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Abstract

This article studies a multi-strain epidemic model with diffusion and environmental
heterogeneity. We address the question of a control strategy for multiple strains of the
infectious disease by investigating how the local distributions of the transmission and
recovery rates affect the dynamics of the disease. Our study covers both full model
(in which case the diffusion rates for all subgroups of the population are positive) and
the ODE-PDE case (in which case we require a total lock-down of the susceptible
subgroup and allow the infected subgroups to have positive diffusion rates). In each
case, a basic reproduction number of the epidemic model is defined and it is shown
that if this reproduction number is less than one then the disease will be eradicated
in the long run. On the other hand, if the reproduction number is greater than one,
then the disease will become permanent. Moreover, we show that when the disease
is permanent, creating a common safety area against all strains and lowering the
diffusion rate of the susceptible subgroup will result in reducing the number of infected
populations. Numerical simulations are presented to support our theoretical findings.
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1 Introduction

Implementing an effective strategy to limit infection, or if possible, completely eradi-
cating an infectious disease has always been a challenging question for public health.
In some urgent situations, portions of the population are completely locked down in
order to control an outbreak as was the case during the early of Covid-19 in some coun-
tries around the world. But the safety measures of restricting population movement
often result in an increased financial burden on the society. In addition, these safety
measures substantially affect people’s daily activities and capacity for in-person social
interactions. In some cases, people might experience mental health issues and anxiety
as consequences of the imposed control strategies. Although some of the aforemen-
tioned negative impacts can be linked to the implementation of the safety measures
requiring the restriction of population movement, they are still widely used by the
government in the fight against the spreading of deadly infectious diseases. Our goal
of this paper is to use mathematical models to assess the effectiveness of the lock-down
strategies against multiple strains.

In this work, we investigate the dynamics of the multi-strain PDE-SIS epidemic
system

k . .
%S = dsAS + Y5y — SZmtAOL gy,

S+ 1
s1;
ol =diAl; — yi(x)1; +ﬂ,(x)m xeQ,t>0, (D)
ds3S =d; % =0 X €dQ, 1> 0,

N = [o[S0,x) + X5, 1:(0, x)]dx > 0

in a bounded domain  C R” with smooth boundary 32, n is a positive integer, and 7i
is the outer unit normal vector on 9$2. The PDE-SIS system (1) supposes that there are
k > 1 strains of the disease with [; (¢, x) denoting the density of the infected population
with the ith strain for eachi = 1, ..., k, and S(¢, x) is the density function of the
susceptible subgroup of the population. For eachi = 1, ..., k, B; and y; are positive
Holder continuous functions on Q and denote the transmission and recovery rates of
the ith strain of the disease, respectively. N, a given positive number, denotes the total
size of the population. The constant dg > 0 is the diffusion rate of the susceptible
group, while the positive constant d;, i = 1, ..., k, is the diffusion rate of the infected
population with the ith strain. It is assumed that there is no co-infection of the host
with two or more strains of the disease. We further impose no-flux boundary condition
on 9§2.

The PDE-SIS model (1) is a generalization of the multi-strain ODE-SIS infection
disease system studied in Bremermann and Thieme (1989). The single strain model of
(1), thatis k = 1, was first proposed by Allen et al. (2008) to study the impact of spatial
heterogeneity of the environment and movement of individuals on the persistence and
extinction of a disease. In Allen et al. (2008), the basic reproduction number R is
defined for the single strain PDE-SIS model and it is established there that besides
the disease-free equilibrium, the system has a (unique) endemic equilibrium if and
only if Ry > 1. The basic reproduction number R of the single strain model is
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independent of ds, the diffusion rate of the susceptible subgroup, and depends solely
on the diffusion rate of the infected group, the transmission and recovery rates. Allen et
al. further introduced the concept of low risk region in Allen et al. (2008), i.e., locations
where the local basic reproduction number is smaller than one. They showed that if
there is a low risk region, restricting the movement of the susceptible population could
substantially reduce the size of the infected populations. The stability of the endemic
equilibrium of the single strain model is studied in Peng and Liu (2009). We refer to
Cuietal. (2017), Cui and Lou (2016), Deng (2019), Deng and Wu (2016), Gao (2019),
Ge et al. (2015), Li et al. (2017), Li et al. (2020), Liu and Lou (2021), Peng (2009),
Peng and Yi (2013), Peng and Zhao (2012), Song et al. (2018), Wu and Zou (2016)
and references therein for more recent progress.

The papers Tuncer and Martcheva (2012), Wu et al. (2017) considered the two-
strain model, that is k = 2. In Tuncer and Martcheva (2012), the authors introduced
the invasion numbers of the two-strain PDE-SIS model (1) and showed analytically
and numerically that if both invasion numbers are larger than one, then there is a coex-
istence equilibrium. The authors of Wu et al. (2017) also studied the two-strain system
and investigated analytically under what conditions the model leads to competitive
exclusion, and what characteristics of the model imply coexistence. In particular, it is
shown in Wu et al. (2017) that if the transmission and recovery rates are constants,
the two-strain PDE-SIS model (1) does not have a coexistence endemic equilibrium.
It is also shown in Wu et al. (2017) that if all the diffusion rates are equal and suffi-
ciently small, then both strains of the disease may coexist provided that each strain
has a nonempty region in which its local reproduction number is the largest and it
is also greater than one. We refer the interested reader to Ackleh and Allen (2003),
Ackleh and Allen (2005), Ackleh et al. (2016), Levin and Pimentel (1981), Mena-
Lorca and Velasco-Hernandez (1995) and the references therein for some studies of
the multi-strain ODE infectious disease models.

The main aim of this paper is to study how to implement control strategies when
there are multiple strains. For a single strain, the earlier works of Allen et al. (2008)
suggested that decreasing the diffusion rate of the susceptible population could be an
effective control strategy, provided that there is a low risk region. A natural question
is whether such control strategy remains effective for multiple strains. Our findings
suggest that the existence of a common low risk region for all strains is critical. More
specifically,

1. Even if the infectious disease becomes endemic, as long as there is a common
low risk area for all its strains, the total size of the infected individuals can be
significantly reduced by restricting the movement of the susceptible subgroup of
the population (see Theorem 2.3).

2. In the absence of a common low risk area for all strains of the disease, it is possible
that each strain persists no matter how the movement of the susceptible subgroup
is being restricted (see Theorem 2.4).

As noted above, these results suggest that creating a common low-risk region and
restricting the movement of the susceptible subgroup can be effective strategies for
the control of multi-strain infectious diseases. Furthermore, our result (Theorem 2.5)
indicates that a complete lock-down of the susceptible hosts only, that is ds = 0
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and d; > O foreachi = 1, ..., k, will substantially weaken the capability of the
disease to spread if there is a common low risk region. We hope that these studies can
provide some insight into the impacts of movement of populations and environmental
heterogeneity upon the spatial spread of multi-strain infectious diseases.

The rest of the paper is organized as follows. Section 2 is devoted to the statement of
the main theoretical results. Section 3 provides biological interpretations and numerical
simulations of our theoretical results. The proofs of the main results are presented in
Appendices A, B and C.

2 Main Results

In this section, we state our results. We first introduce some notations and definitions.
Next, we state our results when dg > 0 and then discuss the results for the case ds = 0.

2.1 Notations and Definitions

In the current subsection, we introduce some notations and definitions. Let C(R)
denote the Banach space of uniformly continuous functions on 2 endowed with
the sup-norm. We denote by C +(Q) the closed subset of C(S2) consisting of non-
negative functions. Given (S(0, -), I;(0, ), ..., I(0,-)) € [CT(Q2)]FT!, we denote
by (S(t,-), I1(t,-), ..., Ix(¢,-)) the unique classical solution of (1) with initial
condition (S(0, -), I;(0, ), ..., Ix(0, -)) and defined on its maximal interval of exis-
tence [0, Trnax), Where Tmax € (0, 00]. It follows from the maximum principle
that (S(¢,-), I1(t,-), ..., It (t,")) € [CT ()T for every t € (0, Tnax) and that
Tmax = 00. Throughout this work, we are only interested in non-negative solutions of
(1). For convenience, we introduce the hypothesis

(A) (S0, ), 11(0, ), ..., (0, ) € [ @]

k
and N=/ 50,5+ Y 1;0.0]ax.
«@ i=I

It is important to note that hypothesis (A) is invariant for solutions of (1). Throughout
this work, we shall always suppose that hypothesis (A) holds. We say that a classi-

cal solution (S(z, x), I1 (¢, x), ..., Ix(z,x)) of (1) has a positive initial condition if
1;(0,-) >,#0foreachi = 1,...,kand S(0,-) >, #0.
A function (S(x), I1(x), ..., Ix(x)) is said to be an equilibrium solution of (1) if it

is a time-independent solution of (1), that is, it solves the system

k .
0=dsAS + Zle yil; — S i1 Bili xeqQ,

YA
— . o SL | —
O_d,éll+ﬂl‘s+z,;=]1.j vil; xeQ i=1,...k @
0=dsS =q; 3k x€edQ, i=1...k

N = [o[S+ X5, L.
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A solution of system (2) of the form (S, 0, ..., 0) is called a disease-free equilibrium
(DFE). It is easy to see that the only DFE of (1) is (INVI’ 0,...,0) whends > 0. An
equilibrium solution for which at least one of its /; component being positive is called
an endemic equilibrium (EE). A coexistence EE is an EE for which /; > 0 for every
i=1,...,k.

Foreachi =1, ..., k, set

fQ ,31'(!’2

. 1
Taldver gt ¢ <" @\ {0} ¢ .

Ro,i :=sup

Thanks to the work of Allen et al. (2008) on the single-strain PDE-SIS model (1)
with ds > 0, Ro,; is the basic reproduction number of the ith strain when considered
as the only strain of the disease. It is shown in Allen et al. (2008) that for every i =
1,..., k, asingle-strain EE, (§*,0,...,1*,0,...,0), exists if and only if Ro; > 1.
For convenience, set

Ro:=max{Ro; : i =1,...,k}.

As we shall see later, R is the basic reproduction number of the multi-strain PDE-SIS
model (1) when dg > 0.

Next, foreachi = 1, ..., k, consider the “local basic reproduction number” func-
tion for the ith strain

Ri(x) := M VxeQ
Yi(x)
and define the sets
H ={xe QM) <1} and Hi+ ={xeQ : Rk > 1}
For ith strain, we refer H;  as the low-risk area and Hi+ as its high-risk area, respec-

tively.
As in the above, we also introduce the function

R(x) :=max{R;x) : i=1,...,k} xeQ,
the set
H ={xeQ: Rx) <1} = ﬂleHl._,
and the quantity

Ro := min R(x).

xeQ

The function $R(x) can be understood as the local reproduction number of the disease
while the set H™ is the common safety area for all strains. This set turns out to be of
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particular importance when we study the multi-strain model (1) with ds = 0. Observe
that H~ is nonempty if and only if Rgp < 1. In studying the PDE-SIS model with
ds = 0, the number R will be of interest.

Finally, to capture the region of the dominance of ith strain, we introduce the sets

Ti={xeQ: K@) >max{R;jx) : j#i, j=1...kl},i=1... k

Clearly, for each i = 1, ..., k, the ith strain has the highest local basic reproduction
number on the set ;. Whence X; will be referred to as the dominant area for ith
strain.

2.1.1 Main Results When ds > 0

All the results stated in the current subsection are for the case ds > 0 and d; > 0 for
eachi = 1, ..., k. Our first result is on the stability of the DFE, which depends on
the basic reproduction number Ryg.

Theorem 2.1 Let k > 2 and (S(¢t,-), I, (¢, ), ..., Ix(t, ) be a classical solution of
(1) with a positive initial data satisfying hypothesis (A). The following conclusions
hold:

(1) IfRo; < 1forsomei e {1,...,k}, then||Ii(t, )]|coc = Oast — oo.
(i)) IfRo < 1, then [|S(t. ) — Nolloo + 5y 171, Yoo — 0 as 1 — oo,
(iii) If Ro > 1, then there is some constant m, > 0, independent of initial data, such
that

k

lim inf min » " I; (1, x) > m,. 3)
11— 00 xeQ ol

It follows from Theorem 2.1-(iii) that the disease persists when Ry > 1 in the
sense of (3). The next result provides sufficient conditions for the extinction of some
strains of the disease even if their reproduction numbers are greater than one.

Theorem 2.2 Letk > 2,d| = -+ = dy = d and suppose that Ry > 1, so that the
disease persists. Let (S(t, -), I1(t, ), ..., Ix(t, -)) be a classical solution of (1) with a
positive initial data satisfying hypothesis (A). The following conclusions hold:
@) If p1 =+ = Brand y1 < miny<j<k yi, then ||(I2(t, ), ..., Ik (t, -)|loc — Oas
t — oQ.

() If y1 = -+ =y and 1 > maxo<i<k Bi, then ||(I2(2, ), ..., I(t, ) llooc — O
ast — 0o,

Gii) If B; = Big, vi = 7Vih, where B; and y; are positive constants for each
i = 1,...,k and g, h are positive Holder continuous functions, B >
max{f; : j = 2,....k} and B > max{% . j o= 2,...,k), then

7
||(12(f, ')7 L) Ik(t’ ))”OO — 0ast — oo,
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(iv) If ds = d, *R; is constant for all i = , k, with Ry > ax{% o j =
.,k},rhen(S(r,»,h(r,.),...,lk(r,-))»<|Q| (1= 55):0,...,0)

ast — oo, uniformly in x € Q.

We point out that if ds = d, in addition to the hypotheses of Theorem 2.2 (i), (ii),
and (ii7), it can be shown that solutions will converge to the first single-strain EE as
t — oo. It would be interesting to know whether the results of Theorem 2.2 hold for
strains with different diffusion rates. In this direction, we would like to point out that
in (Tuncer and Martcheva 2012, Theorem 3.2), it is established that the two-strain
PDE-SIS model has no coexistence EE for any choice of diffusion rates dy, d» and
ds when the infection and recovery rates are all positive constant numbers. Also, it
can be shown (see Bremermann and Thieme 1989) that if (S(¢), I1(2), ..., Ix(t)) is
a positive solution of the ODE-system of (1), that is no diffusion, the population is
uniformly distributed over its habitat and the infection and recovery rates are positive
constant numbers, then

. ﬁ 1 _ 1 )g
Ii(z)=1i(0)[§{(((’)))r’ G VR S )
J

It follows from Eq. (4) that if R; > R, then [;(r) — 0 ast — oo. This shows

that for the multi-strain ODE-SIS model, the strain with the largest reproduction num-
ber outcompetes the other strains and drive them to extinction. This is known as the
competition exclusion principle. Hence, Theorem 2.2 confirms the competition exclu-
sion principle when the local basic reproduction functions R; are constant positive
numbers and the susceptible host and the infected population all have equal diffusion
rates. It is worth mentioning that Wu et al. (2017) also shows the competition exclusion
principle for the two-strain PDE-SIS model (1) when both the recovery and infection
rates are positive constant numbers, the diffusion rates are equal, SR} > P> > 1 and
1+ 9%1 < 9%2

It is important to note that R is independent of the susceptible host diffusion
rate ds, which implies that the persistence of the disease and hence the existence of
single strain EE is not affected by the susceptible host movement. So, it becomes
interesting to know whether a total lock-down of the susceptible host or a limitation
of its diffusion rate are good control strategies for reducing the impact of the disease
within the population. To this end, we study the asymptotic limit of EE when ds tends
to 0. The case of ds = 0 will be discussed in the next subsection when we present
our results for that case. An interesting result by Allen et al. (2008), Cui et al. (2017)
for the single-strain model states that in environment with nonempty low-risk area,
the size of infected population at equilibrium is proportional to the susceptible host
movement rate ds as ds tends to zero. Our next result shows that a similar result holds
for the multi-strain model (1).

Theorem 2.3 Assume that H~ # (. Then there exists a positive constant M, inde-
pendent of ds, such that if (S(x), I1(x), ..., Ix(x)) is a coexistence EE of (1), it holds
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that

k
i§M§M VO<ds <1, x e Q. 5)
M ds

Theorem 2.3 shows that in an environment with a nonempty common safety area
for all the strains of the disease, restricting the susceptible group movement helps to
reduce the impact of the disease on the population, at least at the steady-state level. It
turns out that when H~ = {J, the assertion of Theorem 2.3 does not hold in general.
In this direction, we have the following result:

Theorem 2.4 Let k = 2 and suppose that & > 1 on Q, M — Ry changes sign
on <2, % is constant, and Bi,y; € Cc3(Q) fori = 1,2. Let Dy and D, be two
given positive numbers and set d; = ¢D;, i = 1,2. There is €* > 0, such that for
every 0 < & < &% there is d;‘ > 0 such that (1) has a coexistence EE, denoted as
(S*(-.ds, &), I (-, ds, ), I (-, ds, €)), for every 0 < ds < dj. Furthermore, for every
0<e <&, (8%, ds,e), I (-, ds, &), I5(-, ds, &)) — (8*(-,e), I (-, &), I (-, &)) as
ds — O uniformly in Q, where (S*(-,e), I{(-, &), I; (-, €)) is the unique positive
solution of

YR L o) YR 1)

* . —
576, 8) S G en T €S
2 oyl .
OzdiAIi*‘f‘(,Bi%—yi) I¥ xeQ,i=12, (6)

0=20;F xe€dQ, i=12,
0 < min{S*(x, &), I{(x, &), IF (x,e)} x € Q.

For k = 2, R] — MR, changes sign if and only if both ¥; and ¥, are nonempty.
Recall that ¥; is the dominant area of the ith strain. Hence, Theorem 2.4 illustrates
that if each strain has a nonempty dominant area but there is no common safety zone
for both strains, it is possible for two strains to be permanent even if the diffusion
rate of the susceptible host is significantly small. In fact, the assertion of Theorem 2.4
follows from Theorem 4.5 (see Sect. 4.2) which provides sufficient hypotheses for the
existence of coexistence EE when the rate of movement for the susceptible population
is small.

2.1.2 Main Results When ds = 0

All the results stated in the current subsection are for the case ds = 0 and d; > O for
eachi =1, ..., k. Our first result is on the extinction of the disease when R < 1.

Theorem 2.5 Suppose that Ry < 1. Let (S(¢t, x), I1(t, x), ..., Ix(t, x))_be a positive
classical solution of (1). Then there is a non-negative function S* € C () such that

k
Jim [uS(r, 9= S* Olloe + Y I, ~)||oo} =0. ™

i=1
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Moreover, by introducing the set J* := {x € Q : S*(x) = 0}, the followings hold:

() IfRo > 1, then the set J T is nonempty and contained in Ule «nN Hi+)' Further-
more, both sets J* and U;‘Zl «@n Hi+) \ J T have positive measures.

(1) If Ro < 1, then || Zle 1(t, )|lco decays exponentially as t — oo and there is
mo > 0 such that the set J* is empty whenever || Zle I; (0, )loo < mpS(0, ).

Assume that R;(x) = R(x) is independent of i and that ds = 0. By Theo-
rem 2.5, if g < 1, that is H~ is not empty, then (7) holds for every solution
(S(t,x), I (t, x), ..., Ix(t, x)) of (1). However, if Ry > 1, thatis @ = H;", system
(1) has a continuum of coexistence endemic equilibria (S, (x), I, 1, ..., I. k) given
by

N

= and
R@) = D[ fo s27dy]

Se(x)

k
Li(x)=c¢; >0 with » ¢;=—p—.
i—1 Jo mordy

Recall that the set H™ is the common safety region for all the strains of the disease
and that 93¢ < 1 if and only if H~ is nonempty. Hence, Theorem 2.5 shows that if
ds = 0 and there is a nonempty common safety region for all the strains of the disease,
then all the strains of the disease will be eradicated in the long run. This result seems
to be new even for the case k = 1. Our results below will show that the statement
of Theorem 2.5 might not hold if H~ = . The next two results are concerned with
the single-strain model. The first result is on the existence of steady states for single
strain, while the second result complements Theorem 2.5 and establishes the stability
of the EE.

Theorem 2.6 Suppose that k = 1.

() If Ro < 1, then (1) has only disease-free equilibrium solutions which are of the
form (§*(x), 0) where S* € C(2) and satisfies

N :/ S*dx and S*(x) >0Vx e Q. ®)
Q

(i) If Ro > 1, then in addition to the disease-free equilibria listed in (i), (1) has a
unique endemic equilibrium (Se(x), I,(x)) given by

Se(x) = and I, = ———. )

R
Ja Wildx

Remark 2.7 Suppose that k = 1. We make the following comments about Theorem
2.6.

(1) IfRo = 1and B1/(B1 —y1) ¢ L' (), then (1) has only disease-free equilibrium
solutions which are of the form (S*(-), 0) with S* satisfying (8).
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(i) IfRo = 1 and B1/(B1 — y1) € L' (), then (1) has measurable and unbounded
EE

Ny, (x) N
(SC0), 1(x)) = 1 : €8
o ((%(x)— D Jo 2y’ fq g?ildy> )

where x,_ denotes the indicator function of the set /™. It is important to note
that, when SRy < 1, continuous disease-free equilibrium are the only continuous
equilibrium solutions of (1).

We complete the list of results on the single strain model with a result on the
stability of endemic equilibrium when the whole habitat consists of only high-risk
environment.

Theorem 2.8 Suppose that k = 1 and Ry > 1. Let (S.(x), I.(x)) be the unique
endemic equilibrium given by Theorem 2.6 (ii). Then given any positive initial data
(S0, x), 1(0, x)), its corresponding unique classical solution (S(t, x), I (¢, x)) of (1)
satisfies

Am (1S, ) = SeOlloo + 11, ) = Le(lloc) = O. (10)

Thanks to Theorems 2.5, 2.6 & 2.8, if Rgp < 1 and ds = 0, then the single-
strain disease will be eradicated and there is no endemic equilibrium. However, if
PRo > 1, then the single-strain disease will become permanent and every solution
will converge to the unique endemic equilibrium. Hence, the quantity Rg, which is
independent of the diffusion rate d; of the infected subgroup, plays the role of the basic
reproduction number of (1) when dg = 0. For each i = 1, ..., k, it is well known

that Ro,; > ?Q L for every d; > 0, and equality holds if and only if 2R; is constant.

Hence, for example when k = 1, it holds that R < infy, - Ro,1, and equality holds
if and only if R, is constant. This shows that when the local reproduction rates are
space homogeneous then a total lock-down of the susceptible host helps in lowering
the disease’ reproduction number.

We complete the list of our results with a result on the existence of coexistence EE
when H™ is empty, ds = 0 and k = 2.

Theorem 2.9 Suppose that k = 2, Ro > 1 and both X and X, are nonempty.
Let D1 and Dy be two positive real numbers and set di = ¢D; for each i = 1, 2.
Then there is €* > 0 such that for every 0 < & < &% (1) has a coexis-
tence EE, denoted by (S*(-, ¢), I (-, &), IJ (-, £)). Moreover, if % is constant, then
(S*(-,e), I{ (-, e), I; (-, €)) is the only coexistence EE solution of (1) for every
0<e<eg™

We note from Theorem 2.9 that in the event of a complete lock-down of the suscep-
tible hosts and absence of a common safety zone, the multi-strain disease may persist
even if each of its strains has a nonempty low risk area.
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3 Discussion

In the current work, we study a system of nonlinear partial differential equations
modeling the dynamics of a multi-strain infectious epidemic disease. We consider a
finite number of strains (k > 2) of the infectious disease and allow the recovery and
infection rates for each strain to be spatially heterogeneous. Our multi-strain PDE-SIS
epidemic model is a generalization of the single-strain PDE-SIS model introduced in
Allen et al. (2008). We study the disease dynamics in both full model (by allowing all
the diffusion rates to be positive) and the degenerate ODE-PDE model (by limiting
the diffusion rate dg of the susceptible subgroup S to zero). Our epidemic model with
ds = 0 models the situation of a total lock-down of the susceptible host. We allow
the diffusion rate of each infected subgroup to be positive. One reason for such choice
of the diffusion rates is to permit the infected members of the population to seek for
medical treatment by allowing them some degree of freedom in their movement, while
ordering a total stay at home of the non-infected population.

Whends > 0, we define the basic reproduction number R of the multi-strain PDE—
SIS model to be the maximum of the basic reproduction numbers Ro;,i =1, ..., k,
of the single-strain PDE-SIS epidemic models. Since each of the single-strain basic
reproduction number is independent of the susceptible host diffusion rate ds, then R
is independent of ds as well. We then show in Theorem 2.1 that all the strains of the
infectious disease will be controlled and be eradicated in the long run if the basic
reproduction number Ry is less or equal to one. However, if the reproduction number
Ry is larger than one, then the disease will become permanent in the population.
Then we seek to understand which of the strains of the disease will persist if Ry is
bigger than one. In Theorem 2.2, we show that when the whole population has equal
diffusion rate and the disease’ local basic reproduction functions are positive constant
numbers, then only the strain with the largest reproduction number can persist while
all the remaining strains will go extinct in the long run. This phenomenon is known
as the competition exclusion principle for different pathogens of the same disease as
mentioned before. Figure 1 shows simulations of this competition exclusion principle
for two- and three-strain models.

As the diffusion rate ds > 0 of the susceptible host does not affect the permanence
of the infectious disease, it is natural to ask whether reducing the size of ds would
lower the impact of the disease on the population once it is permanent. To this end,
we study the asymptotic limit of endemic equilibrium solutions of the fully parabolic
multi-strain PDE-SIS model as dg tends to zero. Our result (Theorem 2.3) shows that if
there is a common safety region against all the strains of the disease, then the total size
of the infected subgroup of the population at endemic equilibrium is proportional to the
susceptible host diffusion rate ds as ds tends to zero. On the other hand, Theorem 2.4
shows that the later result is false when there is no common safety region against all
the strains. These results suggest that reducing the susceptible host movement is an
effective control strategy to lower the impact of a disease on a population when there
is a common safety area against all the strains. Figure 2 shows simulations illustrating
the permanence of more than one strain of the disease when there is no common safety
region against all the strains even though each strain has a nonempty safety area.
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Two strains ODE simulation with R1=3/2 and R2=4/3 Simulations for three strains ODE-system

— g
12(t)

13(t)
S(t)

15 \

1N
05

\\
e
0 R
0 5 10 15 20 25 30 0 5 10 15 20 25 30
t-axis t-axis
(a) Simulation for two-strain ODE model. (b) Simulations for three-strain ODE model.

Fig. 1 a Simulations of solutions for two-strain ODE system with (81, 1) = (3,2) and (B2, 2) =
(4,3) and initial ($(0), 11(0), [2(0)) = (3,1,2). Hence, N = 6 and (ST, 1*1, 5‘1) = (4,2,0) and

(S%< s 1 2 2) = (2, X 2) are the two single-strain EE solutions. The simulation shows that strain one
outcompetes strain two and drives it to extinction. b Simulations of solutions for three-strain ODE system

with (81, y1) = (3,2), (B2, ¥2) = (4,3), and (ﬁ% ¥3) = (5, 4) and initial (S(0), 11 (), 12(0) 1;30) =
(3.1,2.3). Hence, N = 9 and (S}, 11,121, S = (6.3,0,0), (5. If 5. I3 5. 13 ) = (3.0, 5, 0),

and (S3, 2 3 3) = (36 0,0, S) are the three single-strain EE solutions. The simulation shows
that strain one dnves stralns two and three to extinction

To better understand how the movement of the susceptible host impacts the spread
of the disease, we also study the dynamics of the multi-strain PDE-SIS model with
ds = 0, i.e., there is a total lock-down of the susceptible host. In the case of the
single-strain model, our results in Theorems 2.5 and 2.8 provide a fairly complete
picture of the dynamics. These results show that the outcome of the disease depends
delicately on the local basic reproduction number ‘R for the single-strain model. In
particular, it follows from Theorems 2.5 and 2.8 that for the single-strain model and
a total lock-down of the susceptible host, the existence of a low risk area for all the
strains of the disease is enough to eradicate the disease in the long run. However if
the whole habitat consists of only high-risk area to the disease, then the disease will
persist and the population will stabilize at the unique endemic equilibrium. In view
of these results, we may conclude that a total lock-down of the susceptible host is a
good control strategy leading to the eradication of the disease only if some additional
safety measures are implemented to create a safety area for the disease. Simulations
in Figs. 3 and 4 confirm these theoretical results. An interpretation of these results is
that even in the event of a total lock-down of the susceptible host during the outbreak
of a multi-strain infectious disease, it is indispensable to create a common safety area
for all the strains if one wishes to eradicate the disease.
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NSF grant DMS-1853561.
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of soluti for two strains-PDE at t=100 on [0,1] i ion of soluti for two strains-PDE at t=100 on [0,1]
8

0 0.2 0.4 0.6 0.8 1
X axis X axis

(a) Simulation of solutions with H= # 0. (b) Simulations of solutions with H= = §.

Fig. 2 a Simulations of solutions at time r = 100 for two-strain PDE-SIS system with y| = y» = 1,
B1(x) = 1.25 — 12x and Br(x) = 0.4 4+ x on Q2 = [0, 1]. The initial data are S(0, x) = 2 + cos(wx),
11 (0, x) = 3+ cos(wx), and I(0, x) =4 — cos(rrx). Hence, R1 := R| = By and R2 := Ry = . The
diffusion rates are dg = 10~ and dy =dy = 10, The graphs of R1 and R2 show that the common
safety area, H~ = (0.02, 0.6), against two strains is nonempty. The simulations 7/1(x) := 17 (100, x) and
12(x) := I5(100, x) are for steady states of Theorem 2.3. b Simulations of solutions at time r = 100 for
two-strain PDE-SIS system with 81(x) =2 4+ 4x, y1(x) =25+ x, fo(x) =5 —4xand yp(x) =3 — x
with initial data (0, x) = 2+cos(rx), 11 (0, x) = 34cos(wx),and I (0, x) = 4—cos(wx). The diffusion
rates are all equal, dg = d; = dp = 0.0001. The graphs of R1 = R3] and R2 = R are also given. The
simulations show that both strains persist and that each strain drives the other to extinction on the set where
its local basic reproduction function is the largest. Both H,™ and H, are non-empty sets and that H~ = §.
The simulations 71(x) = 17 (100, x) and 72(x) = I>(100, x) are for steady states of Theorem 2.4

Graph of R[beta1,gamma1] Simulation fo Single strain with dS=0 and R0<1

S(xt1)
S(xt2)
S(xt3)
S(x.th
1(x.tf)

R[beata1,gamma1](x)

0.9

0.8

0.7

0.6
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

(a) Graph of %1 (b) Simulation of solutions.

Fig. 3 Illustration of Theorem 2.5. Simulations of solutions of (1) on 2 = (0, 1) with the choice of
parameters: ds = 0, dy = 1, B1(x) = 2 + 4x, y1 = 3 + x. We take the initial data (S(0, x), 1(0, x)) =
(3 + cos(mx),2 + cos(rx)), hence N = 5. The graph in (a) is the graph of 9R1. The graphs in (b) are
simulations of the solutions at different times

Appendix A: Proofs of Theorems 2.1, 2.2 and 2.3

This section is devoted to the proofs of Theorems 2.1, 2.2 and 2.3. First, we derive
some estimates on solutions. Let us denote by {¢’® }1>0 the heat-semigroup on L? (£2),
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Graph of R[beta1,gamma1] Simulation of solutions at times t1, t2, t3 and tf
22 8

2.1

R[beta1,gamma1](x)

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
x-axis x-axis

(a) Graph of %R (z) (b) Simulation of solutions.

Fig. 4 Illustration of Theorem 2.9. Simulations of solutions of (1) on £ = (0, 1) with the choice of
parameters: dg = 0,d; = 1, B1(x) = 2.5+4x,y1 = 2+x.(5(0, x), 1(0, x)) = (3+cos(x), 2+cos(7wx)),
hence N = 5. The graph in (a) is the graph of $R;. The graphs in (b) are simulations of the solutions at
different times. We see from Fig. (b) that the graphs of the simulations S(z, -) converge to the graph of
Se(x) uniformly inx € [0, 1]

p > n subject to no-flux condition on 9 €2. It follows from (Quittner and Souplet 2007,
Proposition 48.4*-(f)) that there is a positive constant C, depending on €2 and the
space dimension n such that

lle"lloo < [Cmin{r, 172 1§llp1y V¢ € LN(RQ). (11)
For convenience, for f = B or f = y, we let
f=min{fi(x) : x€Q, i=1,....k} and f=max{|fillo : i=1,... .k}

Let k > 1 be fixed and (S(¢, x), I, (z, x), ..., I;(t, x)) be a classical solution of (1).
Observe that foreachi =1, ..., k, I;(t, x) satisfies

oli =diAl; + Fi(t,x)l; xe€Q, t>0,

(12)
0=0;1;, x €9, t>0,
with F; = fi —5—— — y; satisfying || Fillos < I8 + villoo < B+ 7 < o0. Note
S+ 511
also that
k
N = / (St x)+ Y Li(t,.x)dx ¥1>0 (13)
Q

i=1

@ Springer



Control Strategies for a Multi-strain Epidemic Model Page 150f47 10

since assumption (A) holds and that
d k k
E/ [S(t, SEDIN AR -)} =/ [dsAS—i-Zd,-AIZ} =0 Vi>0.
Q i=1 Q@ i=1

Hence, by (11), (12), (13) and the comparison principle for parabolic equations, we
have

1t + 0, Yoo < " PTPY! A L1y, Yoo < & PHP[C, min{td;, 1)]7 5N

foreveryt > 0,#) > Oand i = 1, ..., k. Therefore, letting ¢;, = Zle Cro,i Where
Croi = e%(m‘?)[c* min{d’%, 1}]_% forevery tp > Oandi =1, ..., k, we conclude
that
k
D it Yoo S coN V=10, ds = 0. (14)

i=1
Moreover, the regularity theory for parabolic equations (Henry (1981)) yields that the

map

[1,00) 2t [i(t,-) € CHH(Q) is continuous (for everyds > 0), i =1, ..., k,
(15)

for 0 < 6 « 1. Note also that since [; satisfies (12) for each i, by the Harnack
inequality for linear parabolic equations (Huska 2006, Theorem 2.1), for every #y > 0
there is ¢;, independent of ds such that

Li(t,x) <G li(t,y) Yi>19,x,y€Q,Vds>0,i=1,... k. (16)

Now suppose that ds > 0 and observe from (14) and the equation satisfied by S(¢, x)
that

;S <dsAS+ciNy t>1,x € Q.

Thus, by the comparison principle for parabolic equations and recalling inequality

an,

1
S +1) <e®28(1) +/ 17948 (0 Ny ds < eB2S(1) + o | Ny
0

ISl

<L Y eINT Yi>0.
[Cs min{ds. 1)1? y

Ny s ———7
[Cy min{ds, 1}]2
a7

The following result shows that the susceptible host S(z, x) persists uniformly in
x € Q.
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Lemma 3.1 There is a positive constant C*, depending only on Q, such that

C* _IE N _ 24/ 1
St+1.x) > |:2| [/ S(O,x)—|—ZTB(1—e (ﬁﬂ)’)], (=012 xeq
Q Y S

Hence,

B

yNC*e
lim inf min S(1, x) > M* = = —
1700 xeQ 1QI(y +8)

Proof First, observe from (13) that

d a Z]'(lﬁ'l‘ :
- SZ/ vili — 5127”2]// [7EfS=N]/7(}/+E)/S
dt_/g Q;ll o S+Yh L 752;1 Q - &

Hence, by the comparison principle for ODE,

N _
/ S(t, x)dx zf S(0, x)dx + Z—_(l —e” WPy vy > 0. (18)
Q Q y+8
Next, since
k
< BT _
39,5(t) > dsAS — Hz—ékﬁu S>dsAS—BS, Vi>0,
+ Zj:l Ij oo
then
S(t+10) > e Pe!®DS(19) Y10, 10> 0, (19)

by the comparison principle for parabolic equations. Recalling the Harnack inequality
(Hiska 2006, Theorem 2.5) , we know that there is a positive constant C* depending
on €2 such that

(%) ) = CX(®p)(y) Vi=1, y,xeQ, ¢ € CT(Q),

which together with (19) yield that

c* 2 1
S@+10,%) = —e PSW)ll @y 0>01>—, xeQ.
I b ds
Whence, in view of (18), we deduce the assertion of the lemma. ]
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Next, foreachi = 1, ..., k, let A*(d;, B; — yi) denote the principal eigenvalue of
the linear elliptic eigenvalue problem

0=diAY + Bi — vV + 2 x €, (20)
%z x € 0L2.

It is well known that 1 — Rg; and A*(d;, B; — ;) have the same sign (see Allen et al.
2008). Thanks to (16) and Lemma 3.1, we can present a proof of Theorem 2.1.

Proof of Theorem 2.1 (i) Leti € {1, ..., k} such that Ro; < 1 and A} := 1*(d;, Bi —

¥i) be the eigenvalue of (20). Let ¥* be the corresponding elgenfunctlon satisfying
fQ Y = 1. Multiplying the equation satisfied by /; (¢, x) by ¥ and integrate it by
parts on €2, we get

d

k
I
@ Jo Ly *d/V'# Vi; +/ B —v) ¥i'l; /5117”%*11'- (2D

S+ZJ I

Multiplying the equation of (A7, ¥*) by I; and integrate it by parts on 2 yield

a2 / Ly = —d; / VoV + / B — ) Ui
Q Q Q

Hence, by (21),

d hv = —A*flw /ﬂ’—llwl- (22)
dt S—i-zjl i i

We integrate this equation to get

/Ii(o)‘ﬁi* /I(t)lﬂ +/ /‘,36“ J ! W,'*Ii~ (23)
Q S+Z] 1

Recalling inequalities (14) and (17), there is some positive constant M such that
S, x) + Zf;l I;(t,x) < M forevery t > 0 and x € 2, and hence

s k
lBl ] 1 j 1 ! ¥
1,0 IFdxds 2—/ /e iS B I; I;dxds
.// S—l—zj 1 M Jo Ja o l; !

- min g B; (X)¥/] (x)
- M

t
NI ()17 s
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for every t > 0. Hence, in view of (23), we get

min, g B ()Y (x) 7
0

/ LOWE > & min g IO L1 0 +
Q xeQ M

N ()72 g ds-

(24)

Since AF > 0, we then conclude from (11), (15), and (24) that ||/;(t)[lcc — O as
t — oQ.

(i) Suppose that Rop < 1. By (i), we know that max|<j<¢ || /i|lco = O ast — oo.
We can then proceed as in Allen et al. (2008) to derive the desired result.

(iii) Suppose that Rop > 1 and let Jo = {i € {1,...,k} : Ro; > 1}. Hence
Ay = min{—A*(d;, Bi — yi) : i € Jo} > 0. By Lemma 3.1, there is m, > 0 such
that m, < S(t,x) forevery x € Q and r > 1. Taking n, = minielo’xeﬁ W,-*(x) and
using (22), we obtain that

d
3 2 Wi e

i€y

i€y
> he Y 7 mlmm——/ Yo+ Zw L)Y il
iely j¢do * jedo i€y
2
> | D I Ll ) — Z 1jlloo Y 1 il 11 0y — / (Zw 1)
7* *

iely Jj¢Jo i€y

v

( Z 1illoe = -~ |Q| an 1|m>) Do iy, 1> 1.

o, Jj¢Jo i€y

But by (i), we know that Zj¢10 I/jlloo — Oast — oco. It then follows from the last
inequality that

A
liminf Y 1 il @) = =,
iedy ’3
which together with (16) yields the desired result. O

Next, we present a proof of Theorem 2.2. We first introduce the functions

Bix=pB1— max B; and y;sx= min y; —y.
2<i<k 2<i<k

Proof of Theorem 2.2 Suppose thatd = dy = - - - = dj.
(i) Suppose o} =min gy «(x) >0and B =B =--- = Pr. Foreveryi > 2,
we have

(e"’1*’11> = A( 7‘71”11) — Vi (ef"l*th) + —S+§ T (6761*[11> x €Q,
il
a,;( *"Mh) 0 X €dQ.
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Hence, since min__g /1 (1, x) > 0, it follows from the comparison principle that

xeQ

Me Lt x) > L, x) YxeQ, t>1
for some M > 1. Thus, the result follows.

(ii) Suppose that ¢} = min, & f1,+(x) > O0and y = y| = --- = y;. For every
i >2andt > 0, we have

(eftaz*tll) > dA (efraz*‘th) —y (efta;th)
t

BiS(e ro3t 1) * S —10lt
ot oS | —=— —1t e T2} x e,
S+Z, 11y 2 S+Zﬁ=1 1j :
9 (e “’2’11)=0 X € 9Q.
By Lemma 3.1 and estimate (14), we know that inf SR () EE— )

1>1,xeQ S(t.x)+); 15(t.x)
Hence, by choosing 0 < v < 1, we have that

—t0ot —t05t —t0ot BiS —t0t
(e 2 Il)tsz(e 2 11)—3/(@ 2 11)+5+Zj1j (e 2 11> x €,
9 (e—“’z*fll) —0 x € dQ.

Since min__g /1(1, x) > 0, it then follows from the comparison principle that

xeQ
Me ™ (1, x) > Ii(t,x) VxeQ, t>1

for some M > 1. Thus, the result follows.
(iii) Setu; = éln I;. Then

S+1

8,u,-:dAui+d/§;|Vui|2+M—%h(x) xeQ, i=1--,k
opu; =0 xe€dQ,i=1,...,k.

h(x) > 0, and choosing

Settlngl = mln{ V’ cj=2,...,k} > ﬂ YWandh ‘=min, g5

M > 1 suchthatu1(0 x)+M > u;(0,x)foreveryx € Qand j =2, ..., k, we get

o (ul—ﬁ<i y1>t+M> zm(:“—@(i—@)rww)
Bi B1

2 .
v<u1—@(i ;l>t+M) SIS Viy
1

S+1 B
for every x € Q and ¢ > 0 since ,31 = max{,éj : j=1,...,k}. Since 0; (u; —
h( — Bt + M) = 5u1 = d;u; = O forevery ¢ > Oand i = 2,...,k, then by the

+

+dB;
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comparison principle for parabolic equations and the choice of M, we obtain

ul(t,x)—ﬁ<lA—%)t—i—Mzuj(t,x) VxeQ, 150, j=2,... .k
1

This is equivalent to

i

—h t
eMIt, x)e *< ﬁ') > I(t,x) YxeQ,t>0, j=2,... k
Thus, we conclude that ||/j]lcc — 0 as # — o0 since sup,> [[{1(#)[lec < o0 and
ad — %) > 0.
Bi

(iv) Now, we suppose that ds = d, R; is a constant function foreachi =1, ...,k
with Ry > R* :=max{R; : j=2,...,k}. Weset Z(t,x) := Zﬁ:z 1;(t, x),

1, :=liminf min 7, (¢, x),
t—0o0 xeﬁ
1= lim supmax /; (¢, x), and Z :=lim supmax Z(z, x).
t—00 xe t—00 xeQ
By recalling that

k k k
8,<S+ZI,~>:dA<S+ 1,-) xeQ, t>0 and /(S-i—ZI,-):N Yi>0,
Q

i=1 i=1 i=1

and 3;(S + Yj_, [;) = 0, then § + Y"{_; I; — & as t — oo uniformly on Q.

Hence, for every 0 < ¢ < 1, there is #, > 1 such that foreachi =1, ...k,
BilL2 N(1+¢) 1
o l; <dAI; l—— -1 +2)) I t>t,, x € Q,
i = Z+N(1+8) Q] R, L +2))1; >1g, X
(25)
Bil| (N1 —e¢) 1
0 1l; >dAlI; 1——)—-U Z) ) I; t>1t, x €2,
t1i = Z+N(1—8) Q| R, h+2))1; >1g, X
(26)
and
Lit,x) >, —¢ YxeQ, t>1. 27

It follows from (25) and (27) that

QI (N(d+e) 1 k ,
Vt>t, x €,

0=0;Z xe€dQ, t >t.
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Thus, since é Z < Zf:z Bil; < EZ , we conclude from the comparison principle that

_ /NQ 1
Z< (MO (LY ) veso,
12| R* ¥

and letting ¢ — 0 yields that

7< (Yo I 28
(a7 -1), o

which together with (26) gives that

b (e (om) (@ lw)n)) @

Now, we claim that (%(1 — %) -1 1) = 0. If this were false, then by (29) we
+

would have
Lo N A
T \rRe ®) TN

which is impossible since % > R*. Thus, <‘—g|(1 -1 1) —OandthenZ = 0
+
and/; > le (1 — 9%1) by (28) and (29), respectively. On the other hand, it follows from

(25)that T < %(1—9‘%).80, we have shown that I (¢, -) — IWNI(l_%I) ast — o0

uniformly in x € Q. Next, recalling that § + Zle I, — % as t — oo uniformly in
x € Q, we then conclude that (S, I1, I, ..., Iy) — (IQ\L%’ %(1 - 9‘%)’ 0,...,0
as t — oo uniformly in x € Q. O

We end this section with the proof of Theorem 2.3.

Proof of Theorem 2.3 Suppose by contradiction that (5) is false. Then there is a
sequence {ds,, },,>1 of positive numbers with ds, — 0 as m — oo and a sequence of

m

positive steady states (Sy, I1,m, - - -, Ik,m) such that either
ko4
liminf > 2=l imlloo = 00 (30)
j=1 " om
or
kg
lim supmin %~ —1; ;s (x) = 0. 31)
m—00 xe i1 dSm
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Observe that

k 0 (ds,, S + X1 dilin)
0=A\|ds,Su+Y dilim| xeQ and == =0 Vxeoa(32)
i=1

for every m > 1. Thus, for every m > 1, there is positive constant k,, such that
k
ds, Su(X) + Y _dilim(x) =kn ¥ x€Q. (33)
i=1

Now, we will show that there is a subsequence {m},;,>1 of {m},>1 and a positive
number N* such that

lim M — N, (34)

m— 00 dsml

We scale the variables as follows:

g _ 958 - di;
Sm = S Om and Iy = i,m Vm > L.
Km m

Hence, S, = 1 — Zl \ I m for every m > 1 and the function I, := Z;;:l ij,m
satisfies

- (1-5n) 5= 1?1‘ . R

5 m + (11— [m)+d5m Zk ﬁlj,m 21_1 d;tim X (35)

%”n_ - x €08

for every m > 1. Observe that ||I~m||oo < I and

/3.,..
(1_1 )Z} ld_jj
(l—Im)+dst dii

k k

Yi 7 17illoo + 1B lloo
I D D
j=1 J : J

o =1

for every m > 1. Hence, by a priori estimates for elliptic equations, there is I €
C! (Q) and a subsequence {Im] }m=1 of {Im}m>1 such that Im1 — I asm — o0 in
CL(Q). We claim that

0<lo(x)<1 VxeH . (36)

@ Springer



Control Strategies for a Multi-strain Epidemic Model Page230f47 10

Suppose on the contrary that (36) is false. Thus, thereis x* € H™ such that Lo(x*) =1
because || Ixo]loo < 1. Choose 0 < r, < 1 such that B(x*, r*) C H~. Observe from
(35) that

k
0< Aim+z(ﬂ"d—y’)ij,m <Al, xe H,Vm>1,
=t

that is, im is subharmonic on H . Hence,

- 1

Iy iml(x)dx Vm=>1.

)< ———
) |B (x*, r*) | JB(x*,r)

Letting m — oo and Elsing the fact that 0 < ioo(x) < 1 for every x € Q and the
uniform continuity of /,, we obtain that

Io(x)=1 VYxe Bx*r"). (37)

Next, let ¢ € C2°(B(x*, r*)) such that ¢ > 0 and ||¢||cc > 0. Multiplying (35) by ¢
and integrating by parts, we obtain

0 5/ i,,,lmp+/ L(x)@Ly, Ym=>1
B(x*,r*) B(x*,r*)

1 < j <k} <Oforevery x € B(x*, r¥). Letting

where L(x) := max{w :
J

m — oo in the previous inequality and recalling that || Bt B9 = 0 and (37), we
get

0< / L(x)p(x)dx,
B(x*,r*)

which is impossible. Therefore, we conclude that (36) must hold. Now, observe that
k
N= / S+ Y Ljm,
Q ‘
j=1

k
Km, /‘ ~
SR Y O )+/
ds,, \Ja " Q;

dsml -
a I m, VYm>1.

(38)
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ds,,, ~

Since 0 < ||I~j’m||oo < 1forevery j = 1,...,k, then fQ ZIJC-:] #Ij,m1 — 0 as

m — o0. We also note from the definition of foo and (36) that

Tim Q(I—Iml):/g<l—loo) € (0, 12)).
N

Hence, letting m — oo in (38), we derive (34) with N* = 0T € (0, 00).
QT foo

By (34) and the fact that ||I~,~,ml loo < 1forevery m > 1, we get

k k

d; Km, =~ Kp,
Zd—’||1,~,m.||oo = st—’nn,mlnoo = kot (39)
i=1°mi i=1 " °mi mi
which contradicts (30) since lim,;— oo k;sml =kN™* < o0.
my
Next, we want to derive a contradiction with (31). By Theorem 2.1, Ro; > 1 for
every i € {1,..., k}. We claim that there exist a subsequent {S;,},n>1 of {S,,} and

Xp € Q such that
S, (x2) = 0 as m — oo. (40)

Indeed, let us first rewrite (33) as

k
K d;
dﬂ =Su + Y Ajm Ym=1, (41)
S))'ll ]:1 7711
and introduce the variable
A~ dj Km, =~
Ij,m1 = d_lj’mzd_llj’m] m > 1,
Sy S,

where 1 j,m, are introduced above. Since 0 < I jm < lforeverym > 1and j =
L, ..., k, by apriori estimates for elliptic equations, we may suppose that there exist
(1,00 -5 lk,00) € [CI(Q)]/‘ and a subsequence {m3},,>1 of {m1},;>1 such that

<Il,m23 Tt Ik,mz) - (11,007 D) Ik,OO) asm — o0

in [C1(2)]F. As a result, by recalling (34), we conclude that IAj,m2 — N*ij,oo as
m — oo in C'(Q) for each j = 1, ..., k. This in turn, along with (34) and (41),
imply that there is Soo € C!(2) such that S, — Sx asm — oo in C!(Q). Now, we
claim that the set

(x € Q : Soolx) =0} #0. (42)
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If this were false, then by observing that

_ 1].m2 Il,mz ﬁlsz [1‘/112
0=dA (nh,mz uoo> MThale T 5045y Ty \Timgls ) ¥ €€
fimy
i Tl — O X €08
sz

for every m > 1 and — % = 1in CY(Q) as m — oo (note that

Sm2+zl]c_:1 Ij.mz o
ZI;'=1 Ijim, — 0asm — ooin C' () since (39) holds), using a priori estimates
for elliptic equations, there is ¢; € C?(2) with ¢; > 0 and ||¢;llec = 1, and a
Il.m3

o — @pasm — ooin C'() and
,m3 lloo

subsequence {11 ;3 }m=>1 of {1 u,} such that
@1 is a solution of

O=diApr+(Br—yD) o1 x€Q, and dzp; =0 x €0Q.

By the strong maximum principle, we deduce that ¢ (x) > 0 for every x € Q. This
implies that we must have Ro; < 1, which is a contradiction. Therefore (42) must
hold, which yields that (40) also holds. Now, by (40), (41) and (34), we have

k
) d; ¥
Jim E 1 Eli,m(XZ) =N" € (0,00). (43)
.

m

Using the Harnack inequality for elliptic equations, we know that there exists a positive
constant v that

minli g, > V|limloec Ym=>1,i=1,... k.
xe2
This shows that (43) contradicts (31). The proof is complete. O

Appendix B: Proofs of Theorems 2.4 and 2.9

In this section, we study the existence of EE for (1) and prove Theorems 2.4 and 2.9 .

4.1 B.1 Proof of Theorem 2.9

We let k = 2 and setd; = ¢D; foreachi = 1, 2, where D and D, are fixed positive
numbers. Let us introduce a few notations. Define

7)) (1= I) 4+ 7101
Ba(x) (1 — 1) + B ()]

Qx, ) := forevery0 < I <1, (44)
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where (,5,-, Vi) = (g—ii, %"i) for each i = 1, 2. Next we consider the elliptic equation

0=8Ai1+(51Q(x,i1)—)71) I, xeQ,
91 =0 x €9, (45)
0< il <1 xeQ.

Observe that B 19(-, 1) — 1 = 0. The following result holds.

Lemma 4.2 Suppose that R| — R, changes sign on Q2. Then there is some * > 0 such
that for every 0 < ¢ < &%, (45) has at least one positive solution. Furthermore, if ﬁ—;
is a constant, then (45) has a unique positive solution, which is also linearly stable.

Proof Denote by Ao, the principal eigenvalue of (45) linearized at I; = 0, that
is ko = 2*(s, 1Q(,0) — 71). Observe that f1Q(,0) — 71 = 7(H: — 1)
changes sign on 2. Since the function &€ — A¢ . is strictly decreasing with A9, —
- maxxeﬁ{,él (x)Q(x,0) — y1(x)} < 0 (see Allen et al. 2008), there is ] > 0 such
that 1o, < O forevery 0 < & < 7. Forevery 0 < & < ¢, let ¢, be an associated
positive eigenfunction of Ao with max, go(’i . = 1. Next, we denote by A1 . the princi-

pal eigenvalue of (45) linearized at I} = 1, thatis A1, = A* (e, B1971Q(, 1)). Observe
that £197,Q(-, 1) = )72(% — 1) changes sign on €. Similarly as in the above, there
is &5 > OsuchthatA;, < Oforevery 0 < & < &5. Forevery 0 < & < &3, let gy,
be an associated eigenfunction of A; , with max, gof . = 1. We set &* = min{e], &3}
Direct computations show that for every 0 < ¢ < &*, there is 0 < 7, < 1 such that

0<eA (rg%")s) + (,31 Q(, Tegp ) — )71) (Tg(pgge) x € Q
0 (re ) =0 x €09

and

0>eA (1 — tg(pf"g) + (51@(', I — et ) — 371) (1 - Te(pik,s) xeQ
0 (1- ot ) =0 xeon,

that is ngofi cand 1 — fgwf . are subsolution and supersolution of (45), respectively.
Thus, by the sub-super solution method, there is a solution I~1* (x, &) of (45) with

r€<p6")€ < f{"(-, e <1— rggofg. This completes the proof of the existence part. Next
observe that

) o (m !
(B nD-n)1 =n (;;—Q (1—,+d1_ﬂz—(1_,)>’

21
VxeQ, I e[01]
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and that the function

1
I—>|l————— |1
( 1+;’;—§f(1—1)>

is strictly concave down, hence it follows from (Hess 1991, Theorem 0.1, Lemma 0.2),
that any non-constant positive solution of (45) is unique and linearly stable if % is
constant. 0

Throughout the rest of this subsection, we shall suppose that the assumptions of
Lemma 4.2 hold. Let ¢* be given by Lemma 4.2. Forevery 0 < ¢ < &*, let il"(-, g)bea
solution of (45) given by Lemma 45 and set I~2* (,e)=1-1 (-, &). Direct computation
shows that

- -2 pir N\ -
O:SAIZ-*—F (ﬂ,zzzl;gjlf* —]/,') Ii* xeQ,i=1,2,
J=1F7%j
0= o1 xedQ, i=1,2, (46)
Vo
1=Y2 0

Lemma 4.3 Suppose that Q = {R > 1} in addition to the hypotheses of Lemma 4.2.
Let (I{ (-, ¢), I5(-, €)) be given above for every 0 < & < &*. Then thereis 0 < §* < &*
such that for every 0 < & < €%, the set Q} defined by

2
Qi=xeQ: Y (Ei(x) _ yi(x)) I*(x,e) < 0)
i=1

- I*
Z[z=1 );ili* Z?:l di .
L it holds that

is empty. Furthermore, by setting §* = ST G

0=eAl* + Biﬁ—ﬁ I xeQ, i=12,

i SHLjm @ (47)
0=0;0" xedQ, i=1,2,
_ 2 T

for0 < e < &*.

Proof Recall that I:* (-, &) satisfies
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Then, it follows from Cantrell and Cosner (2003) that

lin}) fi*(x, ¢) = 0 uniformly on compact subsets of {JR; > R;} (48)
&—>

forevery i # jin {1, 2}. Since 1 = INI* + I, we conclude from (48) that

lin}) fl* (x,e) =1 uniformly on compact subsets of {R; < 3R},
£—>

i#j, i, j=12. (49)

Now, since Q = {R > 1}, then {R; < 1} C {R; > 1} foreveryi # j,i,j=1,2.
Hence, there are open sets O; such that {R; < 1} C 0; C 0; C {R ;> 1} for every
i #j,i,j=1,2.By(48) and (49),

liminf min Z(ﬂ,(x) yl(x))l (x,8) > 0.

e—0 x€01U02

Thus, since min, €Q\(01U02) min{B1 — 71, B — 7»} > 0, we conclude that the set QF
is empty for 0 < ¢ < 1. (47) can be easily checked by inspection. O

Proof of Theorem 2.9 Suppose that ds = 0. Observe that 3| and X, are both nonempty
if and only if R; — M, changes sign on 2. Observe also that Ry > 1 if and only if
{x €EQ:R> 1} = Q.Let&* > Obe givenby Lemma4.3. Forevery 0 < & < &*,let
(S*(-, ), INI*(-, g), i; (-, €)) be the unique positive solution of (47) given by Lemma 4.3

and set K} = — N 7o - A direct computation shows that
JaB* o+ ldiw )

(S*(x, 0), If(x, &), IF(x, 8)) = (&2S*(x,8), kX1 (x, 8), ki I3 (x, &)
xeQ, 0<e<g®

is a coexistence EE solution of (1) when ds = 0. Moreover, if ﬂ—; is constant, if follows
from Lemma 4.2 that (1) with ds = 0 has a unique coexistence EE solution. O

4.2 B.2 Proof of Theorem 2.4

We prove a general result for the multi-strain model and derive Theorem 2.4 as a
corollary for k = 2. Let k > 2 and suppose that §;, y; € C?(Q) foreachi =1, ..., k.
For every (I1, ..., Ix_1) € [0, 11*"! satisfying Zf;ll I; <1, define

=Yy + ok }ﬁ,l

oy, ... L) =2
: ! Bl =02 1y + 02 Bty

(50)
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where (/3,, Vi) = ( b* Dr Yiy foreachi = 1, ..., k. Note that (50) is consistent with
(44) when k = 2. Let ¢ > 0 be fixed and con51der the elliptic system

0=8Ai,~+<BiQ(i1,...,ik_1)—;7i)ii, xeQ i=1,... k-1,
55 =0 x€d, i=1,....k—1, (51
O<Zf.:11[~i<1 xeQ.

Let (I~1*~(-, g), ~~-v1~1j71 (-, €)) be a positive solution of (51) and set f,:(~, g =1-—
Zf;ll I*. For the moment, we shall suppose that

> (Bi - 72') If(x,) >0 forx € Q, (52)
i=1

and then set

I (.8)

- Zf:l d,.g Z, 1)//1*( €) . N

S7(,8) = = and K} = T
. . ~ *(e

Zi:1(f3z )/z)I,-(,g) fsz(S*("g)‘i‘Z?:] ldi )
(53)

A direct computation shows that

QUF (1 8), o, Iy (8)) = — ( i) — (54)
S*(.e) + iy >

Note that Lemmas 4.2 and 4.3 provide sufficient conditions for the existence of a pos-
itive coexistence solution of (51) satisfying (52) when k = 2 and 0 < ¢ < 1. Denote
by L. the linear operator given by the linearization of (51) at (11*(~, &),..., I,:‘_l (-, ¢8)),

thatis £. : [W2P ()] — [LP(Q)]F! with

eAl + (PO + AiTro, Q" =71 ) I + Al Zﬁ*} i1 01,Q°1
oAl + (BQ" + Bal30n Q" — 72) b+ Boly YT 1o 01,971

eAl—1 + (.gk—lg* + B If 0y, QF — )7k—1) Iy + B I Z_I;ﬁ a1, Q%1

where W2P(Q) = {u € W2P(Q) : du = 0 on 3Q), Q* = QI (- e),
LG, 0,Q =0, QU (e I (o)), =1, k—1and p > 1
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is fixed. When k = 2, the operator L, reduces to the single equation
ety =eati+ (B (i) + Ailjon @ (If) =7 ) h ¥ 1ie W@,

Next, consider the Banach spaces X := R x an’p(Q) X [W,,z’p(SZ)]k and Y =
R x W,,z’p(Q) x [LP($2)] and the open subset U = {(x, S, I1,.... I[x) € X : k >
0, S>0,1; >0,i=1,...,k} of X. For every ¢ > 0, define a mapping F, from
RxU — Yby

k I
N — S -
K/Q( +Zdi>
i=1
k
1_dSS_ZIi
i=1

d. ILi,....Iy) = ~ -
fS(SaK’Sa 1, k] k) 8A11+(,31R(S,Il,-'-71k)—)/l)11 ’ (55)
eAL+ (BRES 1o ) = 72) I
eAl + (BeR(S. I1. ... I) — 7 Ik
where R(S, I, ..., Iy) = % For the sake of clarity in the presentation of the

k
S+ T
arguments, we introduce the notations:

R* = R(S*(-, &), [T (-, ), ..., IF(,e) and yR* = 3yR(S*(- e), I{ (- ¢), ..., (. e)

foreach y € {S, I, ..., Ix}. By (54),

i — ) — (Bz - Bk) R*
R*=Q" and 9,Q" = — = i=1,....,k—1. (56)
' Zi:] :31']1*(',8)

One easily checks that

Erf o= (0,87, 8" (.e). IF(e)..... I*(.e) eRxU and F, (E;)z(o,o,o,l..,O)T.
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Moreover, the mapping F is Frechet differentiable and

Dges.ny,...10F (Ef> (k,S, I, ..., Ir) =

< T /N koL
—k Jo(S* + 30y &) —RE [o(S+ i 4
I “Yi ko -
eAD + (BIR* + BiIfon R* — 1)1 + Bl iy juy 05, R + P11 S

eAIc + (BeR* + Bl ar R — i) I + Bl Y5y o 0, R L + Bilf 9 S

The next lemma shows that if the linear operator L. is invertible, so is the linear
operator D s.1,....1)Fe(EY).

Lemma 4.4 If the linear operator L, [‘/}/,12’[7(9)]1‘_l — [LP(Q)T* is invertible,
so is the linear operator D s 1,... . 1) Fe(EY) + X — ).

Proof Suppose that the linear operator L, is invertible. The proof is in two steps. In
the first step, we show that D s 1,....1,) Fe (E;‘) is one-to-one. In the second step, we
show that it is onto.

Stepl The linear operator D51, 70F:(EX) is one-to-one. Indeed,
let (i, S, I, ..., It) € N(Des.1y... 10 Fe (EX)), that is

Dt Fe (EZ) G, S0 01 1) = 0,0,0,...,0)" (57)
From the second equation in (57), we get [ = — Zf‘:—ll I;.Foreachi € {1,...,k—1},
inserting [y = — le;% I; in the equation satisfied by /; in (57) gives

0= eAli+ [ BiR* + Bl 0 R* = 0, R = 7 | I

k—1
B Y [0 R — 0, R*] I} + Bl SsR*. (58)
j=1j#i
Inserting I = — Zf;ll I; in the last equation of (57) gives
k—1 k—1 k—1

0=—eAY I - [BkR* + Belfor R — yk] DL+ Bl 0, R + Bl Sodg.
i=1 i=1 i=1

(59)
Summing up Egs. (58) and (59) side-by-side gives
k—1 k
0= Lili+ S Y Bl (60)
i=1 i=1
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where

L= (5: - Bk) R* — (7i —vi) + [,3117 + Bkilf] d; R*
k-1

- [Bif,-* + Bki,j‘] R+ Y Bl (95, R* — 0, RY)
oL
k ~
= (B = B ) R = G — 70 + [0, R* =y R D Bidy. (6D
=1
Solving for Sds R* in (60), we get
k—1
Lil;
SISR* == ————. (62)

Finally combining (62) and (58), we obtain

~ -~ L;
0=eAl + |:,3,'R* + ﬂill-* (311'R* — 31kR* — k—le*> — )7,:| I;
it

2z
k—1
. L;
+ :Bili* Z |:8[jR* — 3[kR* — k—J”"*:| I; (63)
J=L ji 2 j=1Bil;

foreachi =1, ...,k — 1. But, by (56) and (61), we have

L .
(‘)[-R>‘< —_ 31kR* _— % = 8IQ*
J ijl ﬁ]];k J
forevery j =1, ...,k — 1. As aresult, it follows from (63) and the definition of the
operator L, that L.(Iy, ..., Ir—1) = 0, which implies that (I, ..., Ix_;) = 0, since

the operator L, is invertible. Recalling that I} = — Zi:ll I; and Eq. (62), we also get
that Iy = 0 and S = 0. It then follows from the first equation in (57) that « = 0. This
completes the proof of step 1.

Step2 The linear operator D(K,S,Il,_“,lk)fg(E;) is onto. Indeed,
letY = (k, S, fl, e fk) € Y and we show that there is X = («, S, I}, ..., ;) € X
satisfying
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DSt 1) Fe(EX)(X) = Y, that is

——ng<5*+Z, v )_K*fQ(S+Z, ld)

S==Yi,I

i\ =eAl +(/S1R*+ﬂ11 81]R*—yl) Lo+ Bl Y5y 0 R + BiTF 0 S
b= A12+(ﬂ2R*+ﬁ212812R*—y2) Lo+ Bads Y5y 0, R + ol 03 S

(64)

I = eAL + (fw* + Bulro, R* — yk) T+ Bl Y5y 01, R+ Bl 93 S.

Solving for i in the second equation of (64) ylelds Ik = —(S + Zl 1 1i). Inserting
this in the last k-equations of (64), foreachi =1--- ,k — 1, we get

i + Bi IS8, R* = e Al + (ﬁiR* + B I (0, R* — 0, R*) — J7i) I;
k—1

+BIF Y (9, R — 0y R*) I + Bil} RS, (65)
j=1j#i

and the last equation in (64) becomes

Iy + eAS + (BkR* + Bl d;, R* — )7k) S
k-1 k—1

=—eAY I - [ﬁkR* + Bulifon R* — Vk] >
i=l1 i=1
k—1
+ B I} Z 3, R*I; + Br I S9%g. (66)

i=1
Note the similarity between Eqgs. (58) and (65) and between Egs. (59) and (66). Hence,

recalling the expression of L;, i = 1, ...,k — 1, from (65), by adding up the k — 1
equations in (65) with Eq. (66), we obtain

k
Y li+eAS+ (ﬂkR +a,kR*ZﬂlI —m)S
i=1

i=1

k—1 k
=Y Lili + SosR* > B} (67)

Setting

S L +eAS+ (/§kR* +oL R Y Bil¥ — )7k) S
=
Zj:l :31'1;
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and solving for S35 in (67) yield

L;
Sog =72 — Z L. (68)

i=1 ]113}

Hence, inserting this expression in (65) and recalling (56), we obtain
(217~-',2k71>ZACe(Il,‘-',kal), (69)

where Z; = I; + Bi I (88, R* — Z) € LP(Q) foreachi = 1,...,k — 1. Since the
operator L; is invertible, there is a unique (1, ..., l— 1) € [W2 p(SZ)]k 1 solving

(69). Note also that I is uniquely determined by Ik = —(S + Z I ) and that S is
uniquely determined by Eq. (68) since

i?‘(-,s)
Yy
dsR* = =1 d 7 0
~ (e
S*('5 8) + Zf‘czl ld’_
Now, with (S, I, ..., Iy) obtained, we can solve for « from the first equation in (64).
This completes the proof. O

Now, we can state our main result on the existence of coexistence endemic equi-
librium for dg > 0.

Theorem4.5 Let k > 2, € > 0, and d; = eD;,
i=1,...,k Let (f*( g), . i,f (-, &) be a positive coexistence solution of (51)
satlsfymg (52) and define (S*( e), k) by (53). Suppose that the linearized operator

Le of (51) at (I (-,e),. 71( €)) is invertible. Then there is 0 < ds, < 1

such that for every 0 < ds < ds.e, (1) has a coexistence steady-state solu-
tion (S*(-; ds, ¢), Il*(~, ds,€), ..., I} (-, ds, &)). Moreover, for every ds € (0, ds¢),
(S*(sds, ), I (-, ds, e), ..., I} (-, ds, €)) is an isolated coexistent steady-state solu-
tion and

dhm() (S* (7 dS’ 8) ’ I]>i< (" dS’ 8) LRI I]j ('7 d57 8)) = (S*(a 8)5 11*(7 8)’ LR I]j(v ‘9)) >
S—>

where (S*(-; ¢), 11* ,&),..., I,:‘ (-, &)) is also an isolated coexistent steady-state solu-
tion of (1) for ds = 0.

Proof By Lemma 4.4 and the implicit function theorem, there exist 0 < d < 1, an
open subset U of (k, S*(-, e), I~1*(-, £)y ..., f,j‘(-, ¢)) inU and a C' function

(~dz.df) > ds v (R2(ds), §* Cids. &) T} ids,e) o I (sds,e)) €Uy
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such that for each 0<ds<d}, (ds, &} (ds), S*(-; ds, €), I} (- ds, €), ..., [} (-; ds, €))
is the unique solution of the equation F¢(ds, «, S, I1, ..., Ix) = 0in (=d}, d}) xU}.
By direct computations, for every 0 < ds < d}f, by defining

- K¥(ds) -
S§* (5 ds, &) = KS(ds)S* (;ds, €) and I} (5 ds, &) = %1,4* (sds,e),i=1,..., k,
;

then (S*(-; ds, ), I{(-; ds, €), ..., I (-; ds, ¢)) satisfies the assertion of the theorem.
O

As a corollary of Theorem 4.5, we deduce Theorem 2.4.

Proof of Theorem 2.4 Suppose that k = 2. By Lemmas 4.2 and 4.3, we know that
there is £* > 0 such that for 0 < & < &*, (45) (equivalently (51)) has a solution
satisfying (52), with I f(~; ds, €) being linearly stable. Hence, the result follows from
Theorem 4.5. O

Appendix C: Proofs of Theorems 2.5, 2.6 and 2.8

In the current section, we fix ds = 0 and present the proofs of Theorems 2.5, 2.6 and
2.8. First, we study the stability of the disease-free equilibrium and prove Theorem 2.6.

Lemma5.6 Suppose k > 1, ds = 0, | N, @\ HT| > 0 and let
(S, x), 1 (t,x),..., Ix(t,x)) be a positive classical solution of (1). Thﬁn
I ZLI Ii(t, oo = 0 ast — oo. Furthermore, if Rg < 1, there is S* € C(S2)

such that S(t, ) — S*(-) as t — oo uniformly in x € Q.

Proof The proof is divided into two steps.

Step 1 In this step, we shall show that || Zle Ii(t, )|lco = 0ast — oo and that there
: . Ak +

exists S* @ N7_, (R \ HT) — (0, c0) such that || S(z, -) — Si”Ll(ﬂf-‘:l(SZ\H,*)) -0

as t — oo. Indeed, observe that any solution (S(z, x), I1(t, x), ..., Ix(t, x)) of (1)

satisfies

Zf'(:] (vi —Bi) IiS + Zf:] vili 21;21 Ij
k
S+ Zj:l Ij

2
v (miﬂye§ > Lies y))

3S(t,x) =

> i Vi>0, (70)
S, x)+ min o Y Lty
for every x € ﬁf.‘zl(Q \ Hl.+), where y = min, gmin{y;(x) : i = 1--- k}.
2
Note that we have used the fact that the function (0, 00) 2 7 +— aT? is increasing

for every a > 0. Hence, the function ¢t +— S(t, x) is strictly increasing for every
X € ﬂle (2\ HiJr). Thus, S(z, -) converges to some function S$* (-) on ﬂle 2\ Hi+)
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as t — oo. Since S(t, x) > 0 for every x € €2, the Lebesgue monotone convergence
theorem implies that

lim S* (x)dx. (71)

S(t, x) =/
ool (@) Nz (@\H)

But, by (13),

k
N = / <S(t,x) + ZI,(t,x)) dx > / S(t,x)dx Vt>0.
2 i=1 nf_ (@\H;)

Whence, by (71), $* € L'("f_, (2 \ H")) and

. . ~
A 180 ) = S2ll oy (@vmty) = 0

Next, recalling that | N*_, (2 \ H;")| > 0 and ”Si”Ll(mf.‘:l(Q\Hf)) < N < o0, we
deduce that S* is finite almost everywhere on ﬂi.‘:] (2\ Hl.+). So we can choose
x0 € Nf_,(Q\ H;") such that S* (xo) € (0, 00). This together with inequalities (70),
(14) and (16) give that

[min, . >0 (2, )P
$* (x0) + min, g Y1, (2, )

S* (x0) =S(0, xo) + V/
=Jo

k
v o 2
250,50 + 2 g fl I|§Iz(t)lloodt. (72)

Therefore, since the map [1, o) > || Z;‘:] I; ()]l 0o 1S uniformly continuous, it fol-
lows from (15) that

k

. PN

Aim | EIL (. )% =0, (73)
=

which yields that lim,_, || Zle Ii(t, )|lco = 0. It is also clear from (70) that
§*(x) > S(0, x) > 0forevery x € Nf_ (2 \ H).
Step 2 In this step, we suppose that Ry < 1 and then show that

(0.¢]
/0 8¢ (2, ) loodt < o0.

Since Rp < 1, then H~ has positive measure. So the point xo above can be chosen

such that xo € H—, since H~ C ﬂle(Q \ Hl.+) and S* is finite almost everywhere
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on ﬂi.‘zl (2\ Hi+). Observe that

k

Si(x0) =) ((y,- (x0) — Bi(x0)) +

i=1

Bi (x0) Zl;zl 1j(t, x0) )
k Ii (t’xo)
S(t,x0) + 3.y 1 (t, x0)

k
> min_ (71(x0) = B (x0) ; Ii(t,x0) 1> 0.

Hence, by (16), there is a positive constant C > 0 such that
00 k
S* (x0) = S(0, x0) + C min (y;(x0) — B (x0)) / 1Y 1 ) lloodt,
1<i<k 0 P,

which implies that fooo [| Zf‘: 1 1i (¢, ) lleo < 00. As aresult, we conclude that

00 k 00 k
/0 IS (z, ')||oodl§Z||2,3i+J/i||oo/0 ||Zli(tv')||oo < 00.
i=1

i=1

Whence

=0,

]

tlim ”S(r,«) —So(~)—/ S (s, -)ds
—00 0

thatis S(t,-) — S*(x) := So(x) + [y~ Si(s, x)ds € C(Q) as 1 — oo uniformly on
Q. m]

Next, foreachi =1, ..., k, let wl.* be a positive eigenfunction of A*(d;, B; — ¥i)
satisfying max g ¥;*(x) = 1. Recall that 1 — R ; and A*(d;, B; — y;) have the same
sign. We can now complete the proof of Theorems 2.5 and 2.6 .

Proof of Theorem 2.5 Thanks to Lemma 5.6, we know that there exists S*(-) such that
1S, ) — S*()lleo + Zle 1 (t, oo — O0ast — oo. It clearly follows from (13)
that [ §* = N. Now, set J* := {x € Q : §*(x) = 0} and we show that (i) — (ii)
hold. First, it follows from the proof of Lemma 5.6 that $*(x) > S(0,x) > 0 for
every x € Nf_(Q\ H") = @\ U'_,H". Hence, J* C U;H.

(i) Suppose that Ry > 1. Since R > 1, without loss of generality, we may suppose
that Ro.; > 1 and we proceed to show that | J | is positive. Let (A*(d1, B1 — 1), i)
be given above. Since Ro 1 > 1, we know that A*(d1, B1 — y1) < 0. For any ¢ > 0,
define

Qe :={xeQ : S*x) > 2¢)}.

Itis easy to see that J* := M2 0(Q\ Q) and [J | = limg_.¢ |2\ Q¢|. Recalling that
S, ), Ii(t, )y ..., It,)) = (5*(),0,...,0) as t — oo uniformly in x € €,
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then for every ¢ > 0, there is z, > 1 such that

k
S(t,x)>e¢& and | Zli(t, Moo <% VX €Qp, t >t,.
i=1

: _ CillY*llso 5 s :
Letting C = P min. o 7 where ¢ is the positive constant of (16), it holds for
every t > t, that

B Yk L)
oYX L)+ S0

B Yk L) . / B Yk L) .
Ly} + N
o3 10+50 " T Jae S w150 Y

= IIﬁllloo/ L Sl(t)l( )Il(t)llfl* + 11Billool 2\ el 11 (M) lloc ¥ 1l

LYy

< 8||/31||<>o/Q LY + CllBilloo] 2\ 2] /Q Ly

< lIBilloc(e + CI€2\ S2[) /Q LY.
Multiplying the second equation of (1) by v and integrating by parts, we get
[ nowi =i [ vvivno

B Y b Li(1) .
-y - I
+/Q(/31 Y1 S0+ I,-(t)) 1DV

- _d, f VIV ()
Q

dr

+/Q(f31—yl)ll(t)lllf‘—IIﬁllloo(8+C|Q\le)/gll(f)llff‘
(74)

for every t > t.. On the other hand, multiplying (20) by ;(¢, x) and integrating by
parts, we get

—1*(dy, B —Vl)fgll(t)l/fl*=—dlfQV'ﬁl*Vll(tH-[Q(ﬁl —yDLOYY 1> 0.
(75)

By (74) and (75),

d
d—ifgn(wf‘ > — (W (1, By —m+||ﬁ1||oo<e+C|sz\szs|))/gzl<tw
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for every t > t,. Thus,

lln 111 (2 + )Y L)
t I )V L)

> — (A (d1. B —y1) + 1Billoo (€ + CIQ\ Q])) Vi >0,e>0.
Since sup; > [ 11(t) [0 < 00, we derive from the last inequality that

—A*(dy. By —
erClQ\ Q> bz

181 lloo

Letting ¢ — 0 yields that |JT| > % > 0. Hence, J* has a positive

measure. Itis easy to see thatif x e Q\Uf:] Hi+ the functiont — S(t, x) isincreasing,
and hence x € Q\JT. This shows that J T is contained in Ule (QﬂHiJ“). Next, observe
that J 7 is a closed subset of 2 and that Ule KN Hi+) is an open subset of 2. Hence,
if J* = Uf_ (2N H"), we would then have that @ = J* = Uf_ (@ N H;"), since
€ is a connected set. And hence S* = 0, which is impossible since fQ S*=N > 0.
Whence, we must have that J© ¢ UF_ (@ N H1), thatis U_ (QN H") \ J* isa
nonempty open subset of 2. So, we can conclude that the set Uk _1(QNH +) \JT
also has a positive measure being a nonempty open set.

(i7) Assume that Ro < 1. Let (A*(d;, Bi — ¥i), ¥]) be given above for each
i =1,..., k. We know that A*(d;, Bi — y;) > Oforeachi = 1,..., k. Itis easy to
see that

ol <diALi + Bi —vi)l; xe€Q,t>0.
So, by the comparison principle for parabolic equations,

*
* - (X
Ii(t,x) < ||Il(0, .)”e—)» (disﬂi_yi)t% Vxe Q, > 0’ i=1---. ’k.
min_ g ¥;"(z)

Taking M = Y% we obtain that

i=1 min_ FHOE

o0 1 *( . RPN
fo 151 (5. ) lloods <MZ||ﬂ,+y,||oo||Zl(o )||oof ¢ minsi=t @ Bi)s g

i=1 i=1

T minj << A* (d B — i) - Z 1Bi + ¥illoo ZI 0, )lloo.
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Hence, V x € Q,
M k k
S*(x) >S5(0, x) — — i+ Vi 1; (0, -
(x) 25(0, %) mmlsiskx*(di,ﬁi—mz”ﬁ’ y,uoouz 10, ) oo
> min §(0, 2) — 1B; + villooll Y 10, )|
2€eQ m1n1<,<k)u (dz: Bi — I)Z P+ Villo Z xr

-1
We may take mg = |:min1<,-<k AAz(di,ﬁi—Vi) Z{;l B + vi IIOO] and obtain from the
above inequality that J© = J whenever || Zle 1; (0, )loo < moS(0, ). O

Proof of Theorem 2.6 Suppose that k = 1. (i) It is easy to check given any S* € C(Q)
satisfying (8), (§*(x), 0) is always a solution of (1). Next, let (S(x), I1(x)) be a
steady-state solution of (1). The maximum principle implies that 71 (x) > 0 for every
x € 2. Hence, it follows from the equation satisfied by S(x) that either /;(x) = 0 or
L (x)y1(x) = (B1(x) — y1(x))S(x) for every x € Q. Itis clear that /1 (x) = 0 implies
that S'(x) must satisfy (8). In the second case, that s, 71 (x)y1 (x) = (B1(x)—y1(x))S(x)
for every x € €, since Ry < 1 and hence H ™~ is nonempty, then there is an element
xo € 2 such that I1(xg) = 0. As aresult, we must have that /] (x) = 0, so we are back
to the first case. This completes the proof of (7).

(i) Suppose that SRg > 1, and hence B (x) > y;(x) for every x € Q. It is easy
to check that (S, (x), I.(x)) defined by (9) is a steady state solution of (1). Next, let
(S(x), I1(x)) be a steady-state solution of (1) for which /;(x) > 0 for every x € Q.
Hence, from the equation satisfied by S(x), we must have

Say= VD oy W g

B1(x) — y1(x) Rix) —1

Thus, /1 (x) must satisfy

0=d|AI, x €
0;1 =0 x €092,

which implies that /1 (x) = constant. This together with the equation N = f o1 (xX)+
S(x)) yields that

Y1 (x) Ry (x)
N = 1 Ldx =1 —dx.
/< G m(x)) = R =1

Solving for 77 in the last equation, we obtain that I} = I,. O

Suppose that k = 1 and that Y39 > 1 and we present the proof of Theorem 2.8.
To this end, we first study the large time behavior of solution of the following related
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system:
S (7_3) il
5, = (1 S) o xeQ
7 — 7 5 P21 76
1,~d1AI—|—(S )<)s+1 XeQ (76)
0;1 =0 x € Q,

where p, p1, p2 € C%(Q), minyeq p(x) > 0 and min,cq p;(x) > 0 for each
i = 1, 2. Given positive initial functions (So(x), In(x)) € [C(Q)]%, we denote by
(S’(t, X; S’o, io), i(t, X; S’o, io)) the unique classical solution of (76). By the com-
parison principle, it holds that S(z, x) > 0 and I(r,x) > 0 for every + > 0 and
x € Q. Moreover, sup;- ||S‘(t, D+ i(t, Ileo < o00. It is easy to see that (76) has
infinitely many steady state solutions which are all constant functions of the form
(S(t, x), I(t, x)) = (c, ¢) where ¢ is some positive constant. Our aim is first to study
the large time behavior of solutions to (76) and next deduce the asymptotic behavior
of solutions to (1) when H;" = Q. The following result holds for (76).

Lemma5.7 Let (S(t X; So, Io) I(t X; So, Io)) be a classical solution of (76) with
(S0, Ip) € [C()1? and In(x) > 0 and Sy(x) > 0 for every x € Q, and define

c(t) = min{min 8¢, x; So, Ip), min 7 (¢, x; So. Io)} ¥t >0
xXeQ xe

and

¢(r) = max{max S(¢, x; So, Ip), max I (¢, x; So. Ip)} Yt >0.
xeQ xe

Then, the following conclusions hold:

(1) The map t +— c(t) is monotone increasing and the map t +— ¢(t) is monotone
decreasing.
(i) If we denote by ¢ = lim;_, o c(t) and ¢ = lim;_, o, c(t) then

lim inf min S(¢, x; So, Ip) = lim inf min / (t x: So, Io>
=00 yxeQ =00 xeQ

and

lim sup max S(t, x; So, Ip) = lim sup max I (t, x: So. f0> =rc.
t—>00 xeQ t—>00 xeQ

Proof (i) Define the functions

pi(x)i<t,x; So, fo)

i(t,x; 3. io) +p(0)§ (t,x; 5. io)

Fi(t,x) =
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for every i = 1,2, we have that Fj(z, x) > 0 for every x € Q,t>0andi =1,2.
Moreover, (S(z, x; So, Io), I(z, x; So, Ip)) is a classical solution of the cooperative
system

oS = —S)F (¢, x) x €Q
Wl =diAI+ (S —DF(t,x) x €Q T7)
0;1 =0 x € Q2.

Next, for every fo > 0, both the constant functions (c(fp), c(tp)) and (c(#p), c(tp)) are
classical solutions of (77) on Q x (#, 0o0) satisfying

(ctt0). ) = (3 (t0,x: 0. To) . Tt0, x: 50, 1)) = @10, 210)) VY x € @2,

where the inequalities hold component-wise. Hence, by the comparison principle for
cooperative systems, it holds that

(ctto). c) = (8 (1. x: 50, 10) T (1.5 50, K) ) = @0, 20 V€@, 1200

Since 1y is arbitrary given, we conclude that (i) holds.
(ii) We note from (i) that infx cq ;>0 Fi(t, x) > 0 for every i = 1, 2. So, we can
employ comparison principle to deduce (ii) from (7). O

Lemma 5.8 Let (S(t X; So, Io) I(t X; So, Io)) be a classical solution of (76) with
(So, Io) € [C(Q)]2 and Io(x) > 0 and So(x) > 0 for every x € Q. Then

Ld [ [ m@e [ 7
> {/;2 ,Ol(x)S (t, x)dx + QI (t,x)dx}

~ ~ 2 .
(30 =1) It 0m@
T /sz ()8, x) + 12, %)

dx+d1/ VI, x))?dx} Vi>0.
Q

(78)
Proof Using (76) and integration by parts, we get
1d . - = I-$IS
Pz(X)Sgdx :/ pz(X)SSt :/ Pz(iC)( 2 (79)
2dt Jg p1(x) Q P1(x) Q I+p(x)S
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and
1 - .~
—i/ I*dx =/ L1
dr Jo Q
. . e I
:/ i d1A1+<S—I)L)~
Q px)S+1
) 02(x) (i - s) P2
=—d1/ |v1|2—f S ——— (80)
Q Q pxX)S+1
Adding up both (79) and (80) yield (78). O

Thanks to Lemma 5.8, the large time behavior of solutions to (76) can be studied.

Theorem 5.9 Let (S(t X So, Io) I(t X So, Io)) be a classical solution of (76) with
(S0, Ip) € [C()1? and In(x) > 0 and Sp(x) > 0 for every x € Q2. Then

Jim 156, 5 So, fo) = ell 2@ = fim 17 (1, S0, fo) = clloo =0, (8

where the constant c is uniquely determined by

1 P2(x) =
_ / [ Sox) + Io(x):| (82)
o (Pz(x) + 1) dx Ja Lp1(x)

p1(x)

Proof The proof is divided into two steps.
Step 1 In this step, we show that

lim {f (S(t, x) — I(t, x))dx +/ |Vi(t,x)|2dx} =0. (83)
Q Q

[—>00

We recall from Lemma 5.7 that there are positive constants 0 < ¢, < ¢* such that
cx < I(t,x),S(t,x) < c*forevery x € Qand ¢t > 0. Thus,

- - 2 .
/ (S(t,x)—l(t,x)) (2, x)pa(x)
Q

~ - 2
S [ dv S —1(1)) dx Yt >0,84
p(x)S(t,x) + 1(t, x) = m_/g( ®) (t)) t > 0,(84)

where m := % > 0. Observe from (78) that

- - 2 .
oo <S(t,x) _ I(t,x)) i, x)pa(x)
[T

_ . dx+d1/ IVI(t, x))?dx § dr < oo.
p(x)S(t, x) + 1(t, x) Q
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Whence, by (84), we also get that
OO ~ ~ ~
/ {/ (S(t, x) — I(t, x))%dx +/ |VI(t,x)|2dx}dt < 0. (85)
0 Q Q

1St =1.0)|p2(0) 2¢* | p2loc
p(0)S,x)+I(r,x) — (Q4min, g p(x))cs
regularity theory for parabolic equations, we have that the map

< 00. Thanks to

Now, note that sup,~¢ ,cq

[1,00) 3 1 > [l e
is uniformly Holder continuous. This in turn implies that the map
[1.00) 31 = V]| 20

is uniformly Holder continuous. Thus, since

o0
/ /|Vl(t,x)|2dxdt<oo, (see(85))
0 Q
we deduce that

lim / VI, x)|?dx = 0. (86)
—00 Q

Next, taking G(t) = ||I(f, ) = S’(t,-)||i2(g) for every t > 0 and M =

5 2c¢*[|p2lloo
Suptzoyxeg |S[(l,.x)| < W < 00, We get

IG(t +h) — G(0)| 540*/ (|f(t+h,x)—f(t,x)|+|§(t+h,x) —S(:,x)|) dx
Q

54c*/ (|f(t+h,x)—i(t,x)|+M|h|)dx Vi>1.h>0.
Q
(87)

Similarly, using the fact that the map [1,00) > ¢ — I llc1(g) 1s uniformly Holder
continuous, so there is v € (0, 1), there is M\, > 0 such that

17+ h) =1, )l < Mylh]”.
Whence, inequality (87) can be improved to

|Gt +h) — G()| < 4c*|QU(M,|h|” + Mh]), Yt>1, h>0.
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Therefore, since fooo G(t)dt < ocoby (85)and, G(¢) > Oforevery t > 0, we conclude
that

lim G(t) = 0.
11— o0

This together with (86) yields (83).
Step 2 In this step, we show that

lim | 1(t,") = cllec =0 (88)
11— o0

where c is given by (82). We proceed by contradiction to show (88). So, suppose that
there is some sequence {#,},>1 with t, — oo such that

inf [|1(t4, ) — clloo > 0. (89)
n>1

Since the function 7(z, ) is uniformly Holder continuous on [1, 0o) with respect to
-1l @) with sup, -4 Iz, -)||C1(§) < 00, then by the Arzella-Ascoli’s theorem, there
is a subsequence {t, 1} of {t,},>1 such that I~(t,,,1, ) = I*() in CH(Q) as n — 0.
In particular, it holds that IN(tn,l, ) — I*() asn — oo in W2(Q). Thus, by Step
1, we conclude that |[[VI*[||2(q) = 0 and ||S’(tn,1, ) = 1I*ll2q) — Oasn — oo.
Hence I* =constant and (S‘(t,,yl, 9, f(tn,l, )) — (I*, I*) asn — oo in L2(§2). This
implies that

lim / <p2(x).§'(tn,1,x)+I~(tn,1,x))dx:I*/ (pz_()C)+1)dx (90)
n—00 Jo \ p1(x)  \p1(x)

Next, it is easy to see that

d 02(x) ~ _
a Q[pmx)S(t’x)”(t’x)]dx_O =0
Thus,
f[m(’“)so(x>+io<x>]dx:/ [pz(x)éa,xwf(r,x)]dx Viz0. 0D
ol o Lpi(x)

Combining (90)~ and (91), we obtain that the constant /™ is given by (82). Thus, we
conclude that || I(¢,,1, ) — ¢|lco = 0, which contradicts (89). Thus, the statement (88)
holds. Now, we can easily derive both (81) and (82) from Steps 1 and 2. m|

Now, using Theorem 5.9, we are able to complete the proof of Theorem 2.8.
Proof of Theorem 2.8 Define

~ S, ~ I(z,
S(t.x) = S( Y and Farx) = (Ix) VreQ, 1>0. 92)

el X e
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) pr(x) = Vé(’(‘g and py(x) = y1(x) and noticing that By (x) —

Taking p(x) =

y1(x) = ‘yl (x) for every x € Q, one easily checks that (S(t x), I(t x)) solves (76).
Hence, we may apply Theorem 5.9 to conclude that there is some constant ¢ such that

Jim 18, ) = ellpgy + 1) = €lloo] =0
This is equivalent to saying that
Hm [[S(t. ) = eSeOll 2@ + 1) = clelloc] = 0
where the constant ¢ in (82) is

Jo [ 250, +10,9)]
Ja (pz + 1)

S, SO,x) |, 1(0,x)
_km@e+qu_kmw+mm_gﬂ
I (ylSe ) Jo (Se + 1) N '

yil

CcC =

Next, we show that S (t,x) > 1 ast — 0o uniformly in x € . First, observe from
Lemma 5.7(ii) and the fact that || (¢, -) — 1||occ — 0 as t — 00, we obtain that

lim inf min $(¢, x) = lim supmax S(z, x) = 1,
=30 xeQ t—00 xeQ

that is ||S’(t, ) — 1|loco = 0 ast — oo, which completes the proof. O
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