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Abstract  The two one-state-variable, rate- and state-dependent friction laws, i.e., the slip and slowness laws, are com-
pared on the basis of dynamical behavior of a one-degree-of-freedom spring-slider model through numerical simulations. 
Results show that two (normalized) model parameters, i.e., Δ (the normalized characteristic slip distance) and β−α (the dif-
ference in two normalized parameters of friction laws), control the solutions. From given values of Δ, β, and α, for the slow-
ness laws, the solution exists and the unique non-zero fixed point is stable when Δ>(β−α), yet not when Δ<(β−α). For the 
slip law, the solution exists for large ranges of model parameters and the number and stability of the non-zero fixed points 
change from one case to another. Results suggest that the slip law is more appropriate for controlling earthquake dynamics 
than the slowness law. 
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1 Introduction  

Friction is an important factor in controlling earth-
quake ruptures. Laboratory experiments show two ef-
fects affecting the friction strength: direct and evolution 
effects (Dieterich, 1978, 1979; Ruina, 1983). The direct 
effect shows an instantaneous change of friction strength 
with a change in velocity, while the evolution effect 
evolves with slip following a change in velocity. Unsta-
ble slip in rock can result only when the final frictional 
strength is smaller than the original one. This leads to 
the so-called velocity-weakening process. The 
one-state-variable slip and slowness laws proposed by 
Dieterich (1978, 1979) and Ruina (1983) have been used 
to describe the state-dependent evolution effect. Perrin 
et al (1995) proposed a different friction law to describe 
the evolution process. However, since Nakatani (2001) 
assumed that Perrin’s law cannot be appropriate to de-
scribe the observations, and thus will not be taken into 
account in this study. 

Some authors compared the two laws based on the 
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quasi-static approach. Dieterich (1992) suggested that 
the two laws yield similar results for most cases. Rice 
and Ben-zion (1996) found that the slip law leads to pe-
riodically repeated events, while the slowness one al-
lows apparently chaotic sequences of large events. Roy 
and Marone (1996) stated that pre-seismic slip is larger 
for the slowness law than for the slip law. Nakatani 
(2001) addressed that the slip law is more appropriate 
than the slowness law to interpret his experimental re-
sults.  

On the basis of a dynamic approach, He et al (2003) 
obtained several important conclusions. 1 The overall 
stress drops for the two laws are linearly related to the 
logarithm of the loading velocity through the velocity- 
weakening parameter “b−a” and the normal stress. 2 
The slowness law results in relatively larger peak 
stresses, larger quasi-static stress drop, and larger effec-
tive fracture energy than the slip law. 3 The choice of 
the two laws can affect the partitioning of stress drop 
between quasi-static and dynamic slips, as well as dy-
namic overshoot and strength recovery. 

Based on a dynamical one-degree-of-freedom 
spring-slider model (abbreviated as 1DF model hereaf-
ter), Rice and Ruina (1983) found that dσss/dv <0, where 
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σss is the steady-state stress and v is the velocity, is a 
necessary and sufficient condition for instability to be 
possible with some spring constants. Rice (1983) com-
prehensively studied linear and nonlinear stability con-
ditions of the system, subjected to different friction laws. 
Rice and Ruina (1983) and Horowitz and Ruina (1989) 
pointed out the existence of a stable limit cycle for a 
particular choice of the parameters of the system. Gu et 
al (1984) claimed that when the slip law is used, insta-
bility occurs whatever choice of the parameters and a 
stable limit cycle never occurs. This shows a difference 
between the quasi-static and dynamic models. Belardi-
nelli and Belardinelli (1996) stressed that this difference 
reduces the validity of the quasi-static model as an ap-
proximation of the dynamic one. Wang (2002) com-
pared the stability conditions of the two friction laws 
based on a 1DF model. He found that at low velocities 
the stability criteria for the two laws are equal and simi-
lar to the steady-state one deduced by Ruina (1983). But, 
at high velocities the stability criterion for the slip law 
depends not only on the parameters of the friction law 
but also on the sliding velocity and state variable; while 
for the slowness law the stability criterion at high ve-
locities is the same as that at low velocities.  

The present study will compare the two 
one-state-variable evolution laws based on dynamical 
behavior of a 1DF model using the phase portrait 
(Thompson and Stewart, 1986). Since the system is 
nonlinear, numerical simulation will be performed. 

2 Brief description of the model 
Ruina (1983) assumed the friction strength, μ, to be 

described by the following one-state-variable, rate- and 
state-dependent function:  
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where θ is the state variable, v is the sliding velocity, v0 
is the reference velocity and usually considered to be a 
constant, and Dc is the characteristic slip distance. Con-
tributions to the total friction strength is scaled by a for 
the direct effect and b for the evolution one. The three 
parameters a, b, and Dc for some rocks were determined 
experimentally (Marone, 1998). Although μ is often 
thought to be a “strength” in the classical sense, Naka-
tani (2001) stressed that it must be a shear stress, σt, 
applied to the frictional interface, normalized by the 
normal stress, σn. He regarded μ0+bln(θv0/Dc) as an ex-
tension of the conventional frictional strength in the 

classical sense and named it the “interface strength” 
which is μ0 when v= v0 and θ =Dc/v0. 

Two friction laws are commonly used to describe 
the state-dependent evolution effect (Marone, 1998). One 
is the slip law, i.e., dθ /dt = −(θv/Dc)ln(θ v/Dc). When 
v→0, dθ /dt 0 using the l≒ ’Hospital’s theorem. This in-
dicates that no evolution occurs at v=0. The other is 
slowness law, i.e., dθ /dt = 1−θv/Dc. This equation shows 
θ =Dc/v, when dθ /dt =0. For the two laws, the steady-state 
friction strength, μss, when dθ /dt = 0, is μ0 + (a−b)ln(v/v0). 
This leads to that μss=μ0 at v=v0. The commonly used 
stability criterion is Dc>D0(β−α) (Ruina, 1983) which 
only depends on the parameters of the friction law. The 
parameters α and β are α = a/μ0 and β = b/μ0, respec-
tively. Based on a 1DF model, Wang (2002) concluded 
that at low velocities, the stability criteria for the two 
laws are equal and has Ruina’s form. At high velocities 
the stability criterion is Dc>D0(b−a) for the slowness 
law and −1+lnDc < ln(vθ ) < −1+ lnDc+ μ0Dc/D0(b−a) for 
the slip law. In addition to Dc, D0, and b−a, the latter 
also depends on μ0, v, and θ. The range of stable regime 
increases with Dc, yet decreases either with increasing 
D0 or with increasing b−a. 

The 1DF model (see Figure 1) consists of a slider 
of mass, m, linked by a spring with stiffness of K. The 
location of the slider is u, measured from its initial equi-
librium position, along the horizontal axis. The slider is 
loaded by a driving force with a velocity of vp and also 
subjected to a rate- and state-dependent frictional force, 
F(θ, v), where v=du/dt. The equation of motion of the 
system is 

 

Figure 1 A dynamical one-degree-of-freedom 
spring-slider model. 
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Let F(θ, v) be μσnA where A is the bottom area of the 
slider, and thus F(θ, v)=σnA[μ0+aln(v/v0)+ bln(θv0/Dc)]. 
Let F0=μ0σnA, α =a/μ0, and β =b/μ0. This gives F(θ, v) = 

F0[1+αln(v/v0)+βln(θv0/Dc)]. Substitution of F(θ, v) into 
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equation (2) leads to 
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From the original definition of the model, the slider ini-
tially rests in an equilibrium state, with v=0. From the 
rate- and state-dependent frictional force, Nakatani 
(2001) rewrote equation (1) as 
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where Ψ =bln(θ v0/Dc). When Ψ→∞, v=0. Equation (4) 
gives v<<v0 when σt/σn<( μ0+Ψ ) and an abrupt increase 
in v when σt/σn>( μ0+Ψ ). Hence, initially the slider 
moves very slowly, because the applied force is less 
than the interface strength. 

To simplify the problem, equation (3) is normal-
ized by ω0=(K/m)1/2

 and D0=F0/K. The former is the fre-
quency of oscillation of the system in the absence of 
friction and shows the inertial effect, while the latter is 
the maximum displacement of the slider exerted by F0. 
D0 and ω0 are significant units to scale the spatial coor-
dinate and time, respectively. The definitions of U=u/D0 
and τ =ω0t lead to du/dt =[F0/(mK)1/2]dU/dτ, d2u/dt2= 

(F0/m)d2U/dτ2, and υ =dU/dτ. Define υ =v/D0ω0, Θ =ω0θ, 
υp=vp/D0ω0, υ0=v0/D0ω0, and Δ=Dc/D0 to be four nor-
malized (dimensionless) parameters. D0/vp is the loading 
time for making the spring be stretched enough to over-
come the interface friction strength at v=v0 or υ =υ0. The 
normalized velocity, υp, of driving force is the ratio of 
the slipping time 1

0
−ω  to the loading time. Δ is the ratio 

of the maximum displacement of the slider exerted by 
F0 to the characteristic slip in the friction law. The sta-
bility criteria proposed by Wang (2002) are: At low ve-
locities, Δ>(β−α) for the two laws; while at high veloci-
ties, −1+lnΔ<ln(υΘ)<−1+lnΔ+Δ/(β−α) for the slip law 
and Δ>(β−α) for the slowness law. For the slip law, the 
range of stable regime increases with Δ, yet decreases 
with increasing β−α. 

From the dimensionless model parameters, equa-
tion (3) becomes 
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The normalized slip law is dΘ/dτ = −(Θυ/Δ)ln(Θυ/Δ) 
and the normalized slowness law is dΘ/dτ =1−Θυ/Δ. 
The main parameters of equation (5) are Δ, α, β, υ0, and 

υp. Since υ0 (the reference velocity) and υp (the driving 
velocity) are not a parameter of the frictional law, they 
can be individually set to be a constant. Since α−β is 
more important than α or β, α is fixed and β is changed, 
thus leading to a change of β−α. Since D0 and ω0 are not 
the parameters of the friction laws, they are individually 
fixed to be a constant. Hence, there are only two major 
parameters controlling dynamical behavior of the sys-
tem. 

In order to conduct numerical simulations, a set of 
first-order ordinary differential equations associated 
with equation (5) is taken into account. Defining y1=U, 
y2=dU/dτ =υ and y3=Θ, equation (5) becomes the fol-
lowing first-order differential equations: 
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1

d
d yy =τ , (6a) 

 ⎟
⎠
⎞

⎜
⎝
⎛ ++−−= Δ

υβυατυτ
03

0

2
1p

2 ln1d
d yyyy  (6b) 

and 
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for the slip law. Equation (6c) is replaced by 

 Δτ
323 1d
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for the slowness law. 
The phase portrait that is a plot of a physical quan-

tity versus another in a dynamical system can represent 
dynamical behavior of the system (Thompson and 
Stewart, 1986). In the followings, the phase portrait is a 
plot of normalized velocity (υ /υ 

max) versus normalized 
displacement (U/Umax) and will be made for different 
values of model parameters. U and υ are a function of Δ 
and β−α, i.e., υ =υ (Δ, β−α) and U=U(Δ, β−α). Now, we 
have a two-variable problem. Nevertheless, it is not easy 
to demonstrate 3D simulation results. Thus, the 2D 
phase portraits of v/vmax versus U/Umax will be displayed, 
because v/vmax equals υ/υ 

max. 

3 Numerical results 
First, we calculate the variations of μ with v based 

on equation (1), together with the individual evolution 
laws, for four values of Dc, i.e., 10−4, 10−3, 10−2, and 
10−1 m, when v0=10−4 m/s. The computing technique 
used is the fourth-order Runge-Kutta method (Press et al, 
1986). The velocity is considered to be a sine function, 
i.e., v(t)=vmaxsin(ωt), and varies from 0 to vmax

 (10−3 m/s). 
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The value of ω is 1 s−1. The time step for computations 
is 0.01 s. The number of divisions of velocities is 2 000, 
and thus the velocity unit is 5×10−7 m/s. Hence, the ve-
locity at the first time step is ~5×10−9 m/s. The values of 

a and b are 0.006 and 0.009, respectively. The values of 
vp are 10−9, 10−7, 10−5, 10−3, 10−1, and 1 m/s. Results are 
shown in Figure 2 for the slip law and Figure 3 for the 
slowness law. 

 

Figure 2 The variations of friction coefficient with normalized sliding velocity, v/vmax (vmax=10−3 m/s), for 
Dc=10−4, 10−3, 10−2, and 10−1 m, when a=0.006 and b=0.009 for the slip law. 

Based on the 1DF model, the velocity and the dis-
placement of the slider are computed from equations 
(6a)−(6d) for different values of Δ and β−α using the 
fourth-order Runge-Kutta method. The value of α is 0.01 
which is a=0.006 divided by μ0=0.6. It is numerically 
intractable at υ = 0. My strategy to perform the calcula-
tions at υ = 0 from a value of υ related to μ0 computed 
from equation (4). This value is not zero, yet smaller 
than υ0. As shown in Figures 2 and 3, there is a peak in 
the variation of μ with v/vmax. When υpτ ≤ ( μ0+Ψ ), the 
peak behaves like a barrier which can resist motions of 
the slider. In order to enforce the slider to motion, a 
small amount of extra force must be added to increase 

the total force for conquering the barrier. Numerical 
tests show that the magnitude of the extra force is 
case-dependent. It cannot be a large value, because an 
unexpected effect could be introduced into the system 
due to a large extra force. A value equal to the direct 
effect of the friction law, i.e., a or α, is large enough to 
push the slider to motion and cannot make any trouble 
in computation. Hence, the additional force of α = 0.01 
is taken in simulation. This results in an initial velocity 
with a value of 10−4, because the normalized time step is 
0.01. 

Numerical tests show that in a short computational 
time interval, the solutions can be made for a large range 
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of υp for the slip law and exist only when υp ≥10−2 for the 
slowness law. For the slowness law, after the slider 
moves the driving force cannot be larger than the peak 
friction strength in a short computational time interval 
when υp<10−2. Hence, a longer computational time is 
needed to make the slowness law work when υp<10−2. 

On the other hand, for the slip law the driving force can 
be up to the peak friction strength in a short computa-
tional time for numerous values of υp. In order to con-
duct numerical simulations easily, υp=10−2 is taken into 
account. 

 

Figure 3 The variations of friction coefficient with normalized sliding velocity, v/vmax (vmax=10−3 m/s), for Dc=10−4, 
10−3, 10−2, and 10−1 m, when a=0.006 and b=0.009 for the slowness law.  

The phase portraits of v/vmax versus U/Umax are 
made for four values of Δ and β. The values of α, D0, ω0 
and vp are set to be, respectively, 0.01, 1 m, 1 s−1, and 
10−2 m/s (or υp=10−2). In general, δτ can affect stability 
and reliability of computed results. Numerical tests 
show that the simulation results for different values of 
δτ are almost equal when δτ ≤0.01. Hence, δτ =0.01 is 
taken for saving computational time. Figure 4 shows the 
phase portraits for Δ=10−3, 10−2, 10−1, and 1 which are, 
respectively, related to Dc=10−3, 10−2, 10−1, and 1 m, 
when D0=1 m. Figure 5 displays the phase portraits for 

four values of β, i.e., 1.1×10−2, 1.5×10−2, 2×10−2, and 
6×10−2. In each diagram, the solid and dashed lines rep-
resent the results for the slip law and slowness laws, 
respectively, and the dotted line displays the bisection 
line. 

4 Analysis 
Figure 4a shows that the solution for Δ=10−3 for the 

slowness law does not exist due to failure of stability 
condition. According to Wang (2002), the stability crite-
rion for the slowness law is Δ>(β−α) for both low and 
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high velocities. Thus, a stable solution exists for 
Δ>5×10−3, yet not for Δ=10−3<(β−α)=5×10−3. On the 
other hand, for the slip law the stability criterion of 
Δ>(β−α) holds only on the quasi-static condition or at 
very low velocities; while at high velocities the instabil-
ity condition is −1+lnΔ<ln(υΘ)<−1+lnΔ+Δ/(β−α). 
Hence, the range of stable regime for the four values of 
Δ when β−α 

=5×10−3 are (−7.90 776, −5.90 776) for 
Δ=10−3, (−5.60 517, −3.60 517) for Δ=10−2, (−3.30 258, 
+16.69 742) for Δ=10−1, and (−1.0, +199.0) for Δ=1. 

Figure 4 shows that when Δ is increased, the simi-
larity-degree of the two phase portraits for the two fric-
tion laws increase. When Δ=1 (or Dc=1 m), the two 
phase portraits are almost the same. This phenomenon 
still exists when Δ>1. The value of Dc estimated from 
seismograms is usually greater than 1 m (Marone, 1998). 
This leads to Δ>1 from observations. Hence, it is not 
easy to distinguish which friction law is more acceptable 

for controlling the earthquake rupture processes than the 
other when only the slip distribution of earthquake 
sources inferred from seismograms and/or GPS data is 
provided. Figure 4 displays that when Δ<(β−α), the ve-
locity first increases with displacement and then comes 
down to zero at a certain value of U/Umax; while when 
Δ>(β−α), the velocity does not become zero and varies 
almost around a constant when U/Umax is greater than a 
certain value. This implicates that when U/Umax is 
greater than a certain value, the friction force cannot 
stop the motions of the slider and thus the slider can 
move steadily. This could produce a runaway event. For 
the 1999 Chi-Chi (Jiji), Taiwan, earthquake, Zhang et al 
(2003) obtained larger Dc on the northern fault plane, 
with larger displacements, than on the southern fault 
plane, with smaller displacements. Obviously, the pre-
sent modeled results are consistent with observations. 

 

Figure 4 The phase portraits of v/vmax versus U/Umax for four values of Δ taken as 10−3 (a), 10−2 (b), 10−1 (c), and 1 (d), 
respectively. The dotted line denotes the bisection line when α =10−2, β =1.5×10−2, ω0=1 s−1, D0=1 m, and vp=10−2 m/s. 

The intersection point of the bisection line with a 
phase portrait is called a fixed point (Thompson and 
Stewart, 1986). Let η be the absolute value of the slope 
of the tangential line at a fixed point. The stability of a 
fixed point is dependent upon η: stable when η <1; mar-
ginally stable when η =1; and unstable when η >1. Al-
though the zero point (0, 0) is often a fixed point, it is a 
trivial one and thus not taken into account below. For 
the slip law, there are five fixed points as shown in Fig-

ure 4a (for Δ=10−3). The fixed point with the largest 
value of U/Umax is marginally stable, and others are un-
stable. When Δ is increased, the number of unstable 
fixed points decreases. When Δ=1 (or Dc=1 m now), 
only the stable fixed point exists. On the other hand, 
there is only one stable fixed point in the three phase 
portraits for the slowness law.  

Figure 5 shows the phase portraits for four values 
of β, i.e., 1.1×10−2, 1.5×10−2, 2×10−2, and 6×10−2. The 
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figure shows that the difference in the phase portraits 
between the slip law and the slowness law increases 
with β as well as β−α. Large β as well as large β−α, 
which could lead to large stress drop, cannot result in 
oscillations of the system with the slowness law (see 
Figure 5d where one of the phase portraits is coincided 
with the bisection line). For the slowness law, the four 
cases are all in the stable regime, because Δ=10−3 is lar-
ger than the four values of β−α. For each phase portrait 
with β<6×10−2 (or β−α<5×10−2), the unique fixed point 
is stable. When β=6×10−2 (or β−α=5×10−2), the phase 

portrait displays a linearly increasing function of veloc-
ity in terms of the displacement, thus leading to a fact 
that all fixed points are marginally stable. This means 
that large β as well as large β−α is not appropriate for the 
slowness law. Nevertheless, numerical results show that 
in the computational time interval, vmax and Umax for β = 
6×10−2 are both close to zero and much smaller than the 
related values for β<6×10−2. This indicates that small 
β−α is more appropriate for making the slowness law 
work than large β−α. 

 

Figure 5 The phase portraits of v/vmax versus U/Umax for β taken as 1.1×10−2 (a), 1.5×10−2 (b), 2×10−2 (c), and 6×10−2 
(d), respectively. The dotted line denotes the bisection line when α =10−2, ω0=1 s−1, D0=1 m, Dc=10−1 m, and vp=10−2 m/s. 

For the slip law, based on the above-mentioned the 
stability criterion at high velocities, the range of stable 
regime for the four values of β when α =10−2 and 
Δ=10−1 are: (−3.30 258, +96.69 742) for β =1.1×10−2 (or 
β−α =10−3), (−3.30 258, +16.69 742) for β =1.5×10−2 (or 
β−α = 5×10−3), (−3.30 258, +6.69 742) for β =2×10−2 (or 
β−α =10−2), and (−3.30 258, −1.30 258) for β =6×10−2 

(or β−α =5×10−2). The range decreases with increasing β 
(or with increasing β−α). The large ranges of stable re-
gime for the four cases make solutions exist. When 
β<6×10−2 (or β−α<5×10−2), the velocity first increases 
with displacement, then decreases, and finally varies 
around a value when U/Umax is greater than a certain 
value, which is case-dependent. Meanwhile, the number 
and stability of the fixed points change from one case to 
another. When β = 6×10−2 (or β−α = 5×10−2), the phase 

portrait shows periodic motions. 

5 Conclusions 
Based on a one-degree-of-freedom dynamical 

spring-slider model, we compare two rate- and 
state-dependent frictional evolution laws from dynami-
cal behavior of the slider. Numerical simulations are 
made from two sets of first-order differential equations, 
associated with two frictional evolution laws. Two 
(normalized) model parameters, i.e., Δ and β−α, play the 
main roles on controlling the solutions. On the basis of 
numerical simulations with given values of Δ, β, and α, 
for the slowness law, the solution exists when Δ>(β−α), 
yet not when Δ<(β−α). On the other hand, for the slip 
law the number and stability of the fixed points change 
from one case to another. The difference in the phase 
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portraits between the two friction laws decreases with 
increasing Δ, but increases with β−α. When Δ=1 (or 
Dc=1 m), the phase portraits for the two laws are almost 
the same, indicating that it is impossible to determine 
which law is more acceptable than the other just from 
the source rupture processes inferred from seismograms 
and/or GPS data, because the value of Dc estimated from 
seismic data is usually greater than 1 m. Nevertheless, 
simulation results still assume that the slip law is more 
appropriate of describing earthquake dynamics than the 
slowness law. 
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