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Weak cross-Kerr media provides additional degrees of freedom of qubits in quantum information processing. In this paper, by
exploiting weak cross-Kerr nonlinearity, we propose an optical implementation scheme of one-dimensional quantum random walks.
The random walks are described by the interaction of single photons with cross-Kerr media. The proposed scheme can also be used

to implement one-dimensional quantum random walks on an infinite line.
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Quantum computers, which are based on the principles of
quantum mechanics, provide a speedup of classical comput-
ers. Quantum algorithms are the key ingredients of quantum
computation for specific problems. In 1994, Shor proposed
the quantum factoring algorithm, which challenges the secu-
rity of classical encryption systems [1]. The proposed algo-
rithm can factorize a large number with two prime numbers
within a finite time. Later in 1997, Grover constructed the
quantum search algorithm that searches for a marked item
with very high probability from an unsorted database with
N items using the Grover algorithm with only O( VN) steps
[2]. It has been shown that under phase matching [3-5], one
can find a marked state with certainty [6]. Much progress was
made in quantum algorithms and quantum computation in the
following decade [7—14]. However, it is difficult to find new
quantum algorithms for quantum information processing.
Classical random walks are well known to solve NP-
complete problems. In the process of classical random walk-
ing, a particle moves along a two-way lattice. At each step,
the particle moves to the left or to the right on the basis of the
result of a coin flip. Quantum random walks are the quan-
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tum version of classical random walks, in which the classi-
cal coin is replaced with a quantum coin, which is used to
extend the set of quantum algorithms. There are two differ-
ent types of quantum random walks: discrete and continuous
quantum random walks. In 1993, Aharonov et al. first pro-
posed the idea of quantum walks that require an additional
quantum coin to allow discrete unitary evolution [15]. Later,
Farhi and Gutmann proposed another quantum random walk
algorithm based on continuous unitary evolution [16]. Shenvi
et al. demonstrated that a search algorithm based on quantum
walks can achieve speeds as high as that of Grover’s algo-
rithm [17]. In the following decades, quantum random walks
attracted a variety of interest and have been a topic of re-
search in the field of quantum information processing. Meth-
ods for possible implementations of one dimensional quan-
tum random walks have been suggested by different groups
in various physical systems. In 2002, Travaglione et al. pro-
posed the method of quantum random walks using ion traps
[18]. Zdhringer et al. experimentally realized a quantum
walk with trapped ions on a line in phase space [19]. Later,
Dur et al. proposed that quantum random walks can be re-
alized using neutral atoms in optical lattices [20]. Zou et al.
proposed the optical implementation of one dimensional two-
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state and three-state quantum random walks using single pho-
tons exploiting orbital angular momentum [21]. Their pro-
posed scheme exploits linear optical devices and holograms
that can be extended to an unlimited number steps in princi-
ple. Recently, Schreiber et al. proposed the implementation
of a quantum walk using passive linear optical elements [22].
There was much related research on quantum random walks
in the following years [23-25].

Recently, there has been considerable interest in quantum
information processing based on weak cross-Kerr nonlinear-
ities. As a quantum nondemolition measurement can be real-
ized using the weak Kerr interaction, increasing efforts have
been devoted to using cross-Kerr media in various protocols
of quantum information processing, such as quantum gates
[26-28], entanglement generation [29], entanglement purifi-
cation and concentration [30, 31], and Bell state analysis [32].
In the above discussions, cross-Kerr media are used to denote
the spatial information of the photons in the quantum nonde-
molition measurement and parity check. The cross-Kerr in-
teraction of the single photon and coherent state system can
be described by

e (al0) + bI1))lary
alOjla) + bl hlae”), 1)

Uer(al0) + b|1))]ar)

where n,(n.) denotes the number operator for mode a (c) and
X 1s the coupling strength of the nonlinearity, and |0) and |1)
represent the vacuum state and single-photon state, respec-
tively. One can easily distinguish the spatial mode of the sin-
gle photon or the numbers of photons by measuring the phase
shift of coherent states without destroying the photons.

1 Quantum random walk using cross-Kerr
nonlinearity

In the following, we briefly review the procedures of one-
dimensional quantum random walks for a single particle pre-
pared in the state |/) that can move between discrete sites la-
beled [. The movement of the particle is determined by the
state of a quantum coin. Here the state of the quantum coin is
represented by |u#) and |d) in two dimensional Hilbert space.
Each step of the one-dimensional quantum random walk con-
sists of two processes.

(i) A Hadamard operation is performed on the coin state,
which is described as

H:(i _11 )’ @

and the coin state undergoes a Hadamard transformation,
which is described by
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where the position degree of freedom is denoted by the coin
states labeled |u) and |d).

(i1) The state of the position undergoes a shift operation;
here the movement of the position to the left or right is de-
noted by the operation K;:

Killy =l + 1), Kild)lly = 1)l - 1). (4
After one step of the random walk, the state of the composite
system can be described by

D) — \1,2(|u>|l + 1) +d)|l - 1)),

5
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By iteration of the random walks, the one-dimensional quan-
tum random walk can be implemented with unlimited steps.

Here we exploit the spatial mode of single photons as
the coin states spanning the two-dimensional Hilbert space,
which means that the coin states can be described by the
two spatial modes of the single photon, say the upper mode
|u) and lower mode |d). The two spatial modes become
superposed by the operation of beamsplitters as the states
() +1dy)y and | () ~ |d)) of the two output modes. The
principles of the experimental setup are shown in Figure 1.
The analysis of quantum random walks using Kerr media is
described in detail as follows. When the algorithm of the ran-
dom walk starts, we assume that the initial state is prepared in
|d)|@). This indicates one single photon pulse is produced and
projected from the lower mode of input port I and a coher-
ent beam in the state |@) is generated using lasers and passes
through the input port /.

In the first step of the random walk, the K; operation is
realized by cross-Kerr interaction between the single pho-
ton and coherent state. The evolution of the operation is de-
scribed as

Kilwlay = wlae”),  Kildla) = |d)lae™),  (6)
where we denote the cross-Kerr interaction as the operation
K;. As shown in Figure 1, it is obvious that each step of
the quantum random walk consists of two operations, say
a Hadamard operation and shift operation. The coin state

I
Figure 1 Schematic diagram showing the principle of one-dimensional
quantum random walks. Cross-Kerr media are used in the setup. 6 denotes
the phase shift introduced by cross-Kerr media. BS represents a 50:50 beam
splitter. 71 and I, represent the coherent state input and single photon input,
respectively.
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undergoes the Hadamard transformation and the shift opera-
tion can be described as

ey — , (w)lae®) + |d)|ae™)),

1 i0 —-if 0
ld)lay — ), (i)lae™) = |d)lae™™)),

where the phases in the coherent state are used to mark the
positions of the particle. After one step of the random walk,
the distribution probabilities are 50% at both 6 and —0 posi-
tions.

Suppose that the initial state is prepared in |d)|a). After
interaction with the cross-Kerr media as shown in Figure 1,
the state evolves as

1 ‘ .
|d)lar) — (lu)lae™y — |d)|ae™™), (8)
V2

where the phase factors 6 and —8 represent the positions of the
particle in the random walk process. After the second itera-
tion of the two steps, the evolution of the composite system
is described by

(lu)lae™y — |d)|ae™y) —

V2
1 . .
2(|u>|ae2"9> +|dyla) — wla) + |dlae ). (9)

After two steps of the random walk, the distribution proba-
bilities are similar to those of the classical random walk. The
distribution probabilities are 25% at position +26 and posi-
tion —26 and 50% at position 0. We then perform the next
step of the quantum random walk, and the system evolves as

1 . _
o (e +1d)la) = wla) + |d)lae")

— ! (lu)lae®™y — 2lu|ae™y — |d)|ae™)
242
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242
+Hudlae ™y — |dyae)]. (10)

The probability of the distribution is 5/8 at position +6, and
it is obvious that the probability distribution differs from that
for classical random walks. By iteration of the above steps,
quantum random walks can be realized in our proposed setup.
As the position of a particle is represented by the phase de-
gree of freedom, the optical network shown in Figure 2 in-
dicates that one-dimensional quantum random walks can be
realized with arbitrary steps.

The probability of distribution in the quantum case differs
from that in the classical case and depends on the initial state
of the random walks. Quantum random walks result in an
asymmetric distribution of position, say drift to the left or to
the right. The symmetric condition can be achieved if the
initial state is prepared as the superposed state \}2 (luy + |dY).
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Figure 2 Construction of an infinite quantum random walk network using
cross-Kerr media. Each K in the figure represents one step of the quantum
coin toss.

2 Experimental feasibility

In this study, we proposed the implementation of quantum
random walks using cross-Kerr media and homodyne detec-
tion. However, the implementation of the cross-Kerr effect
with single photons can be readily affected by noise [33, 34],
and the efficiency of homodyne detection may be not perfect
under realistic conditions. For example, single-photon cross-
Kerr nonlinearity is a controversial assumption with current
technology. As discussed in [34], a large phase shift via a
giant Kerr effect in the case of single-photon wave packets
is impossible. However, there has been much discussion on
establishing a feasible scheme by choosing suitable Kerr non-
linear media and good measurement strategies for the coher-
ent state [35].

In the present scheme, homodyne detections are made to
distinguish the phase shift of coherent states. The problem
with our proposed scheme is that detecting phase shift is not
easy, which means that the phase shifts 8 and 6’ of the coher-
ent states are relatively small [26]. As the distribution func-
tions in phase spaces of a coherent state can be described by
f(x,acosf) = exp[—(x — 2a cos §)*/4]/(2n)'/4, the distribu-
tion functions are Gaussian curves. Suppose that the particle
undergoes a three-step random walk and the evolution of the
composite system is obtained:

Ll - @liy + d)lae®)

2V2

+Huylae ™) — |d)|ae )] (11)
Using the expression (X|a), we have f(x,acos30)|u) —
f(x, acos O)(2luy+1|dy) + f(x, —a cosO)|u) — f(x, —a cos 30)|d)
after the measurement. The key point of the protocol
is to distinguish the phases of the coherent state which
means that f(x,acos30), f(x,acosf), f(x,—acos36) and
f(x, —a cos 6) must be readout deterministically. As these ex-
pressions are Gaussian curves in phase space and the peaks
are separated by a distance X; = a; — a3, here aj,ay €
{awrcos 30, —a cos 36, a cos 8, —a cos 8}. As discussed in [36],
the nonlinearities can reach 6 ~ 1072 employing electromag-
netically induced transparency. Therefore, the phases 6 and
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@ are not easy to be distinguished by direct homodyne mea-
surement. Therefore, the detection may introduce errors in
our scheme. The probability of a discrimination error occur-
ring is represented by a complementary error function:

;Erfc[Xd/2 V21. (12)

3  Summary

Exploiting weak cross-Kerr nonlinearities, one-dimensional
quantum random walks are realized using current optical
technologies. Our proposed scheme only requires linear op-
tical elements and homodyne detectors. The initial state con-
sists of a single photon and coherent state. The spatial modes
of the single photon represent the quantum coin state and are
operated by on-line beamsplitters. Through cross-Kerr inter-
action, the information of spatial modes can be transmitted
to phase information of the coherent state. One can mark the
positions of a random walk by reading out the phases of the
coherent state. Additionally, the implementation can be gen-
eralized in principle to an infinite line by iterating the same
procedures with unlimited steps.
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