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Abstract Flow modeling in fractured reservoirs is largely confined to the so-called sugar
cube model. Here, however, we consider vertically fractured reservoirs, i.e., the situation that
the reservoir geometry can be approximated by fractures enclosed columns running from the
base rock to the cap rock (aggregated columns). This article deals with the application of the
homogenization method to derive an upscaled equation for fractured reservoirs with aggre-
gated columns. It turns out that vertical flow in the columns plays an important role, whereas
it can be usually disregarded in the sugar cube model. The vertical flow is caused by coupling
of the matrix and fracture pressure along the vertical faces of the columns. We formulate a
fully implicit three-dimensional upscaled numerical model. Furthermore, we develop a com-
putationally efficient numerical approach. As found previously for the sugar cube model,
the Peclet number, i.e., the ratio between the capillary diffusion time in the matrix and the
residence time of the fluids in the fracture, plays an important role. The gravity number plays
a secondary role. For low Peclet numbers, the results are sensitive to gravity, but relatively
insensitive to the water injection rate, lateral matrix column size, and reservoir geometry, i.e.,
sugar cube versus aggregated column. At a low Peclet number and sufficiently low gravity
number, the effective permeability model gives good results, which agree with the solution
of the aggregated column model. However, ECLIPSE simulations (Barenblatt or Warren and
Root (BWR) approach) show deviations at low Peclet numbers, but show good agreement at
intermediate Peclet numbers. At high Peclet numbers, the results are relatively insensitive to
gravity, but sensitive to the other conditions mentioned above. The ECLIPSE simulations and
the effective permeability model show large deviations from the aggregated column model at
high Peclet numbers. We conclude that at low Peclet numbers, it is advantageous to increase
the water injection rate to improve the net present value. However, at high Peclet numbers,
increasing the flow rate may lead to uneconomical water cuts.
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List of Symbols
A Horizontal cross-section
B 3D domain
c Vector of the matrix-cell center
d Size of a grid cell
Dcap Capillary-Diffusion coefficient
e Unit normal vector
F Nonlinear fracture function
F1,2 Fracture set
g Gravity acceleration
H Height of the reservoir
I Unit tensor
k Permeability
kf Effective fracture permeability
kr Relative permeability
l Local scale (lateral matrix column size)
L Global scale/length of the reservoir
M Nonlinear matrix function
n Unit normal vector
Nf Number of fracture grid cells
NG Gravity number
Nm Number of matrix grid cells
Nzf Number of fracture grid cells in the vertical direction
p Vector of the fracture-cell center
P Pressure
pc Capillary pressure
p′ Vector of the fracture-cell center on a horizontal cross-section
Pe Peclet number
PV Pore volume
q Any parameter
Q 3D domain
qext External (injection/production) rates
qw Water injection rate
r Coordinate vector
R Real
S Saturation
Sor Residual oil saturation
Swc Connate water saturation
SU Small unit
t Time
u Velocity
u Velocity vector
W Width of the reservoir
x x-coordinate
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xb Global coordinate
xp Center of a grid cell
xs Local coordinate
x ′ Horizontal cross-section position
y y-coordinate
z Vertical upward direction
Z 1D domain

Greek
α Phase (oil/water)
ε Scaling ratio
λ Mobility
μ Viscosity
ξ Potential/saturation indicator
ρ Density
σ Coordinates of the boundary
ϕ Porosity
	 Potential

 Horizontal cross-section domain
ω Auxiliary function

Math Signs and Operator
〈 〉 Average sign over volume
|| Absolute value of volume
≈ Almost equal to
⊗ Dyadic product√

Square root
∫ Integral
→ Vector sign
d Differential
∂π Partial differential with respect to π

∂ Boundary of
∇ Del (gradient operator)
� Delta (difference operator)
∇ Divergence operator

Subscripts
b Global (big) index
D Dimensionless
f Fracture
m Matrix
o Oil phase
r Relative
R Reference
s Local (small) index
w Water phase
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z z-coordinate (vertical direction)
α Oil/water index
ζ Fracture/matrix index

Superscripts
∗ Local fracture index
(0) Zeroth-order index
(1) First-order index
(2) Second-order index

1 Introduction

Fractured hydrocarbon reservoirs provide over 20% of the world oil reserves and production
(Firoozabadi 2000). A naturally fractured reservoir (NFR) is a reservoir that contains frac-
tures that result from natural, as opposed to man-made, stress differences that existed in the
rock at the time it fractured. These natural fractures can have a positive, neutral, or negative
effect on fluid flow (Nelson 1985; Aguilera 1998). Virtually, all reservoirs contain at least
some natural fractures (Aguilera 1998). However, if the effect of these fractures on fluid
flow is negligible (neutral), the reservoir can, from a reservoir-engineering point of view, be
treated as a single-porosity conventional reservoir (Chen 2007). We only consider reservoirs
where fluid flow occurs predominantly in a fracture network and do not consider the case
that fractures act as a barrier for fluid flow.

There are many mechanisms that cause fracturing of reservoirs, which are listed in Nelson
(1985). Natural fractures are classified into diagenetic, tectonic, and regional. Diagenetic frac-
tures are caused by physical and or chemical changes in the rock and can have any arbitrary
orientation. Tectonic fractures are created due to a local tectonic event. Because of domi-
nance of the vertical stress, fractures will develop perpendicular to the bedding plane. Finally,
regional fractures are always perpendicular to major bedding surfaces and develop over large
areas of the earth’s crust with relatively little change in orientation. From the topological point
of view, we can distinguish reservoirs that are built from matrix blocks that are bounded by
fracture planes in all directions (sugar cube) or are bounded only by more or less vertical
fracture planes (aggregated columns). Matrix blocks are pressed against each other, and con-
sequently contact regions are usually crushed and impermeable. The top and bottom of these
columns are bounded by the impermeable cap and base rock.

Depending on the mechanism, the fractured reservoirs can be classified into three different
groups (Aguilera 1998; Firoozabadi 2000). For group A, the bulk of the hydrocarbon resides
in the matrix, and the fracture pore volume (PV) is small in comparison to the matrix PV.
NFR’s of group B have about equal storage capacity in matrix and fractures, and in NFR’s
of group C, the storage capacity is entirely in the fractures. In this work, we obtain upscaled
equations for vertically fractured reservoirs of group A.

Fractured reservoirs simulations completely differ from conventional reservoirs simula-
tions. The key issue for simulating flow in fractured reservoirs is how to handle the frac-
ture–matrix interaction under different conditions (Wu et al. 2004). This is because the
fracture–matrix interaction leads to a delayed response that distinguishes the flow through
fractured reservoirs from the flow through heterogeneous single-porosity reservoirs. Conse-
quently, there are fundamental differences between recovery performance of fractured and
unfractured reservoirs. Capillary forces, leading to counter-current or co-current imbibition
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(Pooladi-Darvish and Firoozabadi 2000), are the main drivers for recovery from the matrix
blocks (Firoozabadi 2000). However, gravity forces cannot be completely disregarded.

As said above, many geological situations lead to some type of fractured reservoirs.
The modeling of flow in both the random and correlated fracture network has attracted
considerable attention in the hydrology community. Margolin et al. (1998) examined the
interplay and relative importance of the fracture structure and fracture aperture variation.
Berkowitz et al. (2001) examined a set of analytical solutions based on the continuous time
random walk approach to analyze breakthrough data for tracer test in fractures and heter-
ogeneous porous media. Park et al. (2001) assessed the importance of fracture intersection
mixing rules on simulated solute migration patterns in random fracture network. Moreover,
De Dreuzy et al. (2002, 2004) described the influence of the fracture length and fracture-
center correlation pattern on the equivalent permeability of the random fracture network.
However, the current literature in the petroleum community dealing with flow in fractured
reservoirs is largely confined to topological equivalents of the sugar cube model, i.e., the
matrix blocks are surrounded by fractures from all sides (Barenblatt et al. 1960; Warren and
Root 1963; Kazemi et al. 1969; Sonier et al. 1988; Kazemi et al. 1992; Al-Huthali and Datta-
Gupta 2004; Di Donato and Blunt 2004; AI-Harbi et al. 2005; Sarma and Aziz 2006). All
these paper use the semi-empirical transfer function approach of the BWR method. However,
the aggregated column model is topologically different because it is not connected to the frac-
ture network through the top and bottom of the matrix column. To our knowledge, the current
reservoir simulators have no option to deal with this situation and this is the innovative aspect
of this contribution. Indeed, the physics of the aggregated column model is completely dif-
ferent from the physics of the sugar cube model. The main reason is that gravity plays a more
important role, meaning that gravity and capillary phenomena interact in the matrix columns.

We assert that the upscaling problem for aggregated columns can be tackled using homog-
enization. It turned out that homogenization first developed by Tartar (1980) and summarized
by Hornung (1997) was suitable for upscaling fractured reservoirs and applied to fractured
media by Arbogast et al. (1990), Arbogast (1993a, b), and Douglas et al. (1991). Hoteit and
Firoozabadi (2006) developed discontinuous Galerkin and mixed finite-element methods
to solve the ensuing model equations. Homogenization is a powerful upscaling technique,
which has been successfully applied to a variety of problems of interest, such as reactive
contaminant transport (Lewandowska et al. 2005; Van Duijn et al. 2008) and two-phase flow
in layered (Van Duijn et al. 2002) and fractured media (Douglas et al. 1993; Chen 2007). It
has several advantages over other upscaling techniques, such as representative elementary
volume (REV) averaging; it does not use intuitive closure equations and it explicitly shows
the dependence of the upscaled equations on the characteristic dimensionless numbers of
interest. However, homogenization uses a number of assumptions for the physics of flow in
porous media. All these assumptions need to be validated from the physical point of view.
Therefore, we also give a full overview of simplifications and assumptions needed for the
aggregated columns to justify the upscaling procedure. In this case, only upscaling in a plane
perpendicular to the columns is required.

We use the computed results from the upscaled equations to investigate the effect of
water injection rate, lateral matrix column size, and gravity on the cumulative oil production.
Moreover, we compare the upscaled results for the aggregated columns with results obtained
for sugar cube models described in a previous paper (Salimi and Bruining 2009), for vari-
ous Peclet numbers (capillary diffusion time in matrix columns/residence time in fractures)
and gravity numbers. Furthermore, we compare with results from the effective permeability
model, which in principle is a conventional single-porosity model. In addition, we also inves-
tigate whether the aggregated column model can be solved with the current state of the art
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simulation programs, e.g., ECLIPSE simulations with a shape factor for which the vertical
height is equal to the layer height.

The article is organized as follows. Section 2 describes the physical model and the geomet-
rical configuration. Section 3 explains the upscaling technique (homogenization). In Sect. 4,
we define characteristic dimensionless numbers. In Sect. 5, we derive the fully implicit
numerical model. The results in Sect. 6 also include comparisons with the sugar cube model,
the effective permeability model, and ECLIPSE. Finally, we summarize our conclusions.

2 Physical Model

We consider a vertically fractured network (Fig. 1) in the domain Q = AQ × Z , where
AQ = {x, y ∈ R|0 ≤ x ≤ L , 0 ≤ y ≤ W } and Z = {z ∈ R|0 ≤ z ≤ H}, where R
represents the set of real numbers. We use L , W , and H to denote the length, width, and
height of the fractured reservoir, respectively. There are two mutually perpendicular vertical
fracture sets F1, F2, which surround the matrix column Bm = 
m × Z , where 
m (see
Fig. 1c) denotes the domain of a horizontal cross-section of a matrix column. Therefore,
matrix columns are connected from the top to the bottom of the reservoir domain, and there
is no horizontal fracture connection between matrix columns. Thus, the matrix columns can
capture phase segregation caused by gravity. Half of the fracture space surrounding the matrix
columns occupy the domain Bf = 
f × Z . Furthermore, B = 
× Z denotes the small peri-
odic units that occupy the domain B = Bf ∪ Bm. All the small units together constitute the
vertically fractured reservoir.

Fig. 1 a A vertically fractured
network, b a matrix column,
c a horizontal cross-section for a
small unit that consists of the
matrix part and fracture part

(a)

(c)

(b)
AQ

Z

Bm
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We simulate the injection of water into a vertically fractured oil reservoir. We apply conti-
nuity of capillary pressure and continuity of fluid flow as boundary conditions on the vertical
interfaces between fracture and matrix columns. Flux continuity follows from fluid conserva-
tion at the interface between fracture and matrix. There is capillary pressure continuity at the
boundary of fractures and matrix columns unless one of the phases either in the matrix or in
fracture is immobile (Van Duijn et al. 1995). Indeed when one of the phases is immobile, the
pressure of that phase depends on local conditions and cannot be determined globally. Hence,
the capillary pressure, which is the difference between the phase pressure of the non-wetting
phase and wetting phase, can be discontinuous. However, as residual saturations do not flow,
this presents no difficulties for the modeling. Continuity of force, and hence continuity of
phase pressures, implies continuity of capillary pressure when both phases are mobile.

Moreover, we incorporate the gravity effect directly inside the matrix columns. As a result,
there is a net flow within the matrix columns. The symmetry of the fracture pattern in the
horizontal plane is such that the fracture permeability can be considered isotropic. We only
consider a two-phase (oil and water) incompressible flow where water viscosity, μw, and oil
viscosity, μo, are assumed to be constant. As the main purpose of this article is to illustrate
only the essential concepts, we assume that the fracture permeability is isotropic but this
assumption can be easily relaxed (see below).

2.1 Model Equations

We use the two-phase (α = o,w) extension of Darcy’s law for constant fluid densities:

u∗
αf = −k∗

f krα,f

μαf
∇ (Pαf + ραgz) := −λ∗

αf∇	αf ,

uαm = −kmkrα,m

μαm
∇	αm := −λαm∇	αm.

(1)

In these equations, the superscript (∗) denotes the intrinsic (local) fracture properties. The
intrinsic fracture permeability evaluated inside the fracture is denoted by k∗

f . We define the
intrinsic fracture permeability k∗

f based on the fracture aperture. The matrix permeability is
denoted by km. Relative permeabilities are denoted by krw,ζ and kro,ζ , where ζ = f, m indi-
cates the fracture or matrix systems. Here P is the pressure, ρ is the fluid density, g is the
gravity acceleration factor, and z is the vertical upward direction. We define a phase mobility
λα = kkrα/μα as the ratio between the phase permeability and fluid viscosity. The phase
potential 	α is equal to the pressure plus the gravity term.

The mass conservation equation reads

∂

∂t

(
ϕζ ραζ Sαζ

) + ∇ · (
uαζ ραζ

) = 0, (2)

where ϕ is the porosity and Sα is the phase saturation. We obtain the governing equations
describing incompressible two-phase flow by combining Darcy’s Law (Eq. 1) and the mass
conversation (Eq. 2)

∂

∂t

(
ϕ∗

f ραf Sαf
) = ∇ · (

ραfλ
∗
αf∇	αf

)
in 
f , (3)

and

∂

∂t
(ϕmραm Sαm) = ∇ · (ραmλαm∇	αm) in 
m. (4)

123



28 H. Salimi, H. Bruining

We define a capillary pressure Pc = Po − Pw. At the interface between the fracture and
matrix systems, there is continuity of water and oil flow

(
ραfλ

∗
αf∇	αf

) · n = (ραmλαm∇	αm) · n on ∂
m, (5)

where n denotes the outward unit normal vector to the surface (∂
m) pointing from the
matrix to the fracture. At the interface, there is also continuity of capillary pressure.

3 Upscaling Technique

We start with two-phase flow equations at the local scale to obtain the upscaled equations for a
vertically fractured reservoir at the global scale using homogenization theory. The upscaling
technique (homogenization) consists of five major steps.

The first step in the homogenization is the subdivision of the horizontal coordinates of the
vertically fractured reservoir into two scales (see Fig. 1): local (small units) scale of size (l)
and the global scale of size (L) that is much larger than the local scale. This implies that a
condition for the application of homogenization is that separation of scales is possible. Our
choice for the small unit (SU) scale is a single matrix column of which vertical faces are
surrounded by fractures and its horizontal faces (e.g., top and bottom) are connected to the
cap and base rock. We define L as the dimension of the grid block scale. Note that each
grid block consists of a few hundred small units. We define a scaling ratio ε = l/L between
the local scale and the global scale. A very large difference between the size of the global
scale (grid block) and the local scale (SU) in addition to the low permeability of matrix
columns, suggests that the oil flux from the matrix columns to fractures only leads to local
scale variations of the fracture potential. As a consequence of the separation of scales, any
space dependent quantity required to describe the physical process is a function of these two
scales. Therefore, we can split the gradient operator (∇) into a global scale (big) term, ∇b,
and a local scale (small) term, ∇s, where ∇ = ∇b + ∇s. The matrix equation acts at the
local scale. Thus, we do not apply the splitting procedure to the matrix domain. However,
in a vertically fractured reservoir, there is no separation of scales in the vertical direction
because the global scale is the same as the local scale. Therefore, we only apply the splitting
procedure to the x- and y-component of the fracture gradient operator. After applying this
step to Eqs. 3–5, they read

∂
∂t

(
ϕ∗

f Sαf
) = ∇b,xy · λ∗

αf

(∇b,xy	αf + ∇s,xy	αf
)

+∇s,xy · λ∗
αf

(∇b,xy	αf + ∇s,xy	αf
)

+∇z · (
λ∗

αf∇z	αf
)

in 
f , (6)
∂
∂t (ϕm Sαm) = ∇s,xy · (

λαm∇s,xy	αm
)

+∇z · (λαm∇z	αm) in 
m, (7)
(
λ∗

αf

(∇b,xy + ∇s,xy,∇z
)
	αf

) · n = (
λαm

(∇s,xy,∇z
)
	αm

) · n on ∂
m. (8)

Equations 3–5 have ρα as a common factor; therefore, it can be dropped in Eqs. 6–8.
The second step in the homogenization technique is writing the equations at the local scale

in a dimensionless form using characteristic reference quantities. In our model, we use l and
L as the characteristic lengths for the differentiation. This results in ∇D = ∇b + ε−1∇s. The
reference potential, 	R, is the potential difference between the injection and production well
(�	). tR = L2μ/(k�	) acts as the reference time for both the fracture and matrix systems.
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After non-dimensioning Eqs. 6–8, they reduce to

∂

∂t

(
ϕ∗

f Sαf
) = ∇b,xy · k∗

f krα,f

μαf

(
∇b,xy	αf + 1

ε
∇s,xy	αf

)

+1

ε
∇s,xy · k∗

f krα,f

μαf

(
∇b,xy	αf + 1

ε
∇s,xy	αf

)

+∇z ·
(

k∗
f krα,f

μαf
∇z	αf

)
in 
f , (9)

and

∂

∂t
(ϕm Sαm) = 1

ε2 ∇s,xy · (
λαm∇s,xy	αm

)

+∇z · (λαm∇z	αm) in 
m, (10)
(

λ∗
αf

(
∇b,xy + 1

ε
∇s,xy,∇z

)
	αf

)
· n =

(
λαm

(
1

ε
∇s,xy,∇z

)
	αm

)
· n on ∂
m.

(11)

The subscript D is dropped for reasons of concise notation. The non-dimensionalization
procedure leads to some dimensionless numbers. Here, the dimensionless numbers are the
permeability ratio and the scaling factor (ε). We define the permeability ratio as the intrin-
sic (local) fracture permeability to the matrix permeability. We evaluate the permeability
ratio with respect to the scaling ratio ε. Different upscaled equations are obtained when
dimensionless numbers assume values of different orders of magnitude with respect to ε.

The third step in the homogenization technique is looking for the unknown quantities in
the form of an asymptotic expansion in powers of ε. We expand the potential and phase
saturation into contributions of decreasing significance with respect to ε

ξ = ξ (0) + εξ (1) + ε2ξ (2) + · · · , (12)

where ξ denotes the potential or the saturation. Substituting these expansions into Eqs. 9–11
and collecting terms with the same powers of ε, we obtain partial differential equations
recursively defining the entries in the asymptotic expansions.

The fourth step in the homogenization technique is solving the successive boundary value
problems that are obtained after introducing the asymptotic expansion in the local dimen-
sionless descriptions. We start by solving the equations of the lowest order in ε, i.e., the 1/ε2

terms of Eq. 9 and the 1/ε term of Eq. 11. Using the fact that km/k∗
f ≈ ε2 leads to

∇s,xy · k∗
f k(0)

rα,f

μαf
∇s,xy	

(0)
αf = 0 in 
f , (13)

and

k∗
f k(0)

rα,f

μαf
∇s,xy	

(0)
αf · n = 0 on ∂
m. (14)

Assuming periodic boundary conditions, the solution of this elliptic equation (phase potential)
is independent of the local scale, i.e.,

	
(0)
αf = 	

(0)
αf (xb, t). (15)
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It follows, if both phases are mobile, from the continuity of capillary pressure at the boundary
between the fracture and the matrix that

S(0)
αf = S(0)

αf (xb, t). (16)

Thus, the upscaled (macroscopic) fracture flow is defined on the global scale only.
Next, we consider the 1/ε term of Eq. 9 and ε0 of Eq. 11. Using Eqs. 15 and 16 to cancel

the local scale gradients of the independent terms of xs leads to

∇s,xy · k∗
f k(0)

rα,f

μαf

(
∇b,xy	

(0)
αf + ∇s,xy	

(1)
αf

)
= 0 in 
f , (17)

and
(

k∗
f k(0)

αf

μαf
∇b,xy	

(0)
αf + k∗

f k(0)
αf

μαf
∇s,xy	

(1)
αf

)

· n = 0 on ∂
m. (18)

In order to solve Eqs. 17 and 18, we assume that 	(1) is linearly related to ∇b	
(0)
αf , which in

its most general form can be written as

	
(1)
αf = (ω1, ω2) · ∇b,xy	

(0)
αf , (19)

where the components ω1 and ω2 of the vector are the auxiliary functions at the local scale.
We assume that ω1 and ω2 are independent of the global scale and z-coordinate. Substituting
Eq. 19 in Eqs. 17 and 18 leads to

∇s,xy · k∗
f k(0)

rα,f

μαf

((
I + ∇s,xy ⊗ (ω1, ω2)

) · ∇b,xy	
(0)
αf

)
= 0 in 
f , (20)

and the boundary condition
(

k∗
f k(0)

rα,f

μαf

((
I + ∇s,xy ⊗ (ω1, ω2)

) · ∇b,xy	
(0)
αf

))

· n = 0 on ∂
m. (21)

The dyadic product ∇s ⊗ ω is a tensor with components ∂ω j/∂xi , where i, j denote the x-,
y-, z-coordinate. Equations 20 and 21 are equations for the local scale. Therefore, we need
to eliminate ∇b	

(0)
αf from Eqs. 20 and 21. We conclude from Eq. 15 that (∂/∂xb, ∂/∂yb)	

(0)
αf

can be approximated as a vector with constant components on the local scale (small unit).
Therefore, Eqs. 20 and 21 reduce to

∇s,xy · k∗
f k(0)

rα,f

μαf

(∇s,xy ⊗ (ω1, ω2)
) = 0 in 
f , (22)

and the boundary condition

k∗
f k(0)

rα,f

μαf

(∇s,xy ⊗ (ω1, ω2)
) = −k∗

f k(0)
rα,f

μαf
I on ∂
m. (23)

Solving Eqs. 22 and 23 leads to the solutions of ω1 and ω2. These functions can be used to
calculate the upscaled permeability tensor as shown below. By making various choices, we
can obtain the components of ω. For instance, we consider the longitudinal (flow) direction
(∂/∂xb, ∂/∂yb)	

(0)
αf = −ex , where we use the minus sign because the potential decreases

in the longitudinal direction. The x-component of the vector ω is denoted by ω1 = ω · ex ,
and therefore ω · ∇b,xy	

(0)
αf = −ω1. We can interpret the ω1 as the first-order correction to
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the potential 	(0) when the system is subjected to a unit global gradient in the x-direction.
The behavior of ω1 is therefore a measure of the potential fluctuation caused by the non-
homogeneous nature of a porous medium.

Finally, the third-order system (ε0 terms of Eq. 9 and ε1 terms of Eq. 11) gives the upscaled
model. The ε0 terms of Eq. 9 are

∂

∂t

(
ϕ∗

f S(0)
αf

)
= ∇b,xy · k∗

f k(0)
rα,f

μαf

(
∇b,xy 	

(0)
αf + ∇s,xy	

(1)
αf

)
+ ∇z ·

(
k∗

f k(0)
rα,f

μαf
∇z	

(0)
αf

)

+∇s,xy · k∗
f k(0)

rα,f

μαf

(
∇b,xy	

(1)
αf + ∇s,xy	

(2)
αf

)

+∇s,xy · k∗
f k(1)

rα,f

μαf

(
∇b,xy	

(0)
αf + ∇s,xy	

(1)
αf

)
in 
f . (24)

The corresponding boundary condition with terms ε1 reads

(
k∗

f k(0)
rα,f

μαf

(
∇b,xy	

(1)
αf + ∇s,xy	

(2)
αf

)
+ k∗

f k(1)
rα,f

μαf

(
∇b,xy	

(0)
αf + ∇s,xy	

(1)
αf

))

· n

= 1

ε2

(
kmk(0)

rα,m

μαm
∇s,xy	

(0)
αm

)

· n on ∂
m, (25)

where again we use the fact that km/k∗
f ≈ ε2.

The fifth step in the homogenization technique is obtaining the upscaled (macroscopic
equivalent) model from Eqs. 24 and 25. We define the macroscopic average of any parameter
q over the small unit 
 by integrating over 
f and dividing by |
|, i.e.,

〈q〉 = 1

|
|
∫


f

q dxs.

In particular, considering the assumption of periodic local variations, the application of
Gauss’s theorem leads to

1

|
|
∫


f

∇s · qdxs = − 1

|
|
∫

∂
m

q · ndσ = − 1

|
|
∫


m

∇s · q dxs.

In this equation, σ denotes the coordinates of the boundary, ∂
m. Note the fact that the
normal vectors (n) changed direction when we go from 
f to 
m.

We obtain the upscaled model by applying the macroscopic averaging procedure to Eq. 24.
To do so, we need to remove the local scale (∂/∂s) dependence from Eq. 24 by applying the
averaging procedure and Gauss’s theorem to the boundary condition Eq. 25 and using Eq. 10.
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The third and fourth terms after the equal sign of Eq. 24 become

1

|
|
∫


f

{

∇s,xy · k∗
f k(0)

rα,f

μαf

(
∇b,xy	

(1)
αf + ∇s,xy 	

(2)
αf

)

+ ∇s,xy · k∗
f k(1)

rα,f

μαf

(
∇b,xy	

(0)
αf + ∇s,xy	

(1)
αf

)
}

dxs

= − 1

|
|
∫

∂
m

{

∇s,xy · k∗
f k(0)

rα,f

μαf

(
∇b,xy	

(1)
αf + ∇s,xy	

(2)
αf

)

+ ∇s,xy · k∗
f k(1)

rα,f

μαf

(
∇b,xy	

(0)
αf + ∇s,xy	

(1)
αf

)
}

.ndσ

= − 1

|
|
∫

∂
m

1

ε2

(
kmk(0)

rα,m

μαm
∇s,xy	

(0)
αm

)

.ndσ

= − 1

|
|
∫


m

1

ε2

{

∇s,xy .

(
kmk(0)

rα,m

μαm
∇s,xy	

(0)
αm

)}

dxs

= − 1

|
|
∫


m

{
∂

∂t

(
ϕm S(0)

αm

)
− ∇z ·

(
λ(0)

αm∇z	
(0)
αm

)}
dxs. (26)

This term is the exchange term of fluid flow at the interface between the fracture and matrix.
In other words, it acts as an internal matrix source term in the upscaled fracture model, which
means it shows how much water imbibes to the matrix and how much oil is fed to the fracture
by the matrix columns.

The first and second terms after the equal sign of Eq. 24 can be written with Eq. 19 as

1

|
|
∫


f

{

∇b,xy · k∗
f k(0)

rα,f

μαf

(
∇b,xy	

(0)
αf + ∇s,xy	

(1)
αf

)
+ ∇z ·

(
k∗

f k(0)
rα,f

μαf
∇z	

(0)
αf

)}

dxs

= 1

|
|
∫


f

{

∇b,xy ·
(

k∗
f k(0)

rα,f

μαf

(
I + ∇s,xy ⊗ (ω1, ω2)

) · ∇b,xy	
(0)
αf

)

+∇z ·
(

k∗
f k(0)

rα,f

μαf
∇z	

(0)
αf

)}

dxs

= 1

|
|
∫


f

{

∇b ·
(

k∗
f k(0)

rα,f

μαf
(I + ∇s ⊗ (ω1, ω2, 0)) · ∇b	

(0)
αf

)}

dxs

= ∇b ·
(

kf k(0)
rα,f

μαf
∇b	

(0)
αf

)

, (27)

where we define the effective fracture permeability tensor as follows:

kf = 1

|
|
∫


f

k∗
f (I + ∇s ⊗ (ω1, ω2, 0)) dxs. (28)
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Again, note that ω1 and ω2 are independent of the z-coordinate and the global scale. Douglas
et al. (1993) have derived similar equations for special cases. Combining Eq. 24 with Eqs. 26
and 27 leads to the upscaled model for vertically fractured reservoirs

∂

∂t

(
ϕf S(0)

αf

)
− ∇b ·

(
kf k(0)

rα,f

μαf
∇b	

(0)
αf

)

+ 1

|
|
∫


m

{
∂

∂t

(
ϕm S(0)

αm

)
− ∂

∂z

(
λ(0)

αm
∂

∂z
	(0)

αm

)}
dxs = 0 in Q, (29)

where we derive the global fracture porosity as follows:

ϕf = 1

|
|
∫


f

ϕ∗
f dxs.

The derivation of the upscaled model is complete. In the next section, we define characteristic
dimensionless numbers.

4 Dimensionless Numbers

One of the advantages of homogenization is that it generates different upscaled models, when
characteristic dimensionless numbers assume values of different orders of magnitude with
respect to ε. In this case, where we are only dealing with the zeroth-order upscaled equation,
we use the ratio between the fracture and matrix permeability as the characteristic dimension-
less number. Other dimensionless numbers follow from the upscaled model equations. For
these equations, we can additionally define the gravity number, i.e., gravity force over vis-
cous force and the Peclet number. The Peclet number is defined as the ratio between the time
required to imbibe water into the matrix column and the travel time of water in the fracture
system. The relevant dimensionless numbers are discussed in a previous paper (Salimi and
Bruining 2009), but for reasons of easy reference, we include the definition also in this article.

4.1 Permeability Ratio in Fractures and Matrix

The simplest definition of a fractured medium is a medium that contains fractures and matrix
columns. From the fluid-flow point of view, such a medium is not necessarily a fractured
medium, in particular when the matrix columns carry a substantial part of the flow. A frac-
tured reservoir from the fluid-flow point of view means that the total volumetric flux uf in
fractures must be substantially larger than the total volumetric flux um in the matrix columns.
It can be shown that the necessary requirement for this is that k∗

f ≈ ε−2 km because ε is a
measure of the fracture spacing. Indeed, flows in the fracture and matrix are subjected to
approximately the same potential gradient. In addition, the fluid viscosities in the matrix and
fracture are the same. Hence, the ratio between the velocity in the fracture and the matrix
u∗

f /um is of the order of magnitude ≈ ε−2. For a statistically homogeneous medium, the
Darcy velocity is uf ≈ ϕf u∗

f . Since in our case the global fracture porosity (ϕf ) is of the
order ≈ ε, we obtain uf/um ≈ ε−1. This can be expressed in terms of permeabilities, i.e.,
kf/km ≈ ε−1, using Darcy’s law. This means that if the matrix permeability is 10 mDarcy
and ε ≈ 0.01, the intrinsic fracture permeability k∗

f must be of the order of 100 Darcy. The
order of magnitude of the permeability ratio has also a consequence for a number of other
aspects. If we assume that the capillary pressure is inversely proportional to the square root
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of the permeability
√

k, it means that for the same saturation values, the capillary pressure
in the matrix columns is 100 times as large as in the fracture.

4.2 Peclet Number

The Peclet number is defined here as the ratio between the time required to imbibe water into
the matrix column and the travel time of water in the fracture system. The travel time of water
in the fracture system is affected by imbibition in the matrix columns. For our model, we
assume that counter-current imbibition in the matrix is the main recovery mechanism. Flow
in the fractures is governed by multi-phase convection flows. Therefore, in this model, the
Peclet number expresses the ratio between transport by convection (mainly viscous forces) in
the fracture and the transport by capillary diffusion in the matrix. For other cases of interest,
the relevant dimensionless number can be derived from the ratios of the residence time of
the fluids in the matrix columns and fractures, respectively. For our situation, we derive the
following expression for the Peclet number:

Pe = �2uf

DcapL
, where Dcap = − λoλw

λo + λw

dPc

dSw
.

Here, λα is the mobility of phase α (oil, water), l is the lateral matrix column size, and L
is the distance between wells. The qualitative behavior of water drive recovery in fractured
media depends on the ratio of the characteristic time over which an amount of oil flows from
the matrix to the fracture and the residence time of water in the fracture system.

If the residence time in the fracture system is small, it is expected that the recovery is con-
trolled by the rate of imbibition from the matrix columns. In this case, most of the fractures
contain mainly water. By capillary pressure continuity, this sets the boundary of the matrix
columns at approximately zero capillary pressure.

If the residence time in the fracture system is large, water imbibes into the matrix col-
umns before reaching the production well and releases an equal volume of oil (in the case
of incompressible flow) to the fracture. In this case, there is a long period in which mainly
oil is produced. After this period, water breakthrough occurs and the production perfor-
mance depends on the detailed geometry of the fracture system and the well configurations.
Therefore, from the fluid-flow point of view, the fractured reservoir behaves like a highly
heterogeneous single-porosity reservoir rather than as a fractured reservoir.

4.3 Gravity Number

The gravity number is defined as the ratio between the gravity forces and the viscous forces.
For the zeroth-order model, the periodic boundary condition implies that viscous forces are
negligible with respect to gravity forces or capillary forces on the local scale. Therefore, we
define the gravity number on the global (reservoir) scale, i.e., involving the characteristic
length L of the reservoir. The zeroth-order model follows from the most significant terms in
the transport equations, i.e., those that scale with ε0. We assert that this model is sufficiently
accurate to grasp the essential features of flow in fractured reservoirs.

In view of what has been said above, we use the following expression for the gravity
number (Yortsos 1991; Shook et al. 1992):

NG = kf�ρgH

μuf L
,
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where H is the height of the reservoir. As the Darcy velocity uf is increasing, the viscous
forces of the fracture system start to dominate gravity forces in the fracture system. On
the other hand, when the injection velocity is small, gravity forces become dominant in the
fracture system. This means that for this case, water tends to under-ride especially for high
mobility ratios and gravity segregation happens.

5 Numerical Solution

The numerical procedure described below is an extension of the method used by Arbogast
(1997) and Salimi and Bruining (2009) for the sugar cube model. The difficulty arises due
to a coupling of flow in the vertical direction, which is important in the aggregated column
model. From the computational point of view, we consider a matrix column associated with
each point in the base plane of the reservoir. The horizontal cross-sectional position of any
point rb = (xb, yb, zb) ∈ Q, is denoted by r′

b = (xb, yb) ∈ AQ. The matrix column at
r′

b = (xb, yb) ∈ AQ is denoted by Bm(r′
b) = 
m

(
r′

b

) × H , where this matrix column is
representative of matrix columns in the vicinity of r′. We formulate our numerical method
in terms of the water potential, the capillary pressure, and the water saturation. Here, we
also define the capillary potential 	c = Pc + (ρo − ρw) gz. We assume that all external
sources, i.e., the production and injection wells, influence only the fractures. Equations 30
and 32 below are called the saturation equations, and the sums over the phases of each of the
two-phase equations are 31 and 33, the pressure equations. Then, the upscaled equations in
the fractured reservoir are

∂

∂t
(ϕf Swf ) − ∇b · (λwf∇b	wf )

+ 1

|
|
∫


m

{
∂

∂t
(ϕm Swm) − ∂

∂z

(
λwm

∂

∂z
	wm

)}
dxs = qext,w in Q, (30)

−∇b · ((λwf + λof ) ∇b	wf + λof∇b	cf )

+ 1

|
|
∫


m

{
− ∂

∂z

(
(λwm + λom)

∂

∂z
	wm + λom

∂

∂z
	cm

)}
dxs = qext,w + qext,o in Q,

(31)

where qext,w and qext,o are the external flow rates that come from the production and injection
wells. The superscript (0) is dropped for reasons of concise notation. The equations on the
matrix columns at r′

b are

∂

∂t
(ϕm Swm) − ∇s · (λwm∇s	wm) = 0 in Bm(r ′

b), (32)

−∇s · ((λwm + λom) ∇s 	wm + λom∇s	cm) = 0 in Bm(r ′
b), (33)

The boundary conditions on the vertical faces of the matrix columns read

	wm (t, xb, xs) = 	wf (t, xb) , and 	cm (t, xb, xs) = 	cf (t, xb) . (34)

There are no-flow boundary conditions on the top and bottom of the entire fractured
reservoir, i.e.,

−λαζ ∇	αζ · n = 0, α = w, o, and ζ = f, m. (35)
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Initially, there is capillary–gravity equilibrium both in the fracture system and in the matrix
column. This means that the fluid exchange term between fracture and matrix is zero initially.
Since initial oil in place is known, we determine the initial fracture water potential by solving
the fracture pressure equation (Eq. 31). Due to equilibrium, we can solve the matrix pressure
equation (Eq. 33) to obtain the initial matrix water potential.

Equations 30–35 cannot be solved sequentially or explicitly, because a small change in
the boundary values on each matrix column can cause flow of a volume of fluid that is large
in comparison to the volume of the fractures (Douglas et al. 1991). In other words, the matrix
absorbs more fluid from the surrounding fractures in one-step than can be resident there.
Part of the excess volume in the matrix is returned to the fractures in the next step, how-
ever, violating mass conservation. Therefore, the fracture–matrix interaction must be handled
implicitly.

We use a backward Euler, time approximation for the complete system of Eqs. 30–35. We
further use a fully implicit finite volume approach and first-order upwind scheme for spatial
discretization. To facilitate the implementation of the no-flow boundary conditions and the
continuity conditions of the potentials along the fracture–matrix interfaces, we discretize the
space variables in a cell-centered manner in the fractures and also cell-centered with respect
to z in the matrix columns. However, the discretization in the xs and ys are vertex-centered.
In this work, we use uniform grid cells in the fractures and in each matrix column. From
the computational perspective, we consider a case in which the vertical discretization in the
matrix columns coincides with that in the fractures.

We discretize Q into Nxf × Nyf × Nzf grid cells, each grid cell of size dxf × dyf × dzf .
The center of the fracture cell p = (px , py, pz) is then

xbp = (
(px − 1/2)dxf , (py − 1/2)dyf , (pz − 1/2)dzf

)
,

and the set of all fracture grid cell centers is

Nf = {
xbpi

: pi = 1, 2, 3, . . . , Nif , i = x, y, z
}
.

This reduces the system of the equations to a fully discrete, three-dimensional problem. We
denote the vectors of unknowns in the fracture by

�	n
wf = {

	n
wf,i , i = 1, 2, 3, . . . , Nxf × Nyf × Nzf

}
,

�Sn
wf = {

Sn
wf,i , i = 1, 2, 3, . . . , Nxf × Nyf × Nzf

}
,

where superscript n denotes the time level n. In the vector, the potentials and saturations are
stacked behind each other.

At each xbp ∈ Nf , there is a representative matrix column Bm(xbp′) = (0, dxm Nxm) ×
(0, dym Nym) × (0, dzf Nzf ), where p′ = (px , py) is the projection of p on the x–y plane.
Then, the center point of each matrix cell c = (cx , cy, cz) is

xsp′ = (cx dxm,p′ , cydym,p′ , (cz − 1/2)dxf )

and the set of all matrix cell center points at fracture point p is given by

Nm,p′ = {
xsp′,ci : ci = 0, 1, . . . , Nim,p′ , i = x, y;cz = 1, 2, . . . , Nzf

}
.

Then, associated with each grid point i = 1, 2, . . ., Nxf × Nyf × Nzf , we have two series of
matrix unknowns

�	n
wm,i ′ =

{
	n

wm,i ′ j , i ′ = 1, 2, . . . , Nxf × Nyf , j = 1, 2, 3, . . . , Nxm × Nym × Nzf

}
,

�Sn
wm,i ′ =

{
Sn

wm,i ′ j , i ′ = 1, 2, . . . , Nxf × Nyf , j = 1, 2, 3, . . . , Nxm × Nym × Nzf

}
,
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in the mth matrix column. After that, we can write the fully discrete, nonlinear fracture and
matrix equations

⎧
⎪⎨

⎪⎩

Fi

( �	n
wf ,

�Sn
wf ,

�	n
wm, �Sn

wm

)
= 0, i = 1, 2, . . . , Nxf × Nyf × Nzf ,

Mi ′ j

( �	n
wf ,

�Sn
wf ,

�	n
wm,i ′ ,

�Sn
wm,i ′

)
= 0,

{
i ′ = 1, 2, . . . , Nxf × Nyf ,

j = 1, 2, . . . , Nxm × Nym × Nzf ,

(36)

where Fi and Mi ′ j are some nonlinear functions. We use Newton’s method to linearize the
above system of equations. Let

�	n,k
wf , �Sn,k

wf , �	n,k
wm, and �Sn,k

wm,

denote the kth Newton iteration for the nth time level’s solution. We write the evaluation of
F and M at the (k − 1)th iteration for the nth time level solution as

⎧
⎨

⎩

Fn,k−1
i = Fi

( �	n,k−1
wf , �Sn,k−1

wf , �	n,k−1
wm , �Sn,k−1

wm

)
,

Mn,k−1
i ′ j = Mi ′ j

( �	n,k−1
wf , �Sn,k−1

wf , �	n,k−1
wm,i ′ ,

�Sn,k−1
wm,i ′

)
.

Let ∂π denote the partial derivative with respect to π . We will develop an efficient numerical
scheme based on the conventional Newton procedure. Such a conventional procedure would
run as follows:

(1) Start with an initial guess for the solution

�	n,0
wf , �Sn,0

wf , �	n,0
wm, and �Sn,0

wm.

Note that we use the initial water potential and water saturation as a first guess for the
Newton iteration of the first time step. The initial capillary potentials 	c in the fracture
system and in the matrix column should agree on the matrix column boundary, i.e.,
continuity of capillary pressure.

(2) For each k = 1, 2, . . . , n until convergence is reached:

(a) solve for

�	n,k
wf , �Sn,k

wf , �	n,k
wm, and �Sn,k

wm,

satisfying
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Fn,k−1
i + ∑Nf

i ′′=1

{[
∂	wf,i ′′ Fn,k−1

i δ	
n,k
wf,i ′′ + ∂Swf,i ′′ Fn,k−1

i δSn,k
wf,i ′′

]

+ ∑Nm
j ′=1

[
∂	wm,i ′′ j ′ Fn,k−1

i δ	
n,k
wm,i ′′ j ′ + ∂Swm,i ′′ j ′ Fn,k−1

i δSn,k
wm,i ′′ j ′

]}

= 0, i = 1, 2, . . . , Nf ,

Mn,k−1
i ′ j + ∑Nzf

l=1

[
∂	wf,(i ′,l) Mn,k−1

i ′ j δ	
n,k
wf,(i ′,l) + ∂Swf,(i ′,l) Mn,k−1

i ′ j δSn,k
wf,(i ′,l)

]

+∑Nm
j ′=1

[
∂	wm,i ′ j ′ Mn,k−1

i ′ j δ	
n,k
wm,i ′ j ′ + ∂Swm,i ′ j ′ Mn,k−1

i ′ j δSn,k
wm,i ′ j ′

]

= 0,

{
i ′ = 1, 2, . . . , Nxf × Nyf ,

j = 1, 2, . . . , Nm,

(37)

(b) update the potential and saturations

�	n,k
wf = �	n,k−1

wf + δ �	n,k
wf , �Sn,k

wf = �Sn,k−1
wf + δ �Sn,k

wf ,

�	n,k
wm = �	n,k−1

wm + δ �	n,k
wm, �Sn,k

wm = �Sn,k−1
wm + δ �Sn,k

wm.

123



38 H. Salimi, H. Bruining

This would complete the algorithm for a time step. The above linear system (Eq. 37) involves
the solution of a (2×(Nf + Nxf × Nyf × Nm))×(2×(Nf + Nxf × Nyf × Nm)) matrix for each
Newton iteration at a time step, which is computationally expensive. Within the linearized
Newton problem (Eq. 37), the matrix solutions in the i th column depend on 	

n,k
wf,(i ′,l) and

Sn,k
wf,(i ′,l), where l = 1, 2, . . ., Nzf . In other words, the matrix solution in the i th column only

depends on all the fracture cells surrounding the matrix column of interest. It is therefore
possible to develop an efficient numerical scheme by decoupling the matrix and fracture
problems without affecting the implicit nature of the scheme. We replace the matrix problem
in Eq. 37 by the following three types of problems for

(
δ̃ �	n,m

wm,(i ′,l), δ̃
�Sn,m

wm,(i ′,l)

)
,

(
δ̂ �	n,m

wm,(i ′,l), δ̂
�Sn,m

wm,(i ′,l)

)
, and

(
δ̄ �	n,m

wm,i ′ , δ̄
�Sn,m

wm,i ′
)

,

where δ̃’s, δ̂’s, and δ̄’s satisfy three types of problems as follows:
First, for each i ′ = 1, 2, . . . , Nxf × Nyf and j = 1, 2, 3, . . . , Nm,

Mn,k−1
i ′ j +

Nm∑

j ′=1

[
∂	wm,i ′ j ′ Mn,k−1

i ′ j δ̄	
n,k
wm,i ′ j ′ + ∂Swm,i ′ j ′ Mn,k−1

i ′ j δ̄Sn,k
wm,i ′ j ′

]
= 0. (38)

Second, for l = 1, . . ., Nzf ,

∂	wf,(i ′,l) Mn,k−1
i ′ j +

Nm∑

j ′=1

[
∂	wm,i ′ j ′ Mn,k−1

i ′ j δ̃	
n,k
wm,(i ′,l), j ′ + ∂Swm,i ′ j ′ Mn,k−1

i ′ j δ̃Sn,k
wm,(i ′,l), j ′

]
= 0.

(39)

Third, for l = 1, . . . , Nzf ,

∂Swf,(i ′,l) Mn,k−1
i ′ j +

Nm∑

j ′=1

[
∂	wm,i ′ j ′ Mn,k−1

i ′ j δ̂	
n,k
wm,(i ′,l), j ′ + ∂Swm,i ′ j ′ Mn,k−1

i ′ j δ̂Sn,k
wm,(i ′,l), j ′

]
= 0.

(40)

If we multiply Eq. 39 by δ	
n,k
wf,(i ′,l) and Eq. 40 by δSn,k

wf,(i ′,l) and then add these equations
to Eq. 38, the result is identical to the matrix problem in Eq. 37. As a result, the matrix
unknowns can be calculated by

δ	
n,k
wm,i ′ j = δ̄	

n,k
wm,i ′ j +

Nzf∑

l=1

(
δ̃	

n,k
wm,(i ′,l), jδ	

n,k
wf,(i ′,l) + δ̂	

n,k
wm,(i ′,l), jδSn,k

wf,(i ′,l)

)
, (41)

and

δSn,k
wm,i ′ j = δ̄Sn,k

wm,i ′ j +
Nzf∑

l=1

(
δ̃Sn,k

wm,(i ′,l), jδ	
n,k
wf,(i ′,l) + δ̂Sn,k

wm,(i ′,l), jδSn,k
wf,(i ′,l)

)
. (42)

Equations 38–40 can be solved independently of the fracture system. Thus, we modify step
2(a) of the Newton Algorithm by first solving Eqs. 38–40. The changes in the fracture
unknowns are then given by solving the fracture equations of 37, using implicitly definition
of Eqs. 41 and 42. Subsequently, we explicitly use the changes in the fracture unknowns and
Eqs. 41 and 42 to update the matrix δ-potential and matrix δ-saturation. Finally, the Newton
iteration can be continued. This efficient numerical method is inexpensive as it only involves
the solution of many (2× Nm)× (2× Nm) matrices and the solution of a (2× Nf )× (2× Nf )

matrix as opposed to a single big matrix.
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6 Results and Discussion

In this section, we present the results of the numerical simulation. We consider a vertically
fractured oil reservoir with a length of 500 m, width of 200 m, and height of 30 m. Initially,
the reservoir is saturated with oil. The water saturation both in the fracture and in the matrix is
equal to the connate water saturations (Swc). As shown in Fig. 2, water is injected through the
entire height of the reservoir from one corner and subsequently oil and water are produced
through the upper third of the reservoir height at the diagonally opposite corner. Table 1
shows the basic input data for the numerical simulations. For each simulation case, the water
injection rate is uniform. Table 2 shows the calculated effective (global) fracture permeabili-
ties based on the different values of the lateral matrix column size. Since fracture and matrix
are considered as two different media, we use two different capillary pressure curves and
relative permeability curves. Figures 3 and 4 show the capillary pressure curves and relative
permeability curves both for the fracture and for the matrix. We discretize the fractured res-
ervoir into 10 × 5 × 9 grid cells in x-, y-, and z-direction. Hence, there are 450 grid cells for
the fracture system, which contains 10 × 5 columns. Each column, which extends from the
base rock to the cap rock, is subdivided in a stack of nine matrix blocks. Each matrix block
contains 9 × 9 × 1 grid cells in the x-, y-, and z-direction. In other words, corresponding
to each fracture grid cell on the base plane, there is a single matrix column, consisting of a
stack of nine matrix blocks. We use 9 × 9 × 9 grid cells in x-, y-, and z-direction for each
representative matrix column. Therefore, we have a total of 10 × 5 × 9 grid cells for the
fracture part and (10 × 5 × 9) × 9 × 9 grid cells to represent the matrix part leading to a
total of 36,900 grid blocks. We examine the sensitivity of the numerical scheme by refining
the discretization both in the fracture and in the matrix. Figure 5 shows the effect of fracture
refinement on the cumulative oil production. As shown in Fig. 5, the numerical simulation
is not sensitive to the fracture refinement as well as matrix refinement in the z-direction.
However, Fig. 6 reveals that the choice of 9 × 9 × 9 is slightly too coarse but still sufficiently
accurate for a comparison between different cases. This is to be expected because the amount
of oil in the fracture is small when compared to the amount of oil that resides in the matrix
(Fractured reservoir of group A).

In the simulations, we vary the water injection rate, lateral matrix column size, and grav-
ity. We also compare the upscaled aggregated column model with the upscaled sugar cube
model (Salimi and Bruining 2009) for the same reservoir size and the same well configura-
tion. Therefore, we investigate the effect of the water injection rate, lateral matrix column

30m 
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Injection well perforated in 

the entire reservoir height 
Production well perforated in 

the upper third of the 

reservoir height 

200 m

Fig. 2 Fractured reservoir waterflooding pattern
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Table 1 Data used in the numerical simulations

Initial reservoir pressure ( MPa) 27.5 Oil viscosity, μo (Pa s) 0.002

Bottom hole pressure for production wells ( MPa) 26.9 Oil density, ρo(kg/m3) 833

Well radius (m) 0.1524 Water viscosity, μw (Pa s) 0.0005

Fracture aperture (µm) 100 Water density, ρw (kg/m3) 1,025

Local fracture porosity, ϕ∗
f 1 Residual oil saturation in matrix 0.3

Intrinsic fracture permeability, k∗
f (D) 844 Residual oil saturation in fracture 0

Global fracture porosity based on l = 1 m, ϕf 2 × 10−4 Connate water saturation in matrix 0.25

Matrix porosity, ϕm 0.19 Connate water saturation in fracture 0

Matrix permeability, km (mD) 1

Table 2 Calculated effective (global) fracture permeability based on the lateral matrix column size

Lateral matrix column size, l
(m)

Effective fracture permeability in
x- and y-direction, kf,xy (mD)

Effective fracture permeability in
z-direction, kf,z (mD)

0.5 166.67 333.33

1 83.33 166.66

2 41.67 83.33

3 27.78 55.56

4 20.83 41.66

Fig. 3 Capillary pressure curves
versus water saturation
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size, gravity, and the fluid-flow exchange term (aggregated column versus sugar cube). The
dependence can be expressed in terms of the gravity number and the Peclet number. In all
cases, the cumulative oil production is the basis for a comparison. Note that we express the
(dimensionless) time in terms of cumulative PV water injected.

The results are organized as follows: first, we describe the effect of the lateral matrix col-
umn size for different water injection rates. Subsequently, we discuss the effect of the water
injection rates on the cumulative oil production for different matrix column sizes. Third, we
study the effect of gravity on the cumulative oil production, i.e., by performing the simulation
at different gravity numbers. Next, we illustrate the effect of different reservoir geometries
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Fig. 4 Relative permeability
curves versus water saturation
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Fig. 5 Effect of fracture
discretization on the cumulative
oil production
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Fig. 6 Effect of matrix
discretization on the cumulative
oil production
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(i.e., aggregated column versus sugar cube), which lead to two different fluid-flow exchange
terms in the upscaled models. After that, we define two different fluid-flow regimes by com-
paring the aggregated column model with the effective permeability model. Here, we use
the Peclet number to distinguish different fluid-flow regimes. Finally, we investigate whether
the aggregated column model can be solved with the current state of the art simulation pro-
grams, e.g., ECLIPSE simulations (i.e., the BWR approach) with a shape factor for which
the vertical height is equal to the layer height.
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Fig. 7 Oil Saturation history, a time = 5 days, b time = 37.5 days, c time = 50 days, d time = 75 days,
e time = 100 days, and f time = 200 days. The reservoir has a length of 500 m in the x-direction, 200 m in
the y-direction and 30 m in the z-direction. The water injection rate is 1 PV per year and the lateral matrix
column size is 2 m. First, the water occupies the bottom of the reservoir. Then, the water rises in the fractures
and finally the water rises in the columns. Due to gravity, the oil at the top of the reservoir is not fully depleted

Figure 7 shows the oil saturation history after water injection in the two NE corner col-
umns, with production in the top 1/3 of the two SW corner columns. As opposed to the sugar
cube model, the water saturation first expands via the bottom of the reservoir.

6.1 Effect of the Lateral Matrix Column Size

Figure 8a and b show the cumulative oil production for various lateral matrix column sizes
at a water injection rate of 0.1 PV per year and 10 PV per year, respectively. We see from
Fig. 8a and b that as the lateral matrix column size increases, the corresponding cumulative
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Fig. 8 a Effect of the lateral
matrix column size on the
cumulative oil production for a
water injection rate of 0.1 PV per
year (NG ≈ 0.1), b Effect of the
lateral matrix column size on the
cumulative oil production for a
water injection rate of 10 PV per
year (NG ≈ 10−4)
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oil production decreases. This is to be expected because by increasing the lateral matrix
columns size, the rate of counter-current imbibition in the matrix decreases. Therefore, the
rate of oil and water exchange at the interface between fracture and matrix column reduces
and consequently the Peclet number increases. As the rate of fluid-flow exchange acts as an
internal source term in the upscaled equation, this leads to a lower oil recovery factor. We
recall from the definition that the Peclet number is not proportional to the injection rate as it
is influenced by imbibition in the matrix.

Figure 8a reveals that at a low water injection rate (0.1 PV per year), the cumulative oil
production for different lateral matrix column sizes has the same qualitative behavior in terms
of oil production. Moreover, it shows that the order of magnitude of the Peclet number does
not change by increasing the lateral matrix column size. When the water injection rate is
low, the residence time in the fracture is long. Therefore, at these small Peclet numbers, even
by reducing the rate of imbibition, there is enough time for water to imbibe into the matrix
column before it reaches the production well. As a result, the cumulative oil production
remains high.

On the other hand, Fig. 8b shows that at a high water injection rate (10 PV per year) the
cumulative oil production for different lateral column sizes changes significantly. Further-
more, the Peclet number also varies considerably by increasing the lateral matrix column size.
This means that when the residence time for water in the fracture is small, the oil recovery
mechanism is sensitive to the rate of oil and water exchange at the interface between fracture
and matrix column. Even for these small residence times, a decreasing lateral matrix column
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size, which reduces the imbibition time into the matrix column, can lead to a larger delay in
water breakthrough and thus a higher oil production.

6.2 Effect of the Water Injection Rate

Figure 9a and b show the cumulative oil production for a (square) lateral matrix column
size of 0.5 and 4 m at different water injection rates. Note that we express the (dimension-
less) time in terms of cumulative PV water injected. We observe from Fig. 9a and b that as
the water injection rate increases, the corresponding cumulative oil production decreases.
When the water injection rate increases, the rate of transport by convection in the fracture
also increases meaning that the residence in the fracture decreases. Consequently, the Peclet
number becomes larger and the oil recovery factor becomes lower.

As shown in Fig. 9a, the cumulative oil production for a small lateral matrix column size
(0.5 m) at different water injection rates has the same qualitative behavior in terms of oil
production. Figure 9a also reveals that the order of magnitude of the Peclet number does not
change with increasing water injection rate. When the lateral matrix column size is small,
the characteristic time of the water imbibition inside the matrix is short, which means that a
major amount of oil in the matrix is depleted by water as soon as water reaches the boundary
of the matrix column because of capillary pressure continuity. Moreover, the characteristic
imbibition time is much shorter than the characteristic time of transport by convection in
the fracture. Therefore, even by reducing the residence time in the fracture still the water
imbibition in the matrix is dominant over convection in the fracture. As a result, increasing

Fig. 9 a Effect of the water
injection rate on the cumulative
oil production for a lateral matrix
column size of 0.5 m, b Effect of
the water injection rate on the
cumulative oil production for a
lateral matrix column size of 4 m
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the water injection rate does not qualitatively influence the cumulative oil production for
small lateral matrix column sizes (see Fig. 9a).

However, the cumulative oil production for a large lateral matrix column size (4 m) changes
significantly by varying the water injection rate (Fig. 9b). Moreover, we see from Fig. 9b
that the order of magnitude of the Peclet number also changes, which causes the different
oil production behavior. Here, the time required for water to imbibe into the matrix is long
because of the large lateral matrix column size (4 m), meaning that the characteristic time of
water imbibition is long. Furthermore, at a water injection rate of 0.1 PV per year the order
of magnitude of imbibition in the matrix is almost the same as the characteristic time of
convection in the fracture, i.e., Pe = 0.5. Therefore, at a higher water injection rate (i.e., 1 PV
per year and 10 PV per year), the time required for transport by convection in the fracture
becomes much shorter than the time needed for water to imbibe into the matrix column, i.e.,
Pe=5.63 and Pe=207. Consequently, this leads to a lower oil recovery factor.

Based on the results shown in Fig. 9a and b, we distinguish two different practical pro-
duction scenarios. (1) If a fractured reservoir has a large heterogeneity in matrix column size
(fracture spacing), the best strategy to have a high oil recovery factor is to use a low water
injection rate. (2) If a fractured reservoir contains matrix columns with a relatively small
size, the best strategy to have a high net present value as well as a relatively high oil recovery
factor is to use high water injection rates.

6.3 Effect of Gravity

A comparison of the cumulative oil production for the aggregated column model with and
without gravity is shown in Fig. 10a and b. For a small Peclet number and a large gravity
number (NG = 0.1), it can be seen from Fig. 10a that at an early stage (t < 0.22 PV),
using the aggregated column model both with gravity and without gravity, no major water
breakthrough has yet occurred. For 0.22 PV< t <1.5 PV, however, water breakthrough occurs
earlier for the aggregated column model with gravity and hence leads to less oil production.
Finally, the aggregated column model both with gravity and without gravity tend to the same
value of the cumulative oil production. When gravity is included in the model, under-riding
of water occurs, which causes earlier water breakthrough and hence leads initially to less oil
production. Therefore, before water breakthrough (t < 0.22 PV) occurs in the presence of
gravity, the results for both cases (i.e., with gravity and without gravity) are the same. After
that, water breaks through in the aggregated column model with gravity while the aggregated
column model without gravity produces mainly oil (0.22 PV< t <0.8 PV). Subsequently,
water breakthrough also occurs after almost all mobile oil has been produced. However, the
water level in a case where gravity is included rises gradually because the top layer in the
production well is perforated (see, however, Fig. 7). Consequently, water imbibes in the top
parts of the matrix columns, leading to oil production. Hence, for long times, the aggregated
column model with gravity predicts almost the same cumulative oil production as obtained
without gravity.

Figure 10b reveals that for much higher Peclet numbers and much smaller gravity num-
bers (NG = 9.9 × 10−4), the results of the aggregated column model with and without
gravity almost coincide during the entire production period. Even as water never reaches
the top layer of the fractures when gravity is included, it does not influence the cumulative
oil production because the amount of oil in the fracture is small. Here, the small effect of
gravity can be attributed to the fact that both capillary imbibition forces and viscous forces
act against gravity forces. The capillary imbibition forces are constant for every case consid-
ered here. Moreover, gravity forces are also constant because the size of the reservoirs and
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Fig. 10 a Effect of gravity on
the cumulative oil production for
a water injection rate of 0.1 PV
per year and for a lateral matrix
column size of 0.5 m, b Effect of
gravity on the cumulative oil
production for a water injection
rate of 1 PV per year and for a
lateral matrix column size of 4 m
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the density difference between oil and water are kept constant. The viscous forces change
on the global scale because we vary the rate of water injection as well as the lateral matrix
column size. When the Peclet number is small and gravity number is large, the viscous forces
are small and therefore the effects of gravity forces can be observed. On the other hand, at
a high Peclet number and very small gravity number, the viscous forces are at least one
order of magnitude larger than gravity forces. Hence, the viscous forces become dominant
and considering gravity forces for these cases does not have a large impact on the cumu-
lative oil production. This result is very sensitive to the well outlay and other geometrical
conditions.

6.4 Effect of the Fractured Reservoir Topology

Figure 11a and b show the difference in cumulative oil production for the aggregated column
model and the sugar cube model. Figure 11a shows the result at a low Peclet number. In this
case, the sugar cube model and the aggregated column model lead to almost the same result.
However, for high Peclet numbers, the sugar cube model (see Fig. 11b) shows a much higher
recovery than the aggregated column model. The reason is that at high Peclet numbers, the
imbibition over the full column height is slow and hence oil production from the top of the
columns is small.
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Fig. 11 a Effect of the fractured
reservoir topology, i.e.,
aggregated column versus sugar
cube model, for a water injection
rate of 0.1 PV per year and for a
lateral matrix column size of
0.5 m (Pe = 0.07, NG = 0.1),
b Effect of the fractured reservoir
topology, i.e., aggregated vertical
column versus sugar cube model,
for a water injection rate of 10 PV
per year and for a lateral matrix
column size of 4 m (Pe = 207,
NG = 10−4) 0 0.5 1 1.5 2
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6.5 Comparison Between the Aggregated Column Model and the Effective Permeability
Model

Figure 12a and b show a comparison of the cumulative oil production for the aggregated
column model with the effective permeability model. For a low Peclet number (0.07) (see
Fig. 12a), we observe that the aggregated column model predicts a smaller oil production
than the effective permeability model when more than 0.22 PV of water is injected. Clearly
for incompressible fluids, the oil production rate and water injection rate before breakthrough
are the same, i.e., for t < 0.22 PV. The fracture volume is 0.001 PV, meaning that the oil is
mainly produced from the matrix. After t > 1 PV, the results of the aggregated column model
and effective permeability model almost coincide. However, at higher Peclet numbers (e.g.,
207 in Fig. 12b), the discrepancy between the aggregated column model and the effective
permeability model significantly increases, where the aggregated column model predicts an
oil recovery factor that is almost two times smaller than the oil recovery factor estimated by
the effective permeability model.

If the Peclet number is small, the rate of oil and water exchange at the interface between
matrix column and fracture is fast compared to the rate of convection in the fractures. In
this case, the residence time in the fracture system is large and most water imbibes into the
matrix columns and releases an equal volume of oil to the fracture. Therefore, there is a long
period when mainly oil is produced at a rate equal to the injection rate (Fig. 12a). As a result,
considering a precise rate of fluid exchange at the interface between matrix and fracture is not
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Fig. 12 a A comparison of the
cumulative oil production for the
aggregated column model with
the effective permeability model
for a water injection rate of
0.1 PV per year and for a lateral
matrix column size of 0.5 m
(Pe = 0.07, NG = 0.1), b A
comparison of the cumulative oil
production for the aggregated
column model with the effective
permeability model for a water
injection rate of 10 PV per year
and for a lateral matrix column
size of 4 m (Pe = 207, NG = 10−4)
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required for the prediction of oil recovery from waterflooded vertically fractured reservoirs.
For this reason, one can use the effective permeability model (see Fig. 12a) instead of using
the aggregated column model. Note that for the effective permeability model, we solved the
equations, which correspond to a single conventional porosity model, with porosity equal
to the matrix porosity and permeability equal to the effective permeability obtained from
homogenization. Therefore, the computation time of the effective permeability model is a
few hundred times smaller than that of the homogenized model.

On the other hand, if the Peclet number is large, the rate of oil and water exchange at
the interface between the matrix column and the fracture is small compared to the rate of
convection in the fractures. Consequently, the residence time in the fracture system is small.
Therefore, it is expected that the recovery is controlled by the rate of counter-current imbibi-
tion from the matrix columns. Hence, one must use the aggregated column model to improve
oil recovery predictions from a waterflooded vertically fractured reservoir rather than using
the effective permeability model. In this case, most of the fractures contain mainly water. By
capillary continuity, this situation sets the boundary of the matrix columns at the approxi-
mately zero capillary pressure or a water saturation of (1 − Sor). As a result of this, there is a
short period in which mainly oil is produced (Fig. 12b), after which oil production becomes
very slow.
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6.6 Comparison Between the Aggregated Column Model and ECLIPSE Simulator (BWR
Approach)

Figure 13a–c show a comparison of the cumulative oil and water production for the aggregated
column model with the ECLIPSE simulator. For a small Peclet number (0.07, Fig. 13a), the
model and the simulator show the same breakthrough time, i.e., t = 0.22 PV. Subsequently,
at 0.22 PV< t <0.67 PV, the ECLIPSE simulator predicts a higher oil production rate than
the aggregated column model as illustrated by the fact that the slope of cumulative oil produc-
tion curve for the ECLIPSE simulator at this stage is steeper than the slope of the cumulative
oil production curve for the aggregated column model. Finally, both the aggregated column
model and ECLIPSE results tend to different values of oil production. The discrepancy in
Fig. 13a between the aggregated column model and ECLIPSE is due to large gravity effects,
which requires an accurate representation of the fracture–matrix interaction. For a slightly
higher Peclet number (Fig. 13b), we see that the cumulative oil production for the aggregated
column model and the ECLIPSE simulator almost coincide. Therefore, in this condition, the
aggregated column model can be replaced by the BWR approach without appreciable loss
of accuracy.

The results at still higher Peclet numbers are shown in Fig. 13c. In this case, the aggre-
gated column model predicts a higher oil production at an early stage than the ECLIPSE
simulator because of fast depletion of oil from the part of the matrix column adjacent to the
fracture resulting from continuity of capillary pressure. Afterwards, the predicted rate of oil
production of ECLIPSE exceeds the rate of oil production of the aggregated column model,
and gradually the cumulative oil production from the ECLIPSE simulator reaches the value
of the cumulative oil production for the aggregated column model.

The most important reason for the discrepancy between the aggregated column model
and ECLIPSE model is the difference between the BWR transfer function and the fluid-
flow exchange term based on homogenization. The second most important reason is that
three-dimensional matrix-block subgridding to the best of our knowledge is not available
in the ECLIPSE simulator. The third most important reason is that there is no option in the
ECLIPSE simulator for the aggregated column topology. We observe that most of the dis-
crepancy between the aggregated column model and ECLIPSE simulator happens at higher
and lower Peclet numbers. In these cases, accurate fluid-flow exchange terms are necessary
for the accurate prediction of oil recovery because the oil recovery is controlled by the rate of
imbibition for high Peclet numbers and by gravity for high gravity numbers. Consequently,
satisfying the continuity of the capillary pressure has a significant effect on the cumulative
oil production.

Figures 12a and 13b show a small difference between the aggregated column model and
the effective permeability model and ECLIPSE. We explain this observation as follows. When
the Peclet number is small but not so small that gravity starts to dominate (see Fig. 13a),
the rate of fluid transport in the fracture controls the oil recovery mechanism. Therefore, in
this regime, considering an accurate rate of fluid exchange at the interface between matrix
and fracture is not required for the prediction of oil recovery from waterflooded vertically
fractured reservoirs. For this reason, one can use either the effective permeability model or
the BWR approach (see Fig. 13b) instead of using the aggregated column model. Hence,
when the Peclet number is small, but not so small that gravity starts to dominate, we can use
either the effective permeability model or the BWR approach (Fig. 13b), instead of using
the aggregated column model. Note that the effective permeability model does not have an
exchange term because it is a single-porosity model. Therefore, it can be easily implemented
and uses little computational time compared to the other two models. On the other hand,
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Fig. 13 a A comparison of the
cumulative oil production
between the aggregated column
model and ECLIPSE simulator
(BWR approach) for a water
injection rate of 0.1 PV per year
and for a lateral matrix column
size of 0.5 m (Pe = 0.07,
NG = 0.1), b A comparison of the
cumulative oil production
between the aggregated column
model and ECLIPSE simulator
(BWR approach) for a water
injection rate of 1 PV per year and
for a lateral matrix column size of
1 m (Pe = 0.45, NG = 0.005), c A
comparison of the cumulative oil
production between the
aggregated column model and
ECLIPSE simulator (BWR
approach) for a water injection
rate of 1 PV per year and for a
lateral matrix column size of 2 m
(Pe = 1.01, NG = 0.002)
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there is a critical Peclet number marking the boundary between the two regimes. If the Peclet
number is large (as in Figs. 12b and 13c), there is a large difference between the homogenized
model and either the effective permeability model or the BWR approach. In this regime, the
oil recovery mechanism is controlled by the rate of imbibition from the matrix columns. In
this case, the exchange rate between matrix and fracture is better described by the physically
based homogenization approach than by the semi-empirical BWR approach. Therefore, we
must use the aggregated column model when the Peclet number is large.
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Fig. 14 A schematic parameter-space diagram showing which of the four models can be used for oil recovery
prediction in vertically fractured reservoirs

Figure 14 summarizes the validity domain in the Peclet-gravity number space for the four
models discussed in this article as to prediction of oil recovery factor in vertically fractured
reservoirs.

7 Conclusion

• We obtain an upscaled equation based on the homogenization method for waterflooding
vertically fractured oil reservoirs.

• We have developed an efficient numerical method to implement the upscaled equation
in a computer code.

• When the Peclet number is small, the oil recovery mechanism is controlled by the rate
of fluid transport in the fracture.

• When the Peclet number is large, the oil recovery mechanism is controlled by the rate of
imbibition in the matrix columns.

• For a low injection rate, the matrix column size does not affect the oil production qual-
itatively. On the other hand, for a high injection rate, the matrix column size influences
oil recovery factor significantly.

• For a small matrix column size, the injection rate does not affect the oil recovery factor
qualitatively. However, for a big matrix column size, the injection rate influences oil
recovery factor significantly.

• We distinguish two different practical production scenarios. (1) If a fractured reservoir
has a large heterogeneity in terms of the matrix column size (fracture spacing), the best
strategy to have a high oil recovery factor is to use a low water injection rate. (2) If a
fractured reservoir contains matrix columns with a relatively small size, the best strategy
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to have a high net present value as well as a relatively high oil recovery factor is to use
a high water injection rate.

• At low gravity numbers, gravity does not affect oil production. On the other hand, at
intermediate and large gravity numbers considering gravity is necessary.

• The results show that in spite of the difference between the fluid-flow exchange term
in the homogenized sugar cube model and the fluid-flow exchange term in the homoge-
nized aggregated column model, the cumulative oil productions predicted by these two
models are almost the same at low Peclet numbers. However, at large Peclet numbers,
the reservoir topology needs to be considered precisely.

• When the Peclet number is low, the vertically fractured reservoir behaves like a highly
heterogeneous single-porosity reservoir. Therefore, the effective permeability model can
replace the aggregated column model without appreciable loss of accuracy. The advan-
tage of the effective permeability model is again that its computations are not time-con-
suming as opposed to the aggregated column model.

• At a low Peclet number, gravity starts dominating; therefore, the aggregated column
model cannot be replaced by the BWR approach because in the vertically fractured res-
ervoir (aggregated column) gravity plays an important role. However, at intermediate
Peclet numbers, one can use the BWR model to predict oil recovery factor from water-
flooded vertically fractured reservoirs without loss of accuracy. On the other hand, at
high Peclet numbers the aggregated column model, which represents the physics of the
problem better than the BWR approach, should be used.

• In view of homogenization’s physical basis, we assert that improved fracture model-
ing can be achieved using the upscaled aggregated column model. Figure 14 presents a
“phase diagram” that can be used as an indication for the appropriate model or indicates
when traditional modeling is adequate.
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