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Abstract  In this paper, we present wavelet transformation method to measure interstation phase velocity. We use Morlet 
wavelet function as mother wavelet to filter two seismograms at various period of interest, and correlate the wavelet filtered 
seismograms to form cross-correlogram. If both wavelet filtered signals are in phase at that period, the phase of the 
cross-correlogram is a minimum. Using 3-spline interpolation to transform cross-correlation matrix to a phase velocity verse 
period image, it is convenient for us to measure interstation phase velocity. 
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1 Introduction  

Analysis of surface wave dispersion information is 
a useful means to determine crust and upper mantle 
structure, this information include group arrival time, 
phase angle, and amplitude as a function of period. 
Since its introduction by Dziewonski et al (1969), fre-
quency-time analysis has been widely used in seismol-
ogy to measure surface wave dispersion. Determinations 
of surface wave dispersion have commonly done using 
either single-station or two-station methods, a number of 
different approaches have been developed for the meas-
urement of group and phase velocities and attenuation 
(Kovach, 1978; Nakanishi, 1979; Taylor and Toksoz, 
1982; Hwang and Mitchell, 1986). 

Single-station methods assume that either the initial 
phase of the earthquake source is known or its effects 
are small enough to be ignored when they are used to 
determine surface wave dispersion. However, Knopoff 
and Schwab (1968) have shown that corrections to these 
measurements are necessary whenever the seismic 
source is not oriented in either a purely horizontal or a 
purely vertical direction. 

Two-station methods avoid the necessity of know-
ing the earthquake source information, but they require 
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that the two stations should lie on a common great circle 
path with the earthquakes. Bloch and Hales (1968) pro-
vided to pass both seismograms through a narrow band-
pass digital filter and form cross-correlogram to measure 
interstation phase velocity. Landisman et al (1969) no-
ticed that considerable reduction of the noise level and 
stabilization of measured phase velocity can be achieved 
by windowing a cross-correlogram, since the cross 
-correlation is an approximation of the interstation im-
pulse response. Narrow band-pass cross-correlogram is 
a commonly used method to determine interstation 
phase velocity. A different approach to the problem of 
calculating the interstation phase velocity have been 
given by Taylor and Toksoz (1982) and Hwang and 
Mitchell (1986), which are based on the use of time do-
main and a frequency domain Wiener filters respec-
tively. 

Either single-station method or two-station method 
is implemented by frequency-time analysis, Ga-
bor-Heisenberg inequality demonstrates that there is a 
trade-off between time resolution and frequency resolu-
tion. In order to give frequency and time information 
equal accuracy for phase velocity measurement, we 
present wavelet transformation method to determine 
interstation phase velocity.  

In this paper, we firstly summarize the commonly 
used method to measure interstation phase velocity, then 
present wavelet analysis method, and give some syn-
thetic and real data examples to show the application. 
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2 Interstation phase velocity measurement 
Interstation phase velocity is calculated from the 

phase spectra of Green functions using the formula 
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where f is the frequency, Δ is the interstation distance, t0 
is the first time point of the Green function, and ϕ is the 
phase of the Green function in cycles, N is an integer. 

In order to reduce noise and multimode interfer-
ence, and stabilize phase velocity measurement, nar-
row-band pass cross-correlogram is extensively used to 
measure interstation phase velocity. This method is to 
pass both seismograms through a narrow bandpass digi-
tal filter centered at group-delay time corresponding to 
the various periods of interest and form the cross prod-
uct of the filtered seismograms, after time shifting. The 
average of the resultant time series is a maximum when 
the two signals are in phase. This process is approxi-
mately equivalent to time-variant filtering in that the 
limited portion of the seismograms used will eliminate 
the unwanted noise and non-least time path arrivals out-
side each window. 

A digital bandpass boxcar shaped filter is com-
monly used to do narrow band pass filtering, given by 
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where 2h is the bandwidth and f0 is the center frequency.  
Because bt is symmetric, the filter introduces no 

phase shift. The practical situation requires that the 
length of the digital filter be finite, windowing should be 
applied to the infinite filter to produce finite digital filter, 
instead of merely truncating. The coefficients of the fi-
nite digital filter is usually taken to be 
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Where dt is the sampling rate, both n and N are positive 
integer. Noted from the above formula, a cosin window 
is used to windowing data. 

3 Wavelet transform 
Wavelet analysis, also known as multi-resolution 

analysis, uses a series of dilated and delayed oscillatory 
functions to decompose a time-varying signal into its 

nonstationary spectral components. There are two key 
advantages of wavelet analysis over traditional Fouries 
analysis and windowed Fourier methods, one is that the 
wavelet analysis retains information on how the spectral 
content varies with time delay, and another is that the 
accuracy of the time and frequency remain constant over 
the entire time-frequency domain. 

We present wavelet analysis to measure interstation 
phase velocity. In our method, we use a 
non-orthonormal Morlet wavelet g(t), composed of a 
harmonic wave modulated by a Gaussian envelope, as 
mother function 
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where T0 is the central period.  
The mother wavelet is dilated and delayed to pro-

duce a set of daughter wavelet according to     
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where α is the dilating scale, and τ is the time delay. 
The central frequency of the daughter wavelet is 

thus α/T0. The wavelet transform of a signal is obtained 
by integrating the time varying signal S(t) over the 
daughter wavelet as a function of dilating scale α and 
time delay τ. 
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where g* is the complex conjugate of the daughter 
wavelet, the resulting signal is complex, with both am-
plitude and phase information. 

Actually, the transformed signal is the stacking re-
sults within a certain time-frequency subdomain cen-
tered at central frequency and delay time. 

We use equation (6) to do wavelet transformation 
for the two seismogram located at the great circle with 
the earthquake, each period of interest is determined by 
the central frequency of the daughter wavelet, we corre-
late the two wavelet transformed signals at each period to 
get a cross-correlogram. If both wavelet filtered signals 
are in phase at that period, the phase of the 
cross-correlogram is a minimum. Thus, wavelet trans-
form provides us a convenient method to measure inter-
station phase velocity, particularly, the resulting 
cross-correlogram retain equal time-frequency accuracy 
in the time-frequency domain. In order to directly show 
the relationship between periods and phase velocities, we 
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use 3-spline interpolation to transform cross-correlation 
matrix to a phase velocity verse period image. 

4 Synthetic data test 
We use synthetic seismogram to test wavelet 

analysis method. Synthetic Rayleigh seismograms are 
generated at distance of 1 000 and 2 000 km from the 
sources. The model used to generate synthetic Rayleigh 

seismograms is listed in Table 1. The seismograms are 
shown in Figure 1a. The theoretical phase velocity is 
shown in Figure 1b. 

Table 1 Model parameters for synthetic Rayleigh waves 
Thickness/km vP/(km⋅s−1) vS/(km⋅s−1) Density/(g⋅cm−3)

10.0 5.52 3.20 2.56 
10.0 6.08 3.50 2.72 
20.0 6.65 3.80 2.88 

∞ 8.10 4.40 3.36 

 

 

Figure 1 (a) The synthetical Rayleigh wave seismograms; (b) The theoretical phases velocity; (c) The intersta-
tion phase velocity measured by traditional narrow band pass corss-correlogram; (d) The interstation phase velocity 
measured by wavelet analysis. 

We use both narrow band pass cross-correlogram 
and wavelet analysis to calculate the interstation phase 
velocity and the results are shown in Figures 1c and 1d, 
respective, the theoretical phase velocity are also over-
lapped on the two transform image. For narrow band 
pass cross-correlogram, the image represents the nor-
malized correlation coefficient for the two narrow band 
passs signal centred at each period, the value is within 
[−1.0, 1.0]. Thus, the coordinates of the maximum val-
ues located among physical phase velocity range is 

taken to be the phase velocity samples. The resolution is 
determined by the width where the maximum normal-
ized correlation coefficient is damped to a given level, 
similar to the pass band width definition. For wavelet 
cross-correlogram, the image represents the absolute 
phase for the complex cross-correlogram between two 
wavelet transformed signals centred at each period, 
normalized by π, the value is range from 0.0 to 1.0. 
Thus, the coordinates of the minimum values located 
among physical phase velocity range is taken to be the 
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phase velocity samples. The resolution can be deter-
mined by the width where the normalized minimum 
phase is increased to a given level. Anyway, the resolu-
tion is easy to be detected from the colored images. We 
note that wavelet analysis shows better resolution than 
traditional narrow band pass analysis, and it delineate 
that wavelet analysis is a good method to measure inter-
station phase velocity. 

5 Application for real data 
We use both narrow band pass correlation and 

wavelet filtered correlation to measure phase velocity of 
real surface wave data. We take a short surface wave 
path and a long surface wave path covering the North 
China and the South China, respectively, the response 
band is up to 60 s and 120 s for the short and long path 

respectively.  
The proposed technique is firstly applied to a sur-

face wave path from an MS6.7 event occurred at 
(37.32°N, 136.62°E), with event depth of 5.0 km, 
crossing the North China between two stations with 
epicentral distance at 1 576.7 km and 2 052.2 km respec-
tively, and the azimuthal difference between the 
near-source and the far-source station is 3.4°. Figure 2a 
shows the vertical component seismogram recorded at 
two stations. The interstation phase velocity measured 
by wavelet analysis and traditional narrow band meth-
ods is shown in Figures 2b and 2c, respectively. Com-
pared to the two images, it is obvious that wavelet 
transform method is advantage with higher resolution 
over traditional methods. 

 

Figure 2 (a) The real data for Rayleigh wave seismogram; (b) The interstation phase velocity measured by tra-
ditional narrow band pass corss-correlogram; (c) The interstation phase velocity measured by wavelet analysis. 

We also use another MS6.1 event located at 
(52.33°N, 173.95°E) with event depth of 45.0 km, 
crossing the South China between two stations with 
epicentral distance at 5 704.4 and 6 576.5 km, respec-
tively, and the azimuthal difference between the 
near-source and the far-source station is 3.4°. Figure 3a 
shows the vertical component seismogram recorded at 
two stations. The interstation phase velocity measured 
by wavelet analysis and traditional narrow band meth-
ods is shown in Figures 3b and 3c, respectively. Com-

pared to the two images, it is obvious that wavelet 
transform method provide a better phase-velocity verse 
period image than narrow pass band correlation method.  

6 Conclusions 
In this paper, we have applied a wavelet transform 

approach to the problem of determining the interstation 
phase velocity from surface wave. Wavelet transform 
can provide a time-frequency image which represents  
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Figure 3 (a) The real data for Rayleigh wave seismogram; (b) The interstation phase velocity measured by tra-
ditional narrow band pass corss-correlogram; (c) The interstation phase velocity measured by wavelet analysis. 

the time variable spectrum localized at each individual 
time, such a image can be mapped to period-phase ve-
locity domain, and phase velocity is picked to the point 
with minimum phase. Compared to narrow band pass 
filtering and correlation method using a fixed-length 
filter to bandpass data at every period, wavelet trans-
form use a variable length filter to bandpass data for 
each period, i.e., the shorter period, the shorter length, 
the longer period, the longer length, to obtain spectrum 
with different width, i.e., the longer period, the smaller 
width, the short period, the larger width. The trade-off 
between time and frequency resolution is automatically 
adaptive by the dilating scale of wavelet, thus, wavelet 
analysis provide equal time and frequency accuracy. 
Tests conducted using synthetic and real data showed 
that the wavelet technique give results with high resolu-
tion than traditional methods, and can be used to meas-
ure interstation phase velocity. 
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