
René Gazzari The Calculus of Natural
Calculation

Abstract. The calculus of Natural Calculation is introduced as an extension of Natural

Deduction by proper term rules. Such term rules provide the capacity of dealing directly

with terms in the calculus instead of the usual reasoning based on equations, and therefore

the capacity of a natural representation of informal mathematical calculations. Basic proof

theoretic results are communicated, in particular completeness and soundness of the cal-

culus; normalisation is briefly investigated. The philosophical impact on a proof theoretic

account of the notion of meaning is considered.
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1. Introduction

Natural Calculi. In his “Untersuchungen über das logische Schließen”1

Gentzen intends “to set up a formal system which comes as close as pos-
sible to actual reasoning,” cf. [11, p. 68]. This is a formal calculus which
“lends itself in particular to the formalization of mathematical proofs,” cf.
[11, p. 80]. Guided by this motivation, Gentzen presents his calculus of Nat-
ural Deduction.2 Crucial feature of such natural calculi (in contrast to the
‘logistic’ calculi3) is that the formal proofs do not “start from basic log-
ical propositions [some logical axioms], but rather from assumptions [. . . ]
to which logical deductions are applied,” cf. [11, p. 75]. The use of assump-
tions is complemented by the possibility that the “result is then again made
independent of the assumptions,” cf. [11, p. 75]. Moreover: reflecting infor-
mal argumentations, the inference rules of Natural Deduction introduce and
eliminate the logical constants (connectives and quantifiers) occurring as

1 See [10]; the quotes are taken from the English translation by Szabo, [11].
2 Independently of Gentzen and motivated by �Lukasiewicz, Jaśkowski [16] presents his

own version of Natural Deduction in the same year as Gentzen.
3 The term ‘logistic’ is used here, as by Gentzen, to distinguish natural calculi from

such which are not; cf. [11, p. 75].
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main symbols of formulae. The latter motivates the classification of infer-
ence rules into introduction and elimination rules, each associated with a
logical symbol.

Relevance. One reason to introduce natural calculi is to address philo-
sophical problems related with informal (mathematical) proofs. We men-
tion Robinson’s [25] investigation of the nature of proofs, the search for
a criterion for the identity of proofs in the field of general proof theory,4

Arana’s [2] analysis of the notion of pure proofs not using notions extra-
neous to what is being proved, and Hilbert’s 24th (and unpublished) prob-
lem about the simplicity of proofs.5 Even if there remains an unavoidable
justificatory gap between the informal proofs and their formal represen-
tatives,6 it seems wise in such philosophical discussions to minimise this
gap by investigating derivations in natural calculi as formal counterparts
of informal proofs and to discuss the philosophical problems on formal
grounds.

Another field of research closely related to natural calculi is the proof-
theoretic semantics project. 7One of the central claims of this project is that
meaning of language is given by its use.8 As a consequence, proof-theoretic
semantics aims to establish the meaning of logical constants (connectives and
quantifiers) by the introduction (and elimination) rules for these symbols.9

Even if we can imagine an adequate analysis of meaning on the base of ‘lo-
gistic’ calculi,10 it seems again wise to focus on natural calculi, in which the

4According to Došen [4], in his discussion of two concurring ideas of a good criterion for
the identity of proofs proposed by Prawitz and Lambek, respectively, it was Prawitz [22]
(motivated by ideas of Kreisel) who introduced the field of general proof theory, in which
the identity of proofs and related philosophical questions are investigated.

5Hilbert’s 24th problem was discovered by Thiele [29]; an overview over this problem
and the related topics including a survey of more recent developments is provided by
Hipolito and Kahle [14].

6As Robinson [25] claims: there cannot be a formal justification that a formalisation of
an informal mathematical proof is, indeed, the formalisation of that proof.

7As an introduction into the field of proof-theoretic semantics, we suggest [6,27,33].
8Wittgenstein [35, §43] argues (partially) in the same direction, when he defines mean-

ing (“in a large class of cases”) as follows: “the meaning of a word is its use in the language.”
Nevertheless, a sentence later this definition is restricted by a denotational exception: “And
the meaning of a name is sometimes explained by pointing to its bearer.”

9The origins of this research field can be tracked back to some succinct comments
by Gentzen [11]; the denomination as proof-theoretic semantics is due to a suggestion of
Schroeder-Heister, cf. [27].

10Even if in such calculi the natural inference rules for the connectives and quantifiers
are no proper rules: presupposing completeness, we can derive the validity of the natural
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meaning of the logical symbols can be associated directly with the inference
rules.

Calculations in Proofs. Although there is a philosophical controversy about
the “naturalness” of Natural Deduction,11 we consider (for the reasons given
by Gentzen) this calculus to be natural—at least with respect to infor-
mal mathematical reasoning with statements.12 But investigating everyday
mathematical proofs we have to observe that mathematicians do not only ar-
gue with statements, but they also calculate inside their proofs. We consider
the traditional representation of equality calculations via formal argumen-
tations with equations (which are, in particular, statements) as unnatural
(even in Natural Deduction).13

Following Gentzen’s motivation, we provide a natural representation of
these informal calculations by extending the calculus of Natural Deduction
by some term rules for the formal representation of equality calculations
(instead of the usual rules for identity). The result of this extension is what
we call the calculus of Natural Calculation. Due to the new rules in the
calculus, we are able to make term assumptions in a derivation to which we
can apply (justified) calculation steps resulting in new terms. Furthermore,
there is an inference rule allowing the evaluation of a formal calculation by
inferring its result (and by which the proof is made independent of the term
assumptions). Due to these proper term rules, calculations (with terms)

Footnote 10 continued
inference rules. This can be used as the base of philosophical considerations in the same
way as the natural inference rules themselves.

11Cf. [1, p. 114] for a brief survey of this controversy.
12At least, we cannot follow the criticism, as mentioned by Anellis [1, p. 114], com-

plaining that Natural Deduction is too complicated due to too many inference rules. We
consider the great number of rules as one of the central aspects turning Natural Deduction
natural.

13Besides equational calculations, one can easily find other types of calculations in
mathematical praxis, as smaller-than calculations or subset calculations. But in contrast
to the extension of the calculus by inference rules for the equality symbol, the extensions
for the other kinds of symbols depend on specific formal languages and on formal theories
formulated in these languages.

The latter corresponds to the fact that the equality symbol is usually counted as a
logical symbol and usually present in every formal language. In order to obtain a complete
and sound calculus with respect to the standard semantics (with the equality symbol),
we focus in these investigations on equality calculations. Alternative calculations can be
treated with similar methods as discussed in these investigations; the investigation of such
calculations is beyond the possibilities of these investigations and left to future work.
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and argumentations (with formulae) are even spatially separated inside a
derivation.14

Changing our perspective on the term rules, we can easily recognise them
as elimination and introduction rules for the equality symbol. As a conse-
quence, the treatment of the equality symbol in the calculus of Natural
Calculation fits better than the traditional approach into the usual Natural
Deduction taxonomy of inference rules for logical symbols.15

Related Work. Central motivation for the calculus of Natural Calculation
is a faithful representation of the informal treatment of terms (in calcula-
tions inside of proofs). This reminds of ι-terms (definite descriptions) and
ε-terms (denoting an arbitrary object satisfying a description) as introduced
by Hilbert and Bernays.16 But in contrast to calculi dealing with such new
types of terms (occurring only inside of formulae) via new formula rules,
we do not introduce new terms at all, but provide proper term rules for the
treatment of the usual terms of a formal language.

Proper terms occurring in calculi are not a new phenomenon: Jaśkowski
[16] uses terms (more precisely, variables) as a second premise for the elim-
ination of the universal quantifier.17 Similarly, Troelstra and Schwichten-
berg [30] provide such modified quantifier rules as a notational variant of the
standard rules, where the term premise t is intended to express denotation.18

In free logics, this second premise is usually notated “E(t)”.19 Occasion-
ally, the notation of the unary relation symbol E is omitted, which results
again in a calculus with proper terms. Nevertheless, the terms still represent

14This separation can be understood as an implementation of what is called by Baren-
dregt [3, p. 205] the Poincaré Principle. Barendregt refers thereby to an observation of
Poincaré that verifications of equations seem to be different from proper proofs. Cf. also
[20, p. 12].

15Nevertheless, there remains one interesting aspect distinguishing the equality symbol
from the other logical symbols: besides the introduction and the elimination rules, we need
another rule for obtaining a complete calculus, namely a rule allowing the substitution of
provably equal terms in formulae (or at least in relational atomic formulae).

16Cf. [12, §8] and [13, §1], respectively.
17Jaśkowski’s term assumptions mean to “[c]onsider an arbitrary z” and to determine

this way the variable which becomes bound in a subsequent introduction of the universal
quantifier; cf. [16, §5].

18According to Troelstra and Schwichtenberg, such term assumptions t have to be read
as a statement that the term t denotes (or even as a proof of this statement). These premises
are trivially given in classical logic, but “[s]uch extra premises become indispensable [in]
logics where terms do not always denote”; cf. [30, p. 40].

19For a more detailed survey of free logics, we suggest [19].
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statements and are, in particular, not used for calculations (in contrast to
the use of terms in our calculus).20

Due to the proper term rules in the calculus of Natural Calculation,
subatomic argumentations (the calculations) are incorporated in the proofs.
Another attempt to extend the expressiveness of a calculus in this direction
is Wieckowski [34] discussing subatomic introduction and elimination rules
for atomic formulae (not restricted to equations). But in contrast to our
calculus, the terms only appear accompanied by sets of atomic sentences
capable of representing elementary informations associated with these terms.
Recently, Indrzejczak [15] carried over the idea of extending the calculus by
proper term rules allowing calculations to Gentzen’s Sequent Calculus.

Such extensions of the calculus by (subatomic) term rules can be under-
stood as a contribution to the more general topic of definitional reflection, as
discussed by Schroeder-Heister [26], concerned with inference rules allowing
the introduction of atomic formulae.

Overview. After the preliminaries (in Section 2) we provide (in Section 3) a
brief analysis of a typical mathematical proof (taken from arithmetics) con-
taining a proper calculation21 and introduce subsequently the calculus of
Natural Calculation (including the term rules and basic proof theoretic con-
cepts and terminology). Subsequently, we communicate basic proof theoretic
properties of the calculus up to completeness and soundness (in Section 4)
and consider normalisation in the presence of the term rules (in Section 5).
We conclude our investigations (in Section 6) with some comments on the
impact of the calculus of Natural Calculation on a proof theoretic approach
to the notion of meaning.

20As the terms represent statements, it seems reasonable to call such term occur-
rences apparent, in contradistinction to our term occurrences which are real. An interesting
limit case is provided by Restall [24]: proper terms t may occur in a derivation as well as
existence statements E(t). The terms and the statements are logically equivalent; the intro-
duction of both types of expressions is motivated by subtle philosophical reasons. There are
even some term rules present in the calculus (as contraction and cut), but these structural
rules are not used for calculations.

21In order to avoid misinterpretations: the calculus of Natural Calculation is not coined
to deal only with arithmetical calculations, but provides calculation rules for arbitrary
situations, in which we deal directly with objects represented by terms of a first order
language.
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2. Preliminaries

Natural Numbers. Motivated by the von Neumann’s [32] definition of the
natural numbers as finite ordinals, the set of natural numbers is denoted by
ω. 0 ∈ ω is the least natural number, n′ denotes the successor of n (this is
the number n + 1) for all n ∈ ω.

Primitive Notions of Logic. We use the expression syntactic entity to denote
all kinds of syntactic entities, as, for example, terms, formulae and deriva-
tions. The symbol “�” expresses in the meta-language the syntactic equality
of arbitrary syntactic entities.

Formal Languages. A formal language L is determined by the non-logical
symbols (together with their arities).22 In the theoretical parts of our in-
vestigations, we presuppose a paradigmatic language L with the following
non-logical symbols: some constant symbols c, some n′-ary function symbols
f , some m-ary relation symbols R (with n,m ∈ ω).23 Some of our examples
are formulated in a formal language LPA of arithmetics with the obvious
non-logical symbols.

Besides the non-logical symbols, the following (logical) symbols are avail-
able: the falsum (⊥), the implication (→), the universal quantifier (∀) the
equality symbol (=).24 Furthermore, there are countably many first order
variables vk available as well as the usual auxiliary symbols. The symbols
x, y, z (also with subscripts) are meta-variables for the variables. We do
not distinguish between parameters occurring always free and quantifiable
variables.

We distinguish between a formal language L and its associated sets; this
means that the language L is not identified with the set of its terms or
with the set of its formulae. An exact definition of the terms and formulae
is easily extracted from the subsequent definitions of the so called nominal
terms and nominal formulae, which are a generalisation of the standard
terms and formulae, respectively.

22The subsequent investigations are formulated with respect to our special account of
formal languages; nevertheless, they are easily carried over to the usual variations of this
approach. More details about our specific conception of formal languages can be found in
the preliminaries of [9].

23In order to serve as a blueprint for arbitrary concrete formal languages, the paradig-
matic language L remains underdetermined.

24The mentioned logical symbols are sufficient from a classical point of view; for the
intuitionistic calculus, the alphabet is extended by the missing logical constants and the
relevant definitions are easily generalised with respect to these symbols.
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Nominal Forms. So called nominal terms and nominal formulae are used
to represent the position of occurrences of terms in terms and of terms in
formulae, respectively.25 We provide the formal definitions with respect to
a formal language L:

1. nominal symbols: The alphabet is extended by countably many nominal
symbols ∗k (with k ∈ ω). The symbol ∗ is used as an abbreviation for
∗0 (and not as a meta-variable for arbitrary nominal symbols). V∗ is the
set of all nominal symbols.

2. nominal terms: Nominal terms t are defined according to the same
clauses as the standard terms of a formal language, but with the ad-
ditional clause that every nominal symbol ∗k is an (atomic) nominal
term; this means, according to the following inductive clauses:

∗k | x | c | f(t0, . . . tn)

T denotes the set of all nominal terms; the symbols t, s, r, etc. are used
as meta-variables for nominal terms.

4. nominal formulae: The nominal formulae A are defined according to
the same clauses as the standard formulae of a formal language, but
with respect to nominal terms instead of standard terms; this means,
according to the following inductive clauses:

⊥ | (t = s) | P (t0, . . . tm−1) | (A→ B) | (∀x. A)

L denotes the set of all nominal formulae; the symbols A, B, C, etc. are
used as meta-variables for nominal formulae.

The expression “nominal form” is used as a generic term for all kinds of
such generalisations of standard syntactic entities.26 The usual notational
conventions are presupposed.

Basic Categorisation. We provide a basic categorisation of the nominal forms
as far as needed in these investigations.

1. standard terms: A nominal term t is called a standard term, if it is
generated without a clause for nominal symbols; otherwise it is called

25The concept of nominal forms is introduced by Schütte [28] to discuss semantic
properties of formulae determined by their syntactic structure; additionally, Schütte uses
these nominal forms for an adequate description of substitutions; a detailed analysis of the
underlying notions of occurrences and their positions is given by Gazzari [9].

26Schütte [28] defines nominal forms slightly differently as arbitrary strings of symbols
of the extended alphabet.
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a proper nominal term. In order to emphasise that a nominal term t is
a standard term, we also use the meta-variables t, s, r, etc. The set of
standard terms is denoted by T0.

2. standard formula: Analogously: a nominal formula A is called a standard
formula, if it is generated on the base of standard terms; otherwise, A is
called a proper nominal formula. In order to emphasise that a nominal
formula is standard, we also use the meta-variables A, B, C, etc. The
set of standard formulae is denoted by L0.

3. unary nominal forms: A proper nominal form, in which only the nominal
symbol ∗ (this is the symbol ∗0) occurs (possibly more than once), is
called unary.

General Substitution Function. Central tool for dealing with nominal forms
is the general substitution function, a binary function on nominal forms
and arbitrary sequences of nominal terms into the respective set of nominal
forms. We provide an intensional definition:

1. nominal terms: t[t0, . . . tn] is the result of the simultaneous replacement
of all nominal symbols ∗0, . . . ∗n in the nominal term t by the nominal
terms t0, . . . tn.

2. nominal formulae: A[t0, . . . tn] is the result of the simultaneous replace-
ment of all nominal symbols ∗0, . . . ∗n in the nominal formula A by the
nominal terms t0, . . . tn.

A recursive definition of the general substitution function is easily provided.

Positions of Occurrences. Nominal forms are capable of representing the
positions of occurrences of terms in standard terms and formulae; essen-
tial idea is to generate a nominal form by eliminating the intended occur-
rences by replacing them by nominal symbols. With the help of the general
substitution function, we are able to provide an exact definition:

1. in terms: A nominal term t ∈ T is a position of a standard term s ∈ T0
in a standard term t ∈ T0, if t[s] � t.

2. in formulae: A nominal formula A ∈ L is a position of a standard term
s ∈ T0 in a standard formula A ∈ L0, if A[s] � A.

The position t (the position A) of an occurrence is unary, but in the limit
cases of no intended occurrences, where it is the term t (the formula A)
itself.
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Example (Position of Occurrences). We provide some example posi-
tions in the standard term t � 0 + (0 + 0); in order to refer informally to
the intended positions, we underline them.

1. ∗ + (0 + 0) represents the (simple) position 0 + (0 + 0) of 0 in t.

2. ∗ + (0 + ∗) represents the (multiple) position 0 + (0 + 0) of 0 in t.

3. 0 + ∗ represents the (simple) position 0 + (0 + 0) of 0 + 0 in t.

Auxiliary Methods. We introduce some auxiliary methods.

1. sets of variables and nominal symbols: Vx(t) is the set of variables oc-
curring in a nominal term t, V∗(t) the set of nominal symbols occurring
in a nominal term t, and V∗(A) the set of nominal symbols occurring in
a nominal formula A. (All these sets are defined easily by recursion.)

2. dominance: We say that the nominal symbol ∗ is under the dominance
of a quantifier ∀x, if that nominal symbol occurs inside the scope of this
quantifier. The set of the respective variables x is defined recursively:

(a) A atomic: dom
(b) implication: dom(A→ B) = dom(A) ∪ dom(B)
(c) quantification:

dom(∀x.A) =
{
dom(A) ∪ {x} if ∗ ∈ V∗(A)
dom(A) otherwise

3. freeness: A unary nominal formula A is called free for a standard term
t, if no variable of t becomes bound by an application of the general
substitution function on A and t. More formally, A is free for t, if:

dom(A) ∩ Vx(t) = ∅
Natural Deduction. We presuppose the calculus of Natural Deduction as
given by Gentzen [11]. The following inference rules are called the traditional
rules for the equality symbol = :

1. equivalence relation:

t = t ;
t = s
s = t

;
t = s s = r

t = r

2. substitutivity:

t = s
t[t] = t[s]

;
t = s A[t]

A[s]

We provide the necessary restrictions:
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(a) arbitrary occurrences: Arbitrary many (but more than zero many)
occurrences of t can be replaced by the term s in the standard term
r � t[t] (in the standard formula A � A[t], respectively). Formally:
t and A both are unary nominal forms.

(b) bound variables: No bound occurrence of a variable may be affected
by an application of the inference rules. More formally: the nominal
formula A is free for both terms t and s.27

Provability is defined, as usual, via the existence of suitable derivations.
Provability in the pure calculus without rules for equality is denoted by 
,
in its extension by the traditional rules for equality by 
=.

Canonical Properties of Identity. The following axioms are called in these
investigations the canonical properties of identity.28

1. reflexivity and symmetry: ∀x. x = x ; ∀xy. x = y → y = x

2. transitivity: ∀xyz. x = y ∧ y = z → x = z

3. compatibility - function symbols: For all n′-ary function symbols f :

∀x0 . . . xn y0 . . . yn. (
∧∧

k<n′ xk = yk) → f(�x) = f(�y)

4. compatibility - relation symbols: For all m-ary relation symbols R:

∀x0 . . . xm−1 y0 . . . ym−1. (
∧∧

k<m
xk = yk) ∧R(�x) →R(�y)

The set of these axioms is denoted by T=. The canonical properties of the
identity relation and the (traditional) identity rules are equivalent. For all
sets Γ of formulae and all formulae A:

Γ 
= A ⇔ Γ + T= 
 A

3. Introduction of the Calculus

We introduce in this section the calculus of Natural Calculation, with focus
on the proper term rules for a faithful representation of calculations (inside
proofs) together with the relevant basic proof theoretic terminology.

27If we would distinguish between quantifiable variables (occurring only bound in a
derivation) and parameters (always occurring free), then this condition would be satisfied
trivially, as we have to demand in this case that only parameters may occur as variables
in the terms t, s, r and t[t] (in all rules).

28The definition depends on the non-logical symbols of the formal language L.
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3.1. Analysis: Informal Calculations

As a motivation, we first discuss a typical example of a calculation inside a
mathematical proof.

A Calculation inside a Proof. The arithmetical statement that

• n + 0 = 0 + n for all natural numbers n ∈ ω

is proved via an induction. In the induction base, the equation 0+0 = 0+0
has to be proved, which is trivial. In the induction step, the postulated
equation has to be proved with respect to n′ under the presupposition of
this equation with respect to n. In order to do so, one calculates as follows
(the justifications notated above the equality symbols are explained below):

n′ + 0
(A1)
= n′ (A1)

= (n + 0)′ (IH)= (0 + n)′ (A2)
= 0 + n′

Once having provided the calculation, one continues to argue as follows: By
the transitivity of the identity relation, we conclude that n′ + 0 = 0 + n′.
The postulated statement follows now by induction principle.

Analysis (Informal Calculation). We analyse the informal calculation and
identify natural aspects, which will be present in the calculus of Natural
Calculation.

1. justification: Each calculation step is justified by an argument, namely
by the induction hypothesis (IH) and by the following two axioms (def-
initional equations) of addition in arithmetics:

(A1) n + 0 = n for all n ∈ ω.
(A2) n + m′ = (n + m)′ for all n,m ∈ ω.

Instead of such statements also an auxiliary calculation can serve as a
justification (not presented in our example).

2. orientation of justification: There are two different ways, in which an
equation is used to justify a calculation step.

• The equations (A1) and (IH) are used as stated to justify the first
and the third calculation step, respectively.

• This is different with respect to the remaining calculation steps. In
the second step, we would need actually the equation n = n + 0
as a justification, but only (A1) is given, which is the symmetric
variant of n = n + 0.
To use (A1) as a justification for the second calculation step means
to read (A1) from the right to the left. The same is true with respect
to (A2) as the justification of the fourth calculation step.
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We distinguish both kinds of justifications by calling the former positive
and the latter negative.

3. substructural calculations: The calculation steps are, in the general case,
substructural transformations of the terms with which we calculate. By
that we mean that we do not replace the full term, but only some (oc-
currences of) a subterm inside of the full term.29 From another point
of view: the terms in the justificatory equation do not have to be the
full term, to which we apply the calculation step, and the full resulting
term, respectively, but they can be a subterm of the former term and a
term provably equal to that subterm.

4. sequential calculation: The calculation is sequential: one starts with a
term, then calculates the next term, and so on, until one reaches the
last term of the calculation.30

5. evaluation: We draw the attention on a subtle aspect. The first statement
in the informal proof following immediately the calculation is a résumé:
the calculation is evaluated and, with reference to transitivity, the result
of the calculation is stated.

Analysis (Traditional Representation). There are some unnatural aspects of
the usual representation of such an informal calculation in Natural Deduc-
tion via the traditional inference rules for equality.

1. dealing with equations: Instead of dealing directly with terms (as in the
informal calculation), one is forced to deal with equations.

2. variability: There is a great variability of formalising the calculation;
different derivations containing different equations can be used for such
a representation. The sequential character of a calculation is lost.

29Our classification of rules and inference steps as “substructural” refers to the formal
structure of terms (and also of the formulae) and to the fact that substructural rules can
act inside of this structure. Our terminology follows Jaśkowski’s usage of the term “struc-
tural rule” meaning rules “which refer to the external appearance of expressions”; cf. [16,
p. 5].
This usage of “substructural” is obviously different from its predominant use in the field
of proof theory to denote “substructural logics”, in which the structural rules of Gentzen’s
Sequent Calculus are restricted. There the intended structure is the structure of sequents
and derivations rather than of terms and formulae (see the collection “Substructural Log-
ics” [5] edited by Došen and Schroeder-Heister).

30Due to possible auxiliary calculations, we abstain from calling this property
“linearity”.
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3. artificial equations: Depending on the chosen representation, artificial
equations may occur, which are not (explicitly) present in the calcula-
tion. In particular, it may occur that we have to start the representation
with the trivial equation t = t which is never claimed inside a calcula-
tion.31

4. evaluation: There is no feature in the calculus with the traditional rules
to represent the evaluation of a calculation (as there is no real represen-
tation of the calculations themselves).

3.2. Term Rules

We provide the term rules for a direct treatment of terms in the calculus
allowing thereby a faithful representation of informal calculations inside of
formal proofs.

Definition 1 (Term Rules). The calculus of Natural Deduction (as given
by Gentzen [11] and without the traditional rules for equality) is extended
by the following term rules:

1. positive / negative calculations steps (elimination of the equality):

r[t] t = s
(E=)

r[s]
;

s = t r[t]
(E=)

r[s]

We demand: the nominal term r is unary.
The equation t = s (s = t, respectively) is called the direct justification
of the respective inference step, the full derivation containing the di-
rect justification as conclusion is called the justification of the respective
inference step.

2. evaluation of calculations (introduction of the equality):

[t]
s

(I=)
t = s

The discharge of the term t in the assumptions is mandatory.

31The latter aspect reminds of the analogous observation with respect to formulae in
calculi different from Natural Deduction. In Hilbert style calculi, the argumentation is
based on the statement of tautologies; the sequent calculus is based on the statement
of trivial sequents of the form A�A. We never observed a real mathematical proof, in
which the argumentation started with the exposition of some tautologies or in which the
provability of a statement out of this statement was claimed. Avoiding such phenomena
turns Natural Deduction into a natural calculus.
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3. positive / negative auxiliary calculation (term):

r[t]
[t]
s

(Aux)
r[s]

;

[s]

t r[t]
(Aux)

r[s]

We demand: the nominal term r is unary. The discharge of the term t
(of the term s, respectively) in the assumptions is mandatory.
The calculation from t to s (from s to t, respectively) is called the direct
justification of the respective inference step; the full derivation contain-
ing the direct justification is called the justification of the respective
inference step.32

4. positive / negative auxiliary calculation (formula):

A[t]
[t]
s

(Aux)
A[s]

;

[s]

t A[t]
(Aux)

A[s]

We demand: the nominal formula A is unary and free for t and s. The
discharge of the term t (of the term s, respectively) in the assumptions
is mandatory.
The (direct) justifications are given as in the case of auxiliary calcula-
tions with respect to terms.

Remark (Term Rules).

1. alternative terminology: The calculation steps and the evaluation of calcu-
lation rule are provided with an alternative denomination as elimination
and introduction of the equality, respectively. The former way of nam-
ing the rules puts the focus on the terms and their transformations, the
latter on the equality symbol (and thereby on the treatment of atomic
formulae). The chosen point of view also determines, which premises of
the inference rules should be counted as main premise.

2. redundancies: Subsequently, we will see that negative auxiliary calcula-
tions steps (with respect to terms and formulae) are redundant, as well
as the positive auxiliary calculation steps with respect to terms. Addi-
tionally, the positive auxiliary calculation steps with respect to formulae
are only needed, if there are relation symbols available in the underlying
formal language; and in this case, we could even restrict them to atomic
relational expressions R(�t).

32The notion of a calculation is formally introduced below. Essentially: a calculation
begins with an open term assumption and contains (besides the terms) only the direct
justifications of the calculation steps applied in that calculation.
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We provided all of these redundant rules for obtaining a natural calculus,
in which we are able to represent all kinds of informal calculation steps.

3. immediate introduction: Equations of the form t = t can be derived via
an immediate application of the introduction of equality rule as follows:

[t]1
(I=:1)

t = t

This immediate introduction may seem artificial (and therefore unnatu-
ral), but it is unavoidable, if we do not want to have axioms of the form
t = t. This is similar to the immediate introduction of the implication,
which corresponds to axioms of the form A→ A.

3.3. Derivations, Calculations and their Kernel

A derivation is a tree of terms and formulae composed according to the usual
inference rules for formulae as well as for the new term rules. A calculation
is a derivation in which only calculation rules are applied (and not even the
evaluation rule).

Definition 2 (Derivations and Calculations).

1. derivations, (open) assumptions and conclusion: Allowing term assump-
tions t as a second kind of atomic derivation (besides the usual formula
assumptions), the derivations D are defined as expected on the base
of the standard rules of Natural Deduction (as given by Gentzen [11])
together with the term rules (as introduced above), but without any ad-
ditional identity rule.
In parallel, the set hyp(D) of open term and formula assumptions of a
derivation D and its conclusion C(D) (possibly a term) are defined as
expected.

2. formal calculation: A derivation D is called a (formal) calculation, if D is
generated only on the base of calculation steps and auxiliary calculations
(term) and if D has at least one term assumption and arbitrary many
formula assumptions (which are equations).

Remark (Derivations and Calculations).

1. calculations: We can characterise a calculation as a derivation D having
a term conclusion and in which formulae only occur as assumptions.

2. term assumptions and term conclusions: As the discharge of term as-
sumptions is mandatory for all term rules allowing such a discharge, the
following both statements hold for all derivations D:
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(a) There is at most one open term assumption in D. In particular, the
intersection hyp(D)∩ T0 of the set of open assumption of D and of
the set of all standard terms is empty or a singleton.

(b) The conclusion C(D) is a term, if and only if there is an open term
assumption.

Special Terminology. We introduce some special terminology coined for the
treatment of calculations D.

1. initial term: The open term assumption t ∈ hyp(D) is also called the
initial term of the calculation D and is denoted by init(D). (simple
recursive definition)

2. final term: The conclusion C(D) is also called the final term of the cal-
culation D and is denoted by fin(D). (simple recursive definition)

3. result: The equation init(D) = fin(D) is called the result of the calcu-
lation D and is denoted by R(D).

4. closed calculation: A derivation D is called a closed calculation, if D is
the result of an application of the evaluation rule on a formal calculation
(in which the result of that calculation is inferred).

A central proof theoretic method is the replacement of derivations by proof
theoretically equivalent derivations. In order discuss such a replacement of
a calculation occurring inside of a derivation, it is convenient to introduce
the kernel of a derivation.

Definition 3 (Kernel). Let D be an arbitrary derivation.

1. term conclusion: If D has a term conclusion, then the kernel of D is
that calculation C occurring inside of D which starts at the open term
assumption of D and which ends in the term conclusion of D.

2. formula conclusion: If D has a formula conclusion, then the kernel is the
empty tree.

(Using empty trees, a recursive definition is easily given.)

Remark (Kernel).

1. intuition: The kernel of a derivation D with term conclusion is easily
obtained by replacing (bottom up) all derivations above an equation
(occurring as a justification of a calculation step) by the equation itself.
In general, the kernel of a derivation D is not a subderivation (in the
usual sense).
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2. replacement of the kernel: As the term rules depend only on the calcula-
tions above the respective inference step (more precisely, on the kernel of
the subderivation generated in the last calculation step) and not on the
full derivation, it is provable that we may replace the kernel of a deriva-
tion by a calculation having the same direct justifications: the resulting
tree is still a derivation. If both calculations have the same term assump-
tion and the same term conclusion, then the result of such a replacement
is proof theoretically equivalent to the original derivation.33

Example (Derivations, Calculations and their Kernels). The fol-
lowing calculation is the formal representation of the informal calculation
analysed in the motivating arithmetical example. The nominal terms used
in the inference steps are provided on the left side of the inference rules; the
proper terms in the derivation are highlighted for readability.

0 + x′ = (0 + x)′

x + 0 = x

x′ + 0 x′ + 0 = x′
(∗)

x′
(∗′)

(x + 0)′ x + 0 = 0 + x
(∗′)

(0 + x)′
(∗)

0 + x′

One of the direct justifications is the induction hypothesis x + 0 = 0 + x,
the others are provable in PA.

1. derivation and kernel: The presented calculation is a derivation, as cal-
culations are specific derivations. As the formula assumptions of a cal-
culation are atomic derivations, the calculation is already equal to its
kernel.

2. evaluating the calculation: Inferring in the next inference step the formula
x′ + 0 = 0 + x′ (introduction of the equality symbol) transforms this
calculation into a closed calculation.

3. proper derivation: Replacing the provable assumptions by their deriva-
tions from the axioms of PA transforms the presented calculation in
a derivation, which is not a calculation anymore. In particular, the
presented calculation is a part of this derivation, which is not even a
subderivation of the resulting derivation. The kernel of this derivation
is the presented calculation (even if in the derivations of the provable
assumptions occur some more calculations).

33In order to describe formally such a transformation of a derivation, we would need
to develop a suitable theory of occurrences and to define the kernel as an occurrence of a
calculation in a derivation. Such an effort is beyond the needs of these investigations; we
will use the notion of a kernel only informally.
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We provide another example to illustrate the notion of a non-trivial kernel.
In the following example derivation D, the kernel C is highlighted:

[z]3 z = y
(E=)

y

x = y [y]2
(E=)

x [x]1
(Aux:1)

x
(I=:2)

y = x f(x)
(E=)

f(y)
(Aux:3)

f(z)

We provide separately the kernel C of the example derivation:

[z]1 z = y
y

y = x f(x)

f(y)
(1)

f(z)

Observe that the kernel of D is not a subderivation of D, also the open
assumptions of D and of its kernel C are different. If we replace the kernel
C in D by a calculation C′ having the same equations as open assumptions
as C, then we obtain again a derivation.

Inferring the result f(x) = f(z) of the kernel in another inference step
transforms the presented derivation D (which is not a calculation) into a
derivation with empty kernel (as the conclusion is a formula and not a term).

Remark (Analysis of the Calculus). We communicate some more
philosophical aspects of the calculus of Natural Calculation.

1. informal reading: In contrast to the truth values of formulae, the de-
notation of a term is an object of the universe. As a consequence, the
informal interpretation of term rules has to be essentially different from
the usual interpretations of formula rules.
A term assumption t can be read as “chose t as a starting point for a cal-
culation”.34 A term occurrence s in the subsequent calculation depends
on the undischarged term assumption t, insofar the term s is “calculated
from this starting point”.35 When evaluating the calculation, this is to
infer the result of the calculation, we may (and have to) “forget” this
dependence. This is reflected by the mandatory discharge of the term
assumption t.

34Observe that the suggested phrase has no truth value.
35This dependence on a term assumption t does not imply necessarily that the term s

has the same denotation as t. In an extensions of the calculus of Natural Calculation (not
discussed in this paper, but left to future work) which allows, for example, strict smaller-
than calculations, the denotation of s has to be explicitly different from the denotation of
the starting point t.
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The discharge of the term assumptions has to be mandatory: if we would
not discharge a term assumption when evaluating the respective calcu-
lation, then we would come into the inconvenient situation that the next
calculation would have two, possibly different starting terms.

2. naturalness: It is easily seen that the natural aspects of informal calcula-
tions (as discussed in the analysis of our example proof) are implemented
in the calculus: there is a proper rule representing the evaluation of cal-
culations (the introduction of the equality rule); the other rules have
justifications which can be used positively and negatively (reflected by
the position of the justifications in the premises); furthermore, these
rules are substructural, as it is possible to transform occurrences of sub-
terms in the calculation steps. Finally, the calculations are sequential:
due to the mandatory discharge of term assumptions, there is always
a uniquely determined open term assumption in a calculation, even if
the calculation is a proper tree due to auxiliary calculation steps. This
means a calculation is a calculation from a term to a term, and such a
calculation can always be extended by another calculation step.

3.4. Derivability and Calculability

The notion of derivability in the calculus of Natural Calculation is intro-
duced as expected; we complement the definition by providing the analogous
concept of calculability coined especially for terms.36

Definition 4 (Derivability).

1. derivability: We say that a formula A is derivable from a set Γ of formulae
in the calculus of Natural Calculation (formally, Γ� A), if there is a
derivation D such that hyp(D) ⊆ Γ and C(D) � A.

2. equivalent derivations: We call two derivations (proof theoretically) equiv-
alent, if they have the same open assumptions and the same conclusion.

3. calculability: A term s is calculable from a term t under the assumption
of a set Γ of formulae, if there is a derivation D such that t ∈ hyp(D),
hyp(D) ⊆ Γ ∪ {t} and C(D) � s.

Example (Derivability). The canonical properties of identity are deriv-
able in the calculus of Natural Calculation (formally, � A for all A ∈ T=).

36Subsequently, we will not use the concept of calculability.
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Exemplarily, we provide the respective derivations for reflexivity, symmetry
and transitivity; the terms in the derivations are highlighted for readability.

1. reflexivity and symmetry:

[x]1
(1)

x = x
∀x. x = x

;

[x = y]2 [y]1

x
(1)

y = x
(2)

x = y→ y = x

∀xy. x = y→ y = x

2. transitivity:

[x]1
[x = y ∧ y = z]2

x = y
y

[x = y ∧ y = z]2

y = z
z

(1)
x = z

(2)
x = y ∧ y = z →x = z

∀xyz. x = y ∧ y = z →x = z

4. Basic Properties of the Calculus

We discuss some basic proof theoretic properties of the calculus of Natural
Calculation up to completeness and soundness.

4.1. Dual Calculations

The dual calculations Dδ of a calculation D is a calculation in which the
same direct justifications are assumed as in D (but with their positions
alternated), and in which the initial and final terms are exchanged. The
latter means that the results of a calculation and of its dual calculation are
symmetric. We provide the formal definition of dual calculations.

Definition 5 (Dual Calculation). The dual calculation Dδ of a calcu-
lation D is defined recursively on the structure of D as follows.

1. term assumption: D � t � Dδ � t.

2. elimination of equality:

D �
D0

t[t] t = s

t[s]

� Dδ �
t = s t[s]

t[t]

D0
δ
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And:

D � s = t

D0

t[t]

t[s]

� Dδ �
t[s] s = t

t[t]

D0
δ

3. auxiliary calculation - term:

D � D0

t[t]

[t]

D1

s

t[s]

� Dδ �

[t]

D1

s t[s]

t[t]

D0
δ

And:

D �

[s]

D1

t

D0

t[t]

t[s]

� Dδ � t[s]

[s]

D1

t

t[t]

D0
δ

Remark (Dual Derivations). The result of replacing the kernel of a
derivation D by the dual calculation of that kernel is called analogously
dual derivation and denoted by Dδ. In the limit case, where the kernel is
empty, as the derivation has no term conclusion, we have D � Dδ.

A recursive definition of the dual derivations is easily obtained from the
definition above: the calculations have to be understood as derivations, the
equations occurring as direct justifications have to be replaced by deriva-
tions having these equations as conclusions; in the missing clauses, the dual
derivation is equal to the derivation itself.

Observation (Negative Auxiliary Calculations). As a consequence
of the existence of dual calculations, the negative auxiliary calculations (with
respect to terms and formulae) are redundant. (We can replace any negative
auxiliary calculation by its dual calculation at positive position.)

4.2. t-Variants of Calculations

For every unary nominal term t, the t-variant t(D) of a calculation D is a
calculation, in which all terms t occurring in the main path of the calculation
D are replaced by the term t[t]. This is done again without changing the
direct justifications of D. We provide the formal definition.
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Definition 6 (t-Variant). Let t be an arbitrary, but unary nominal term.
The t-variant t(D) of a calculation D is defined recursively on the structure
of D as follows:

1. term assumption: D � t � t(D) � t[t]

2. elimination of equality:

D �
D0

r[t] t = s

r[s]

� t(D) �
t(D0)

t[r[t]] t = s

t[r[s]]

And:

D � s = t

D0

r[t]

r[s]

� t(D) � s = t

t(D0)

t[r[t]]

t[r[s]]

3. auxiliary calculation - term:

D � D0

r[t]

[t]

D1

s

r[s]

� t(D) �
t(D0)

t[r[t]]

[t]

D1

s

t[r[s]]

Remark (t-Variants).

1. well-defined: The t-variants of calculations are all well-defined: First, we
mention that we do not have to consider the negative auxiliary calcula-
tions, as we can assume that they are replaced by their dual calculations
in positive position. Second, the t-variants are, indeed, generated ac-
cording to the term rules, as t[r][t] � t[r[t]] for all unary nominal terms
t and r, and all standard terms t.

2. t-variants of derivations: As in the case of dual derivations, the notion
of a t-variant t(D) of a derivation D, which is the derivation in which
the kernel is replaced by its t-variant, is easily defined.

Observation (Linear Calculations). Every calculation D can be trans-
formed into a linear calculation (without any applications of auxiliary calcu-
lations with respect to terms). In order to eliminate an auxiliary calculation
step, we may apply the following conversion:

D0

r[t]

[t]

D1

s

r[s]

�

D0

r[t]

r[t]

r(D1)

r[s]
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Observe that we do not change the direct justifications by an application of
this conversion, and the number of auxiliary calculation steps decreases by
one. As a consequence, positive auxiliary steps (terms) are redundant.37

Observation (Auxiliary Calculations - Formulae). A second conse-
quence of the existence of the t-variants is that we can restrict applications
of the auxiliary calculation steps (formulae) to the replacement of complete
terms occurring in the formula. By this restriction the inference rule be-
comes substructural with respect to formulae (as terms occurring inside of
the formulae are replaced), but not with respect to terms.

4.3. Completeness and Soundness

The calculus of Natural Calculation is sound and complete (with respect
to the standard calculus extended by standard identity rules). The proof of
soundness can be simplified (slightly) by the presupposition that all calcu-
lations are linear.

Theorem 1 (Completeness and Soundness). For all sets Γ of formulae
and all formulae A:

Γ 
= A ⇐⇒ Γ � A

Proof (Sketch)

1. completeness: We can replace every application of the traditional identity
rules by a derivation in the calculus of Natural Calculation (similar to
the derivations used for the canonical properties). As a consequence, the
calculus of Natural Calculation is complete.

2. soundness: First, it is proved by induction over the length of linear cal-
culations that the result of such a calculation is derivable from the direct
justifications of this calculation in the standard calculus (extended by
standard identity rules). This means for all linear calculations D:

hyp(D) 
= R(D)

Without loss of generality, we may assume that every calculation in a
derivation D of Natural Calculation is linear, and therefore, we may
replace the calculations by standard derivations. As a consequence, the
calculus of Natural Calculation is sound.

37This does not hold with respect to formulae: the positive auxiliary calculation steps
(formulae) are unavoidable.
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The proof of the theorem demands no application of the classical reductio
ad absurdum rule; therefore, the theorem holds with respect to the classical
as well as to the intuitionistic calculus, and, as a consequence, with respect
to their respective semantics.

5. Normalisation

Following, in principle, Prawitz’s approach [21] to normalisation, we discuss
this topic here with focus on the new term rules and their influence on
normalisation. We show that applications of the auxiliary calculation rule
(formula) can be restricted to relational atomic formulae,38 we provide a
new type of cut formulae, namely cut formulae with respect to the equality
symbol, complementing those introduced by Prawitz, we state the existence
of normal derivations and discuss their structure.39

5.1. Trivialisation of Auxiliary Calculations

Applications of the auxiliary calculation rule (formula) can be trivialised. By
that we mean that applications of this rule can be restricted to relational
atomic formulae.40 In order to show this result, some proof conversions are
introduced: if the auxiliary calculation (formula) rule is applied to a complex
formula, then this application can be reduced to applications on the direct
subformulae, and if it is applied to equations, then this application can be
transformed into justified calculation steps on the equated terms.

Definition 7 (Trivialisation).

1. equations:

D0

t[a] = s[a]

[a]

D1

b

t[b] = s[b]

�
[t[b]]1

[b]

D1
δ

a

t[a]

D0

t[a] = s[a]
(†)

s[a]

[a]

D1

b

s[b]
(1)

t[b] = s[b]

38This is analogous to the result that the reductio ad absurdum and the ex falso quodlibet
rules can be restricted to atomic formulae; cf. [21].

39In order to avoid misunderstandings: we only discuss here normalisation on the level
of formulae. An investigation of the normalisation of calculations is an independent and
non-trivial task and left to future work.

40This guarantees that auxiliary calculation steps (formulae) do not appear in an elim-
ination or an introduction part of a normal derivation, but only in the middle parts. This
is analogous to the treatment of both falsum rules in [21].
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The symbols a and b denote arbitrary terms (and not necessarily constant
symbols); observe that we apply at (†) a justified calculation step instead
of an auxiliary calculation step (formula).

2. implication:

D0

A[t] → B[t]

[t]

D1

s

A[s] → B[s]

�
D0

A[t] → B[t]

[A[s]]1

[s]

D1
δ

t

A[t]

B[t]

[t]

D1

s

B[s]
(1)

A[s] → B[s]

3. universal quantifier:

D0

∀x. A[x, t]

[t]

D1

s

∀x. A[x, s]
�

D0

∀x. A[x, t]
A[y, t]

[t]

D1

s

A[y, s]

∀x.A[x, s]

We demand that y is a fresh variable neither occurring in D0 nor in D1.

Remark (Trivialisation).

1. well-defined: The conversion for trivialising the auxiliary calculation steps
are all well-defined. Essential argument in the case of the conversion
(universal quantifier), is that neither x nor y occur in the terms t and
s. As a consequence, the substitutions due to the rules for the universal
quantifier do not affect the substitution due to the auxiliary calculation
step.

2. limit cases: There are some limit cases not mentioned in the definition.
For example: in the conversion (implication), the substitution due to the
auxiliary calculation is represented by a unary nominal formula A→ B. As
A→ B is unary (by the demands of the inference rule), it is excluded that
both A and B are standard formulae. But it is still possible that one of
both, for example A, is standard. In this case, trivially A[t] � A[s], and we
may not use A[s] as a premise for an application of the (positive) auxiliary
calculation step in the converted derivation; the conversion given above
has to be simplified in the obvious way. Such limit cases are also possible
with respect to the conversion (equation); the resulting simplifications
are implicitly subsumed in the definition of the respective conversions.
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3. equivalent derivations: It is immediate by the definition of the conversions
that the converted derivations are equivalent to the original derivations,
even in the implicit limit cases.

Proposition 1 (Trivial Auxiliary Calculations) Every derivation D
can be transformed into an equivalent derivation F in which the positive
auxiliary calculation rule is only applied to atomic relational formulae P (�t).

Proof (Sketch) The proof is easily given by an induction over a suitable
rank of derivations, which can be given as follows: the rank of equations is 1,
that of relational expressions P (�t) and of ⊥ equals 0. The rank of a complex
formula is the maximum of the ranks of its direct subformulae increased by
1. The rank of a derivation is an ordered pair 〈n,m〉, where n is the maximal
rank of a formula such that this formula is a premise of a (positive) auxiliary
calculation step, and m is the number of such formulae with maximal rank.
The pairs 〈n,m〉 are ordered lexicographically based on the canonical well
order of the natural numbers.41 If a (positive) application of the auxiliary
calculation (formula) on a formula with maximal rank is converted by a
suitable conversion, then the rank of the resulting derivation is lowered. A
derivation with minimal rank 〈0, 0〉 is as desired.

5.2. Normal Derivations

Due to the introduction and elimination rules for the equality symbol, a new
kind of cut formulae is identified; the suitable corresponding proof conversion
for their elimination are easily found.

Definition 8 (Cut formulae/cut elimination).

1. cut formula: An occurrence of an equation A � t = s in a derivation D
is called a cut formula (or a maximal formula), if A is the result of an
introduction of the equality symbol and the premise of the corresponding
elimination. Schematically, if:

D1

r[t]

[t]

D0

s
(I)

t = s
(E)

r[s]

;

[t]

D0

s
(I)

t = s

D1

r[s]
(E)

r[t]

41A similar rank function for derivations is implicitly used by Prawitz [21, p. 40] in
his proof of weak normalisation for classical logic; that rank function is made explicit, for
example, in the logic textbook [31, p. 193] by van Dalen. The difference between that rank
function and the rank function used above is due to the different kinds of conversions.
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The derivations D0 and D1 are arbitrary derivations (with term conclu-
sion) and not necessarily calculations.

2. cut elimination: Cut formulae with respect to the equality symbol (as
defined above) are eliminated by a conversion into the following deriva-
tions, respectively:

D1

r[t]

[t]

D0

s

r[s]

;

[t]

D0

s

D1

r[s]

r[t]

The kernel of the resulting derivation is not linear, but easily linearised.

We provide the definition of a normal derivation:

Definition 9 (Normal Derivation). A derivation D is in normal form,
if there are no cut formulae present in D, neither with respect to the equality
symbol nor with respect to the other logical constants.

Normalisation as discussed by Prawitz [21] can be carried over to the calculus
of Natural Calculation.

Proposition 2 (Normal Form). Every derivation D can be transformed
into a normal derivation F having the same or less open assumptions as
D and the same conclusion. More formally, F satisfies the following condi-
tions:

hyp(F) ⊆ hyp(D) ; C(F) � C(D)

Proof (Sketch) The same presuppositions as in [21] have to be assumed
with respect to language, to the falsum rules and to the use of variables in
the derivations; furthermore, it is presupposed that the auxiliary calculation
rule (formula) is only applied to relational atomic formulae (proposition
5.2), that the redundant term rules are not applied at all and that the
calculations are linear (see the observations in Section 4.1 and 4.2). Then
the proof succeeds with the methods of [21].

5.3. The Structure of Normal Derivations

Normalisation in the calculus of Natural Calculation is compatible with
standard normalisation, but there are some differences: the simple division
of a path into an elimination part E, a minimal part M and an introduction
part I has to be generalised in the presence of calculations.

In a first step, we investigate the generalised normal paths in the case
that a calculation is closed by an evaluation step; subsequently, we discuss
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the case that a calculation is used as an argument for a (positive) auxiliary
calculation step (formulae).

Normalisation with Closed Calculations. The following schema illustrates
the structure of a generalised normal path containing a calculation from t to
s (marked by the dashed line):

\ E /

| M |
t0 = s0

. . .

\ E /

| M |
tn = sn

t � s :
t = s

/ I \

There are arbitrary many elimination parts E. These elimination parts may
end with the notated equations (this means that the minimal part is empty);
alternatively, these equations can be the immediate result of an application
of the intuitionistic falsum rule or the classical reductio ad absurdum rule in
a minimal part M .

Inside the elimination parts E, some eliminations of the implication may
occur. In the derivations above the side premises of these elimination steps,
we may find again a generalised normal path.

Normalisation with Relation Symbols. If m′-ary relation symbols are avail-
able in the formal language L (for m ∈ ω), then we may observe another
type of generalised normal path:

\ E /

| M |
t0 = s0

. . .

\ E /

| M |
tn = sn

\ E /

| M |
. . . . .
A[t]

t � s :
A[s]

. . . . . . .
/ I \

Our remarks with respect to the elimination parts in the case of generalised
normal path (closed calculation) hold here analogously with respect to the
elimination parts above the equations.

Furthermore: we may have here a sequence of applications of the auxil-
iary calculation step immediately before or below the sketched application
(marked by the dotted inference rules). The first formula, to which such an
auxiliary calculation step is applied may be the conclusion of the rightmost
elimination part or the immediate result of an application of the intuition-
istic falsum rule or the classical reduction ad absurdum rule.
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Remark (Normalisation).

1. even more normalisation: In the second type of generalised normal paths,
several subsequent applications of the auxiliary calculation rule (formula)
are possible. Without loss of generality, we can demand some restrictions
such that these applications become uniquely determined: the inference
step has to affect the full term, this term has to be replaced by a different
term. Each term of the relational atomic formula can only by affected
once by an application of this rule and the applications have to be from
the left to the right.

2. subformula property: As the subformula property is formulated modulo
the terms occurring in the formulae, the subformula property as formu-
lated by Prawitz holds also in the calculus of Natural Calculation.

3. inside the calculations: As mentioned before, the inner structure of cal-
culations is not investigated in this paper. Whether and how the calcula-
tions themselves can be normalised is independent of the normalisation
of the formula parts of a derivation (as discussed here) and is left to
future work.

5.4. Complexity of Normalisation

We comment briefly the complexity of the derivations under normalisation
with respect to the conversions introduced in these investigations.

1. complexity measure: We presuppose that the complexity of a derivation is
given by the number of terms and formulae occurring in that derivation.

2. linearisation: Transforming a calculation into its dual calculation does
not change its size. The same holds for a transformation into a t-variant.
(Observe that the complexity of the terms themselves increases, if we
replace the terms in a calculation by their t-variants.)
Therefore, the linearisation of a calculation reduces the number of terms
in a calculation in the typical case by two; if the auxiliary calculation
consists only of one term, then the complexity only decreases by one.

3. trivialisation: Applications of the conversions for the trivialisation of
auxiliary calculations (formulae) may result in an exponential growth of
complexity. The trivialisation with respect to the equality duplicates, es-
sentially, the justification of the inference step (one copy of the justifica-
tion and one copy of the dual justification of the same size); additionally,
the derivation is extended by four terms. Analogously with respect to
the implication; there the additional extension is by four formulae. The
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trivialisation with respect to the universal quantifier has no duplication
of justifications and only an additional increase by two formulae.

4. elimination of equations: Elimination of an equation as a cut formula
decreases the complexity of the derivation by one. Linearising the result
can result, as discussed above, in a further decrease of complexity.

We emphasise that the normalisation of derivations in the calculus of Natural
Calculation also requires the application of the well-known conversions for
the logical constants as given by Prawitz [21].

6. Philosophical Comments

The main goal of our investigation was to provide an extension of Gentzen’s
calculus of Natural Deduction by proper term rules for the equality symbol
allowing a faithful representation of informal calculations occurring inside
of mathematical proofs. This is complemented subsequently by a brief con-
sideration of the impact of these inference rules on philosophical theories of
meaning (of the equality symbol) in the spirit of proof-theoretic semantics.42

Lacking denotation as a candidate for meaning (in the proof theoretic
account), it is a tempting idea to identify meaning with essential proper-
ties, which are, in the case of the equality symbol, the canonical properties
describing the identity relation as a universal congruence relation. This idea
is supported by Kahle, when he writes: “From a technical point of view, one
could say that the proof-theoretic semantics of the equality relation is given
by the axioms involving this relation.,”cf. [17, p. 159].

In this conception of meaning, meaning is not only determined by lan-
guage use (this is, by inference rules), but it is an expressible meaning (ex-
pressible in a first order language), which, additionally, is formally provable
(in the calculus). We investigate this proof theoretic approach to meaning
in more detail.

42In the contemporary discussion of meaning (of logical constants) in the field of proof-
theoretic semantics, harmony of inference rules is a central aspect; cf. [6,26]. This motivates
Read [23] and Klev [18], for example, to investigate inference rules for the identity and to
figure out which configuration of inference rules fits best into the paradigm of harmony.

Our approach is different: the communicated inference rules are determined by their
actual use in mathematical praxis; we analyse these rules and consider their impact on
theories of meaning in the spirit of proof-theoretic semantics. A discussion of harmony in
general and also with respect to our rules is left to the future.
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Correspondence to the Calculus. We can identify special features of the
calculus of Natural Calculation corresponding to special aspects (these are
specific canonical properties) of such a meaning of the equality symbol:43

1. reflexivity: Reflexivity is established by the fact that the introduction
rule can be applied immediately on a term (without any calculation
steps).

2. transitivity: Transitivity is established by the fact that the introduction
rule can be applied after several (after at least two) calculation steps.44

3. symmetry: Symmetry is established by the fact that the elimination rule
has a positive and negative version and that these versions are restricted
by the same class of nominal terms.

4. compatibility - function symbols: Compatibility with respect to function
symbols is established by the fact that the elimination rules are restricted
to arbitrary nominal terms (in which the nominal symbols may occur as
proper subterms), and not only to the nominal symbol ∗.45

5. compatibility - relation symbols: Compatibility with respect to relation
symbols is established by the rules for auxiliary calculations with respect
to formulae.

It is worth mentioning that the auxiliary calculation rule with respect to
terms seems to have no influence on the canonical properties of identity,
but only on the calculus itself: without this rule, every calculation would
be linear; as a consequence, cut elimination would have to be combined
necessarily with the conversions used for linearisation.

Distributed Meaning. Our conception of meaning is a distributed meaning.
There is no single rule determining the full meaning of the equality symbol,
neither an introduction rule nor an elimination rule. As seen above, spe-
cific aspects of the meaning of the equality symbol correspond with specific
features of the calculus found in different rules. Therefore, it is possible to
manipulate separately these features of the calculus and modify this way the

43This correspondence is not the reason for the meaning of the equality symbol, but a
good argument for the choice of inference rules.

44This is not a trivial property of the introduction rule: if we would formulate rules for
the not-equal relation, then we would have to restrict the introduction rule to calculations
in which exactly once the respective elimination rule was applied.

45By this fact, we may replace proper subterms and do not have to replace the complete
term in an application of the elimination rules.
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properties (this is the meaning) of the symbol characterised by the inference
rules.46

As a consequence, neither is the introduction rule for the equality symbol
nor the elimination rules (nor the auxiliary calculation rules) a definition of
that symbol. Putting things further, it seems clear that neither is the elim-
ination rule the result of applying a (simple) function on the introduction
rule, nor vice versa. To obtain such a function, we have to add an additional
argument ensuring that the function works as desired. The latter means that
such a function depends on the semantic role of the symbol characterised
by the inference rules.

Independence of the Calculus. The meaning of the equality symbol is inde-
pendent of the chosen calculus, as the canonical properties are derivable in
every complete and sound calculus (even with respect to intuitionistic cal-
culi). Moreover, the canonical properties can be determined even in (deno-
tational) semantics.47 We consider this as a desirable aspect of our account
to meaning, as it is plausible that meaning is independent of the mecha-
nisms used to determine meaning.48 At least, it would be odd to assert that
meaning is different in different calculi, that, for example, the Hilbert calcu-
lus meaning of the equality symbol is different from its Natural Deduction
meaning and so on.

Nevertheless, natural calculi still have a special role in this context, as
the inference rules (and possibly other features of the calculus) are directly
related with the meaning.

Dependence on the Context. Another observation with respect to our proof
theoretic account of meaning is that in a formal language without any re-
lation symbols, all auxiliary calculations are redundant; in particular, we
need no auxiliary calculations with respect to formulae. The latter means
that introduction and elimination of the equality symbol are sufficient to
determine the meaning of the equality symbol in such a context. Corre-
spondingly, there are no compatibility axioms for relation symbols in the

46In particular, we are able to provide analogous term rules for the (strict) smaller-than
relation, which is reflexive (anti-reflexive), anti-symmetric and transitive, or the not-equal
relation, which is symmetric, but anti-reflexive and not transitive.

47The latter does not mean that our proof theoretic meaning is the traditional mean-
ing of denotational semantics. On the contrary, meaning in the traditional denotational
semantics depends on L-structures, in which the non-logical symbols are interpreted. But
as there is no proof theoretic counterpart for specific structures, a proof theoretic meaning
cannot agree with the traditional denotational conception of meaning.

48This reminds on the Fregean [7] distinction between sense and meaning.
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set of canonical properties. This means that the meaning of the equality
symbol depends on the language in which this symbol is used.

We consider such a dependence on the context as unproblematic. At least,
there is a similar dependence on the context in a denotational semantics,
where the meaning of the equality symbol is understood as the identity rela-
tion on the universe of a structure (the denotation of the equality symbol);
the identity relation depends on the structure, in which the equality symbol
is interpreted: if the universes of two structures are different, then so are the
respective identity relations on the universes.

We have to draw attention to another phenomenon: in the language LPA

of arithmetics, for example, there are sentences about the equality symbol
not provable from the canonical properties, but from the axioms of PA.
Having accepted the dependence of meaning on the context of language use,
it seems plausible that in the context of arithmetics, the meaning of the
equality symbol is changed due to the derivability of these new sentences.

This view is supported by the fact that we may transform the axioms of
PA into inference rules. Investigate, for example, the following both versions
of an inference rule (formulated as term rules in Natural Calculation style)
corresponding to the axiom ∀xy. S(x) = S(y) →x = y of PA:

S(t) = S(s) t
s

or even
S(t) = S(s) r[t]

r[s]

It seems difficult to find a reason, why the term rules introduced in Natural
Calculation should determine the meaning of the equality symbol, but not
this especially arithmetical rule.49

As a consequence of this dependence on the context, there is reason to
doubt the traditional distinction between logical and non-logical symbols. It
seems reasonable to distinguish between axioms provable without assump-
tions in a complete and sound calculus establishing the logical kernel of
meaning and axioms provable in extensions of such calculi establishing non-
logical aspects of the meaning of symbols under discussion.50

49Analogously, we could argue that the induction rule in arithmetics, this is the rule
version of the axiom schema of induction of PA, alters the meaning of the universal quan-
tifier in the context of arithmetics. If meaning is given by inference rules, it is admissible
to ask: what is the syntactic entity of which the meaning is determined by the induction
rule? It seems that the universal quantifier (in the context of arithmetics) is the answer.

50On the long run, we have to find a better characterisation of complete and sound
calculi, as the latter is not a proof theoretic concept, but a concept of standard denotational
semantics.
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This conception of meaning as context dependent axiomatisation is com-
plemented by Kahle’s observation that the sense of a specific equation should
depend on the axiomatic background in which this equation is investigated,
cf. [17, p. 159].

Expressible Meaning. Central aspect of our proof theoretic approach to
meaning is that it is an expressible meaning: the meaning of the equality
symbol is given by sentences of a formal language. Recalling that the equal-
ity symbol connects two terms, we can understand the canonical properties
of the equality symbol as axioms formulated in the metalanguage.

We suggest to consider, whether there is an analogous conception of ex-
pressible meaning for the connectives and quantifiers, expressed in a re-
spective metalanguage. Good candidates for metalingual expressions could
be sequents describing the essential properties of the logical constants or
sentences of second order logic axiomatising these constants.

Acknowledgements. This work was supported by the French-German ANR-
DFG project “Beyond Logic” (DFG Grant Schr275/17-1), by the Portuguese
Science Foundation (FCT) through the Grant SFRH/BI/33955/2009 in the
project LogiCCC (the ESF EUROCORES project “Dialogical Foundations
of Semantics”) and by the science foundation FAPERJ of the state Rio de
Janeiro, Brazil, through the Grant E-26/101.254/2014.

The results of this work have been presented in part at the conferences
PCC 2013 (Toulouse, France, 2013), NAT@Logic 2015 (Natal, Brazil, 2015),
“Beyond Logic” (Cerisy-la-Salle, France, 2017) and “Advances in Proof-
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[16] Jaśkowski, S., On the Rules of Suppositions in Formal Logic, Studia Logica 1:5–32,

1934.

http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.15496/publikation-35319
https://doi.org/10.15496/publikation-35319


1410 R. Gazzari

[17] Kahle, R., Towards a Proof-Theoretic Semantics of Equalities, in T. Piecha, and P.

Schroeder-Heister, (eds.), Advances in Proof-Theoretic Semantics, Trends in Logic 43,

Springer Open, 2016, pp. 153–160.

[18] Klev, A., The Harmony of Identity, Journal of Philosophical Logic 48:867–884, 2019.

[19] Nolt, J., Free Logic, in E. N. Zalta, (ed.), The Stanford Encyclopedia of Philosophy,

winter 2020 edn., Metaphysics Research Lab, Stanford University, 2020.

[20] Poincaré, H., La Science et l’Hypothèse, Flammarion, Paris, 1902.

[21] Prawitz, D., Natural Deduction: A Proof-Theoretical Study, Almqvist & Wiksell,

Stockholm, 1965.

[22] Prawitz, D., Ideas and Results in Proof Theory, in J. E. Fenstad, (ed.), Proceedings of

the Second Scandinavian Logic Symposium (Oslo 1970), North-Holland, Amsterdam,

1971, pp. 235–308.

[23] Read, S., Identity and Harmony, Analysis 64:2, 2004.

[24] Restall, G., Generality and Existence I: Quantification and Free Logic, Review of

Symbolic Logic 12:1–29, 2019.

[25] Robinson, J. A., Proof = Guarantee + Explanation, in St. Hölldobler, (ed.), Intel-

lectics and Computational Logic, vol. 19 of Applied Logic Series, Kluwer, Dordrecht,

2000, pp. 277–294.

[26] Schroeder-Heister, P., Open Problems in Proof-Theoretic Semantics, in T. Piecha,

and P. Schroeder-Heister, (eds.), Advances in Proof-Theoretic Semantics, Trends in

Logic 43, Springer Open, pp. 253–283, 2016.

[27] Schroeder-Heister, P., Proof-Theoretic Semantics, in E N. Zalta, (ed.), The Stan-

ford Encyclopedia of Philosophy, spring 2018 edn., Metaphysics Research Lab, Stan-

ford University, 2018.
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