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Abstract 
An approach to calculate the accurate ray paths and traveltimes in multi-layered VTI media (transversely isotropic 
media with a vertical symmetry axis) is proposed. The expressions of phase velocity, group velocity and Snell’s 
law used for computation are all explicit and exact. The calculation of ray paths and traveltimes for a given ele-
mentary wave is equivalent to that of a transmission problem which is much easier to be treated with the formulae 
proposed. In the section of numerical examples, the processes of implementation are described at length using a 
multi-arrival example and a head-wave example. Lastly, the exact and approximate traveltime curves for the same 
elementary wave are calculated from the exact formulae and Thomsen's approximations, respectively. The com-
parison of the curves reveals the increase of errors arising from the repeated use of approximations and indicates 
the limited applicable range of approximations. It is emphasized that one should keep in mind the applicable range 
of an approximation when using it. 
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Introduction 
The calculation of ray paths and traveltimes is the foundation of many geophysical applica-

tions, such as earthquake location, seismic migration, seismic tomography (Cerveny, 2001; Alk-
halifah, 2002; Fowler, 2003; ZHAO et al, 2006). The present approaches for traveltime computa-
tion in TI (transversely isotropic) media are mainly based on eikonal equation (Vidale, 1988, 1990; 
Dellinger, 1991; Van Trier and Symes, 1991; Eaton, 1993; Lecomte, 1993; Faria and Stoffa, 1994; 
Dellinger and Symes, 1997; Alkhalifah, 2002; Qian and Symes, 1999, 2002; Fomel, 2004; Lou, 
2006), non-hyperbolic x-t equation (Tsvankin and Thomsen, 1994; Tsvankin, 1996; Alkhalifah, 
1997; YUAN et al, 2001; Stovas and Ursin, 2004; Ursin and Stovas, 2006; Tygel et al, 2007), 
shortest-path seeking (Moser, 1991; Qin and Schuster, 1993; Faria and Stoffa, 1994; DENG and 
LIU, 2000; Zhou and Greenhalgh, 2005; MA and ZHU, 2006; ZHAO et al, 2006) and wavefront 
reconstruction (Gibson, 2000; Lai et al, 2004). However, the authors usually develop their pro-
grams under the assumption of weak anisotropy. Faria and Stoffa (1994), Deng and Liu (2000) and 
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Kumar et al (2004) made use of the approximation of group slowness for weak anisotropy pro-
posed by Byun and Corrigan (1989). Fomel (2004) employed the anelliptical approximation of 
group velocity. ZHAO et al (2006) used the approximation of group velocity for weakly anisot-
ropic media given by ZHAO and DING (2005). Alkhalifah (2002) and Schneider (2003) calcu-
lated traveltimes from the linearized eikonal equation for weak anisotropy. The non-hyperbolic x-t 
equations are also derived under the assumption of weak anisotropy. Also, ray tracing methods by 
solving the eikonal equation numerically using finite difference method, by searching the shortest 
path based on Hungey’s principle and by wavefront reconstruction are all naturally approximate. 
To sum up, the approaches listed above are generally used for ray tracing in weakly anisotropic 
media. The results calculated are approximate and the accuracy is limited by the strength of ani-
sotropy. Moreover, these methods are mainly designed for the calculation of the traveltimes of 
first-arrival and reflection waves. 

In contrast to the previous work, all formulae used in this paper are explicit and exact. Con-
sequently, the computation is accurate and efficient, and the method proposed is applicable for 
arbitrary strength of anisotropy. Besides, the method proposed here can be used for the ray tracing 
of arbitrary elemental wave. At the beginning of this paper, the exact expressions of the phase ve-
locity, the group velocity and Snell’s law for ray tracing in multi-layered VTI media are given. 
Then, it is shown that, according to its ray codes, the problem of ray tracing for a particular ele-
mental wave is converted into an equivalent transmission problem, which can be solved easily 
with the proposed formulae. The steps of the implementation are demonstrated by a multi-arrival 
example and a head-wave example. In the last example, the results of forward modeling for a 
model of weak anisotropy and the other one of strong anisotropy calculated from the exact formu-
lae and Thomsen’s approximations are plotted and compared. 

1 Phase velocity and group velocity 
TI media is axis-symmetrical and any plane containing the axis of symmetry is a symmetry 

plane. On considering the symmetry of the media and the polarization directions of the three body 
waves being mutually perpendicular, one of the polarization directions must be normal to the 
symmetry plane (i.e., the SH wave), while the other two are confined in the plane (i.e., the P and 
SV waves). Also, it can be seen mathematically from the Christoffel equation that the equation for 
the SH wave is decoupled from those for the P and SV waves. 

The exact expressions for the phase velocities of P and SV waves in TI media can be written 
in the form of (Tsvankin, 1996) 
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with the plus sign for the P wave, the minus sign for the SV wave, θ the phase angle, α0, β0, ε and 
δ the anisotropic parameters defined by Thomsen (1986) 
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The SH wave in TI media is decoupled from the P and SV waves and is elliptically anisotropic. 
Consequently, the pertinent expressions and physical phenomenon for the SH wave are much sim-
pler than those for the P and SV waves. The phase-velocity expression of the SH wave is given by 
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Taking derivatives of equations (1) and (8) with respect to the phase angle yields 
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The expressions for the group velocity vg and the group angle θg can be derived from the phase 
velocity by the following equations (Musgrave, 1970; Berryman, 1979; Thomsen, 1986; Fowler, 
2003; LI, 2008b) 
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Inserting equations (1) and (10) or equations (8) and (11) into the above equations produces the 
group velocity and the group angle of the P and SV waves or the SH wave. 

2 Snell’s law 
Physically, the wavefronts of the waves generated at the interface must be continuous. This 

requires that the tangential slownesses of the reflected and transmitted waves should coincide with 
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that of the incident wave, which is known as the Snell’s law (Musgrave, 1970; Auld, 1990). In 
other words, the tangential slowness 
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is an invariable for a given ray. The tangential slowness is usually called the ray parameter.  
Making use of equations (12~14), equation (15) can be rewritten in the form of (LI, 2008b) 
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Considering the symmetry of TI media, we just need to discuss the properties of equation (16) in 
the range of θ∈[0, π/2]. It can be seen from equation (16) that if dv/dθ>0, then tanΔθ>0 and con-
sequently p<sinθg/vg; if dv/dθ=0 (the phase velocity reaches its extremes in such directions), then 
θg=θ, vg=v and consequently p=sinθg/vg; if dv/dθ<0, then tanΔθ<0 and consequently p>sinθg/vg. 
Thus, only in the directions of the extreme phase velocities, the phase and group velocities coin-
cide and the ray parameter p=sinθ/v=sinθg/vg. However, such directions are rather rare in anisot-
ropic media. In most directions, the ray parameter p=sinθ/v≠sinθg/vg, since the phase and group 
velocities do not coincide. In these cases, anisotropy should be taken into consideration, or else 
considerable errors may arise. 

Substitute the expression of the phase velocity into equation (15) and after some algebra, the 
explicit expression for the phase angle in terms of the ray parameter is derived. For the P and SV 
waves, the Snell’s law can be rewritten in the form of (LI, 2007) 
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The two roots of equation (17) are given by 
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When )21/(1|| 0 εα +≤p , both θ+ and θ− are real angles, with θ+ the phase angle of the P wave 
and θ− that of the SV wave. 

For the SH wave, the Snell’s law can be rewritten as 
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3 Calculation of traveltimes in multilayered VTI media 
For a given ray parameter, the phase angle θi of the ray in the i-th layer could be calculated 

from the Snell’s law. Once θi is known, the phase velocity vi, the group velocity vgi and the group 
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angle θgi of the ray in the i-th layer can be calculated from the equations given in the section 2. 
Then, the traveltime ti and the x-offset xi by which the ray travels in the i-th layer are given by the 
following equations 
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with hi the thickness of the i-th layer. The total traveltime and x-offset of the ray are given by 
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4 Examples 
4.1 Multi-arrivals 

Due to the geometry of the model, the ray tracing for arbitrary elemental wave in horizontally 
layered VTI media is equivalent to a transmission problem. To illustrate it, the PPSSPSPP wave 
shown in Figure 1a is represented by a list of ray codes [1, 2, −2, −2, 3, −3, 2, 1], where the mag-
nitude of the number means the index of the layer and the positive and negative signs indicate the 
P wave and the SV wave, respectively. Utilizing the ray codes, the equivalent transmission model 
is constructed in Figure 1b. Also, by making use of the ray codes, the ray paths computed in the  

equivalent model can be transformed back into 
the original model. 

The geometry of the model is shown in 
Figure 1a, with the parameters given in Table 1. 
The ray paths and traveltimes calculated are 
plotted in Figure 2.  
4.2 Head waves 

The ray parameter of the head wave trav-
eling along the upper interface of the N-th 
layer is the inverse of the horizontal velocity 
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Substituting the above equation into equation 
(21) yields the phase angles of the ray in each 
layer. Once the phase angles are known, the 
group velocity and group angle of the ray in 
each layer can be calculated from equations 
(12~14). Then the results are inserted into 
equation (23) to compute the traveltime ti and 
x-offset xi.  

The total traveltime at x-offset x is given by  
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Figure 1 Original multi-layered VTI model (a) 
and the equivalent model (b) 
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Table 1 Parameters for the model shown in Figure 1a 
Layer index Thickness/m α0/m⋅s−1 β0/m⋅s−1 ε δ 

1 1 000 2 000.0 1 500.0 0.10  0.02 
2 1 500 3 000.0 2 000.0 0.06 −0.02 
3 1 500 4 000.0 2 500.0 0.08  0.06 

 

 

Figure 2 Ray paths (a) and traveltime curve (b) of multi-arrivals 

 

Figure 3 Ray paths (a) and traveltime curve (b) of head waves 

Using the model in the previous example, the ray paths and traveltime curve of the head wave 
traveling along the upper interface of the third layer are calculated and plotted in Figure 3. 
4.3 Errors of forward modeling arising from the linear approximations 

Thomsen (1986) gives the linear approximations for the phase and group velocities 
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Inserting equations (27~29) into equation (15) generates the approximate Snell’s law for the P, SV 
and SH waves given by Slawinski et al (2000), namely 
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Though the coefficients in equations (33) and (34) are simpler than those of equation (17), the two 
equations are quartic in sinθ and generally have to be solved numerically for that the explicit ex-
pressions for the roots of a quartic equation is too involved. Moreover, besides the errors caused 
by making approximation, there are no physically meaningful roots for the approximate Snell’s 
law equations in some situations. 

To illustrate the errors of forward modeling arising from the approximations, the exact 
traveltime texact and the approximate traveltime tapp of P waves reflected on the interface at 4 km 
depth are calculated and compared, using the same model and parameters as the previous exam-
ples (denoted as model 1 hereafter). The relative error of the traveltime is defined as 

%100
exact

exactapp ×
−

t
tt

 (36) 

To investigate the variation of the errors, alter the parameters of model 1 to make the strength of 
anisotropy stronger (denoted as model 2) and compare the results of model 2 with those of model 
1. The parameters of model 2 are listed in Table 2.  

Table 2 Parameters for model 2 
Layer index Thickness/m α0/m⋅s−1 β0/m⋅s−1 ε δ 

1 1 000 2 000.0 1 500.0 0.45  0.05 
2 1 500 3 000.0 2 000.0 0.20 −0.10 
3 1 500 4 000.0 2 500.0 0.50 −0.05 

 
The strength of anisotropy of model 1 is relatively weak. It can be seen that the divergence 

between the exact and approximate traveltime curves is not apparent in Figure 4a. As discussed in 
LI (2008a), for the linear approximations of the P wave, the maximum relative error of the phase 
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velocity is no more than 1% in the range of ε∈[−0.12, 0.16] and δ∈[−0.16, 0.24], while that of the 
group velocity is no more that 1% when the point of (ε, δ) locates in the quadrangle whose verti-
ces are placed at (−0.12, −0.16), (0.04, −0.16), (−0.03, 0.24) and (0.13, −0.16). For the anisotropic 
parameters of model 1, the relative errors of the linearly approximate velocities are much less than 
1%. However, as shown in Figure 4b, the relative error of the traveltime at 8 km x-offset reaches 
1%. The additional errors arise from the use of the approximate Snell’s law. It is the repeated use 
of approximations that gives rise to the accumulation of errors. 

 

Figure 4 Exact traveltime curve and approximate traveltime curve (a) and relative errors of the ap-
proximate traveltimes (b) of model 1 

The strength of anisotropy of model 2 is relatively strong. Unlike the plots in Figure 4a, the 
divergence between the exact and approximate traveltime curves in Figure 5a is rather apparent. 
As shown in Figure 5b, the relative error of the approximate traveltime at 8 km x-offset climbs to 
8%. Making inversion based on synthetic data of such low accuracy will be little convincing, or 
even lead to distorted results. Thus, when using an approximation, one should keep in mind its 
applicable range.  

 

Figure 5 Exact traveltime curve and approximate traveltime curve (a) and relative errors of the ap-
proximate traveltimes (b) of model 2 

5 Conclusions 
Using the exact expressions of the phase and group velocities and the Snell’s law, an efficient 

procedure is proposed to calculate the ray paths and traveltimes of arbitrary elemental wave in 
multi-layered VTI media. The results are consequently exact and can be used as a reference for 
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evaluating the accuracy and applicable range of various approximate formulae and methods for 
traveltime computation. 

In the section of numerical examples, the steps of implementation are illustrated by a 
multi-arrival example and a head-wave example. Firstly, convert the ray tracing for arbitrary ele-
mental wave to an equivalent transmission problem which can be treated easily with the formulae 
proposed. Then, the ray paths and traveltimes are calculated in the equivalent model. Lastly, the 
ray paths calculated in the equivalent model are transformed back into the original model. In the 
last example, two models are used for calculation and comparison, one of which is of strong ani-
sotropy and the other of which is of weak anisotropy. The traveltime curves calculated from both 
the exact expressions and Thomsen’s approximations are plotted and compared. The results show 
that the errors of forward modeling calculated from the approximations increase apparently while 
the strength of anisotropy grows. It will be little convincing or even lead to distorted conclusions if 
the study is based on synthetic records of considerable errors. Thus, one should keep in mind the 
applicable range of the approximation when using it and that the repeated use of the approxima-
tion would cause the accumulation of errors. 

It should be noted that the abnormal double-SV-wave phenomenon (Auld, 1990; LI, 2007) is 
not taken into account in this paper, for that its occurrence requires some additional rigorous con-
ditions on anisotropic parameters and geological geometry (Ohlsen and MacBeth, 1996). 
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