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Abstract  The pseudospectral method has been applied to the simulation of seismic wave propagation in 2-D global Earth 
model. When a whole Earth model is considered, the center of the Earth is included in the model and then singularity arises at the 
center of the Earth where r = 0 since the 1/r term appears in the wave equations. In this paper, we extended the global seismic 
wavefield simulation algorithm for regular grid mesh to staggered grid configuration and developed a scheme to solve the nu-
merical problems associated with the above singularity for a 2-D global Earth model defined on staggered grid using pseu-
dospectral method. This scheme uses a coordinate transformation at the center of the model, in which the field variables at the 
center are calculated in Cartesian coordinates from the values on the grids around the center. It allows wave propagation through 
the center and hence the wavefield at the center can be stably calculated. Validity and accuracy of the scheme was tested by 
compared with the discrete wavenumber method. This scheme could also be suitable for other numerical methods or models pa-
rameterized in cylindrical or spherical coordinates when singularity arises at the center of the model. 
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1 Introduction  

Modeling seismic wavefield in global Earth model 
is important in understanding the physical process of 
elastic wave propagation through heterogeneous whole 
Earth. It provides potential forward modeling tools for 
waveform inversion to study global structure of the 
Earth’s interior. With the development of computational 
performance, global seismic wavefield simulation has 
been performed using several numerical techniques.  

Igel and Weber (1995, 1996) applied finite differ-
ence method (FDM) to simulate SH and P-SV wave 
propagation in an axisymmetric Earth model. Igel and 
Gudmundsson (1997) used FDM to study frequency de-
pendent effects of long period S and SS waves. Jahnke 
et al (2008) presented a parallel FDM scheme for global 
SH wave simulation and modeled the effect of whole 
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mantle scattering. Toyokuni et al (2005) developed a 
quasi-spherical approach based on FDM for 2-D slice of 
global model. Komatitsch and Tromp (2002) and Nis-
sen-Meyer et al (2008) applied the spectral element 
method (SEM) to 3-D global model and a spherical 
symmetric Earth model, respectively. Yan et al (2009) 
modeled regional wave propagation caused by the 
Wenchuan earthquake using SEM. Cummins et al 
(1994a, b) developed a direct solution method for 
spherical symmetric whole Earth model. 

Furumura et al (1998) developed a pseudospectral 
method (PSM) for 2-D whole Earth model defined in 
cylindrical coordinate. This method effectively modeled 
global P-SV wavefield down to a depth of 5 000 km. 
However, the center of the Earth could not be included 
into their model due to the singularity of wave equations 
at the Earth’s center (r = 0). Wang et al (2001) success-
fully solved the numerical problem associated with the 
singularity and presented a PSM scheme for 2-D whole 
Earth P-SV wave propagation. Both of the above two 
PSM schemes discretize the model using regular grid 
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mesh, in which all the filed variables and medium pa-
rameters are defined at the same spatial location. This 
could cause numerical errors at the discontinuities in the 
model, such as the liquid-solid inner core boundary and 
the free surface. A staggered grid PSM is efficient to 
reduce such errors and improve the accuracy of the 
simulation compared to the regular grids (Özdenvar and 
McMechan, 1996). 

In this paper, we extended the PSM method (Wang 
et al, 2001) to a staggered grid mesh for 2-D whole 
Earth model defined in cylindrical coordinate. We de-
veloped a new scheme to solve the singularity problem 
associated with the center of the Earth for staggered grid 
configuration. The validity and accuracy of the scheme 
was tested with a simple model problem by comparing 
with the discrete wavenumber method. 

2 Wave equations and staggered gird 
mesh 

We consider a whole Earth model defined in 2-D 
cylindrical coordinates (r, θ ) with 0≤ r ≤∞ and 0≤θ ≤2π, 
and the corresponding wave equations for P-SV motion 
in velocity-stress form are given by 
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where vr and vθ are the velocity components, ρ is mass 
density, fr and fθ are body forces, and σrr, σrθ , σθθ are 
stress components. The constitutive relations between 
the stress and velocity for an isotropic linear elastic solid 
are 
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where λ and μ are the Lame constants. 
To solve the above equations for a 2-D whole Earth 

model, we discretize the whole physical domain in the 
radial (r) and lateral (θ ) directions in 2-D cylindrical 
coordinates using staggered grids as shown in Figure 1. 
In pseudospectral method with staggered grids, the spa-
tial derivatives with respect to r and θ in above equations 

are calculated half-way between grid points (m±1/2)Δx 
via fast Fourier transformation by (Zhao et al, 2001) 
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where f (Δx) represents the discretized field variables in 
the wave equations, F (lΔk) is the Fourier transformation 
of f (Δx) in wavenumber domain, N is the number of grid 
points. The time domain differentiation in wave equa-
tions is performed by a finite difference scheme as used 
in Wang et al (2001). 

 

Figure 1 Configuration of the grid distribution on 
staggered grids for the 2-D whole Earth model in-
cluding the center. vr and σrθ are located at the center. 

3 Solve the singularity at the center 
Wang et al (2001) considered how to avoid the 

singularity at the center of the above 2-D model when 
the numerical mesh is defined on regular grids. In their 
method, the singularity problem is solved by avoiding 
the calculation at the center using an extension scheme 
and the grid points are located around the center. But in 
staggered grids, as shown in Figure 1, the stress and ve-
locity components are located at different grid points. 
Therefore some field variables have to be defined on the 
grid point at the center.  

In this section, we describe how to treat the singu-
larity at center of the model on staggered grids when 
some of the field variables are defined at center and the 
wave equations have to be solved on the grid at center. 
As shown in Figure 1, the radial velocity component vr 
and stress component σrθ are defined on the surface and 
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then these two variables have to be defined on the center. 
As same as in Wang et al (2001), the calculation of the 
spatial derivatives in this paper are performed on 
−R≤r≤+R (R is the radius of the Earth) and 0≤θ ≤2π if 
the center is included, the values of vr and σrθ at the 
center are used in the operations to calculate the spatial 
derivatives. But all the grid points in θ direction fall into 
only one grid point at the center and the values of vr and 
σrθ should be fixed but not vary with θ.  

To calculate the values of vr and σrθ at the center, 
we propose a transformation of coordinate systems 
around the center, and these values will be calculated 
from the values of corresponding velocity and stress 
components at or around the center in Cartesian coordi-
nates. As defined in Figure 2, the x and z axes in Carte-
sian coordinates are located at θ =0 and θ =π/2, respec-
tively. The velocity component vr and vθ in cylindrical 
coordinates are related to vx and vz in Cartesian coordi-
nates through the transformation matrix in the following 
equation: 
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Therefore, vr and vθ at the center can be calculated from 
vx and vz at this grid point. 

 

Figure 2 Conversion between vr and vθ  in cylin-
drical coordinates and vx and vz in Cartesian coordi-
nates at the center of the model. The origin of the 
Cartesian coordinates is the center of the model. 

The values of vx and vz at the center can be calcu-
lated from the vθ values around the center. We observe 
the velocity components on grid points around the cen-
ter as shown in Figure 3a; the distance of these four grid 
points to the center are Δr/2 in cylindrical coordinates 

and the corresponding distances to the center in Carte-
sian coordinates are Δx/2 and Δz/2, where Δx=Δr and 
Δz=Δr. Therefore, the relationship between the values of 
vx and vθ on the grid points in Figure 3a is 
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At the center vx is equal to vθ , which can be calculated 
by a shift of Δr/2 along z axis for vθ on all grid points at 
θ =π/2 and θ =3π/2 performed in wavenumber domain 
via fast Fourier transformation as used in Wang et al 
(2001). 

 

Figure 3 Relationship between vθ in cylindrical coordinates 
and vx (a), vz (b) in Cartesian coordinates. Filled squares are the 
location of vθ as shown in Figure 1. 

The relationship between values of vz and vθ on the 
grid points, as shown in Figure 3b, are given by 
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At the center vz equals to vθ , which can be calculated by 
a shift of Δr/2 along the x axis for vθ on all grid points at 
θ =0 and θ =π performed in wavenumber domain as well. 

After we calculated the values of vx and vz at the 
center (x=0 and z=0) in Cartesian coordinates from the 
vθ values, vr at the center can be calculated from the re-
lations in equation (4) by 
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Next, we show how to calculate σrθ at the center. 
The relationship between the stress components in 2-D 
cylindrical coordinates and 2-D Cartesian coordinates 
can be expressed by using the transformation matrix 
between coordinates similar to equation (4) as  
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Then, σrθ at the center for any θ can be calculated from 
σxx, σxz and σzz at the center by 
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2
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Therefore, we have to calculate σxx, σxz and σzz at the 
center in order to get the value of σrθ at the center.  

As given in the constitutive relations in Cartesian 
coordinates (x, z) in Wang et al (2001), the stress com-
ponents σxx, σxz and σzz are calculated from the spatial 
derivatives ∂vx/∂x, ∂vx/∂z, ∂vz/∂x and ∂vz/∂z. These spa-
tial derivatives have to be evaluated in order to calculate 
the stress components in Cartesian coordinates. Ac-
cording to the relations given in equation (5) and dia-
grammatically shown in Figure 3a, ∂vx/∂z is equivalent 
to ∂vθ /∂r at θ =3π/2 and θ =π/2 (∂vr/∂z=∂vθ /∂r). ∂vθ /∂r 
at the center can be calculated from vθ on all grid points 
along θ =3π/2 and θ =π/2 by a shift of Δr/2 along the z 
axis. The calculated ∂vθ /∂r at the center is then the value 
of ∂vx/∂z at the center. Similarly, the relations given in 
equation (6) and Figure 3b allow ∂vz/∂x to be calculated 
by the spatial derivatives on staggered grids for the vθ on 
all grid points at θ =0 and θ =π along the x axis since 
∂vz/∂x=∂vθ /∂r holds at the center. 

The calculations of ∂vx/∂x and ∂vz/∂z at the center 
are performed by evaluating ∂vr/∂r at θ =Δθ/2 and θ =π+ 
Δθ/2. In Figure 4a, vr at θ =Δθ/2 and θ =π+Δθ/2 are lo-
cated on the x′ axis in the Cartesian coordinates (x′, z′), 
which is Δθ/2 rotated from the Cartesian coordinates  
(x, z). vx′ in (x′, z′) is equivalent to vr. Since vr around the 
center are Δr apart from the center and vr at the center 
can be calculated by above mentioned scheme [equation 
(7)], ∂vr/∂r on all grid points along the x′ axis at θ =Δθ/2 
and θ =π+Δθ/2 can be calculated by the spatial differen-
tial operation on regular grids. The ∂vx′/∂x′ can then be 
calculated from the ∂vr/∂r by ∂vx′/∂x′=∂vr/∂r. 

Similarly in Figure 4b, ∂vr/∂r are calculated for all 
grid points along the z′ axis at θ =π/2+Δθ/2 and θ =3π/2+ 
Δθ/2 by spatial differential operation on regular grids 

and then ∂vz′/∂z′ at the center are calculated from ∂vr/∂r 
at the center by ∂vz′/∂z′=∂vr/∂r. 

 

Figure 4 Relationship between vr in cylindrical coordinates 
and vx′ (a), vz′ (b) in Cartesian coordinates. Solid circles are the 
location of vr as shown in Figure 1. vr at r=0 is calculated by the 
above scheme given in equation (7). 

σx′x′ and σz′z′ in coordinates (x′, z′) can be calculated 
in Cartesian coordinates using constitutive relations 
given in Wang et al (2001). The stress components in  
(x, z) and (x′, z′) hold the following relations from the 
rotation of Δθ/2 between the two Cartesian coordinates: 
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Hence σxx and σzz at the center in (x, z) can be calculated 
by 
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where σxz can be directly calculated from ∂vz/∂z and 
∂vz/∂x using the constitutive relation in Cartesian coor-
dinates (x, z). After we get the values of σxx, σxz and σzz 
at the center, σrθ at the center can be calculated by equa-
tion (9). Equation (11) may also be simply derived by 
using inverse transform in equation (8).  

In the 2-D whole Earth model including the center 
defined on staggered grids, the spatial derivative calcu-
lations are performed on −R ≤ r ≤ R instead of 0 ≤ r ≤ R, 
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which is similar to the treatment in the model defined on 
regular grids as in Wang et al (2001). In the radial (r) 
direction, a multi-domain scheme is used to enlarge the 
mesh size around the center of the Earth (Wang and Ta-
kenaka, 2001). Therefore, most of the operations men-
tioned in the above procedure to calculate vr and σrθ are 
already performed in the evaluation of spatial deriva-
tives, there will be only a few extra operations needed to 
implement the above calculations. In each time step, the 
above scheme is accomplished by the following proce-
dures: 

1) Calculate vx and vz from vθ at the center using 
equations (5) and (6); 

2) Calculate vr at the center for all θ from vx and vz 
using equation (7); 

3) Calculate ∂vx/∂z, ∂vz/∂x and then σxz at the center 
from ∂vθ /∂r; 

4) Calculate ∂vx′/∂x′, ∂vz′/∂z′ and then σx′x′ and σz′z′ 
in Cartesian coordinates (x′, z′) from ∂vr/∂r; 

5) Calculate σxx and σzz from σx′x′, σz′z′ and σxz us-
ing equation (11); 

6) Calculate σrθ at the center from σxx, σxz and σzz. 

4 Numerical tests of the accuracy 
We tested the accuracy of the scheme for evaluat-

ing the field variables at the center on staggered grids by 
comparing the results calculated using the present 
method and those obtained by using the discrete 
wavenumber method for P-SV wave propagation. The 
configuration of the grid distribution is the same as 
shown in Figure 1, vr and σrθ are located at the center. 
The model is a homogeneous disc defined in 2-D cylin-
drical coordinates (r, θ ) with a radius of 6 371.0 km, 
vP=10.0 km/s, vS=7.0 km/s and ρ =3.3 g/cm3. The source 
is a double-couple point source with moment tensor 
component Mrr=−1.0×1012 N⋅m, Mθθ =1.0×1012 N⋅m, 
which is located at a depth of 3 000 km. The source time 
function and the spatial distribution of the body force 
are approximated by a pseudo-delta function (Herrmann, 
1979). The width of the source time function is 60.0 s. 
The numbers of grid points are 512 in the lateral direc-
tion and 128 in the radial direction. Smoothing in the 
wavenumber domain is performed by filtering out the 
high wavenumber components when calculating lateral 
derivatives, which is applied at the area near to the cen-
ter to increase the time interval (Wang et al, 2001). The 
locations of the source and the five observation points 
are shown in Figure 5a.  

The comparison calculations are performed by us-
ing the discrete wavenumber method (Bouchon and Aki, 
1977) for a half-space model as displayed in Figure 5b. 
The relative locations between the source and the five 
observation points are the same in the half-space model 
as in the homogeneous disc model.  

 

Figure 5 The model used for the comparison calculations to 
check the accuracy of the above discussed schemes to evaluate 
the values of field variables located at the center on staggered 
grids. (a) Homogeneous disc model in 2-D cylindrical coordi-
nates (r, θ ) with radius of 6 371.0 km; (b) homogeneous 
half-space model used for the discrete wavenumber calculation. 
Circle is the source and triangles are the observation points. The 
relative locations between the source and the observation points 
are the same in (a) and (b). 

Figure 6 shows the synthetic seismograms for the 
comparing calculations. Since only the direct P and S 
waves are comparable between the two models, only 
these two direct arrivals are displayed. From these fig-
ures, we see very good agreement of both arrival times 
and amplitudes for P and S waves, which suggests that 
the proposed scheme to evaluate the field variables at 
the center is valid and accurate.  

5 Discussion and conclusions 
We have presented a scheme for solving numerical 

problems associated with singularity caused by the cen-
ter of the Earth for 2-D global wavefield simulation us-
ing staggered grid mesh. This scheme uses coordinate 
transformation to evaluate filed variables at the center, 
which is necessary in spatial derivative calculations. 
Implementation of this scheme is straight forward and 
only needs a few operations. However, it extends the 
global wavefield simulation method of Wang et al (2001) 
from regular grid to staggered grid configuration, which 
could reduce the errors caused by the liquid-solid inner 
core boundary and free surface boundary. Although it is 
developed for 2-D cylindrical whole Earth model using  
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Figure 6 Synthetic seismograms of displacement at five observation points. The solid and dotted lines are the results 
by the present method and the discrete wavenumber method, respectively. 

pseudospectral method, the scheme itself is independent 
of the specific numerical method used and the model 
involved. For example, it could be applied to global 
seismic wave propagation using staggered grid FDM or 
3-D global model defined in spherical coordinate when 
the center of the Earth is included and the values of field 
variables at the center are needed in the calculations. It 
could also be applied to other geophysical problems if 
the model is defined in 2-D cylindrical or 3-D spherical 
coordinates including the center.  

Comparison with the results of discrete wavenum-
ber method showed validity and good accuracy of the 
scheme. In the future work, we will apply it to a hetero-
geneous 2-D cylindrical whole Earth model to study 
heterogeneous effect on global seismic wave propaga-
tion.  
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