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Abstract In the paper we prove the existence of probabilistic solutions to systems of the
form —Au = F(x, u)+ p, where F satisfies a generalized sign condition and p is a smooth
measure. As for A we assume that it is a generator of a Markov semigroup determined by a
right Markov process whose resolvent is order compact on L!. This class includes local and
nonlocal operators corresponding to Dirichlet forms as well as some operators which are
not in the variational form. To study the problem we introduce new concept of compactness
property relating the underlying Markov process to almost everywhere convergence. We
prove some useful properties of the compactness property and provide its characterization
in terms of Meyer’s property (L) of Markov processes and in terms of order compactness of
the associated resolvent.
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1 Introduction

Let E be a Radon metrizable topological space, F : E xRN — RN N > 1, be ameasurable

function and let 4 = (w1, ..., un) be a smooth measure on E. In the present paper we
investigate the problem of existence of solutions of the system
— Au = F(x,u) + u. (1.1)
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374 T. Klimsiak

Here A is the linear operator associated with a Markov semigroup {7;, t > 0} on LY(E; m).
Our only assumption on {7;} is that it is representable by some right Markov process
X=({X;,t =0},{Py,x € E})on E,ie.foreveryt > 0and f € LI(E; m),

(T: HH(x) =Ey f(Xy) = pr f(x) form-ae.x € E, (1.2)

where E, denotes the expectation with respect to the measure P,. The class of oper-
ators associated with such semigroups is fairly wide. It includes important local and
nonlocal operators corresponding to quasi-regular Dirichlet forms (see [23, 32, 34]) as
well as interesting operators which are not in the variational form, like some classes of
Ornstein-Uhlenbeck processes (see Example 5.7).

As for F = (f1, ..., fn) we assume that it is continuous with respect to u and satisfies
the following sign condition:
(F,y),y) <GWlyl, xe€E, yeR" (1.3)

for some appropriately integrable positive function G (see hypotheses (H1)—(H4) in
Section 3).

The first problem we encounter when dealing with systems of the form (1.1) is to give
suitable definition of a solution. The problem occurs even in the case of one linear equa-

tion with local operator of the form A = Zfl i=1 % (aij %), whose study goes back to the
s J i

papers of Serrin [38] and Stampacchia [40]. Serrin [38] constructed an example of (discon-
tinuous) coefficients a;; and nontrivial function u having the property that u € WO1 "4(D) for
every g < d/(d — 1) and u is the distributional solution of Eq. 1.1 withdatau =0, F = 0.
Since it was known that in general one can not expect that a solution to Eq. 1.1 belongs to
the space W(} (D) with ¢ > d/(d — 1), the problem of the definition of a solution to Eq.
1.1 ensuring uniqueness arose. Stampacchia [40] solved this problem by introducing the so-
called definition by duality. Since his work the theory of scalar equations with measure data
and local operators (linear and nonlinear of of Leray-Lions type) have attracted consider-
able attention (see [4, 12, 13, 16, 18] for results for equations with smooth measures u; a
nice account of the theory for equations with general measures has been given in [3]).

The case of nonlocal operators is much more involved. To our knowledge there were
only few attempts to investigate scalar linear equation (1.1) with operator A = A% with
a € (0, 1] by analytical methods (see [1, 26]). To encompass broader class of operators and
semilinear equations in [28] (see also [29]) a probabilistic definition of a solution of scalar
problem (1.1) is proposed. The basic idea in [28] is to define a solution via a nonlinear
Feynman-Kac formula. Namely, a solution of Eq. 1.1 is a measurable function u : £ — R
such that

u(x) :Ex/ F(X,,u(X,))dz+EX/ dAl (1.4)
0 0

form-a.e. x € E, where A* is a continuous additive functional of the process X correspond-
ing to the measure p in the Revuz sense (see [19, 23, 32, 35]). In [28] it is proved that in case
N = 1if F is nonincreasing with respect to u# then under mild integrability assumptions on
the data there exists a unique solution to Eq. 1.1. In fact, if A is a uniformly divergence form
operator then the probabilistic solution of Eq. 1.1 coincides with Stampacchia’s solution by
duality.

When studying systems (1.1) with F satisfying merely sign condition (1.3) we encounter
new difficulties, which roughly speaking pertain to weaker regularity of solution of Eq. 1.1
than in the scalar case and to “compactness properties”. In [27] we have studied systems of
the form (1.1) on bounded domain D C R? with A = A subject to homogeneous Dirichlet
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boundary condition. In [27] it is observed that in general, if F only satisfies the sign con-
dition, one cannot expect that F(-, u) € L! (D; m). Moreover, it may happen that the first
integral on the right-hand side of Eq. 1.4 is infinite. This together with the comments given
before show that for systems, even in the case of a uniformly elliptic divergence form oper-
ator, neither the distributional definition nor the probabilistic via the Feynman-Kac formula
(1.4) are applicable. For these reasons in [27] more general than in [28, 29] probabilistic
definition of a solution of Eq. 1.1 is adopted. It uses the representation of u in terms of some
backward stochastic differential equation (BSDE) associated with A, F, u (in case F'(-, u)
is integrable the representation reduces to Eq. 1.4). This approach via BSDEs only requires
quasi-integrability of F (-, u). It turns out that this mild demand is always satisfied for solu-
tions of Eq. 1.1. Therefore in the present paper we use some suitable generalization of the
definition from [27] (see Section 3).

As for “compactness properties”, let us note that in [28] it is shown that if N = 1
and F is nonincreasing then for A associated with a Dirichlet form the function F (-, u)
is integrable but in general, # is not integrable (even locally). Since in case N > 2 also
the function F'(-, #) need not be integrable, it is fairly unclear what type of function space
possessing Banach structure to use to get the existence result for Eq. 1.1. In [27] we have
used the specific structure of the operator A = A to prove that a solution of Eq. 1.1 equals
locally (i.e. on some finely open sets) to some function from HOl (D), which allowed us to
apply the Rellich-Kondrachov theorem on finely open sets (see also [20, 21] for the theory
of Laplacians on finely open domains). In general, this approach fails. To overcome the
difficulty, in the present paper we introduce a notion of compactness property relating the
process X to given solid P and positive subadditive set function m on E (not necessarily
measure). The compactness property is intended to study m-a.e. convergence of sequences
of functions defined on E, pointwise convergence (when m is a counting measure) and
quasi-everywhere convergence (when m is the capacity determined by A). It appears that
such analysis of pointwise behaviour of sequences of functions, in particular sequences of
the form {p; f,}, {R« fn}, Where p; f is defined by Eq. 1.2 and R, f is the probabilistic
resolvent defined by

Ry f(x) = Ex /oo e f(X,)dt, xeE, (1.5)
0

is sufficient for the proof of existence of probabilistic solutions to Eq. 1.1.

Roughly speaking, given a solid P C B*(E) and a positive subadditive set function
m on E we say the triple (X, P, m) has the compactness property if for some & > 0 the
probabilistic resolvent (1.5) maps the family P to a relatively compact set with respect to
the topology of m-a.e. convergence (see Section 2.1). If m is the counting measure then we
will omit m in the notation and simply say that (X, P) has the compactness property.

In applications the family P = {u € BT (E); u < 1} = B plays pivotal role. From the
well known results (see [17, Section IX, Theorem 16], [8, Lemma B, page 133]) it follows
that if X satisfies hypothesis (L) of Meyer (see Section 2.2 for the definition) then (X, B;)
has the compactness property. By the Mokobodzki theorem (see [8, Proposition 4.4.5]) and
[36, Proposition 5.2]), X satisfies Meyer’s hypothesis (L) if and only if there exists a strictly
positive ¥ € Bp(E) such that R}f . By(E) — Bp(E) defied as R}f(u) = Ry (Yru) for
u € By(E) is compact if we equip By (E) with the topology of uniform convergence. In
Section 2, using results of [41, 42], we prove that

(X, B1) has the compactness property iff X satisfies Meyer’s hypothesis (L).
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In Section 4 we show that if m is an excessive measure then

(X, By, m) has the compactness property iff

Ry : LI(E; m) — L](E; m) is order compact for somea > 0. (1.6)

Here by order compactness we mean that for every positive v € L'(E;m), R, carries
order intervals [0, v] = {u € LI(E ;m) : 0 < u < v} in relatively compact subsets of
L'(E; m). We also investigate some stability properties of the compactness property with
respect to transformation of the underlying process. The most important result in this direc-
tion is Proposition 2.8. It says that for every B € B(E), if (X, P, m) has the compactness
property then (X2, P(B), m) has the compactness property, where X5 denotes the part of
Xon B and P(B) = {u € P;u(x) = 0,x € E\ B}. We have already mentioned that it is
reasonable to expect that F (-, u) and u are quasi-integrable which roughly speaking means
that they are integrable on subsets of E whose complements have small capacity naturally
generated by the operator A. The significance of Proposition 2.8 is that it allows to reduce
the proof of existence of solutions of Eq. 1.1 to the analysis of the system (1.1) on such
sets. Let us also note that in some sense Proposition 2.8 resembles results on compactness
of positive operators subordinated to compact operator (see [2] and Corollary 2.10).

The second problem that we address in Section 2 is to find conditions on a sequence
{u,} of functions on E, which together with the compactness property imply that {u,} is
relatively compact in the topology of m-a.e. convergence. Our main result is Theorem 2.2,
which says that if (X, P, m) has the compactness property and {u,} C P satisfies the
condition

lim sup |p;u,(x) —u,(x)| =0 form-ae.x € E 1.7)

=07 >1

then {u,} has a subsequence convergent m-a.e. Condition (1.7) is satisfied for instance if
for m-a.e. x € E the sequence of processes {u,(X)} is tight in the Skorokhod topology J;
under the measure P, . It is worth noting here that in the paper the notion of compactness of
a triple (X, P, m) is defined for general normal processes (i.e. markovianity of the process
X'is not required) and that Theorem 2.2 is proved for such wide class of processes.

In Section 2.3 we show that if X is associated with a transient symmetric regular Dirichlet
form (€, D[E]) on L>(E; m), (X, P, m) has the compactness property and {u,} C F, NP,
where F, is an extension of the domain D[£] such that the pair (£, F.) is a Hilbert space,
then the condition

sup & (uy, up) < 00
n>1

implies that {u,} has a subsequence convergent m-a.e. Moreover, we prove that

(X, P, m) has the compactness property iff
(X, P, cap) has the compactness property,

where cap is the capacity on E determined by the form (£, D[E]).

In Sections 3 and 4 we define a probabilistic solution of Eq. 1.1 and give an existence
result for system (1.1). The basic space in which solutions are looked for is the space D of
measurable functions u on E such that the family {u(X;), t is a stopping time} is uniformly
integrable under P, for q.e. x € E. We show that D[] C D if X is associated with a
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semi-Dirichlet form. We call a finely continuous function # € D such that F (-, u) is quasi-
integrable a solution of Eq. 1.1 if there exists a local martingale additive functional M of X
such that for m-a.e. x € E and every T > 0,

TAE TAg
u(X;) = M(XT/\{)+/ F(Xr,u(Xr))dr-l—/ dAl
' t

TAE
—|—/ dM,, te[0,T AC], Py-as.,
t

where ¢ is the life-time of X and A* is the positive co-natural additive functional associated
with measure p.

We first study probabilistic solutions to Eq. 1.1 in case X is associated with a semi-
Dirichlet form and (X, B1, m) has the compactness property. In Section 3 we show that if
w is smooth and satisfies some integrabilty condition, F satisfies the sign condition (1.3),
then there exists a solution of Eq. 1.1. We also show that if F' is monotone, i.e.

(F(x,y) — F(x,2),y—2) <0, x€E,yzeR",

then the probabilistic solution to Eq. 1.1 is unique.

The case of general right Markov processes is considered in Section 4. We show that if X
satisfies Meyer’s condition (L) then under the same hypotheses as in Section 3 there exists
a solution to Eq. 1.1. Using Eq. 1.6 one can formulate the existence result in purely analytic
terms, without relating to the concept of the compactness property. Namely, if the resolvent
of the operator A is order compact on L' (E; m), F satisfies the sign condition and the data
are appropriately integrable then there exists a solution of Eq. 1.1. As a matter of fact we
assume some additional regularity condition on the semigroup {7;, ¢ > 0} but we think that
it is technical and can be omitted.

In Section 5 we give some examples of operators and processes to which our results
apply. Among others we give a simple example of Ornstein-Uhlenbeck semigroup, i.e.
semigroup generated by differential operator of the form

1
Lo(x) = Etr(QD2¢(X)) + (Ax, D¢ (x)),

which is not of variational form (or, equivalently, is not analytic). The Ornstein-Uhlenbeck
process with generator L is not associated with a Dirichlet form but satisfies Meyer’s
hypothesis (L). This shows that the class of processes considered in Section 4 includes
important processes that do not belong to the class considered in Section 3.

2 Compactness Property
2.1 Normal Processes

Let E be a Radon metrizable topological space (see [7]) and B(E) be the set of all numerical
Borel measurable functions on E. W adjoin an isolated point A to E and set Eo = EU{A}
(in Ex we have natural topology in which E is open). We denote by Ba(E) the set of
all numerical Borel measurable functions on Ea. Let (€2, G) be a measurable space and
{X;, t € [0, 00]} be a stochastic process on Ex such that Xoo = A and if X;; = A for
some #y € [0, oo] then X; = A for ¢t > 9. We denote by ¢ the life-time of X, i.e.

¢ =inf{r >0; X, = Al
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For x € EA let P, be a probability measure on (€2, G). Let {G;, t € [0, co]} be a filtration
in G and let {g,o, t > 0} be the natural filtration generated by X. We assume that

(a) foreveryt >0, X; € G;/Ba(E),

(b) the mapping E > x +> Py(X; € B) belongs to B(E) foreveryt > 0 and B € B(E),

(c) forevery x € Ea, Pr(Xo=x) =1,

(d) X is measurable relative to G°, i.e. the mapping [0, 00) x 2 > (¢, w) — X;(w) € Ex
is B([0, c0)) x G°/BA measurable.

Let X = (2, F,{X;, t = 0}, {Pyx, x € E}). In the whole paper for a given Borel set
B C E we denote by

op=inf{t > 0; X, € B}, Dp=inf{t >0; X, € B}, tp=inf{t >0; X, € E\ B}

the hitting time, debut time and the first exist time of B, respectively. By Xf =
(2, F, {XZB, t > 0}, {Py, x € E}) we denote the part of X on B, i.e.

B — Xi(w), 0 <t < Dp\p(w),
LT A, t > Dp\p(w).

Let BY(E) = {f € B(E); f(x) > 0,x € E} and let B" (E) denote the set of u € B(E)
such that u(x) € R for x € E. In the whole paper we adopt the convention that f(A) =0
for every numerical function f on E. Foreveryt > 0, > Oand f € BT (E) we put

P = Exf(X),  Raf(x) = Ex /0 e (X)) di, x€E.
By (a)~(d), p; : BY(E) — BT (E), Ry : BY(E) — BT (E). Let P C B""(E) be some

family having the following properties

(Pl) (feP,geBYE)g=<f) = geP,
P2) {fu}CP = sup, fneP.

Unless otherwise stated, in this section m is a nonnegative subadditive set function on E.
Definition (a) We say that a triple (X, PP, m) has the compactness property if for every
{u,} C P there exist a set A C (0, +00) and a subsequence (n’) C (n) such that sup A =
400 and for every @ € A the sequence {Ryu, } is m-a.e. convergent and its limit is m-a.e.
finite.

(b) We say that a pair (X, P) has the compactness property if the triple (X, P, m) has
compactness property with m being the counting measure.

In the sequel for given P C B+ (E) we set P* =P — P.
Definition We say that a sequence {u,} C P* satisfies
(a) condition (My) if

lim supsup |u,(X;) —u,(x)] =0, Py-as.form-ae.x € E,
h—0% y>1t<h

(b) condition (M) if

lim sup |psu,(x) —uy,(x)| =0 form-ae.x € E,
t—0 n>1
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(c) condition (M») if m is a measure and for some p > 1

lim sup || psup — unllLr(g;m) = 0.
t—0t n>1

Remark 2.1 1t is clear that if {u,} satisfies some integrability conditions and m is a o -finite
measure then (Mp) implies (M) and (M) implies (M»).

Theorem 2.2 Assume that (X, P, m) has the compactness property. If {u,} C P* satisfies
(M)) then there exists a subsequence (n') C (n) such that {u, '} is m-a.e. convergent and its
limit is m-a.e. finite.

Proof Let A C (0, +00) be a countable set such that sup A = +o0 and let (n’) C (n) be a
subsequence such that for every @ € A, {Ryu, '} is m-a.e. convergent and its limit is finite
m-a.e. Let A C E be a set of those x € E for which lim,s Ryu, (x) does not exist or exists
and is infinite for some o € A. Itis clear that m(A) = 0. Let B be the set of those x € E for
which condition (M1) does not hold. We put w = supn lun. By (P1) and (P2), u+ u, €P
and sup,, u;", sup, u,, € P. Since w < sup, u,}" + sup, u, , we see that w(x) < oo for
x € E and that without loss of generality we may assume that Ryw(x) < oo for m-a.e.
x € E and every a € A. Let C C E be the set of those x € E for which R,w(x) = 400
forsome o € A.Let N = AU BUC. Itisclear that m(N) = 0. Letx € E \ N. Then

la Ryttn (x) — up(x)| < 01/ e prttn (x) — up (0| dt. 2.1)
0

Let us fix ¢ > 0 and let 6 > 0, n§ € N be such that

&
SUp | pritn (X) = un ()] < 5, = n. (2.2)
<68

Then

[0.¢]
Ol/ e~ prun(x) — up (x)| dt
0
o oo
= 01/ e prun(x) — un(x)| dt +0l/ e prun(x) — up(x)| dt
0 0z
e 0% 00 00
< ai/ e " dt +a/ e ¥ prw(x) dt + aw(x) e " dt
0 i 0y
& o0
5(1 — %) 4 w(x)e %% +ot/6 e ¥ pyw(x)dt.
Let ag € A be such that g > 1/6¢. Then we have
ae " pw(x) <age ' pw(x), t>60°, a>ay acA.
Therefore there exists «§ € A such that
leRyun(x) —up,(x)| <&, n>ni, o€, a=>a. (2.3)

Write 8, = limsup,, u,(x) — liminf, u, (x). Then there exists a subsequence (n}) C (n)
such that
(x)—u r(x)| > & k>1. 2.4)

|M”k+1 2
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On the other hand, by Eq. 2.3, for n}c > né and o € A such that > of,

|un;{+1 (X) - un;{ (X)| =< |M}1/’<+1 (.X) - aR(lun;<+l (.X)| + |aR0lun;<+l (.X) - O[Ral/tn]’( (.X)|
Hlot Ryt (6) =t ()]

< 2e+ |aR“u"2+| (x) — OlRaun]’( x)]. 2.5
Put ¢ = pf,/9. By the compactness property of the triple (X, P,m) there exists
N (e, x, af) € N such that

p

ot Rty (x) — ot Rty (x)] < Kx (2.6)

fornj, > N(e, x, af). By Eqs. 2.5 and 2.6,
B
i, ) = 1 ()] < 5

for n;( > max{n$, N (e, x, af)}, which contradicts (2.4) and proves the theorem. (I

In what follows for k£ > 0 we put

Tk()’) = maX{min{ys k}v _k}v y € R.

Corollary 2.3 Let {u,} C P*. If (X, P, m) has the compactness property and {u,(X)} is
a sequence of cadlag processes on some interval [0, T] tight in the Skorokhod topology Ji
under the measure Py for m-a.e. x € E then {u,} has a subsequence convergent m-a.e.

Proof 1f {u, (X)} is tight under P, for m-a.e. x € E then condition (M) is satisfied for
m-a.e. x € E and sup, > |u,(x)| is finite m-a.e. Of course the same is true for {u’,‘l (X)} for
every k > 0, where uﬁ = Ty (uy). Observe that if {uﬁ} satisfies (My) then it satisfies (M}).
Therefore from Theorem 2.2 it follows that {uﬁ} converges m-a.e. up to a subsequence for
every k > 1. From this we easily deduce that there exists a subsequence (n') C (n) such
that {u,} converges m-a.e. O

2.2 Right Markov Processes

In this section we will show an equivalent condition to absolute continuity condition (the
so called Meyer’s hypothesis (L)) for X via the notion of compactness property. For other
interesting conditions ensuring Meyer’s hypothesis (L) for X see [6, 41].

Let us recall that X satisfies Meyer’s hypothesis (L) if there exists a o -finite Borel mea-
sure m on E such that Ry(x,dy) < m for every x € E and some (and hence every)
a > 0.

The measure m of the above definition will be called a reference measure for the process
X or a reference measure for the resolvent {Ry, o > 0}.

Let B = {u € BY(E); u(x) <1, x € E}.

Proposition 2.4 Assume that X is a right Markov process. Then (X, By) has the compact-
ness property iff X satisfies Meyer’s hypothesis (L).

Proof 1f X satisfies Meyer’s hypothesis (L) then by [8, Lemma B, page 133], (X, B;) has
the compactness property. Suppose now that (X, 3;) has the compactness property. From
the resolvent identity it is clear that if R, has a reference measure for some o > 0 then
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X has a reference measure. Consequently, if X does not have a reference measure then for
every o > 0 the resolvent R, does not have a reference measure. In [42] it is proved that if
R, does not have a reference measure then there exists a compact perfect set K C E such
that 1x - Ry : Bp(E) — Bp(K) is surjective. Moreover, from the proof in [42] it follows
that there exists y > 0 such that for every g € B;(K ) such that sup, . [g(x)| < c for some
¢ > Othereexists f € BZF(E) suchthat (1x R,) f = gand | f(x)| < ycforx € E. Since K
is uncountable, there exists a sequence {v,} C B;(K) such that |v,(x)| < 1/y forx € E,
n > 1 and {v,} has no subsequence converging pointwise. Thanks to the properties of the
operator 1x R, for every n > 1 there exists u, € BI"(E) such that 1x Ryu, = v,. This
implies that there exists a sequence {u,} C BT(E ) such that {Ryu,} has no subsequence
converging pointwise. O

Remark 2.5 Let X be a Markov process and m be its excessive measure. If for some o > 0,
Ry, maps a family B to a relatively compact set in the topology of m-a.e. convergence then
Rg has the same property for every 8 > «. To see this, let us suppose that 8 > « and
{un} C Bi. Then there exists a subsequence (n') C (n) such that {Rqu,}, {Ry (Rgu,)} are
m-a.e. convergent and their limits are finite m-a.e., since {8 Rgu,y} C Bi. From this and the
resolvent identity

Rpuy = Ryuy + (@ — B)Ro (Rguty) 2.7

it follows that {Rgu,,} is m-a.e. convergent and its limit is finite m-a.e. Therefore if X is a
Markov process then the compactness of the triple (X, B, m) is equivalent to saying that
for some @ > O the operator Ry maps the family B; to a relatively compact set with respect
to the topology of m-a.e. convergence.

2.3 Hunt Processes Associated with Dirichlet Forms

Let E be a locally compact separable metric space. In the rest of this section X is a Hunt
process associated with a regular semi-Dirichlet form on L?(E; m). Let us recall that a
semi-Dirichlet form on L2(E; m) is a bilinear form

E:DIE]1 x DIE] - R
defined on a dense linear subspace D[E] of L*(E; m) satisfying the following conditions

(a) there exists ag > 0 such that &, (i, u) > 0 for every u € D[E] and @ > «y,

(b) there exists K > 0 such that [E(u, v)| < K(Ey,(u, u))l/z(&,o(v, v))!/2 for every
u,v € D[£],

(¢) D[&] equipped with the inner product 50(,‘8)(, -), where Ey)(u, v) = %(Ea (u,v) +
Ew (v, u)), is a Hilbert space,

(d) foreveryu € D[€]andk > 0, u Ak € D[E]and E(w Ak, u ANk) < Eu Ak, u).

A semi-Dirichlet form (£, D[£]) is called regular if there exists a set C C Co(E) N D[E]
(Co(E) is the set of all continuous functions on E with compact suppport) such that C
is dense in D[£] in the norm determined by &£y, and in Co(E) in the norm of uniform
convergence.

It is well known that with every regular semi-Dirichlet form (£, D[£]) one can associate
uniquely a Hunt process X (see [34, Section 3.3]).

A semi-Dirichlet form (€, D[£]) is called positive if (a) is satisfied with ¢g = 0 and
is called transient if the associated Hunt process X is transient, i.e. there exists a strictly
positive Borel measurable function f on E such that Rf is finite m-a.e. It is known that if
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a semi-Dirichlet form (€, D[£]) is transient and positive then there exists an extension F,
of the domain D[E] such that (F,, £®)(-, -)) is a Hilbert space.

By cap we denote the capacity on subsets of E naturally associated with (£, D[E]) (see
[34, Section 2.1]). We say that some property holds quasi everywhere (q.e. for short) if it
holds except for a set N C E such that cap(N) = 0.

We say that an increasing sequence {F,} of closed subsets of E is a nest if for every
compact K C E,cap(K \ F,;) = Oasn — oo.

We say that a Borel measure ¢ on E is smooth if it charges no set of zero capacity and
there exists a nest {F},} such that |u|(F,) < o0, n > 1.

It is well known (see [34, Section 4.1]) that for every smooth measure p there exists a
unique continuous additive functional A* of X in the Revuz duality with w.

In the whole paper for a positive smooth measure ¢ and & > 0 we write

¢
(Rapo ) = Ex [ eraar.
0

Observe that if f € BT (E) then Ry(f - m) = Ry f, where R, is defined by Eq. 1.5. We
also write R = Ry.

Lemma 2.6 Let {u,} C B(E) be such that Ryw < 00 m-a.e., where w = sup,, |u,|. If
{Ryuy,} is convergent m-a.e. then there exists a subsequence (n') C (n) such that {Ryu,}
is convergent q.e.

Proof Let {gr} be a sequence of Borel measurable functions on E such that 0 < gz (x) < 1,
gr(x) S 1forx € Eand gt -w € L2(E; m) for every k > 1. Write ufl = gy, v,’i =
Ry (uX), v, = Ry (uy). Then

A () — v (0)] < Re(w]l — gk (x), x € E. (2.8)

Let B = {inf;y Ryw|l — gr| > 0} and let K be a compact set such that K C B. Then

o0

P,(og <00) = Py(og < oo,lzng E, </ wil —gkl(Xr)drIng> > 0)
= o

K

o0
< P,(og < oo,}infl E, </ w|l —gk|(X,)dr|]:(,K> >0)=0
= 0

since infy Ry (w|l — gg|)(x) = 0 for m-a.e. x € E. From this and Eq. 2.8 we conclude that

lim sup |v,]§(x) —v,(x)]=0 forqe.x € E. 2.9)

k—o00 nZ]

Therefore to prove the lemma it suffices to show that for every k > 0, {v¥} is convergent
g.e. But this follows immediately from the inequality

k k k k k k k k
Eu(Ryuty, — Ryuty,, Rouy — Rouy,) = (u, — u,,, Rou, — Rolty,) 12(E:m)
k k
< 2llgk - wllp2egmy - vy — Uil L2(E22m)

and [34, Theorem 2.2.5]. O
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Corollary 2.7 A triple (X, P, m) has the compactness property iff (X, P, cap) has the
compactness property.

For B € B(E) set
P(B) = {u € BE); u(x) =0,x € E \ B}

and for ¢ > 0 and u € Bt (E) set

oB
REVBy(x) :Ex/ e u(X,;)dt, Hyu(x) = Exe *"Pu(X,,).
0

Proposition 2.8 Let B € B(E). If (X,P,m) has the compactness property then
(XB, P(B), m) has the compactness property.

Proof Let {u,} C PT(B). By the assumption there exists a set A C (0, +00) such that
sup A = 400 and a subsequence (n') C (n) such that for every « € A the sequence {Ryu,,}
is convergent m-a.e. and its limit is finite m-a.e. By Dynkin’s formula,

Rylty = Rgun/ + Hg\B(Rau,,/), m-a.e.

Therefore it suffices to show that up to a subsequence, {Hg\ g (Rouy)} is m-a.e. convergent
and its limit is finite m-a.e. But this follows immediately from Lemma 2.6, because q.e.
convergence of {Rqu,} implies that {¢™“"8 Ryu,’(X,)} is convergent Py-a.s. for m-a.e.
x € E, moreover we have |Ryu,| < Ryw, m-a.e., where w = sup,, |u,| € P. Therefore we
can apply the Lebesgue dominated convergence theorem to sequence {e ™ *"2 Ryu,y (X))}
, because {|Ryu,| > Rqw} as a finely open m-negligible set is exceptional, which in turn
implies that |Ryu,| < Rew q.e., hence that [(Rqu,)|[(Xcp) < (Rew)(X¢y), Px-as. for
m-a.e. x € E and ExRyw(X,) = Ex fs: e~ w(X,)dr < E, fooo e~ w(X,)dr =
Ryw(x) < oo forevery x € E. O

Remark 2.9 Observe that the assertion of Proposition 2.8 holds true if we replace the pro-
cess X? killed outside a Borel set B by the process X4 killed with rate —dL,/L,, where
L, = e for some positive continuous additive functional A of X (for notation see
[23, Theorem A.2.11]). To see this it suffices to repeat the proof of Proposition 2.8 with tp
replaced by the stopping time

ta=inf{t < ¢ Ay = Z},

where Z is a random variable of exponential distribution with mean 1 independent of X and
satisfying Z (0 (w)) = (Z(w) —s) V 0.

Let us recall that a Markov process X? on Eq € B(E) is called a subprocess of X if
its semigroup { p?, t > 0} extends naturally to E subordinate to {p;,t > 0}, i.e. for every
feBY(E)andt > 0,

ﬁ?f S plf;
where ﬁ?f(x) = p?f“s0 (x) for x € Eg and ﬁ?f(x) = 0for x € E \ Ep, and the mapping
t — p°1(x) is rightcontinuous at 0 for every x € E.

Corollary 2.10 Let X0 be a subprocess of X. If (X, P, m) has the compactness property
then (X°, P, m) has the compactness property.
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Proof By [11, Theorem II1.2.3, page 101], X0 is equivalent to the process X killed with
rate —dL;/L;, where L is some right continuous multiplicative functional of X. By similar
construction as in Remark 2.9 one can show that the process X? is in fact the killed process
X at a terminal time constructed via multiplicative functional L (see [37, Remark 2.1]), so
the result, by the same argument as in Remark 2.9, follows from Proposition 2.8. O

Let us consider the following additional condition on £ (see [34, page 25]).

(f) Ifw € L2(E; m) and for some bounded u, v € D[E] we have

lw@)—w)| < w@)—v[+ux)—u(], |([wkx)| = v@)+Hwk)], x,y€E,

then w € D[£] and there exists Ko > 0 depending on ||| o, ||V]lco Such that

1€, w)| < Ko(Eay (U, u) + gy (v, V).
Proposition 2.11 Assume that £ is positive, satisfies condition (f) and (X, P, m) has the
compactness property. If {u,} C Fo N'P* and
sup € (up, uy) < 00 (2.10)

n>1

then there exists a subsequence (n') C (n) such that {u,'} is m-a.e. convergent and its limit
is m-a.e. finite.

Proof Letn € D[E] be such that n > 0, m-a.e. and ||7]|s < 00. By (f),
E(Ti(un)n, Ti(un)n) < Inlloo€ n, un) +kE M, n).

Hence

sup E(Ti(un)n, Ti(un)n) < oo. (2.11)

We can assume that u,, > 0, m-a.e. for every n > 1, because from (P1) it follows that
ul € P and from [34, Eq. (1.1.12)] it follows that u;" € F, and E(uf, ul) < E(uy, uy) .
Under the assumption of nonnegativity of u,, uﬁ =Tr(uy)-neF.NPN L2(E;: m). By
an elementary calculus,
||01Ra’4,:, - MI;L”LZ(E;,”) =< 05_15(“5,, M];,),

which when combined with Eq. 2.11 gives

o Rattfy — k|l 12 (gmy < 0 ek, ). (2.12)
By the assumption there exists a subsequence (n’) C (n) and subset A C (0, co) such that
supA = 400 and {aRauﬁ,} is convergent in L2(E; m) for every a € A. This and Eq.
2.12 imply that there exists a further subsequence (n”) C (n’) such that {uﬁ,,} is convergent

in L2(E; m). From this it follows easily that {u,} is convergent m-a.e. for some further
subsequence (n"") C (n”). O

Remark 2.12 If {u,} C F. satisfies (2.10) then by the calculations in the proof of [23,
Lemma 1.5.4.] it satisfies condition (M3).

In the sequel by 7 we denote the set of all stopping times to given filtration F.
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Definition We say that a Borel measurable function u on E is of class (FD) if for m-a.e.
x € E the family {u(X;), t € T} is uniformly integrable under the measure P;.

By D we denote the set of all Borel measurable functions on E of class (FD).

Remark 2.13 (i) Observe that D[E] C D. Indeed, each positive u € D[] is majorized by
the a-potential e (the smallest o-potential majorizing u) and e} = R, u for some measure
w of finite energy integral (see [34, Theorem 2.3.1]). Therefore by [34, Theorem 4.1.10],

o0
e%(x) = E, / e M dAl.
0

From the above formula we easily deduce that 7 € D which implies that u € D. Since
ut,u~ € D[E]if u € D[E], we get the result.

(ii) If we assume additionally that £ is positive and transient then in the same manner as in
(i) we can show that F, C D.

Fora > 0 and p € B(E) such that p > 0 let us define the space
Dy = {u € D; |Julle < 00},
where

llulle :/ sup Exe™ " [u(X;)|p(x) m(dx).
E teT

In the sequel for a given v € B1(E) we write

[0,v]={u € B(E); 0<u < v}

Proposition 2.14 Let (€, D[E]) be a regular symmetric Dirichlet form and X be a Hunt
process associated with (£, D[E]). Then (X, By, m) has the compactness property iff for
every o > (0 the mapping Ry : Dy — Dy, is order compact.

Proof Assume that (X, B}, m) has the compactness property. Let v € Dg and {u,,} C [0, v].
Let {gr} be a sequence of positive Borel measurable functions on E such that gx /' 1 as
k—ooand gr-v € L2(E; m). Put ufl = gi Tk (uy), vﬁ = Ra(ulr‘l), v, = Ry (uy). Then

k k k k k k. k k
Eu(Rytt,, — Ryuy,, Ryuty, — Rouy,) = (uy, — uy,; Routy, — Ryty,)

2l1gk - Vil 2y - I10F = VR 2 (Eimy- (2.13)

IA

By the assumption, without loss of generality we may assume that for every k € N the
sequence {v’,j} is m-a.e. convergent as n — 00. Since v’,f < R,(gr-v) € L2(E; m), {v’,f}
converges in L2(E; m), and hence, by Eq. 2.13, in &,. By [23, Lemma 5.1.1] this implies
that there exists a subsequence (still denoted by n) such that for q.e. x € E,

lim E, sup e_mlv,]j(Xz) - Ufn (Xl =0.

n,m— oo >0
Hence

lim  sup Ee "ok (X;) — v} (Xo)| =0

n,m—>00 L T
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for q.e. x € E. By the Lebesgue dominated convergence theorem, ||v,’§ - vfn||a — 0 as
n,m — 00, so it is enough to show that ||v5 — Vplle < C(k) for some C (k) such that
C(k) — 0as k — oo. To this end, let us observe that

”U],i_vn”a = / sup ExeiarlRauﬁ(Xt)_Raun(Xr)|m(dx)
E

teT
o0
< [ s E (e E ([ e O — 0G0 drIF) ) mid)
E teT T

< / E, / e |up (X)) — un(X,)| dr m(dx)
E 0

o0
< / E. [ ¢ | g Titn) — un | (X,) dr m(dx)
E 0

IA

00
T/ Exf e_arl{u>k}U(Xr)m(dx)
E 0

+/ Exf e~ (vlgr — 1) (X,)dr m(dx) = C(k).
E 0

Since v € Dy, both integrals on the right-hand side of last inequality are finite. Therefore
by the Lebesgue dominated convergence theorem, C (k) — 0 as k — oo, which shows the
“if” part. Now, assume that R, : Dg — Dy, is order compact. Let {u,} C BT (E)be such
that u, (x) < 1 forx € E.Itisclear that 1 € Dg and {u,} C [0, 1], so by order compactness
of Ry : Dg — Dy it follows that there exists a subsequence (still denoted by n) such that
lim [|Rqun — Rottmlla = 0.
n,m—00
In particular | Ryu, — Ryutn ||L1(E;p,m) — 0 as n,m — oo from which we conclude that
(X, By, m) has the compactness property. O

3 Elliptic Systems with Measure Data on Dirichlet Space

In this section we assume that (£, D[£]) is a transient regular semi-Dirichlet form on
L2(E: m). By X we denote a Hunt process associated with (£, D[E]).

In the sequel we adopt the convention that an N-dimensional process Y or function u has
some property defined for one-dimensional processes or functions (for instance Y is a MAF
or CAF of X, u is of class (FD) etc.) if its each coordinate has this property.

Definition We say that a Borel measurable function f on E is quasi-integrable if for q.e.
x e E,

CAT
Px(/ |f(X)|dr < oo, T > o) —1.
0
By gL' (E; m) we denote that set of all quasi-integrable functions on E.

Remark 3.1 In the literature one can find another definition of quasi-integrability which we
call here quasi-integrability in the analytic sense. According to this definition a measurable
function f on E is quasi-integrable if for every ¢ > 0 there exists an open set U, C E
such that cap(U;) < ¢ and flgp\y, € LY(E \ Ug; m). In [28] it is proved that if f is
quasi-integrable in the analytic sense then it is quasi-integrable.
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Let F : E x RY — R" be a measurable function and & = (i1, ..., un) be a Borel
measure on E such that

(H1) w; is a smooth measure such that R|u;| < oo q.e.,
(H2) forevery r > 0 the mapping x > sup,,,-, | F(x, y)| belongs to gL (E;m),
(H3) forevery x € E the mapping y — F(x, y) is continuous,
(H4) there exists a non-negative function G such that RG < oo q.e. and for every x € E
and y € RV,
(F(x,y),y) = Gyl

We say that a real process M is a local martingale additive functional (local MAF) of X
if it is an additive functional of X (see [23, Section 5.1]) and M is a local martingale under
Py (with respect to the filtration F) for each x € E\ N, where N is an exceptional set of M.

We would like to emphasize that the notion of local MAF differs from the notion of MAF
locally of finite energy considered in [23, Section 5.5]. For instance, M having the latter
property is local AF, i.e. is additive on [0, ¢) only.

Let us consider the following system

— Au = F(x,u) + u. 3.1)

Definition We say that a function u : E — RY is a solution of Eq. 3.1 if

(a) u is quasi-continuous and u € D,

(b) u(X;a;) = Oast — oo Py-as.forqe. x € E,

() E3x+ F(x,u(x)) € gLy (E;m),

(d) there exists a local (N-dimensional) MAF M of X such that for q.e. x € E and every

T >0,
TAE TAg
u(Xy) = u(Xrag) +f F(eru(Xr))dr+/ dAl
t t
TN
—/ dM,, te€[0,T A¢], Py-as. (3.2)
t
Remark 3.2 Observe that if u : E — RN is a measurable function such that

E. [E IF(X,, u(X,)|dr < oo and

¢ ¢
u(x) = Exf F(Xr, u(X,))dr + Ex/ dAy
0 0
for q.e. x € E, then u is a solution of Eq. 3.1. Indeed, by the Markov property,
e ¢
u(X,) = E([ F(X,, u(X,)dr +f dALIF). 1el0.¢]
t t

From this it is easily seen that u € D and u satisfies (b). It is also clear that (c) is satisfied.
That u is quasi-continuous it follows from [28, Lemma 4.2]. Now, let us put

¢ ¢
M = Ex</0 F(X, u(X,))dr +/0 dAﬁ‘l]—"t) —u(Xo), 1>0.

By [23, Lemma A.3.5] there exists a cadlag process M such that
P(M;y =M, t>0)=1
for g.e. x € E. Itis clear that M is a MAF of X and (d) is satisfied.
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We first show that if F' is monotone, i.e. F' satisfies the condition
(H5) (F(x,y)—F(x,y),y—y)<0,y,y e RV, x € E,
then the probabilistic solution of Eq. 3.1 is unique.

In the sequel for a given x € R such that x # 0 we write

. X
sgn(x) = m

Proposition 3.3 Assume that (HS5) holds. Then the solution of Eq. 3.1 is q.e. unique.

Proof Letuy, u; be solutions of Eq. 3.1 and M, M, be local MAFs associated with u1, uy,
respectively. Put u = uy —up and M = M| — M;. Then

TAL TAL
u(Xy) = M(Xmg)-l—/ (FC,un)—FC, Mz))(Xr)dV—/ dM,, 0=t =<7tAL, Py-as.
t t

for every bounded t € T and q.e. x € E. By [9, Theorem 3] and (H5), for g.e. x € E we
have

TAL
(X)) < [u(Xeng)| + / (F(ey 1) — F (e un)(X,), sén(u(X,)) dr

t

TAL

- / (s8n(u(X),_), dM,)

t

TAL
S|M(Xm;)|—/ (@ (X)), dM,), 0<t<tAC Peas

t

Let {7x} be a fundamental sequence for the local martingale fdA{(sgn(u(X )r—), dM,).
Putting ¢+ = 0 in the above inequality with 7 replaced by t; and then taking the expectation
with respect to P, we get

lu()| < Ex|u(Xgag)l (3.3)

for g.e. x € E. Since u € D, letting k — oo we conclude that |u| = 0 q.e. O

Theorem 3.4 Assume that (X, By, m) has the compactness property and (H1)—(H4) are
satisfied. Then there exists a solution of Eq. 3.1.

Proof Step 1. We first assume that |R|u]llcc < 00 and there exists a strictly positive
bounded Borel measurable function g such that |F(x,y)| < g(x) forx € E,y € RV
and ||Rgllco < 00. Let p be a strictly positive Borel measurable function on E such that
J p(x)m(dx) < oo and let

D Ly(E; p-m) — La(E; p-m), Pw)=RF(-,u)+ Rpu.

The mapping @ is well defined since |R(F (-, u)) + Ru| < Rg + R|u| € L2(E; p - m).
By (H3), @ is continuous. We shall show that ® is compact. To see this, let us consider
{un} C L2(E; p - m). By Remark 3.2, the function v,, = ®(u,) is a probabilistic solution
of the system

—Av, = F(x,u,) + u.
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Therefore there is a MAF M" of X such that
TAE TNE
v (Xy) = Un(XTA{)+/ F(Xr, uy(X,)) dr+f dAff
t t
TN
—/ dM!, t€[0,{ AT], Py-as. (3.4)
t

for g.e. x € E. Hence

tAL tAL
[V (¥) = prva(0)] = [va(x) = Exvn(Xiag)] < Ef g(x,.)dr+EX/ dAM!
0 0
for q.e. x € E. Consequently,
lim sup [Prvn(x) —vp(x)| =0
t—0t n

for q.e. x € E. Observe that || v,]lcc < |[Rgllco + I|RI|]lco- Since (X, By, m) has the com-
pactness property, it follows from Corollary 2.7 that there is a subsequence (n") C () such
that {v,} converges q.e. Since {v,} are uniformly bounded by ||Rg|lcc + || Rt |0, applying
the Lebesgue dominated convergence theorem shows that {v,/} converges in L%(E; p - m).
By Schauder’s fixed point theorem, there is u € L%(E; p - m) such that ®(u) = u, i.e.

¢ ¢
u(x):Exf F(Xr,u(Xr))dr—l—EX/ dAF
0 0

for m-a.e. x € E. Let v(x) be equal to the right-hand side of the above equality for x € E
such that Rg(x) + R|u|(x) < oo and zero otherwise. Then by [28, Lemma 4.2], v is
quasi-continuous and v € D. Since v = u, m-a.e., we have

e e
Ex/ F(Xr,u(Xr))erEx/ F(X,, v(X,))dr
0 0

for q.e. x € E. Thus v is a solution of Eq. 3.1 (see Remark 3.2).

Step 2. Now we consider the general case. Let g be a strictly positive bounded Borel mea-
surable function on E such that ||Rg|l.c < oo (for the existence of g see [34, Corollary
1.3.6]) and let { F;,} be a generalized nest such that || R|u, |||, where u, = 1f, - u. Put

ng(x) n-Fx,y)

: , er,yeRN.
1 +ng(x) |F(x,y)IVvn

Fu(x, y) =

Then F, satisfies (H2)—(H4) and R|F,| < ang, which implies that ||R|F,|||co < 00. By
Step 1, for each n > 1 there exists a solution u,, of the system

—Auy = Fy(x, up) + .

Therefore there is a MAF M of X such that
TAL TN
(6 = wXra) + [ R+ [ da
t t

TAL
—/ dM!, t€[0,T AZ], Py-as. (3.5)
!

@ Springer



390 T. Klimsiak

for q.e. x € E. By [9, Theorem 3],

TAC
lun (X)) < |Mn(XT/\§)| _/ (s&n(u, (X)), Fu(Xr, u, (X)) dr
t

TAC TAg
+/ (sgn(un(X),—), dA)™) —/ (sgn(un(X),-),dMy), te€[0, T AC].
¢ ¢

By the above inequality and (H4),

TAC TN
n ()] < Exltn(Xac)| + Ex / G(X,)dr + E, f Al
0 0

for q.e. x € E. Letting T — oo and using the fact that u,, € D we conclude that for g.e.
x e E,

¢ ¢
lup (X)] < Ex/ G(Xr)dr—l—Ex/ dAM, (3.6)
0 0

Put v(x) = Ey [{ G(X,)dr + Ey [ dAM if the right-hand side of Eq. 3.6 is finite and
v(x) = 0 otherwise. By [28], v is quasi-continuous, v € D and v is a probabilistic solution
of the equation

— Av =G + |ul. 3.7
Let Ux = {v < k}. Since v is quasi-continuous, Uy is finely open. Moreover, since by (H1)
and (H4) v is finite, U,fil Uy = E q.e. Write 7y = ty,. Then

luyly, () <k, n>1, xeU. (3.8)
By (H2), e
A
Px</ sup |F|(X,, y)dr < oo, T > o) =1 (3.9)
0 lyl<k

for every k > 0. Let
t
ox = inf{t > 0; / sup |F|(X,, y)dr > k}.
0 |yl=k

By Eq. 3.9, oy " oo. Let 8k = i A 01. By Egs. 3.5, 3.8, 3.9 and the construction of § ;
we have

IA

VN THVNS A8k INE
ltn (x) — Exttn(Xinse n)| < Ex / |Fol (Xr, un(X,)) dr + Ex f dalM
0 0

IA

NSk NG
KE (t NSk AC) + Ex / dAIM,
0
Hence
lim sup |up(x) — Exun(Xins ng)l =0 (3.10)
t—0t n

for g.e. x € E. Now we will show that Eq. 3.10 holds for x € Uy with Ex|u, (X as.,n¢)]
replaced by E[|u; (X;ag )| 1{r<)]. To this end, let us first observe that P, (tx > 0) =1 for
x € Uy, because Uy is finely open. We have

sup |Exun(Xt/\6k,1) - Exun(Xt)l{t<Tk}| < E;sup |Mn(Xt/\8k_[) - un(Xt)l{t<rk}|
n n

= / sup |un (Xins ) — un(Xe) <31 d Py
{t=>7 JU{t =5 1}

n

IA

/ [W(Xenge )]+ V(X)) <y d Py
(>t V(=51 1}
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Since lim, o+ limy o0 Py ({t > T} U {t > 8k ;}) = 0 for x € Uy and v € D, it follows that
for x € Uy the right-hand side of the above inequality tends to zero as [ — +oo and then
t — 07T. This and Eq. 3.10 imply that
lim sup [u, (x) — pXu,(x)| =0, x € Uy, (3.11)
t—=>0t p
where { pf, t > 0} is the semigroup associated with the process XU, By Proposition 2.8
the triple (XYr, By (Uy), m) has the compactness property. Moreover, XYt is normal since
Uy is finely open. Therefore it follows from Theorem 2.2 and Eq. 3.8 that there exists a
subsequence (n’) C (n) such that {u, /1y, } is convergent q.e. By using standard argument
and the fact that | J, Uy = E q.e. one can now construct a subsequence (m) C (n) such that
{un} is convergent g.e. on E. Without loss of generality we may assume that (m) = (n).
Let us write u = limsup u, and §; = 8k . By Eq. 3.5,

T N6k N
un(XtA(Sk) = Ex(un(XTAék) +/ Fo(Xp, un (X)) dr

tASKNE

T NSk NE
+/ dA | Finsene), t€1[0,T], Py-as.,
'

ASKkAE

so applying [10, Lemma 6.1] we can conclude that for every ¢ € (0, 1),

1
Ev sup Jun(X) = un(X)I7 = ——— | Exlin(Xoun) = st (Xsar)]
t<8k AT l1—¢q

T ASkNE

T A8k NE q
B [ IR0, 00) = P dr + E, [ dapeel]'
0 0

Applying the Lebesgue dominated convergence theorem and using (H3), the construction
of F,,, {6x} and the convergence of {u,} we conclude that for q.e. x € E the first and second
term on the right-hand side of the above inequality converges to zero as n,m — oo. To
show the convergence of the third term, let us observe that

t
AlﬂniMMI :/ lF,,AFm(Xr) dAf,L, t>0.
0
Since E, f(f a’A‘r“| < 00 g.e., it is enough to show that

n,m—

lim Py(350X: € FAF,) = lim P.(op,AF, <00) =0
o) n,m—o00

for q.e. x € E. But this follows immediately from the fact that {F,} is a nest (see [34,
Theorem 3.4.8]). By what has already been proved,

(1 (), / Fa (X un(X,)) dr, APn) = (u(X), / F(X,.u(X,)) dr. AF),
0 0

uniformly on compacts in probability P, for q.e. x € E. Therefore letting n — oo in Eq.
3.5 we see that there exists a local MAF M of X such that Eq. 3.2 is satisfied forg.e. x € E.
The fact that u € D and u satisfies condition (b) of the definition of a probabilistic solution
of Eq. 3.1 follows from Eqgs. 3.6 and 3.7. O

4 Systems with Operators Generated by Right Markov Processes

In the present section we assume that X is a general transient right Markov process on E
satisfying hypothesis (L) of Meyer.
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Let us fix an excessive (o-finite) measure m on E, i.e. a Borel measure on B(E) such

that
moaRy <m,

where (m o aRy) f = m(aRy f) = [ f(x) m(dx) for f € B (E).

We say that a set B C E is m-polar if there exists an excessive function v such that
A C {v = oo} and v is finite m-a.e.

In this section we say that a property holds qg.e. if it holds except for some m-polar set.

Recall that a set N € 5" (E) is m-inessential if it is m-polar and absorbing for X.

Definition An F-adapted increasing [0, oo]-valued process {A;,t > 0} is called positive
co-natural additive functional (PcNAF) of X if there exist a defining set 24 C Foo and an
m-inessential Borel set N4 C E such that

(@) Py(Q)=1forx ¢ Ngyand 6,24 C Q4,1 >0,

(b) forevery w € Q4 the mapping ¢ — A;(w) is right continuous on [0, c0) and finite
valued on [0, ¢) with Ap(w) = 0,

(¢) foreverywe Qqandt >0, AA; = A; — A~ = a(X,), where a € pB"(E),

(d) forevery w € Qg4, Aiys(@) = Aj(w) + As(B;w) forall s, ¢t > 0.

Remark 4.1 1t is known (see [24, Proposition 6.12]) that for any m-polar set N there exists
a Borel m-inessential set B such that N C B. Therefore if some property holds q.e. then
without loss of generality we may assume that it holds everywhere except for possibly an
m-inessential set.

Given a PcNAF A and f € BT (E) set

¢
Unf(x) = E/ F(X)dA,, xeE.
0

By a4 we denote the Revuz measure associated with A, i.e. the measure defined as

ua(f) =supfvolUaf; volU <mj.

In this section by a nest we understand an increasing sequence { B, } of nearly Borel sets
such that P, (lim, . 78, < ¢) = 0.

Definition A Borel measure i on E is called smooth if it charges no m-polar sets and there
exists a nest {G,} of finely open nearly Borel sets such that u(G,) < oo, n > 1.

It is known (see [19, Therems 6.15, 6.21, 6.29]) that for every PcCNAF A its Revuz mea-
sure (14 is smooth and for every smooth measure p there exists a unique PCNAF A* such
that its Revuz measure is equal to .

Proposition 4.2 (X, By, m) has the compactness property iff (X, [0, v], m) has the com-
pactness property for every v € D.

Proof Sufficiency is obvious. To prove necessity, let us assume that (X, By, m) has the
compactness property and for v € D let us choose {u,} C BT (E) such that u, < v, m-
a.e. forn > 1. Write uﬁ = Tr(u,). Since v € D, Ryv is finite m-a.e. for every o >
0. Let g be a strictly positive Borel measurable function on E such that [(Ryv)gdm <
00. By the assumption, for every k > 0 there exists a subsequence (n’) C (n) such that
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{ Rauﬁ/} is convergent in L!(E; g - m). Therefore to show the existence of a subsequence
(m) C (n) such that Ryu,, converges in LY(E; g - m) it is enough to prove that ||Rau],‘l -
Raun”L'(E;gm) < C(k) for some independent of n constants C (k) such that C(k) — 0O as
k — +o0. Observe that

o0
| Rottk = Rattnll 1 ggmy < Eeom / e (X,) — uk (X)) di
0

oo
< B [ € lucponp(Xo dr = CG0.
0
Since [(Rqv)gdm < oo, C(k) — 0as k — oo. O

Proposition 4.3 Let X be a right Markov process and m be an excessive measure. Then
(X, B1, m) has the compactness property iff Ry : L'(E; m) — LY(E; m) is order compact
for some (and hence for every) o > 0.

Proof Necessity. Assume that (X, B3;(E), m) has the compactness property. Let v €
LY(E;m) and {u,} C [0, v]. Write v& = Ryuk, v, = Ryup, uk = Ti(uy) forn, k > 1.
By the compactness property of (X, B (E), m) there exists a subsequence (still denoted by
(n)) such that v,’ﬁ is m-a.e. convergent. Since v,’i < Ryv € LY(E; m), v,’i is convergent in
L'(E; m). Furthermore,

IA

1
||U§ - UnHLl(E;m) = / Ry | T (up) — uy|dm ;/ | T (upn) — uy|dm
E E

2
7/ vdm = C(k).
o J{v>k)

Since C(k) — 0 as k — o0, there exists a subsequence (n’) C (n) such that {v,} is
convergent in LY(E; m).

Sufficiency. Now assume that R : LY(E; m) - LY(E; m) is order compact. Let {u,} C
BT (E) be such that u,(x) < 1forx € E,n > 1. Let {g;} be a sequence of positive
functions in L' (E; m) such that gr /' 1 and let p be a strictly positive function in LY(E;m).
Write u],; = ungk, v,’j = Rauﬁ, vy, = Ryu,. By the assumption, for every k > 1 there
exists a subsequence (still denoted by n) such that vﬁ converges in L' (E; m). It follows that
for every k > 1 there exists a subsequence (still denoted by n) such that vf‘l converges in
LY(E; p - m). This when combined with the fact that

IA

m o) — vl L1z, poy < lim / Roll — gklpdm =0
k— 00 k—oo JE

implies the existence of a subsequence (n') C (n) such that v,/ converges in LY(E; p-m).
Therefore there is a further subsequence (n”) C (n’) such that v,» converges m-a.e. (I

Let us consider the following system
— Au = F(x,u) + u, (4.1)
where (A, (D(A)) is the operator defined by
D(A) = Ry(L'(E;m)), —A(Ryf)=f—aRof, feL'(Esm). (42

for some « > 0. Since m is an excessive measure,

faRafdmff fdm, feBY(E),
E E
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from which it follows immediately that R, f = 0, m-a.e., if f = 0, m-a.e. Therefore Eq.
4.2 makes sense. Also note that by the resolvent equation the definition of (A, D(A)) is
independent of & > 0.

Proposition 4.4 Let B € B(E). If (X,B1(E)) has the compactness property then
(XB, Bi(E)) has the compactness property.

Proof Follows by the same method as in the proof of Proposition 2.8, because under the
assumption of the present proposition we need not use Lemma 2.6. O

Theorem 4.5 Let X be a transient Markov process satisfying condition (L) of Meyer.
Assume that (H1)—(H4) are satisfied. Then there exists a solution of Eq. 4.1).

Proof We assume that there exists a Borel function g € B+ (E) such that |F(x, y)| < g(x)
forx € E, y € RN and Ryg is finite m-a.e. Let p be a strictly positive Borel function on E
such that

/ [Ex A} + Rg(x)1p(x) m(dix) < oo.
E
Let

®: Lo(E; p-m) = La(E; p-m), ®(u) =RF(,u)+ Rpu.
The mapping @ is well defined since

IR(F(-,u) + Ru| < Rg € Rlp| € L*(E; p - m).

Infact ® : L*(E; p-m) = Bra(g. ) (0, 7), Where r = [ Rg 12k pomy + IRIL L2¢: pom)-
@ is continuous by (H3). Let {u,} C L2(E; p - m). Define v, by putting v,(x) =
RF (-, uy)(x) + Ru(x) for x such that Rg(x) + R|u|(x) < oo and v, (x) = 0 otherwise.
By the assumptions, [39, Theorems 36.10, 49.9] and the definition of m-polar sets vy, is
finely continuous and finite q.e. By Remark 4.1 we may assume that it is finite except for
an m-inessential set. Then by the strong Markov property formula (3.4) holds. Therefore
repeating the arguments following (3.4) and applying Proposition 4.2 we conclude that &

is compact. The rest of the proof now runs as in Step 2 of the proof of Theorem 3.4 (we use
Proposition 4.4 instead of Proposition 2.8). O

5 Applications

In this section we give several examples of processes having the compactness property.

Example 5.1 Let {u;, t > 0} be a convolution semigroup on R? and let X be a Hunt process
with the transition function

puf ) = f £+ y)urdy).
]Rd

It is known (see [5]) that if for some ¢ > 0

lim |x|"*|Re ¢ |(x) — oo, 5.1
|x|—00
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where [i;(x) = e Y™, x e R? ({1, stands for the Fourier transform of w,) then the
Lebesgue measure m on R? is a reference measure for X. Therefore if X is a Lévy pro-
cess with the characteristic exponent v satisfying (5.1) then (X, ) has the compactness
property. Consequently, our existence and uniqueness results of Section 3 (Theorem 3.4
and Proposition 3.3) apply to systems with operator A of the form (V) with i satisfying
(5.1). A model example is ¢ of the form ¥ (x) = [x|*, x € R, for some « € (0, 2], which
corresponds to the fractional Laplacian ¢ (V) = (V2)%/2 = A%/2,

Example 5.2 Let H be areal Hilbert space, Q € L(H) be a selfadjoint nonnegative operator
and A be a generator of a Co-semigroup e'4 on H. Let

t
Qt :/ eSAQeSA* dS
0

be of trace class, e/A(H) C Q,I/Z(H) and Ker Q; = {0}, ¢+ > 0. It is well known that the

Ornstein-Uhlenbeck semigroup
(Tip)(x) = /Hd)(y)/\f(emx, 00dy), ¢ € By(H),

where NV (e'4x, Q) is the Gaussian measure on H with mean ¢’4x and covariance operator
Q; is representable by the Ornstein-Uhlenbeck process being a solution of the SDE

dX(t,x) = AX(t,x)dt + Q'2dW (1)

{X(O,x) =x€eH,

ie.

(T;$)(x) = Exp(X1), ¢ € Bp(H)
(see [15] for details). By the Cameron-Martin formula (see, e.g., [14]), for every x € H the
measure N (e’ 4x, Q) is equivalent to the measure A/ (0, Q;). Therefore X satisfies Meyer’s
hypothesis (L), which implies that (X, B1) has the compactness property. It follows that the
results of Section 3 apply to systems with Ornstein-Uhlenbeck operator being a generator
of the semigroup {7;}.

Example 5.3 Let (€, D[E]) be a regular symmetric Dirichlet form on L2(E: m). By [23],
if the following Sobolev type inequality holds

I, < cEyu,u), u € DIE]

for some ¢ > 0, po > 2, Ao > 0, then m is a reference measure for X associated with
(€, D[E]). Consequently, (X, B}) has the compactness property.

Example 5.4 Let (£, D[E]) be a regular semi-Dirichlet form and let X be the associated
Hunt process. Suppose that (X, P, m) has the compactness property. Let © be a positive
smooth measure and let (£,,, D[E,]) be the form defined as

Eu(u,v) = Eu, v) +/ uvdp, DIE,] = {u € DIE]; / lul?> du < oo}
E E

It is known that (£, D[E,]) is a quasi-regular Dirichlet form and that the associated stan-
dard special process X* is a subprocess of X (see [23, Section 6.4]). Therefore (X*, P, m)
has the compactness property.

Example 5.5 Let ({X;,t = 0}, {Psx, (s,x) € [0,00) x E}) be a time inhomogenous
Markov process. Assume that for every s > 0 the pair (X* = ({Xs4¢,t > 0}, {Psx,x €
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E}), Bi(E)) has the compactness property. Then by Proposition 2.4, X* has a reference
measure m(s). Assume that m(s) = m,s > 0. LetZ = ({Z;,t > 0}, {P;, z € [0, 00) X E}),
where Z; = (t(t), X (1)), t > 0 and 7 is the uniform motion to the righti.e. 7(¢) = 7(0) +1,
P; x(t(0) = s) = 1. Then Z is a Markov process with reference measure m = dt Q@ m.
Indeed, we have

o0
RZ((s.x), T x B) = / ¢ Ey 15 (Xos) - 17(s + 1) di. (5.2)
0

Suppose that T € B([0, 00)), B C B(E) and m(T x B) = 0. Thendt(T) = 0orm(B) = 0.
If dt(T) = O then it is clear that RL%((S, x), T x B) = 0. If m(B) = 0 then the right-hand
side of Eq. 5.2 is less then or equal to

00 o
/ e Eg 13(Xsy) dt = Ry (x, B) =0,
0

the last equality being a consequence of the fact that Rff‘y (x,dy) < m(dy). Thus m is
the reference measure. As a result, the pair (Z, B ([0, c0) x E)) has the compactness
property. For instance, let {A(t),t > 0} be a family of operators associated with regular
semi-Dirichlet forms £ on L?(E; m) and let Z be a process associated with the operator

= % + A(2). If for every + > 0 the Hunt processes associated with £® together with
Bi(E) form pairs having the compactness property with the same reference measure then

the pair (Z, B ([0, 00) x E)) has the compactness property.

Example 5.6 Let X be a solution of the following d-dimensional SDE
d t ) t
X5 =x+ Z/ aj(r, X)) dw/ + / b(r, X) dr,
; 0 0
j=1

where x € R and aj,b : [0, 00] x R? - R4, j = 1,...,d, are measurable functions
satisfying the assumptions

@ Y9y laj(t.x)—aj(t, y)|+1b(t, x) = b(t, y)| < Llx —y| forevery x, y € RY,1 > 0,
(b) t— aj(t,0),t — b(t,0) are bounded on [0, T'] for every T > 0.
Then by [33, Theorem 2.3.1], if
P(S,=0)=1,
where

t
Sy = inf{t > 0; f l{deta(r,Xr);EO} dr > 0} AT, o=a- aT,
0

then for every ¢+ > O the distribution of X, is absolutely continuous with respect to the
Lebesgue measure on R9. 1t follows that if, for instance, o(t,x) > 0 for every (t,x) €
[0, 00) x R?, then (X, B (R?)) has the compactness property. More generally, let A be an
absorbing set for X, i.e. if x ¢ A then P(3;X; € A) = 0. Then if (¢, x) > O for every
(t,x) € [0,00) x RY\ A then (XRd\A, Bi(E \ A)) has the compactness property. To be
more specific, let us consider diffusion process describing dividend-paying asset prices in
the classical multidimentional Black and Scholes model, i.e.

. t . d t . :
X7 :x,'-l-/ (r—d)X;'dr+ E /J,'ij”der, i=1,...,d.
0 X 0
j=1

Then (XE\A, By (R? \ A)), where A = {x € R? : x; = O forsomei = 1, ..., d}, has the
compactness property.
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We close this section with an example of a right Markov process X which is not associ-
ated with a Dirichlet form, so that the results of Section 3 can not be applied to systems with
operator associated with X. However, X satisfies Meyer’s hypothesis (L), so that results of
Section 4 are applicable.

Example 5.7 For ¢ € Cl(R?), x € R? set
1
Lo(x) = Etr(QDzd)(X)) + (Ax, D$(x)),

o=[11] 2=0 5]

Then the semigroup e’4 generated by A is of the form

t
e’A=|:e 0 ], t>0

where

0 e—2t

and

—ro]—

t 1 =2ty 1 -3t
_ sAn sA 5. | 31 —e™) 3(1—e) _
Q,_/(;e Qe ds_[;(l—ey) i(l—e‘")»]’ Qoo_|:3 ]

It is clear that Ker Q; = {0} and Q; > O for every ¢t > 0. Let { P;, t > 0} be the semigroup
generated by the operator L on L2(R?%; ), where i1 = N(0, Qo). It is well known that
P f(x) = Ex f(Xy),
where X is a unique solution of the SDE
dX, = AX,dt + Q'?dW,, X, = x.

From [30, 31] it follows that X = {(X, Py),x € Rz}) satisfies Meyer’s hypthesis (L).
Therefore (X, Bj) has the compactness property. On the other hand, by [25], {P;, ¢ > 0} is
variational (i.e. is associated with a Dirichlet form on L2(R2, w)) if and only if {P;, t > 0}
is analytic. By [25] (see also [22]), {P;,t > O} is analytic if and only if Q is invertible.
Accordingly, { P;, t > 0} is not variational.

] —
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