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Abstract  We presented a boundary element method using the approximate analytical Green’s function given by 
Sánchez-Sesma et al. Coordinate transform is introduced to extend the method to deal with the model with constant-gradient 
velocity along oblique direction. The method is validated by comparing the numerical results with other independent meth-
ods. This method provides a useful tool for analyzing local site effects. We computed seismic response for two series of 
models. The results in both frequency and time domains are analyzed and show complex amplification patterns. The funda-
mental mode of resonance is dependent not only on the velocity at the free surface but also on the velocity distribution of the 
whole basin. For the higher modes of vibration the heterogeneous basin also has its own characteristic. 
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1 Introduction  

Local effects due to sedimentary basins and topog-
raphy can lead to significant temporal and spatial varia-
tions of seismic ground motions (See e.g., Aki, 1988; 
Geli et al, 1988; Bard, 1995; Sánchez-Sesma et al, 1996; 
Alvarez-Rubio et al, 2005). There are several ways of 
assessing site effects. The characterization of a given 
site can be achieved based on instrumental, theoreti-
cal-analytical and numerical approaches to the problem. 
A detailed survey of the numerical methods developed 
for the computation of site effects is given by 
Sánchez-Sesma (1996). The numerical methods that 
have been widely used to calculate the propagation of 
elastic waves inside sedimentary inclusions can be clas-
sified in domain, boundary, and asymptotic methods. In 
the first group, where the discretization of the media is 
required, are included techniques as the finite difference 
(Boore, 1972; Graves, 1996; Zhang and Chen, 2006), 
the finite element method (Smith, 1975; Bard, 1995; 
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Koketsu et al, 2004), pseudospectra method (Furumura 
et al, 1998; Wang et al, 2001) and spectra-element 
method (Komatitsch and Vilotte, 1998; Komatitsch and 
Tromp, 2002). On the other hand, in the boundary 
methods, where only the discretization of the boundaries 
is needed, there are two main approaches, one is based 
on the use of complete systems of solutions (Herrera, 
1980), and the other on boundary integral equations 
(Brebbia, 1978). When the problem of the propagation 
of waves has an interest in the high frequency band and 
the diffraction can be ignored, the asymptotic methods 
(Cerveny and Hron, 1980; Cerveny and Brown, 2003) 
can be very useful. Among these techniques, boundary 
methods have some advantages over the domain meth-
ods in the cases where better accuracy is required near 
boundaries and sources, or where the domain needs to 
be extended to the infinity. Boundary methods require 
discretization of the model only on boundaries. This is 
advantageous for models composed of a number of ho-
mogeneous regions separated by sharp boundaries. A 
recent comprehensive review of these methods in dy-
namic elasticity is that of Bouchon and Sánchez-Sesma 
(2007). Since the analytical Green’s function is required 
in fulfillment of the boundary methods, the availability 
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of the Green’s function limits the application of bound-
ary element methods. Normally, only the Green’s func-
tion for a homogeneous unbounded medium can be ob-
tained.  

There is a wide class of problems for which it is 
reasonable to assume an increase of wave propagation 
velocities with depth (see e.g, Bard and Gariel, 1986; 
Vrettos, 1990, 1991). An approximate analytic Green’s 
function for 2-D case is given and tested by Sán-
chez-Sesma et al (2001), which allows us to extend the 
boundary element method to the medium with vertically 
increasing velocity. There are two main approaches for 
the boundary methods. 1 In the direct formulation of 
boundary integral equation methods (BIEM) one finds 
the unknown tractions and displacements at the bounda-
ries of the domains, which was called BEM (for Bound-
ary Element Method) by Brebbia (1978) and is used 
extensively since then, 2 While in the indirect approach 
one formulates the problem in terms of force or moment 
boundary densities, which was terminated as IBEM (In-
direct boundary element method) by (Luco et al, 1990) 
and used thereafter. Luzón et al ( 2003, 2004) applied 
the approximate Green’s function to the second ap-
proach and studied the seismic response of semi-circular 
basin. In this paper we applied this Green’s function to 
the first approach (BEM) and analyzed the ground mo-
tion in sedimentary inclusions with velocity increasing 
along an oblique direction. We illustrated the effects of 
these sedimentary basins by means of frequency-space 
diagrams, synthetic seismograms on the free surface on 
the vertical under SH plane wave incidence. The effects 
of velocity gradient and obliquity on fundamental mode 
were also studied. 

2 Configuration of the problem 
The problem considered in this study is a 2-D allu-

vial valley on top of a half space, as shown in Figure 1. 
The basin is named region Ri and the half-space is called 
Re. The shear wave velocity and the density in the basin 
are assumed to increase along an oblique direction z′ 
and can be expressed as (Sánchez-Sesma et al, 2001): 
   ( ) (0)(1 ),z zβ β γ′ ′= +  (1) 

 ( ) (0)(1 ) ,nz zρ ρ γ′ ′= +  (2) 

where β(0) and ρ(0) are the velocity and density at z′=0, 
respectively. γ is the gradient of seismic wave velocity 
along z′ direction and n≥0.  

The boundary element method (BEM) is applied to 
calculating the seismic response of this configuration. 
The BEM is a numerical technique based on Somiglia-
na’s integral representation theorem in elasto-dynamics. 
Assuming harmonic excitation, the displacement inside 
the basin Ri can be expressed as (Brebbia, 1978)  
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where G(r, r′) is the displacement Green’s function and 
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In the half space Re,  
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where u0(r) denotes the incident wave field. To obtain 
the displacement on the boundary, the traction free con-
dition along the free surface  

 free surface( ) 0,    t Γ= ∈r r  (6) 

and the continuity conditions of displacements and trac-
tions along the interface  

 

Figure 1 Configuration of the problem considered in this 
study. The basin is named region Ri and the half-space is called 
Re. The wave velocity in the basin is assumed to increase line-
arly along z′. α denotes the angle between z′ and z. 
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must be satisfied.  
Equations (4), (5), (6) and (7) form a linear system 

of integral equations for the boundary sources. The dis-
placement and tractions along the surfaces can be ob-
tained by solving the linear equations. 

The Green’s functions in a homogeneous isotropic 
unbounded medium is given by (Brebbia, 1978),  

 ( )(2)
0

i( , , ) H
4

G kω
μ

′ = −r r r . (8) 

and the traction Green’s function is 

 (2)
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where i is the imagary number unit, μ  is shear modulus, 
k=ω/β, (2)Hn = Hankel function of the second kind and 
the nth order, ω is circular frequency, r=|r−r′|=the dis-
tance between the source and receiver, r̂ =r−r′/|r−r′|. 
β=the shear wave velocity. 

In the sedimentary basin with velocity increasing 
linearly with depth, Sánchez-Semsma et al (2001) pre-
sented an approximate analytical expression based on 
the asymptotic ray theory and accounted for both 
near-source effects and low frequencies. Luzόn et al. 
(2009) improved the formulae and validated the Green’s 
function using an accuracy analysis to compute the rela-
tive error in frequency domain for the SH case, and with 
a quantitative analysis obtaining envelope and phase 
misfits of the solution in time domain, for the P-SV case. 
Here we just summarize the Green’s function for SH 
case according to Luzόn et al (2009). The displacement 
Green’s function for earth model described by equations 
(1) and (2) can be expressed as 
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 is the travel time. It 

can be shown that when h→∞, equation (10) becomes 
the Green’s function in homogenous case as shown in 
equation (8). To compute the Green’s function in x-z 
system, we need to transfer the location of the source 
and receivers to the x’-y’ system by: 
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z x z

α α
α α
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 (11) 

Then we can obtain the Green’s function under x′, y′ 
coordinates. 

3 Validation of the numerical approach 
In order to test this numerical approach, we com-

pare our results with published results by others for two 
cases. The first one is the homogenous case which is the 
limit case with γ =0 in equation (10), and the second one 
is the case in which the velocity of the basin increases 
with depth. The problem considered is the seismic re-
sponse of a semi-circular basin under the incident SH 
waves, which has been computed for the normalized 
frequency η=2a/λ=aω/(πβe)=1.0, with a being the ra-
dius of the sedimentary basin, and βe shear wave veloc-
ity in the half space. The physical properties of the basin 
in the first case shown in Figure 1 are S-wave velocity 
βi=βe/2=1.0 km/s, and a density of ρi=2ρe/3=1.0 g/cm3. 
Figure 2 displays the surface displacements for incident 
SH plane waves with the incident angle of 30°. In the 
same plot the exact solution provided by (Trifunac, 1971) 
and the results of Sánchez-Sesma et al (1993) using the 
indirect boundary element method are shown in solid 
triangles and circles, respectively. The agreement 
among three results is excellent.  

In the second case the material properties consid-
ered are βi(0)=βe/3, γ=1.0 in equation (1), and a constant 
density of ρi=2ρe/3 [n = 0 of equation (2)]. Figure 3 
shows the amplitude of displacement along surface for 
normalized frequency η=1 caused by vertical incident 
SH plane waves calculated by our method (solid line), 
thin line computed by Luzón et al (2004) and those 
symbols computed by Benites and Aki (1994) using a 
boundary integral-Gaussian beam method, and those 
computed by the same authors with finite element 
method. The overall agreement of the four results ob-
tained independently is pretty good, although there is 
some difference in the middle of the basin. The com-
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parison shows the validation of our method. The bound-
ary integral-Gaussian beam method uses Gaussian beam 
as the Green’s function for both the basin and the half 
space while Luzón et al (2004) present method using ex-
act Green’s function in the half space and approximate  

 

Figure 2 Amplitudes of displacement for incident SH 
plane waves with 30° incident angle upon a homogeneous 
semi-circular sedimentary inclusion. Normalized fre-
quency η=1. Solid line corresponds to our results, while 
solid triangles and circles correspond to the solution of 
Sánchez-Sesma et al (1993) and Trifunac (1971), respec-
tively. 

 

Figure 3 Amplitudes of SH displacement for vertical in-
cident SH plane waves upon a semi-circular sedimentary 
basin with velocity increasing linearly with depth. Normal-
ized frequency η=1. Solid line corresponds to our results, 
while dashed line correspond to the solution provided by 
Luzón et al (2004) using IBEM. Solid triangles and circles 
correspond to the results of Benites and Aki (1994) using a 
boundary integral-Gaussian beam method and the finite 
element method, respectively. 

analytical Green’s function in the basin. The finite ele-
ment method divides the space into small elements with 
homogenous velocity parameters. Since the Gaussian 
beam is high-frequency approximation of the wave field, 
which may lead to the big difference of its results out of 
the basin to other three results. Furthermore, the ho-
mogenous velocity in the elements used in the finite 
difference method is the main reason for its notable dif-
ference in the middle of the basin.   

4 Numerical examples 
In order to show the basic characteristic of the dis-

placement amplification by the sedimentary basin with 
different shear wave velocity profiles, we computed the 
seismic response of three different models including one 
homogenous basin model and two heterogeneous basin 
models. In all cases, the basin has a semi-circular shape 
with radium of 1 km. The model used in the boundary 
element method has a horizontal range of −10 through 
10 km. The density and velocity for the half space of all 
these models are set to ρe=1.5 g/cm3, βe=3.0 km/s. In the 
basin, the density are all set to ρi=1.0 g/cm3, which mean 
m=0 in equation (2). For heterogeneous models, the 
minimum values are 1.0 km/s which appears at x of 1 km 
while the maximum velocities are 2.0 km/s, which 
emerges at z′ of 1 km. The velocity dependences with 
the position are shown in Table 1 and velocity profiles 
are shown in Figure 4a.  

Table 1 Density and velocity profiles for three different models 
Model Density velocity obliquity 

M1 ρi =1.0 g/cm3 βi(z)=1.0 km/s − 
M2 ρi =1.0 g/cm3 βi(z)=1.0+1.0z km/s α=0° 
M3 ρi =1.0 g/cm3 βi(z′)=1.3333+0.6667z′ km/s α=30° 

 
We computed the displacement amplitude in the 

frequency domain from 0.05 to 5.0 Hz and for 81 receiv-
ers along the free surface from −2 to 2 km. The time re-
quired for each model for 120 frequencies is about five 
minutes. The results in the frequency-space ( f-x) domain 
are shown in Figure 4b and the synthetic seismograms 
shown in Figure 4c are generated by convoluting a Ricker 
wavelet (Ricker, 1953) with central frequency of 1.25 Hz. 
Similar to the results of Luzón et al (2004), these three 
models produced significantly different patterns in both 
f-x domain and time domain. For all these models, 
high-impedance contrast makes the surface waves re-
flected back and forth at the edges of the basin, producing 
well-defined resonances. However, the frequency, loca-
tion and the amplification factors are different. For M1, 
the frequency of the fundamental mode is about 0.37 Hz 
and the maximum amplification occurs in the middle of 
the basin for most modes. For heterogeneous model M2, 
the frequency of the fundamental mode is about 0.5 Hz, 
due to higher average velocity. For the higher modes, this 
model has its own characteristic. The locations of maxi-
mum amplification for the higher modes are not in the 
middle of the basin. For model M3, the maximum appli-



Earthq Sci (2010)23: 149−155 153 

cation of the modes are no longer in the middle of the 
basin, it moves to the right instead. For models M1 and M2, 
the displacement in the basin composed by the interfer-
ences between the different waves rebounding up and 
down and the surface waves that propagate back and forth. 
In contrast, at the receivers located on the half-space, the 

amplitude is much smaller and energy refracted from the 
basin can be clearly seen. For model M3, the vibration in 
the right corner of the basin lasts longer and the amplitude 
is larger than the left part. Since the left part has lower 
impendence contrast, more energy leaks out to the 
half-space.  

 

Figure 4 Velocity profiles for three models (a); Amplitudes of the displacement at the free surface in the 
frequency-space domain (f-x) (b); Vertical incidence of SH waves upon each of the three sedimentary basins (c), 
synthetic seismograms of the displacement at the free surface of the three models under vertical incidence of SH 
waves. The source time function is a Ricker wavelet with a central frequency of 1.25 Hz. 

In order to show the influence of the velocity gra-
dient and obliquity, we computed two sets of models 
and picked out the location, frequency and maximum 
amplification factors for models with different gradients 
and obliquity. First, the obliquity is fixed to α=0, which 
means the velocity increase vertically. The responses in 

frequency domain for 20 different gradients from 0.1 to 
2.0 are computed. In these cases, the maximum amplifi-
cation locates at the middle of the basin. As shown in 
Figure 5, as the velocity gradients increases the resonant 
frequency increases linearly from 0.38 to 0.88 Hz due to 
the linearly increasing average velocity. At the same 
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time, since the impedance contrast decreases, the ampli-
fication factor decreases exponentially. For second 
group of models, we fix the average velocity on the sur-
face of the basin as 1.0 km/s and the velocity gradient as 
1.0 s−1, and computer 14 models with the oblique angle 
increases from 5° to 70°. As the obliquity increases, the 
velocity in the right corner gets smaller. As shown in 
Figure 6, as the angle increases, the location of the 
maximum moves to the right and the maximum resonant 
frequency increase from 0.44 to 0.6 Hz. At the same 
time, the amplification factors increase exponentially 
since the impedance contrast increases in the right cor-
ner of the basin. From these two results, we can see that 
both the gradient and the obliquity can affect the seismic 

response of the basin. In order to estimate the ground 
motion of earthquakes, not only the velocity at the sur-
face but also the real subsurface structure are required. 

 

Figure 5 Resonant frequency (a) and  maximum amplifac-
tion factor of the fundamental mode (b) for models with dif-
ferent verticle velocity gradient. 

 

Figure 6  Location (a), resonant frequency (b) and maximum amplifaction of fundamental mode (c) for models 
with different oblique angle.  

5 Discussion and conclusions 
We presented a boundary element method (BEM) 

using the approximate analytical Green’s function given 
by Sánchez-Sesma et al (2001). Coordinate transform is 
introduced to extend the method to deal with the model 
with constant-gradient velocity along oblique direction. 
The method is validated by comparing the numerical 
results with the other independent methods. This method 
provides a useful tool for analyzing the local site effects. 
Although we limited our examples to the model with S 
wave velocity increasing along an oblique direction in a 
semi-circular basin, the shape of the basin can be arbi-
trary and the velocity in the half-space can also be het-
erogeneous. More comprehensive  analysis for all these 
models is the direction of our further work. 

 As an example, we have computed the seismic 
response of homogeneous and heterogeneous models of 
sedimentary basins above a half-space using this method 
for vertical incidence of SH plane waves. The case of 
incident P and SV waves can be easily treated using the 
appropriate Green’s functions following the same pro-
cedure. The results in both frequency and time domains 

are analyzed and show complex amplification patterns. 
The fundamental mode of resonance depends not only 
on the velocity along the free surface, but also on the 
velocity distribution of the whole basin. For the higher 
modes of vibration the heterogeneous basin has its own 
characteristic.  
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