
Bulletin of Mathematical Biology (2022) 84:146
https://doi.org/10.1007/s11538-022-01105-4

ORIG INAL ART ICLE

Analysis of a COVID-19 Epidemic Model with Seasonality

Zhimin Li1 · Tailei Zhang2

Received: 21 July 2022 / Accepted: 2 November 2022 / Published online: 11 November 2022
© The Author(s), under exclusive licence to Society for Mathematical Biology 2022

Abstract
The statistics of COVID-19 cases exhibits seasonal fluctuations in many countries.
In this paper, we propose a COVID-19 epidemic model with seasonality and define
the basic reproduction number R0 for the disease transmission. It is proved that the
disease-free equilibrium is globally asymptotically stable when R0 < 1, while the
disease is uniformly persistent and there exists at least one positive periodic solution
when R0 > 1. Numerically, we observe that there is a globally asymptotically stable
positive periodic solution in the case of R0 > 1. Further, we conduct a case study of
the COVID-19 transmission in the USA by using statistical data.

Keywords COVID-19 · Seasonal pattern · Basic reproduction number · Effective
reproduction number · Threshold dynamics

1 Introduction

Coronavirus disease (COVID-19) is caused by infection with a newly discovered
corona virus named the severe acute respiratory syndrome coronavirus 2 (SARS-CoV-
2) virus strain. The virus is mainly transmitted by contacting saliva drops or secretions
of infected people. The reported data from the World Health Organization (WHO)
reported that the cumulative number of COVID-19 new cases by the end of June 2022
was over 547 million, including over 6.3 million deaths worldwide [15]. For control
and prevention of the spread of COVID-19,many governments have implemented very
strict epidemic prevention and control policies, such as keeping social distance, contact
tracing, travel restrictions, self-isolation, medical quarantine, and even lockdown of
living places.
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There are many mathematical models of COVID-19 with the compartmental struc-
ture describing the size of populations within different classes (see Xue et al. 2020;
Yan et al. 2020; Liu et al. 2021; Musa et al. 2022; Wang et al. 2022; Zou et al. 2022;
Zhou et al. 2022; Zhang and Li 2021; Li et al. 2021; Tang et al. 2020a, b; Yang et al.
2020; Zhang et al. 2020; Munayco et al. 2020; Liu et al. 2020; Lauer et al. 2020;
Kuniya 2020; Hu et al. 2020; Gatto et al. 2020). Xue et al. (2020) presented a data-
driven network model to capture the contact heterogeneity between individuals. They
used the Markov Chain Monte Carlo (MCMC) optimization algorithm to estimate
the values of parameters and further applied the model to analyze the transmission
potential and mitigation strategies of the COVID-19 epidemic in Wuhan, China, and
Toronto, Canada, and the Republic of Italy. In Yan et al. (2020), Yan et al. proposed
an epidemic model to show that media reports play an increasingly important role in
the COVID-19 outbreak and analyzed the impact of media reports on the epidemic in
some regions of China via statistical data. They also pointed out that media reports
may provide the public with epidemic information and effective control measures to
guide people’s behavior changes to control the spread of the epidemic.

COVID-19 has lasted for nearly three years, and the case statistics indicates sea-
sonal fluctuations in many countries. Liu et al. (2021) numerically studied the role of
seasonality in the spread of COVID-19 pandemic by using a compartmental model and
early statistical data. In this paper, we propose a time-periodic compartmental model
to study the seasonality of COVID-19 based on the disease with incubation period and
isolation policies. Since the most relevant parameter with seasonality is the transmis-
sion rate, we introduce a periodic transmission rate β(t) between a susceptible and a
symptomatic individual. We divide the infected population into symptomatic I (t) and
asymptomatic A(t). During the epidemic, the potential contact population needs to
be quarantined. Part of the quarantined population and infected population need to be
isolated, so we introduce quarantined Q(t) and isolated J (t) classes into the model.
Then, we define the basic reproduction numberR0 to analyze the global dynamics of
the model. In particular, we prove that as long as one of A(t) and I (t) is greater than
0 at some time t , the epidemic will break out, which extends the previous conclusion
that the disease will be persistent only if both are greater than 0. Numerically, we
study the COVID-19 transmission in the USA and investigate the seasonal spread of
the disease by using the statistical data from the beginning of 2020 to the end of May
2022. Moreover, we introduce the effective reproduction number Rt to illustrate the
scale of the epidemic over time via numerical simulations.

The rest of the paper is organized as follows. In Sect. 2, we present the model and
study its well-posedness. In Sect. 3, we derive the basic reproduction numberR0 and
the effective reproduction numberRt . We then establish a threshold type result on the
global dynamics in terms of R0. In Sect. 4, we conduct a case study for COVID-19
transmission in USA. A brief discussion then concludes the paper.

2 TheModel

In this section, we formulate a time-periodic COVID-19 epidemic model based on the
possible fact that there is a seasonal trend for new COVID-19 cases. In view of the
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Fig. 1 Schematic flow diagram for the COVID-19 model. The model consists of seven sub-populations:
susceptible S(t), exposed E(t), quarantined Q(t), infectious with symptoms I (t), asymptomatic infection
A(t), isolated J (t) and recovered R(t) individuals in a population of N (t) = S(t) + E(t) + Q(t) + I (t) +
A(t) + R(t) individuals

disease with incubation period and isolation policies, the total population is divided
into seven sub-classes as follows:

• Susceptible individuals S(t);
• Exposed individuals E(t) who are exposed to the virus but not diagnosed positive
for COVID-19 yet;

• Quarantined individuals Q(t) refer to the separation of COVID-19 exposed indi-
viduals from the general population before the COVID-19 positive stage, for
example, medical observation, self-quarantine, etc.;

• Infectious individuals with symptoms I (t)who are confirmed COVID-19 positive
patients and have clinical symptoms;

• Asymptomatic infection A(t) who are confirmed COVID-19 positive patients and
do not have clinical symptoms;

• Isolated individuals J (t)who are confirmed COVID-19 positive patients and have
been isolated, for example, by hospitalization, medical isolation, etc.;

• Recovered individuals R(t).

The total population size is N (t) = S(t) + E(t) + Q(t) + I (t) + A(t) + R(t). From
(Wang et al. 2022), theCOVID-19 virus is infectious in the incubation period. Based on
the above population classification, the detailed transmission diagram is given in Fig.
1, and the model parameters and their definitions are shown in Table 1. In particular,
we emphasize the relationship between compartments E(t), I (t), A(t) and Q(t), as
shown in Fig. 2.

Therefore, the transmission process of COVID-19 is described by the following
seven differential equations:
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Fig. 2 The relationship between compartments E(t), I (t), A(t) and Q(t). For compartment E(t), its pmE
will become I (t), (1− p)mE will become A(t), pmE+(1− p)mE = mE will becomeCOVID-19 positive
and confirmed, and κE will become Q(t). In particular, mE and κE may intersect (see shaded areas); that
is, some individuals in compartment Q(t) may be COVID-19 positive, and similarly, COVID-19 positive
individuals may also belong to Q(t)

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dS

dt
= � − β(t)S(σ1E + I + σ2A) − μS,

dE

dt
= β(t)S(σ1E + I + σ2A) − (μ + κ + m)E,

dI

dt
= pmE − (μ + α + θ1 + γ1)I ,

dA

dt
= (1 − p)mE − (μ + θ2 + γ2)A,

dQ

dt
= κE − (μ + θ3)Q,

dJ

dt
= θ1 I + θ2A + θ3Q − (μ + s + γ3)J ,

dR

dt
= γ1 I + γ2A + γ3 J − μR,

(1)

where all parameters are positive constant.
Here, we assume that β(t) is a continuous positive periodic function in t with

period ω for some ω > 0 (ω can usually be chosen as 365-days, 52-weeks, 12-
months according to actual scenario or case reported data structure, etc.). In fact, due
to seasonal influence, β usually takes the form of β(t) = β0(1+ b cos( 2π

ω
t + φ))(see

Zhang and Zhao 2007) to describe the transmission rate from a symptomatic patient to
a susceptible individual, where positive constants β0, b and φ represent the COVID-19
baseline transmission rate, its magnitude of forcing and the initial phase, respectively.
Such seasonal function is also adopted in Liu et al. (2021).

In view of the biological interpretations, we denote by � the set

� =
{

(S, E, I , A, Q, J , R) ∈ R
7+ : S + E + I + A + Q + J + R ≤ �

μ

}

.

By the expressions in system (2.1) and the comparison principle, it is easy to prove
the following result.
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Table 1 Descriptions of parameters in model (2.1)

Parameters Description

� Recruitment rate

μ Natural mortality rate

β(t) Basic transmission rate between a susceptible and a symptomatic individual

σ1 Modification factor of transmission rate for exposed individuals

σ2 Modification factor of transmission rate for asymptomatic individuals

m Transition rate from exposed to infectious

p Proportion of the exposed developing infected with symptoms

κ Quarantined rate for exposed individuals

α Disease-induced mortality rate for I

s Disease-induced mortality rate for J

θ1 Transition rate from symptomatic infected to isolated

θ2 Transition rate from asymptomatic infected to isolated

θ3 Transition rate from quarantined to isolated

γ1 Recovery rate of symptomatic infected individuals

γ2 Recovery rate of asymptomatic infected individuals

γ3 Recovery rate of isolated individuals

Theorem 2.1 For any t0 ∈ R and each initial value u0 = (S0, E0, I0, A0, Q0, J0, R0)

∈ �, system (2.1) admits a unique nonnegative solution

u(t,u0) = (S(t,u0), E(t,u0), I (t,u0), A(t,u0), Q(t,u0), J (t,u0), R(t,u0))

through (t0,u0) such that u(t,u0) ∈ � for all t ≥ t0. Moreover, all solutions are
ultimately bounded.

3 Threshold Dynamics

In this section, we first introduce the basic reproduction number R0 for system (2.1)
and then study the extinction and uniform persistence of the disease.

It is easy to see that system (2.1) has exactly one disease-free equilibrium M0 =
(�

μ
, 0, 0, 0, 0, 0, 0). Linearizing system (2.1) at the disease-free equilibrium M0, we

then obtain the following linear periodic subsystem for the infective classes

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

dE

dt
= β(t)

�

μ
(σ1E + I + σ2A) − (μ + κ + m)E,

dI

dt
= pmE − (μ + α + θ1 + γ1)I ,

dA

dt
= (1 − p)mE − (μ + θ2 + γ2)A.

(2)

123



146 Page 6 of 21 Z. Li, T. Zhang

We introduce

F(t) =
⎛

⎝
σ1β(t)�

μ
β(t)�

μ
σ2β(t)�

μ

0 0 0
0 0 0

⎞

⎠

and

V (t) =
⎛

⎝
μ + κ + m 0 0

−pm μ + α + θ1 + γ1 0
−(1 − p)m 0 μ + θ2 + γ2

⎞

⎠ .

Let V (t) and ρ(V (ω)) be the monodromy matrix of the linear ω-periodic system
xt = V (t)x and the spectral radius ofV (ω), respectively. Assume that Z(t, s), t ≥ s,
is a 3 × 3 matrix-valued solution of the system as follows:

∂Z(t, s)

∂t
= −V (t)Z(t, s), ∀t ≥ s, Z(s, s) = E

where E is the 3 × 3 identity matrix.
LetCω be the orderedBanach space of allω−periodic functions fromR → R

3 with
maximum norm ‖ · ‖. Let C+

ω be the positive cone {ϕ ∈ Cω : ϕ(t) ≥ 0 for all t ∈ R}.
Following (Wang and Zhao 2008), we define a linear operator L : Cω → Cω as
follows:

(Lϕ)(t) =
∫ ∞

0
Z(t, t − a)F(t − a)ϕ(t − a)da, ∀t ∈ R, ϕ ∈ Cω.

Naturally,

(Lϕ)(t) =
∫ 0

−∞
Z(t, s)F(s)ϕ(s)ds, ∀t ∈ R, ϕ ∈ Cω.

The operator L can be called the next infection operator and its spectral radius ρ(L)

can be defined as the basic reproduction number for system (2.1), that is

R0 = ρ(L).

In order to estimateR0 in the periodic case, following (Wang and Zhao 2008), we
let U (t, λ) be the monodromy matrix of the following linear ω-periodic system

dU

dt
=

[
F(t)

λ
− V (t)

]

U (t) (3)

with parameter λ ∈ (0,∞). Thus, we have the following results.

123



Analysis of a COVID-19 Epidemic Model with Seasonality Page 7 of 21 146

Lemma 3.1 (Wang and Zhao 2008, Theorem 2.1) The following statements are valid.

(1) If ρ(U (ω, λ)) = 1 has a positive root λ0, then λ0 is an eigenvalue of L, and
hence, R0 = 0.

(2) IfR0 > 0, then λ = R0 is the unique root of ρ(U (ω, λ)) = 1.
(3) R0 = 0 if and only if ρ(U (ω, λ)) < 1 for all λ > 0.

Using Lemma 3.1, we knowR0 is the unique solution of ρ(U (ω, λ)) = 1. Hence,
the basic reproduction number R0 can be estimated by the numerical solution of the
equation. On the local asymptotic stability of the disease-free periodic solution P0(t),
the following results can be deduced from Theorem 2.2 in Wang and Zhao (2008).

Lemma 3.2 The following statement are valid.

(i) R0 = 1 if and only if ρ(F−V (ω)) = 1;
(ii) R0 > 1 if and only if ρ(F−V (ω)) > 1;
(iii) R0 < 1 if and only if ρ(F−V (ω)) < 1.

Therefore, the disease-free equilibrium M0 is locally asymptotically stable when
R0 < 1 and unstable whenR0 > 1, where F−V (t) is the monodromy matrix of the
linear periodic system (3.2).

In the special case of β(t) ≡ β for ∀t ≥ 0, we obtain F(t) ≡ F . From (van
den Driessche and Watmough 2002) and (Wang and Zhao 2008, Lemma 2.2(ii)), we
can obtain the expression of the basic reproduction number [R0] for the autonomous
system of (2.1) as follows

[R0] = β
�

μ

(

σ1 + pm

μ + α + θ1 + γ1
+ (1 − p)m

μ + θ2 + γ2

)

.

Following (Wu et al. 2020), we then define the effective reproduction number of (2.1).

Definition 3.1 The effective reproduction number at time t is

Rt = β(t)
�

μ

(

σ1 + pm

μ + α + θ1 + γ1
+ (1 − p)m

μ + θ2 + γ2

)

.

Theorem 3.1 If R0 < 1, then the disease-free equilibrium M0 = (�
μ

, 0, 0, 0, 0, 0, 0)
is globally asymptotically stable

Proof It is enough to verify that M0 is globally attractive as R0 < 1. Let Bε(t) =
Fε(t) − V (t) with

Fε(t) =
⎛

⎝
σ1β(t)(�

μ
+ ε) β(t)(�

μ
+ ε) σ2β(t)(�

μ
+ ε)

0 0 0
0 0 0

⎞

⎠ .

By Lemma 3.2, whenR0 < 1, the inequality ρ(F−V (ω)) < 1 holds. We can choose
a sufficiently small ε > 0 satisfying ρ(Bε (ω)) < 1.
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Since the total population N (t) satisfies the following differential system

dN

dt
= � − μN (t) − α I (t) ≤ � − μN (t), (4)

the comparison principle implies that there exist a T1 > 0 such that N (t) ≤ �
μ

+ ε for
all t ≥ T1. Thus, when t ≥ T1, one has

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

dE

dt
≤ β(t)(

�

μ
+ ε)(σ1E + I + σ2A) − (μ + κ + m)E,

dI

dt
≤ pmE − (μ + α + θ1 + γ1)I ,

dA

dt
≤ (1 − p)mE − (μ + θ2 + γ2)A.

(5)

By (Zhang and Zhao 2007, Lemma 2.1), the system
du
dt

= Bε(t)u admits a positive

ω-periodic solution u(t) = eptv(t), where v(t) is a vector-valued ω-periodic function
and p = 1

ω
ln ρ(Bε (ω)) < 0. It is immediate that u(t) → 0 as t → ∞. According

to the standard comparison principle, we deduce that

lim
t→∞(E(t), I (t), A(t)) = (0, 0, 0).

By the theory of asymptotically periodic semi-flow (see (Zhao 2017, Theorem 3.2.1)),
it can be concluded that

lim
t→∞

(

S(t) − �

μ
, Q(t), J (t), R(t)

)

= (0, 0, 0, 0).

The proof is completed. 
�
Lemma 3.3 Let u = (ui (t,u0)) (i = 1, 2, · · · , 7) be the solution of system (2.1) with
u0 ∈ �. If there exists some t0 ≥ 0 such that ui (t0) > 0 for some i ∈ {2, 3, 4}, then
ui (t) > 0 for both i = 2, 3, 4 with t > t0.

Proof If I (t0) > 0 for some t0 ≥ 0, then I (t) satisfies

dI

dt
≥ −(μ + α + θ1 + γ1)I ,

and hence, I (t) > 0 for ∀t > t0. It then follows the expression of E in system (2.1)
and the positivity of S that E(t) > 0 for ∀t > t0. By virtue of the expression of A in
system (2.1), it is easy to see that A(t) > 0 for ∀t > t0.

If E(t0) > 0 for some t0 ≥ 0, then E(t) satisfies

dE

dt
≥ −(μ + κ + m)E,
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therefore, E(t) > 0 for ∀t > t0. It then follows the expressions of I and A in system
(2.1) that I (t) > 0 and A(t) > 0 for ∀t > t0. It remains to show that when A(t0) > 0
uses similar arguments in the first case. This proof is completed. 
�
Theorem 3.2 IfR0 > 1, then the disease is uniformly persistent, i.e., there exists a pos-
itive constant η > 0 such that any solution (S(t), E(t), I (t), A(t), Q(t), J (t), R(t))
in � of system (2.1) with E(0) > 0 or I (0) > 0 or A(0) > 0 satisfies

lim inf
t→∞ E(t) ≥ η, lim inf

t→∞ I (t) ≥ η, lim inf
t→∞ A(t) ≥ η.

Moreover, system (2.1) admits at least one positive periodic solution asR0 > 1.

Proof Define

X := �,

X0 := {(S, E, I , A, Q, J , R) ∈ X : E > 0, I > 0 and A > 0},
∂X0 := X \ X0.

Let P(t) : � → � be the solutionmap associatedwith system (2.1), and let P := P(ω)

be the Poincaré map for this system, i.e.,

P(u0) = u(ω,u0),

where u(t,u0) is the unique solution of system (2.1) through (0,u0). Next, we will
show that system (2.1) is uniformly persistent. It is clear that both X and X0 are
positively invariant. The set ∂X0 is relatively closed in X .

Write u0 = (S0, E0, I0, A0, Q0, J0, R0) ∈ X0. Let

u(t,u0) = (S(t,u0), E(t,u0), I (t,u0), A(t,u0), Q(t,u0), J (t,u0), R(t, y0))

be the solution of system (2.1) starting from (0,u0).
By the continuity of solutions with respect to initial values, we have

lim
u0→M0

‖u(t,u0) − M0‖ = 0

uniformly on [0, ω]. Here, the symbol ‖ · ‖ denotes Euclidean distance on R
7. Thus,

for any ε > 0, there exists a δ = δ(ε) > 0, only dependent on ε, such that

‖u(t,u0) − M0‖ < ε, ∀t ∈ [0, ω] (6)

whenever ‖u0 − M0‖ < δ. 
�
Claim 1. lim supn→∞ ‖Pn(u0) − M0‖ ≥ δ for each u0 ∈ X0.
If the claim is not true, then there is a ū0 ∈ X0 such that

lim sup
n→∞

‖Pn(ū0) − M0‖ < δ.
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Then, there exists a n0 ∈ N such that ‖Pn(ū0) −M0‖ < δ for all n ≥ n0. Therefore,

‖u(t, Pn(ū0)) − M0‖ < ε, ∀t ∈ [0, ω]

provided n ≥ n0. For any t ≥ n0ω, letting m = [ t
ω

]
which is the greatest integer less

than or equal to t
ω
, we have t = t̄ + mω with t̄ ∈ [0, ω) and m ≥ n0. It follows that

‖u(t, ū0) − M0‖ = ‖u(t̄, Pm(ū0)) − M0‖ < ε (7)

for all t ≥ n0ω. This implies that

|S(t, ū0) − �
μ

| < ε, 0 < E(t, ū0) < ε,

0 < I (t, ū0) < ε, 0 < A(t, ū0) < ε
(8)

for all t ≥ n0ω.
From the second, third and fourth equations of system (2.1), when t ≥ n0ω,

(E(t, ū0), I (t, ū0), A(t, ū0)) satisfies the differential inequality as follows:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

dE

dt
≥ β(t)(

�

μ
− ε)(σ1E + I + σ2A) − (μ + κ + m)E,

dI

dt
≥ pmE − (μ + α + θ1 + γ1)I ,

dA

dt
≥ (1 − p)mE − (μ + θ2 + γ2)A.

Consider the following auxiliary perturbed system

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

dÊ

dt
= β(t)(

�

μ
− ε)(σ1 Ê + Î + σ2 Â) − (μ + κ + m)Ê,

d Î

dt
= pmÊ − (μ + α + θ1 + γ1) Î ,

d Â

dt
= (1 − p)mÊ − (μ + θ2 + γ2) Â.

(9)

Let

Cε(t) =
⎛

⎝
σ1β(t)(�

μ
− ε) − (μ + κ + m) β(t)(�

μ
− ε) σ2β(t)(�

μ
− ε)

pm −(μ + α + θ1 + γ1) 0
(1 − p)m 0 −(μ + θ2 + γ2)

⎞

⎠

Since R0 > 1, one has ρ(F−V (ω)) > 1. Choose a sufficiently small
ε > 0 such that ρ(Cε (ω)) > 1. By (Zhang and Zhao 2007, Lemma 2.1), we
know that there exists a positive, ω−periodic function (E∗(t), I ∗(t), A∗(t)) such
that (Ê(t), Î (t), Â(t)) = eqt (E∗(t), I ∗(t), A∗(t)) is a solution of system (3.8)
where q = 1

ω
ln ρ(Cε (ω)) > 0. It is convenient to choose ξ > 0 satisfying
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(E(n0ω, ū0), I (n0ω, ū0), A(n0ω, ū0)) ≥ ξ ·(Ê(n0ω), Î (n0ω), Â(n0ω)). By the com-
parison principle, it follows that (E(t, ū0), I (t, ū0), A(t, ū0)) ≥ ξ(Ê(t), Î (t), Â(t))
for all t ≥ n0ω. We thus get

E(nω, ū0) → ∞, I (nω, ū0) → ∞, A(nω, ū0) → ∞

as n → ∞. This contradicts the boundedness of solutions of system (2.1). In this way,
this claim is valid.

Claim 1 implies that M0 is an isolated invariant set for Poincaré mapping P in X ,
and Ws(M0)

⋂
X0 = ∅, where Ws(M0) is the stable set of M0 for P . Define

M∂ := {u0 ∈ ∂X0 : Pn(u0) ∈ ∂X0, ∀n ∈ N},

and ω(u0) be the omega limit set of the forward orbit γ +(u0) = {Pn(u0) : ∀n ∈ N}
of (2.1). Then, we prove the following claim.

Claim 2 M0 is globally stable for P in M∂ .
Let M∂ := {u0 ∈ X : E = I = A = 0}. We first show that M∂ = M∂ . Clearly,

M∂ ⊂ M∂ . It then suffices to prove that M∂ ⊂ M∂ , that is, it suffices to prove that for
anyu0 ∈ M∂ , the solutionu(t,u0) = (S(t,u0), E(t,u0), I (t,u0), A(t,u0), Q(t,u0),
J (t,u0), R(t,u0)) through (0,u0) satisfies E(t,u0) = I (t,u0) = A(t,u0) = 0 for
each t ≥ 0. If it is not true, there exists a t∗ > 0 such that E(t∗,u0) > 0 or I (t∗,u0) >

0 or A(t∗,u0) > 0. We give the proof only for the case I (t∗,u0) > 0, the other case
can be handled in the same way. The inequality I ′(t) ≥ −(μ + α + θ1 + γ1)I (t)
implies that I (t,u0) > 0 for all t ≥ t∗.

From the first equation of system (2.1), we have

S(t) = S(0)e− ∫ t
0 b(ξ)dξ + �e− ∫ t

0 b(ξ)dξ
∫ t

0
e
∫ ξ
0 b(ρ)dρdξ

≥ �e− ∫ t
0 b(ξ)dξ

∫ t

0
e
∫ ξ
0 b(ρ)dρdξ > 0

(10)

for all t > 0, where b(t) = μ+β(t)[σ1E(t)+ I (t)+σ2A(t)]. Hence, from the second
and third equations of (2.1), we obtain

E(t,u0) ≥ E(t∗,u0)e−(μ+κ+m)t +
∫ t

t∗
σ1β(ξ)I (ξ,u0)e−(μ+κ+m)(t−ξ)dξ > 0

and

A(t,u0) ≥ A(t∗,u0)e−(μ+θ2+γ2)t +
∫ t

t∗
(1 − p)mE(ξ,u0)e−(μ+θ2+γ2)(t−ξ)dξ > 0

for all t > t∗. This gives u(t,u0) ∈ X0 for each t > t∗, contrary to u0 ∈ M∂ .
Next we prove that the omega limit set ω(u0) = M0 for any u0 ∈ M∂ . Since

M∂ = M∂ , we have E(t,u0) = I (t,u0) = A(t,u0) = 0 for all u0 ∈ M∂ and t ≥ 0.
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In view of system (2.1), it follows that S, Q, J and R satisfy the following system:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

dS

dt
= � − μS,

dQ

dt
= −(μ + θ3)Q,

dJ

dt
= θ3Q − (μ + γ3)J ,

dR

dt
= γ3 J − μR,

(11)

and hence, limt→∞
(
S(t) − �

μ
, Q(t), J (t), R(t)

)
= (0, 0, 0, 0) uniformly. There-

fore, ω(u0) = M0 for any u0 ∈ M∂ . This implies that M0 is globally attractive for P
in M∂ . Since system (3.10) is cooperative, it follows from (Zhao 2017, Lemma 2.2.1)
that M0 is locally Lyapunov stable for P in M∂ . This proves Claim 2 above.

By virtue of Claim 2, we obtain that
⋃

u0∈M∂
ω(u0) = M0 and M0 cannot form a

cycle for P in M∂ (and hence in ∂X0). Since P admits a global attractor on X due to all
solutions are ultimately bounded fromTheorem 2.1, it then follows from the acyclicity
theorem on uniform persistence for maps [see (Zhao 2017, Theorem 1.3.1 and Remark
1.3.1)] that P : X → X is uniformly persistent with respect to (X0, ∂X0). Thus, (Zhao
2017, Theorem 3.1.1) implies that the solution of (2.1) is uniformly persistent under
E(0) > 0, I (0) > 0 and A(0) > 0.

If E(0) > 0 or I (0) > 0 or A(0) > 0, it follows fromLemma 3.3 that there exists an
integer n0 ≥ 0 such that Pn0(u0) ∈ X0. Since P(t)u0 = P(t−n0ω) (Pn0(u0)) ,∀t ≥
n0ω, the uniform persistence also holds.

By (Zhao 2017, Theorem 1.3.10), the Poincaré map P has a fixed point
(S∗(0), E∗(0), I ∗(0), A∗(0), Q∗(0), J ∗(0), R∗(0)) ∈ X0. The corresponding peri-
odic solution is denoted by (S∗(t), E∗(t), I ∗(t), A∗(t), Q∗(t), J ∗(t), R∗(t)). By
E∗(0) > 0, I ∗(0) > 0 and A∗(0) > 0, it is obvious that E∗(t) > 0, I ∗(t) >

0, A∗(t) > 0 for all t ≥ 0. Furthermore, integrating the fifth equation of (2.1) yields

Q∗(t) = Q∗(0)e−(μ+θ3)t +
∫ t

0
κE∗(ξ)e−(μ+θ3)(t−ξ)dξ > 0

for all t > 0. The periodicity of Q∗(t) implies Q∗(t) > 0 for all t ≥ 0. In the same
manner, we can see that S∗(t) > 0, J ∗(t) > 0, R∗(t) > 0 for all t ≥ 0. Consequently,
(S∗(t), E∗(t), I ∗(t), A∗(t), Q∗(t), J ∗(t), R∗(t)) is a positive ω-periodic solution of
(2.1).

4 A Case Study

In this section, we first present some numerical simulations for the model and then
use the reported data to investigate the impact of seasonality on the spread of the
COVID-19 epidemic in the USA.
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Fig. 3 (color figure online) The long-term behaviors of S(t), E(t), I (t) and A(t) population when R0 =
11.4 > 1
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Fig. 4 (color figure online) The global asymptotic stability of the disease-free equilibrium M0 as R0 =
0.01725 < 1

4.1 Numerical Simulations of Dynamic Behavior

By virtue of Theorems 3.1 and 3.2, it is easy to see that R0 is a threshold parameter
to determine whether or not COVID-19 persists in the population. Let β0 = 0.01,
� = 10, μ = 0.005, σ1 = 0.1, σ2 = 0.1, m = 0.1, p = 0.1, α = 0.1, θ1 = 0.1,
θ2 = 0.1, γ1 = 0.1, γ2 = 0.1, b0 = 1 and φ = π/6, we get R0 = 11.4. The
numerical results are illustrated in Fig. 3, and these are the same as Theorem 3.2, that
is, the disease is persistent. Moreover, the numerical results also show that there exists
a unique globally attractive positive periodic solution as R0 = 11.4 > 1. Then, we
give � = 1, μ = 0.2, b0 = 0.1 and keep the values of other parameters unchanged to
get R0 = 0.01725. This shows that the disease is extinct. As described in Theorem
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Fig. 5 Reported new COVID-19
cases and their fitted curve.
From March 8th, 2020, each unit
length of time represents 4
weeks (28 days)
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3.1, there is a unique disease-free equilibrium M0 which is globally asymptotically
stable when R0 = 0.01725 < 1, (see Fig. 4).

4.2 A Case Study of the COVID-19 in the USA

Since the end of 2019 when the COVID-19 epidemic broke out, the USA has the
largest number of existing infection cases. The epidemic has lasted for nearly three
years, according to statistical data analysis, the data of new infection cases show
seasonal periodicity to some extent. To further explore the seasonality of the epidemic
transmission, we collect the data [the data come from (https://www.arcgis.com/apps/
opsdashboard/index.html)] of newCOVID-19 cases from the outbreak of the epidemic
in the USA in early 2020 to the end of May 2022, which are summarized in Table 2.

The new cases in Table 2 include symptomatic and asymptomatic infected individ-
uals. Considering system (2.1), we easily obtain that the number of new COVID-19
cases corresponds to the term pmE + (1− p)mE = mE . Since variables and param-
eters in system (2.1) are continuous function of t , we use trigonometric functions to
fit mE as a periodic function with period 365

4×7 = 13. This is because Table 2 is cumu-
lative data for each week, so in the numerical simulation, the cumulative cases of four
weeks are taken as a point; that is, 365

4×7 is a period. We use MATLAB software to fit
mE by the data in Table 2 to obtain the coefficients of trigonometric functions. The
comparison of the data with the curve of mE is shown in Fig. 5. Obviously, these two
match well, and the expression is obtained as follows:

mE = 2.40025 × 106 ×
[

1 + 0.684 cos

(
2π t

13
+ π

6

)

+ 0.241 sin

(
2π t

13
+ π

6

)

+0.122 cos

(
4π t

13
+ π

6

)

+ 0.399 sin

(
4π t

13
+ π

6

)

+0.122 cos

(
6π t

13
+ π

6

)

+ 0.403 sin

(
6π t

13
+ π

6

)

−0.228 cos

(
8π t

13
+ π

6

)

+ 0.141 sin

(
8π t

13
+ π

6

)

−0.268 cos

(
10π t

13
+ π

6

)

+ 0.0064 sin

(
10π t

13
+ π

6

)
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Table 3 The values of some model parameters and the initial values of compartment variables

Symbol Value Source

� 290664 (28 days)−1 See text

μ 1
78.6×13 (28 days)−1 See text

m 0.513 Estimated

α 0.0263 Khan et al. (2020)

γ1 0.9937 Khan et al. (2020)

γ2 0.9937 Khan et al. (2020)

σ1 0.1974 Estimated

σ2 0.6304 Estimated

k 0.9955 Estimated

p 0.6884 Estimated

θ1 0.9955 Estimated

θ2 0.9955 Estimated

S(0) 2.97 × 108 http://www.who.int/

E(0) 100 Estimated

I (0) 4 https://www.arcgis.com/apps/opsdashboard/index.html

A(0) 0 https://www.arcgis.com/apps/opsdashboard/index.html

−0.278 cos

(
12π t

13
+ π

6

)

− 0.0855 sin

(
12π t

13
+ π

6

)]

.

The average life expectancy of the American was 78.6 years in 2019 (see http://
www.who.int/). We take this number as the current average life expectancy, therefore,
the natural mortality rate μ = 1

78.6×13 (28 days)−1. Note that, the recruitment rate
is the product of the birth rate (equals to the natural death rate) and the total number
of the whole population, the total population is 2.97 × 108 from [15], and hence,
� = 2.97×108

78.6×13 = 290664 (28 days)−1. Based on the obtained values of parameters
and the initial values of compartment variables (see Table 3), applying them to model
(2.1), and fitting the summarized data in Table 2 with the least square method, we
get the fitted values of parameters with a high degree of agreement. These results are
shown in Table 3. In particular, we get the expression of β(t) as follows:

β(t) = 4.9794 × 10−8 ×
[

1 + 0.09977 cos

(
2π t

13
+ π

6

)

− 0.114 sin

(
2π t

13
+ π

6

)

−0.0671 cos

(
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+ π

6
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+ 0.0742 sin

(
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+ π
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−0.0671 cos
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+ π
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−0.2597 cos

(
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+ 0.1144 sin
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)
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Fig. 6 From the fitting of the transmission of the COVID-19 in the USA, the evolution of I (t) and A(t)
over time. From March 8th, 2020, each unit length of time represents 4 weeks (28 days)

Fig. 7 Time 0 to 31 are the
reported new COVID-19 cases
and their fitted curve. After time
31, it means that if no control is
adopted, the new COVID-19
cases will maintain such
seasonal changes. Time 0
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each unit length of time
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The basic reproduction number is an important indicator to describe the outbreak
degree of the epidemic. From the values in Table 3, we getR0 = 6.69 of the COVID-
19 in the USA by numerical calculation. It then follows from those parameter values
and β(t) that some simulations of the epidemic in the USA. We take March 8th, 2020
as the initial time of the simulation. Each unit time length represents 4 weeks. From
the fitting of the transmission for the disease in the USA, the evolution of I (t) and
A(t) over time is shown in Fig. 6. In particular, if no control strategy is adopted, the
epidemic will continue to occur seasonally, and the scale of new COVID-19 cases in
the USA is illustrated in Fig. 7.

It is worth noting that in the above numerical simulations, since the size of the initial
infected population is very small, we assume that the total population is susceptible and
consider S(0) = �

μ
, and then calculate the basic reproduction number R0. However,

with the continuous outbreak of COVID-19, the size of the susceptible population
will decrease significantly due to the increase in the number of infected people. The
value of the basic reproduction number cannot accurately describe the outbreak scale
of the epidemic. Therefore, in the early stage of the outbreak of the disease, the basic
reproduction number R0 can be used to describe the outbreak scale. If the complete
epidemic data are used to estimate other parameters to calculate the basic reproduction
number, it may not be accurate and cannot describe the risk at a certain time t . So, we
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Fig. 8 Relationship between the
effective reproduction number
Rt and the time t . Time 0
represents March 8th, 2020,
each unit length of time
represents 4 weeks (28 days)
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introduce the effective reproduction number Rt to describe the epidemic scale over
time. In virtue of the obtained values of parameters and the expression of β(t), it is
easy to see that the effective reproduction number Rt as shown in Fig. 8.

5 Discussion

The COVID-19 pandemic puts epidemic modeling at the forefront of global public
policy-making.Nevertheless, it is still very challenging tomodel and predict the spread
of COVID-19. Especially for the specific model, the parameters of the model are fitted
by using statistical data, so that the model with known parameters can be applied to
describe the actual spread of the epidemic, which can give some scientific evaluation
and prediction. In this paper, we use a time-periodic compartmental model to describe
the COVID-19 seasonal transmission rate. We find that there is a seasonal pattern of
the new COVID-19 cases, and the numbers of the peak value of new cases are from
November of the current year to February of the following year, and reach a nadir
from May to June in the USA (see Fig. 5). This seasonal pattern may be related to
new year’s day and Christmas. During the festivals, people travel and frequent social
activities, which lead to the virus’s rapid spread. Furthermore, winter and spring are
the peaks of influenza outbreaks, reducing people’s immunity, which may also be the
reason for the COVID-19 peak.

We illustrate that the basic reproduction number R0 serves as a threshold value
for the extinction and persistent of the disease. More precisely, if R0 < 1, then the
unique disease-free equilibrium is globally asymptotically stable (see Theorem3.1 and
Fig. 4); while the disease is uniformly persistent and there exists at least one positive
periodic solution ifR0 > 1 (see Theorem 3.2 and Fig. 3). Numerical simulations show
that there is only one positive periodic solution that is globally asymptotically stable
asR0 > 1 (see Fig. 3). Figure 5 indicates that the fitted curve of new COVID-19 cases
matches the statistical data very well. The expression of β(t) and other parameters are
further estimated by the least square method, andR0 = 6.69 is obtained via numerical
calculation. The numerical results illustrate that if nomeasures are taken, the epidemic
in the USA will continue to break out, as shown in Fig. 7. It is not always reasonable
to use R0 to describe the outbreak of the whole epidemic. In order to describe the
change of the epidemic situation over time, we introduce the effective reproduction
number Rt , its change with time as shown in Fig. 8.
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