
heat flow must be perpendicular to the horizontal area of 
the specimen. The entire system needs a stable thermal 
equilibrium, which can guarantee a small measurement 
error; whereas, the latter is suitable for the small size 
specimen. But its measurement accuracy is lower com-
pared with that of the steady-state method (Ou et al, 
2003). 

Supposing that the thermal conductivity of each 
mono-mineral rock is known, we take the overall ther-
mal conductivity of one poly-mineral rock as our test 
value. The finite element and Monte Carlo statistics 
methods are used to calculate and analyze the thermal 
conductivity of the poly-mineral rock. The steady-state 
heat conduction equation of poly-mineral rock can be 
expressed as 

 ( , , ) ,K c r s T p−∇⋅ ∇ =  (1) 

where K denotes the thermal conductivity, T is the tem-
perature, c stands for the compositions of the rock, r for 
the volume fraction of the components, and p for the heat 
source term, respectively. The s can be defined as the 
scale effect that will be fully discussed in section 3. 

The relationship between the temperature gradient 
and heat flux q obeys the Fourier’s law. 

 Tkq ∇−=  (2) 

In this study, we employ the finite element method 
to solve equation (1). We use finite element program 
generator (FEPG) with the personal pre and postproces-
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sor GiD to build numerical model to simulate experi-
ment of thermal conductivity measurement at laboratory. 

The spatial structure of minerals affects the rock 
thermal conductivity greatly (Grandjean et al, 2006), 
which can be best described by two kinds of end-member 
cases: serial mode (the left in Figure 1) and parallel mode 
(the right in Figure 1). Given the same volume fraction 
of the two components of the dual-material rock, differ-
ent types of spatial structures lead to different thermal 
conductivity values, which can be formulated by serial 
equation (3) and parallel equation (4), respectively 
(Progelhof et al, 2004; Carson, 2006; Carson et al, 2006): 

 1 2 ,
2

K K
K

+
=  (3) 

 1 2

1 2

2 ,K KK
K K

=
+
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where K stands for the effective thermal conductivity of 
the rock, K1 and K2 for the thermal conductivity of the 
first and the second component. 

 

Figure 1 Two end-member modes of the dual-material rock’s 
thermal conductivity. The left shows that the spatial structure of 
two kinds of mineral components in the rock is distributed in 
series, and the right shows that it is distributed in parallel.  

In poly-mineral rocks, the proportion of different 
components and the spatial structure of mineral grains 
or particles are predominant factors that affect their 
thermal conductivity. Rocks under natural conditions are 
mostly consisted of a variety of minerals mixed together 
randomly. Hence a cluster of numerical specimens with 
randomly distributed mineral grains are needed. 
2.2 Numerical model and generation of randomly 
distributed meshes 

We use finite element program generator (FEPG) 
to generate the source program. Numerical specimen is 
in the shape of a cylinder. Temperatures of 333 K and 
283 K are imposed as boundary conditions on the upper 
and lower surface. The cylindrical surface is adiabatic. 

The steady-state temperature field is obtained from 
equation (1) by the finite element method. The overall 
thermal conductivity K of the rock can be calculated by 
substituting the value of heat flux q to equation (2), af-
terwards. 

The prototype of this model is one mixture of two 
kinds of water-bearing limestones with different volume 
fraction. The thermal conductivity of these two kinds of 
media is assumed to be Ks=3.0 W/(K⋅m) and Kw=1.0 
W/(K⋅m). The subscripts ‘s’ and ‘w’ mean the medium 
contents more solid or water respectively. The volume 
fraction of two components is pre-assigned while the 
spatial distribution of their particles is randomly distrib-
uted. In our numerical experiments with randomly dis-
tributed unstructured tetrahedral grid model, assuming 
that a number of tetrahedral meshes form a mineral gain 
(particle clusters), thermal conductivity value can be 
calculated by equations (1) and (2). Basically, through 
sufficiently refinement of tetrahedral meshes, our nu-
merical calculation results can converge to the actual 
rock, as shown in Figure 2. 

 

Figure 2  The randomly distributed spatial granularity 
specimen consisted of two kinds of mineral components. The 
figure shows our numerical simulation model created by 
randomly mixed two kinds of minerals. The left shows the 
specimen consisted of two kinds of components and their 
spatial distribution. Each color represents one mineral. The 
right shows their respective randomly distributed spatial con-
figurations of these two kinds of mineral compositions. 

Generally speaking, if the numerical specimen is 
large enough to contain abundant and randomly distrib-
uted mineral gains, it is possible to gain an approximate 
average result to the realistic rock. However, this is un-
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reasonable because the numerical specimen actually 
does not contain enough particles as natural rocks due to 
the huge amount computing power required. In our nu-
merical experiments, this difficulty was overcome by 
Monte Carlo statistical method over a cluster of nu-
merical tests. 

3 Calculation and result analysis 

3.1 Calculation 
During our numerical experiments of one dual- 

material rock, the volume fraction of one component 
varies from 0.05 to 0.95 gradually, and the volume frac-
tion of another component changes from 0.95 to 0.05 
accordingly. A cluster of numerical tests under different 
volume fractions and randomly distributed spatial con-
figurations were carried out to calculate their respective 
K values. Then Monte Carlo method was utilized to 
analyze the results to obtain the statistical value of K. 
Table 1 displays our experimental conditions and results. 
3.2 Result analysis 
3.2.1 Effect of the volume fraction 

The mineral grains are consisted of a cluster of tet-
rahedral cells (meshes). The total number of rock’s 
grains within one numerical experiment specimen, to a 
large extend, affects the spatial distribution as well as 
the value of K as the final result. The total number of the 
tetrahedral meshes is equal to or greater than that of the 
mineral gains, which means that one or more tetrahedral 
meshes can form one mineral grain. Therefore, in our 
numerical tests, we used 2.0×104 and 1.5×105 tetrahe-
dral meshes to form 1.0×103, 7.0×103, 2.0×104, 4.0×104 
and 6.0×104 mineral grains, respectively. Figure 3 
shows the relationship between the distribution of K and 
the number of tetrahedral meshes. 

If the volume fraction of one component is given, 
randomly distributed material gains can be generated. 
From equations (3) and (4) we can see that, the spatial 
distribution of one material component affects the value 
of Keff greatly. Therefore, a cluster of numerical tests 
with components in different spatial distribution but the 
same volume fraction must be carried out. Finally, 
Monte Carlo method was employed to generate the sta-
tistical value of Keff. 

Under the case with the same volume fraction, we 
carried out 300 numerical tests with randomly distrib-
uted spatial configurations of these two kinds of mineral 
compositions. All the Keff values obtained were plotted 
in Figure 3. Figure 3a shows the distribution of Keff  

 

 

 

Figure 3 Distribution of Keff with volume fraction Vw/(Vs+Vw) 
increasing from 0.05 to 0.95. (a) 1.0×103 grains are contained 
in the specimen; (b) 7.0×103 grains are in the specimen. 

when 1.0×103 grains are contained in the specimens. 
Figure 3b shows the distribution of Keff with 7.0×103 
grains in the specimens. 

From Figure 3, we can conclude that the volume 
fraction of the component has a significant influence on 
the value of Keff With the volume fraction of the second 
kind of component increasing, the Keff value of the en-
tire rock specimen varies from the thermal conductivity 
of the first component (Ks) gradually to that of the sec-
ond component (Kw). Both Figures 3 and 4 indicate that 
the volume fraction of the particle should up to a critical 
value in order to significantly improve the effective 
thermal conductivity, which agrees well with the perco-
lation theory (Zhang et al, 2005). 

Furthermore, the total number of mineral grains 
contained in the numerical specimen has great impact on 
the result of finite element calculation. When the speci-
men contains less number of mineral grains, the calcu-
lated Keff values fluctuate considerably and their distri-
bution is more decentralized. On the contrary, when the 
specimen contains enough number of mineral grains, 
there are less fluctuations and the obtained test results 
are relatively concentrated, as shown in Figure 4. 

In Figure 4, each subgraph corresponds to one 
volume fraction case. Since the randomly distributed 
grain models have been used, the experimental values 
obtained from these numerical tests must obey the 
Gaussian distribution. At the same time, the peak value 
of Gaussian distribution corresponds to the average 
value of Keff under certain volume fraction. Figure 4 
clearly shows that the results of our numerical tests and 
their distribution fit perfectly with Gaussian distribution 
curve. It can be seen apparently that, given the same 
volume fraction, the more numerical grains are utilized 
in the specimens, more concentrated the peak values of 
Keff are. 
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Table 1 The experimental conditions and calculation results 

Case  
number Ks/Kw Element number 

/104 
Mineral grain  
number/103 

Volume fraction 
Vw/(Vs+Vw) 

Keff 

/(W⋅K−1⋅m−1) 
Standard deviation 

/(W⋅K−1⋅m−1) 

a-1 3:1 2 1 0.05 2.882 41 0.024 52 
a-2 3:1 2 1 0.10 2.765 32 0.035 70 
a-3 3:1 2 1 0.15 2.649 97 0.041 06 
a-4 3:1 2 1 0.20 2.535 00 0.046 79 
a-5 3:1 2 1 0.25 2.428 70 0.049 69 
a-6 3:1 2 1 0.30 2.317 71 0.049 96 
a-7 3:1 2 1 0.35 2.212 56 0.056 97 
a-8 3:1 2 1 0.40 2.100 52 0.048 59 
a-9 3:1 2 1 0.45 1.998 64 0.050 18 
a-10 3:1 2 1 0.50 1.893 38 0.055 62 
a-11 3:1 2 1 0.55 1.796 79 0.051 31 
a-12 3:1 2 1 0.60 1.692 02 0.051 09 
a-13 3:1 2 1 0.65 1.600 64 0.045 51 
a-14 3:1 2 1 0.70 1.508 39 0.042 85 
a-15 3:1 2 1 0.75 1.412 72 0.041 51 
a-16 3:1 2 1 0.80 1.323 54 0.033 26 
a-17 3:1 2 1 0.85 1.239 13 0.030 57 
a-18 3:1 2 1 0.90 1.157 17 0.023 10 
a-19 3:1 2 1 0.95 1.075 67 0.017 29 
b-1 3:1 15 7 0.05 2.886 98 0.008 67 
b-2 3:1 15 7 0.10 2.773 44 0.011 60 
b-3 3:1 15 7 0.15 2.659 57 0.013 10 
b-4 3:1 15 7 0.20 2.548 10 0.013 98 
b-5 3:1 15 7 0.25 2.437 84 0.016 48 
b-6 3:1 15 7 0.30 2.330 68 0.016 07 
b-7 3:1 15 7 0.35 2.222 04 0.017 65 
b-8 3:1 15 7 0.40 2.116 77 0.017 39 
b-9 3:1 15 7 0.45 2.012 07 0.016 75 
b-10 3:1 15 7 0.50 1.907 86 0.015 07 
b-11 3:1 15 7 0.55 1.806 42 0.016 69 
b-12 3:1 15 7 0.60 1.706 24 0.014 57 
b-13 3:1 15 7 0.65 1.610 03 0.015 32 
b-14 3:1 15 7 0.70 1.515 66 0.015 03 
b-15 3:1 15 7 0.75 1.420 75 0.013 74 
b-16 3:1 15 7 0.80 1.333 17 0.011 48 
b-17 3:1 15 7 0.85 1.246 04 0.009 78 
b-18 3:1 15 7 0.90 1.161 18 0.008 71 
b-19 3:1 15 7 0.95 1.079 74 0.005 76 
c-1 3:1 15 1 0.10 2.760 07 0.027 98 
c-2 3:1 15 7 0.10 2.773 44 0.011 60 
c-3 3:1 15 20 0.10 2.772 97 0.011 64 
c-4 3:1 15 40 0.10 2.772 12 0.010 68 
c-5 3:1 15 60 0.10 2.772 49 0.010 52 
c-6 3:1 15 1 0.50 1.876 41 0.035 14 
c-7 3:1 15 7 0.50 1.907 86 0.015 07 
c-8 3:1 15 20 0.50 1.908 05 0.015 98 
c-9 3:1 15 40 0.50 1.908 68 0.015 56 
c-10 3:1 15 60 0.50 1.908 52 0.016 06 
c-11 3:1 15 1 0.90 1.149 59 0.017 93 
c-12 3:1 15 7 0.90 1.161 18 0.008 71 
c-13 3:1 15 20 0.90 1.160 72 0.008 45 
c-14 3:1 15 40 0.90 1.159 79 0.007 98 
c-15 3:1 15 60 0.90 1.161 38 0.007 97 

Note: The case number is used to distinguish different type of tests, Ks is the first component’s thermal conductivity of the duel-phase mixture, while Kw is 
of the second component. Element number equals the number of meshes in the numerical specimens, mineral grain number is the number of mineral groups 
included in the specimens, volume fraction Vw/(Vs+Vw) is the volume ratio of the second component to the specimen, and Keff is the mean effective thermal 
conductivity of the specimens in each case. In every case, 300 tests were carried out and the standard deviations were displayed in the last column. 

3.2.2 Error analysis 
Considering the numerical and experimental value 

of the rock’s thermal conductivity, the errors of our nu-
merical tests lie in two aspects, i.e., the volume fraction 

and spatial structure of the components. Firstly, we ana-
lyzed the error of the same grains but different volume 
fractions. In this case, the total number of grains in the 
numerical specimen was fixed, but the volume fraction 
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was changed so as to get the regularity of the error 
variation with the volume fractions. Secondly, we ana-
lyzed the error under the case with the same volume 
fraction but with different total numbers of the grains. In 
this case, the volume fraction was fixed to observe the 
regularity of the error variation with the change of the 
total number of grains contained in the specimen. The 
results are shown in Figure 5. 

Figure 5 shows the errors variation with volume 
fraction when the total number of grains in the specimens 
is taken as 1.0×103 and 7.0×103. It is obvious that, for the 
same volume fraction, the error of the former is larger 
than that of the latter. Furthermore, when the volume 
fraction is getting close to 0 or 1.0, the error tends to 
decrease rapidly. Regarding the effect of granularity 
degrees, the more total number of grains used in our 
numerical test specimens, the smaller the error becomes. 

Especially, when the volume fractions of two compo-
nents are similar, this phenomenon is even more obvi-
ous. 

Because the sources of the error are uncertain these 
phenomena still need to be fully addressed in the future. 
However, some reasons can now be briefly proposed 
from our numerical tests hereby. According to the statis-
tical theory, when specimen contains two kinds of 
components with similar number of grains, then more 
kinds of spatial distribution models may be generated in 
our numerical tests. This will lead to the largest toler-
ance while no enough number of numerical tests was 
performed. When the total number of grains contained 
in the specimen is increased, such deficits mentioned 
above will be reduced gradually. Thereby, the error of 
numerical tests diminishes correspondingly. 

 

 

Figure 4 Gaussian distribution of Keff with volume fraction of the second component, r=Vw/(Vs+Vw), increasing from 0.05 to 
0.95 gradually, where Ntest is the number of the tests. (a) 1.0×103 granularity degree (1.0×103 total grains of two material com-
ponents) is contained. 
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Figure 4 Gaussian distribution of Keff with volume fraction of the second component, r=Vw/(Vs+Vw), increasing from 0.05 to 
0.95 gradually, where Ntest is the number of the tests. (b) 7.0×103 granularity degree (7.0×103 total grains of two material com-
ponents) is contained. 

 

Figure 5 Distribution of standard deviation of thermal 
conductivities when the sample contains 1.0×103 grains 
(denoted by circles) and 7.0×103 grains (denoted by dots). 

3.2.3 Effects of granularity 
Physically, most of the natural occurrences of rocks 

are multi-phase mixtures with anisotropy and heteroge-
neity (Peng and Cheng, 1999). Therefore the presence of 
scale effect and component proportional (volume frac-
tion) effect in the determination of the rock’s thermal 
conductivity are inevitable. This is actually the reason 
why the existing measuring instruments require different 
size of the rock specimen. Then one question is raised: 
what size of the rock specimen under a certain percent-
age of components can result in a reasonable value of 
thermal conductivity for the natural rock? This problem 
can also be addressed through numerical experiments.  

For different rocks, the mineral compositions are of 
different grain sizes and volume fractions; moreover, the 
grain size is irregular. Under such cases, we select the 
volume ratio and the average size of mineral grains as 
the criteria to explore their effects. The volume ratio is 
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the ratio between specimen’s volume and the average 
grain volume. Our numerical experiments were carried 
out under a fixed ratio between two kinds of mineral 
compositions. Thus we can analyze the effects of the 
volume ratio of the specimen and the average size of 

mineral grains on the experimental errors. The scale ef-
fect in the determining thermal conductivity of rocks 
was studied by our numerical tests in detail, and the ex-
periment results are shown in Figure 6. 

 

Figure 6 Error of thermal conductivity (σ) versus different volume ratios when the volume fraction, r=Vw/(Vs+Vw), is taken as 
0.1 (a), 0.5 (b) and 0.9 (c). The volume ratio is defined as the ratio between specimen’s volume and the average grain volume. 

In the three cases shown in Figure 6, the ratio of 
the specimen’s volume to the average volume of mineral 
grains denoted by volume ratio are equal to 1.0×103, 
7.0×103, 2.0×104, 4.0×104 and 6.0×104 respectively. The 
error distribution of these three figures shows the same 
tendency, i.e., the error decreases with the increasing of 
the ratio between the volume of the specimen and the 
average volume of the grains. When this ratio increases 
to a certain value, the change of the error becomes slow 
down. From these figures, we can see that the critical 
value of the ratio between the volume of the specimen 
and the average volume of the grains is around 1.0×104. 
In other words, for certain average size of mineral grains 
of the rock specimen, to obtain relatively small experi-
mental error, the rock specimen should be greater than 
1.0×104 times of the average size of mineral grains. Of 
course, the error can be further reduced through gradu-
ally increasing the volume of the specimen. But in-
creasing the specimen volume may lead to more diffi-
culty and costs in actual experiment. Therefore, the 
suggested ratio of the specimen volume to the average 
volume of mineral grains is around 1.0×104, which is 
reasonable to meet scientific accuracy and economic 
requirements of scientific experiments. 

4 Comparison with empirical formulas 

Thermal conductivity of the dual-phase or 
poly-phase mixture is related to the fraction of each 
component. At present, many researchers have carried 

out relevant research through laboratory experiment and 
numerical test (Lv et al, 2006; Grandjean et al, 2006; 
Usowicz et al, 2006a, b; Huai et al, 2007; Wang et al, 
2007; Zhang et al, 2007), many empirical formulas are 
summarized. We drew a comparison between some se-
lected empirical formulas and fitting curves obtained 
from our experimental values. The symbolic signifi-
cance of the following formula is as following: 

Keff: the effective thermal conductivity of the rock; 
Ks: the first component’s thermal conductivity of 

the dual-phase mixture; 
Kw: the second component’s thermal conductivity 

of the dual-phase mixture; 
r: the volume fraction of the second component 

accounted for the rock minerals. 
Progelhof et al (2004) and Carson (2006) have 

summarized the calculating formulas of the thermal 
conductivity of multi-phase mixture. The follows are 
some of the formulas. 

For the geometric mean model of two-phase mix-
ture, 

 (1 )
eff s w .r rK K K−=  (5) 

For the serial model of two-phase mixture, 

 s w
eff

s w

.
(1 )

K K
K

rK r K
=

+ −
 (6) 

For the parallel model of two-phase mixture, 

 eff s w(1 ) .K r K rK= − +  (7) 
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For the Maxwell-Eucken model, 

 s w s w
eff s

s w s w

2 2( )
.

2 ( )
K K K K r

K K
K K K K r

+ − −
=

+ + −
 (8) 

And for the EMT model, 

  
eff w s

2
w s s w

1{(3 1) [3(1 ) 1] +
4

 {(3 1) [3(1 ) 1] } 8 }.

K r K r K

r K r K K K

= − + − −

− + − − +

 

 (9)
 

In addition, Zhang et al (2007) studied the thermal 
conductivity of soil containing porous water and air. In 
our tests, the model is consisted of two kinds of mineral 
compositions; we assumed the volume fraction of the air 
is zero, so only the soil and porous water are considered. 

The simplified formula of the model is 

 0.5 0.5 2
eff s w[(1 ) ] .K r K rK= − +  (10) 

Figure 7a shows the results from a variety of em-
pirical formulas including our calculated results. The 
cyan line from equation (7) gives the upper bound of the 
thermal conductivity, while the lilac line which inter-
prets equation (6) gives the lower bound. Our numerical 
result is between them and very close to the red line in-
terpreting equation (8) (also seen in Figure 7b). Because 
equation (8) comes from a model similar to ours, in 
which two kinds of minerals are randomly mixed, the 
error between our numerical result and that from equa-
tion (8) is kindly under 2%. 

 

Figure 7 Comparison of our calculated results with that from a variety of empirical formulas based on some empirical formula 
(a) and the Maxwell-Eucken model (b). 

The precision of the general thermal conductivity 
meters is from 1% to 5%. From Table 1, when the ele-
ment number is 2.0×104, the maximum error is about 
2.7%; when the element number is 1.5×105, the maxi-
mum error is about 0.8%. Since the largest specimen of 
the thermal conductivity meter commonly used is lim-
ited, the measurement error will be larger when the 
specimen contains less mineral grain. This means that 
there is another error that the thermal conductivity can-
not reflect. So the larger grain of the rock requires the 
larger specimens. In laboratory experiment, if there are 
no such instruments, a huge amount of experiments are 
needed to get the statistical generalized value of the 
thermal conductivity. Furthermore, we cannot ensure 
that the component fraction of all the specimens used in 
the experiments is consistent. This will make it very dif-

ficult to distinguish the source of error. In such cases, 
the numerical test method proposed in this paper is more 
feasible and efficient, and more importantly, can basi-
cally avoid these problems as well.  

5 Conclusions 

This paper proposed a numerical test method to 
calculate the thermal conductively, and proved its feasi-
bility and efficiency. The numerical experiment method 
is based on the finite element calculation and Monte 
Carlo statistics method. Our analyzed results show that 
the thermal conductivity of the dual-mineral rock varies 
with the component fraction and the spatial structure. 
The values from our numerical tests were benchmarked 
with the empirical formula. Although there are a number 
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of empirical formulas, each of them is suitable for a par-
ticular case; our procedure can perform efficiently under 
the more complex situations, for example, the 
poly-phase mixtures with complex distribution of dif-
ferent components. In this case, all the existing empiri-
cal formulas are invalid. In addition, we proved nu-
merically that the sufficient number of grains in the ex-
periments must be ensured and the critical ratio value of 
the specimen volume to the average volume of the 
grains is around 1.0×104. The comparison with the em-
pirical formulas also shows the reliability of our nu-
merical model. Especially important, our method can be 
further extended to the more complex cases and the 
other thermodynamic properties of rocks, such as their 
mechanical and electromagnetic properties. Our error 
analysis of the grain size and component fraction of the 
rock’s mineral phases provided us with valuable guid-
ance for the future research. 
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