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Abstract The aim of this paper is to address a problem raised originally by L.
Gendre, later by W. Plesniak and recently by L. Biatas—Ciez and M. Kosek. This
problem concerns the pluricomplex Green function and consists in finding new
examples of sets with so—called Lojasiewicz-Siciak ((£S) for short) property. So far,
the known examples of such sets are rather of particular nature. We prove that each
compact subset of RY, treated as a subset of CV, satisfies the ¥.ojasiewicz—Siciak
condition. We also give a sufficient geometric criterion for a semialgebraic set in R?,
but treated as a subset of C, to satisfy this condition. This criterion applies more
generally to a set in C definable in a polynomially bounded o-minimal structure.
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1 Introduction

In CN we consider the Euclidean norm: |z|:= \/|11|2 + ...+ |znl? for z =
(zi,...,zn). If b eCV and r >0, then K(b,r):={ze€CN:|z—b|<r}. For a
nonempty set A C C¥ and h: A — CV', we put ||h] 4 := sup..4 [h(z)|. Moreover,
C:=CUfoo},N:={1,2,3,...}.
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42 R. Pierzchata

Our paper is devoted to Siciak’s extremal function. Recall that the extremal
function, associated with a (nonempty) compact set K ¢ CV and introduced by J.
Siciak in [26], is defined by the formula

®(z) := sup{|p(z)|/%8? : p e C[Z] is nonconstant and || p|lx < 1},
for z € CN (cf. [11, 22, 26, 27]). It is a deep result that log ®x = Vi, where
Vi(z) :=sup{u(z) : ue LCY), u<0on K}

and L£(CV) denotes the class of plurisubharmonic functions u in CV satisfying the
condition: sup, e~ [1(z) — log(1 + |z])] < oo (cf. [27, 29]). The extremal function is a
powerful tool in real and complex analysis (for example, in the theory of holomorphic
functions, in approximation theory, as well as in potential and pluripotential theory—
for the latter two see [2, 8, 24]). A spectacular example of usefulness of the extremal
function is the Siciak’s extension of the Bernstein—-Walsh theorem to the case of
several variables (cf. [26]).

If N=1 and K is of positive logarithmic capacity, the upper semicontinuous
regularization V7 of V is the Green function of the unbounded component of C \ K
(with pole at infinity). If N > 1, V is therefore sometimes called the pluricomplex
Green function.

It is particularly important to recognize, given a point a € K, whether @k is
continuous at a (if so, then we say that K is L-regular at a). This problem was studied
among others in [1, 15, 17-21, 25, 27].

While the problem of finding new L-regular sets is rather difficult, the construc-
tion of sets with so—called (HCP) property, which is a stronger condition than L—
regularity, is significantly harder. We say that a compact set K ¢ C" has the Holder
continuity property (HCP) if there exist constants @ > 0, & > 0 such that

DPi(z) <1+ o (dist(z; K))* asdist(z; K) <1

(z € CN). The (HCP) property finds applications in the theory of polynomial inequal-
ities (for example, Markov’s inequality) and was investigated in [9, 13, 14, 16, 28].

Recently, L. Gendre introduced another condition, called the f.ojasiewicz—Siciak
condition, or (£S) for short (cf. [7]). We say that a compact set K C CV satisfies the
(ES) condition if it is polynomially convex! and there exist constants n > 0, x > 0
such that

D (z) = 1+ ndist(z; K))* asdist(z; K) <1

(z € CN). This condition is useful in approximation theory. For example, it was
used by L. Gendre to prove a result on approximation of functions in holomorphic
Carleman classes. In a planned sequel to the present article, we shall discuss other
motivations for studying this condition.

L. Biatas—Ciez and M. Kosek claim in [3] that so far very few examples of
sets with the (LS) property are known. Their paper is devoted to the problem

Iwe call a compact set K ¢ CV polynomially convex if K = K :={z € CV : |P(z)| < | P||x for all
polynomials P € C[Z]}. One can prove that each compact subset of RV, treated as a subset of CV, is
polynomially convex. Moreover, a compact set K C C is polynomially convex if and only if C \ K is
connected.
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The tojasiewicz—Siciak Condition of the Pluricomplex Green Function 43

of delivering some new examples of such sets (which are connected with iterated
function systems). The main thrust of our paper is to prove Theorems 1.1 and 1.2.

Theorem 1.1 Each (nonempty) compact subset of RV, treated as a subset of CV,
satisfies the (LS) condition with k = 1.

For a compact set K C R? treated as a subset of C, we have a much different result.

We say that b € A € RV is a regular point of A, if A in some neighbourhood of b
is a C! submanifold of RY. The set of regular points is denoted by RegA. Moreover,
we put SingA := A \ RegA.

Recall that a subset of RY is semialgebraic if it is a finite union of sets of the form

{(xeRN: fx)=0, g1(x) >0, ..., gk(x) > 0},

where f, g1, ..., g € R[X], ..., Xn](cf. [4]). A map is said to be semialgebraic if its
graph is semialgebraic. We define the dimension dim A of a nonempty semialgebraic
set A C RN to be the maximum of all d € NU {0} such that A contains a d-
dimensional C' submanifold of RV.

In the next theorem the following assumption is made: all the interior angles of
the set R? \ K at b are greater than 0. We will explain in the Section 3 (cf. Definition
3.6) what this precisely means. Roughly speaking, we require that R? \ K have no
cusps.

Theorem 1.2 Assume that a (nonempty) set K C R? is compact, connected, semi-
algebraic and such that R*>\ K is connected. Suppose additionally that, for each
b € 9K := K\ IntK, all the interior angles of the set R*>\ K at b are greater than 0.
Then K, treated as a subset of C, satisfies the (£S) condition.

Moreover, the exponent k can be given ef fectively as follows. For each b € Sing 4K,
let6,(b), ..., 0,4p)(D) € (0, 2] be such that the interior angles of R\ K at b are equal
70;(b),..., ﬂgp(b)(b). Put

o :=inf{f,(b) : v < p(b),b € SingdK}.
(If Sing K = @, we let o := 1). Then o > 0 and (£.S) holds with k := max{l,oc~'}.

Remark 1.3 To make the paper as accessible as possible we decided to avoid,
with the exception of Section 6, the o-minimal setting. However, the statement of
Theorem 1.2 remains valid if the assumption that K is semialgebraic is replaced
by the assumption that K is definable in some polynomially bounded o-minimal
structure (see Section 6). The latter case is much more general. Nevertheless, the
way we prove Theorem 1.2 is such that it works for sets definable in polynomially
bounded o-minimal structures (and of course satisfying the remaining assumptions
of the theorem).

2 The Real Case

Theorem 1.1 completely solves the problem of the Lojasiewicz-Siciak condition for
compact subsets of RV, treated as subsets of CV. It is really surprising, because as
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44 R. Pierzchata

we will see in the next sections, the situation becomes completely different, when
we consider a set in R? not as a subset of C?, but as a subset of C. Namely, in the
latter case

e there are (very simple—even semialgebraic) polynomially convex sets which do
not satisfy the (£S) condition;

e there is no universal exponent « > 0 for sets satisfying the (L.S) condition, while
in the real case we can always take k = 1.

Theorem 1.1 follows immediately from Proposition 2.1 below. Before we state it
recall that:

e P ()=1z+ V72 — 1| for z € C, where the square root is so chosen that
Q=1

o IfKcC EcCV, then &g > Op;

e If F: CYN — CV is an affine isomorphism, then ® k) = ®x o F~! (K c CV).

Proposition 2.1 (R. Pierzchata, Approximation of holomorphic functions on compact
subsets of RN (in preparation)). Assume that K C R is a compact set containing at
least two distinct points, treated as a subset of CN. Then for each z € CV,

DPi(z) > 1+ w(z)dist(z; K),
where w (z) := \/ (diamK) ™' (diamK + 2 dist(Re(z); K))".

The proof of this proposition is given in (R. Pierzchata, Approximation of
holomorphic functions on compact subsets of RY (in preparation)). However, for
the sake of completeness, we include the proof.

Proof Fix a € CN. Put b := Re(a), § := (dist(b; K))*, 8’ := (dist(a; K))* and R :=
diamK (diamK +2v 8). Define

K, = {xeRN: V8 <|x—b| f\/R—I—(S}
and consider the polynomial

T:CV3z+—> R+6-) (z,—b,)" €C.

Since Y(K,) = [0, Rland Y (a) = R + &, it follows that

27
Ok, (T(@) = Cpo, r) (T(@) = Py ( R(a) - 1>

2
2(R+ 68 (\/R—I—S’-G—\/S’)

As K C K, we obtain easily the following estimates

D(a) > Pg, (@) > /Oy, (T(a))
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The tojasiewicz—Siciak Condition of the Pluricomplex Green Function 45

and therefore

R+ 68 + 4§ & 1 .
k@) 2 oriey (T@) = ¥ o +\/ — 1+ , dist@ K).

VR R VR

which is the desired estimate. O

Remark 2.2 Theorem 1.1 along with the earlier results of W. Pawlucki and W.
Plesniak (cf. [13]), as well as the results obtained by the author (cf. [14, 16]), enables
to give a rich family of natural sets satisfying both (HCP) and (LS) condition. All
compact, fat and semialgebraic sets constitute a part of this family. (Recall that a set
B is said to be fat if B = IntB.)

Remark 2.3 L. Bialas—Ciez informed me that Theorem 1.1 in the special case N =1
was obtained independently by L. Bialas—Ciez and R. Eggink.

3 The Complex Case Semialgebraic Sets

Definition 3.1 (see [23]) Assume that I' ¢ R? = C. We say that I is a Dini-smooth
arc if there exists 4 : [@, B] —> R? of class C' (o < B) such that

(1) T =h(e, BD;

(2) hisinjective and A'(¢) # (0,0) for ¢ € [, B;

(3) Forsome (weakly) increasing function  : [0, 8 — «] —> [0, +00) the following
conditions hold:

) dx < o0

X
° |}(1)/(u) — W W) <w(u-—no|),foru,v e [a, B].

Definition 3.2 Suppose that b e R> =C,r > 0and 6 € [0, 2]. Aset Q C R> =C is
said to be a (0, b, r)-set if there exist Dini—smooth arcs I';, I, ¢ R? with endpoints
a;, b and a, b respectively such that

ay,a, € 0K(b,r),

Fi\f{ai} € K(b,r), T2\ {az} C K(b, 1),

'y N T, = {b} (in particular, a; # a,),

Q is one of the two connected components of the set K(b,r) \ (I'y UT,),

the interior angle of Q2 at b is equal 76. (The arcs I'y, ', have the tangent lines
at b. These lines make the interior angle of 2 at . For example, if 6 = 0, then
has a cusp at b, and if # = 2, then R? \ Q hasa cusp at b.)

By ln we will denote the open (i.e. without endpoints) subarc of d K(b, r) connecting
the points a,, a, and contained in Q.

Definition 3.3 A set I' C R? is called a simple semialgebraic arc if there exists a
semialgebraic function £ : [@, 8] — R of class C' («¢ < ) such that

[={(x.§0): x€[a, B} or  I'={¢x),x):x¢ela Bl}.

Lemma 3.4 Each simple semialgebraic arc is a Dini-smooth arc.

@ Springer



46 R. Pierzchata

Proof Let € : [a, B] — R (a < B) be of class C' and semialgebraic. We will show
that the set T" := {(x, §(x)) : x € [«, 8]} is a Dini-smooth arc. By the Lojasiewicz
inequality (cf. [12]), there exist ©, u > 0 such that

&' W) — &' ()| < Blu—v|",

for u, v € [0, 1]. We see that I" satisfies the definition of a Dini-smooth arc with
h(t) := (t,&(1)),t € [a, B], and w(x) = Ox*, x € [0, B — «]. In the same way we show
that {(¢(x), x) : x € [«, B]} is a Dini-smooth arc. O

The following lemma is a special case of Lemma 6.1.

Lemma 3.5 Let E C R? be a closed semialgebraic set. If b € E is not an isolated
point of E, then one of the following two conditions holds:

(1) There exist p= p(b) €e Nand 6, =0,(b),...,0, =60,(b) € [0, 2] such that, for
each sufficiently smallr > 0,
o Kb,nN\E=QU...UQ,,
e Q,(v=1,...,p)arecertain pairwise disjoint (6,, b, r)-sets,
o log CRZ\NE(W=1,...,p).
(2) For each sufficiently small r > 0,

e ENKMb,r=T,
I' C R? is a simple semialgebraic arc with endpoints a, b,
e acdKb,r),T'\{a} C K®,r).

Definition 3.6 We keep the notation of the above lemma and let b € J E.

e If the condition (1) holds, then the collection {7 6,(b),..., 70,4 )(b)} will be
called the interior angles of the set R? \ E at b;

e If the condition (2) holds or b is an isolated point of E, then we will say that 2z
is the interior angle of the set R? \ E at b.

4 The Complex Case Proof of Theorem 1.2

In this section we will derive Theorem 1.2 from the following result.

Proposition 4.1 Let K C C be a compact, connected set such that #K > 2 and C\ K
is connected. Suppose that there exists § > 0 such that each point b € dK is one of the
following types:

Typel: There exist p=pb)eN, 6, =6,0b),...,0,=0,b) €0, 2] and r =
r(b) > 0such that

Kb,n\K=Q,U...UQ,,
Q, (v=1,..., p)are certain pairwise disjoint (0,,, b, r)-sets and 6, > §,
lo, cCC\K(Ww=1,...,p)
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The tojasiewicz—Siciak Condition of the Pluricomplex Green Function 47

Type 11:  There existsr = r(b) > 0 such that

e KNK(b,r)=T,
' ¢ Cis a Dini-smooth arc with endpoints a, b,
e acdKb,r),T\{a} Cc Kb,r).

Then there exists n > 0 such that
®i(z) > 1+ ndist(z; K))* asdist(z; K) <1

(z € C), where k := max{l, §7'}.

Proof Note first that

e &xr>1inC; X
Qg(z) =1 <= z € K (because K = K);
e Ok is continuous in C (cf. [10]).

By the Riemann Mapping Theorem, there exists a conformal map ¢ : C\ K —

1
K(0, 1) such that ¢(co) = 0. The function z — log is the Green function of

lp(2)]

C\ K (with pole at infinity). Therefore

1

Vk(z) = log forz e C\ K,
lp(2)]
or equivalently
1
Dk(z) = forze C\ K
lp(2)]

(see the Introduction).
A standard argument via the Koebe One—Quarter Theorem shows that

1 —p(2)]

' 4
lo' (D) = dist(z: K)°
for z € C\ K. Therefore

1 dist (g(w); K)

4 1—|w M

lg'(w)| =

for w € K(0, 1)\ {0}, where g:= ¢! : K(0,1) — C\ K.
Suppose that, contrary to our claim, the statement of Proposition 4.1 is not valid.
Then we will find sequences

o z;eC(jeN)dist(z;; K) <1,
* 7;>0(jeN),n—0

such that
CDK(Z,‘) <1+ nj (diSt(Zj; K))K . (2)

(Recall that « := max({1,87'}.) Clearly, z; € C\ K. Put w; := ¢(z;) = g"'(z)).
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48 R. Pierzchata

Passing to a subsequence if necessary, we can assume that z; — b € C\ IntK.
Note that

Dx(b) = llin; Pk(z)) < ,»lir?o[l +n; (dist(z;; K))] =1

and therefore b € K. Consequently, b € K\ IntK = 9 K.

Casel bisof Typel. Take p = p(b) e N,r =r(b) > 0 and the sets 2y, ..., 2, asin
definition of Type I. Passing to a subsequence if necessary, we can assume that z; €
Q,, (j € N) for some vy < p. Put Q := Q,,. Recall that Qis a (0, b, r)-set with some
6 > 8, and take ay, ay, 'y, I'; and lg of Definition 3.2. Since 'y \ {a;}, T2 \ {az} C K,
it follows that ' U T, C K.

Take injective and continuous y : [0, 1] — 9K (b, r) such that

y(0) =ay, y(1) = a,
e y (0, D)=l

By Theorem 2.3 in [23],

/ . ] { 2/ — lim 90 ]; 1
ul = hIm ¢() ( )) ’ 2 1 ( ( ))

exist,
e g, #a,anda), a; € dK(0,1).

Therefore I, U {a), a,}, where [, :== ¢(lg), is a Jordan arc (that is, a homeomorphic
image of [0, 1]) with endpoints a/, a}. Note that

QNUC\ K\l =[QUT UL UlglN[(C\ K)\ o]l = Q.

Hence Q is closed in (C\ K) \ lq. It is also open. Consequently, ¢(2) is open and
closed in K(0, 1) \ I, and thus it must be one of the two connected components of
this set. Put Q' := ¢(Q).

The map Q' 3> w — g(w) € Q is a conformal map between Jordan domains.
Therefore it can be extended to a homeomorphism G : Q' —> Q (cf. [23], Theorem
2.1). Note that

A =GO =1L, UG (T UTY).
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The tojasiewicz—Siciak Condition of the Pluricomplex Green Function 49

It is clear that

e G ('t UTy) is a (closed) subarc of dK (0, 1) connecting the points a/, a);
o G IINNG' Ty =G NTy) ={G b))}
e G maps the arcs G~!(I';), G~ (I"y) respectively onto Dini-smooth arcs T'y, I'y.

By Theorem 3.7 in [23], the map
g (w)
0-1
(w— G~ 1(b))
is bounded near G~!(b). Therefore for some M € (0, +00),
lg'wpl < MIG™(b) —wjl"".

Combining this with Eq. 1 we obtain
| _ -
a8t K = (= [wDIGH(B) —wl" ! 3)

Note that, for j € N large enough, |G~!(b) — w;| <1 and therefore

_ _ _ min. _ _ min{0,0—1
1G™'(b) —wj”™" < |G (b) — w ™™V < (|G (b)| — w;)™" "

— (1 _ |wj|)min{0.(971} < (1 _ |w]_|)min{0.571} '

The above estimates and Eq. 3 imply that, for j € N large enough,

1 : min — !
4Mdlst(zj: K) < (1= w1 = [w;p™" 571 = (1 — |wj|)~

1

= (1= uey) = @xer =’
B Oi(z))) — A

and thus

Dg(zj) =1+ (dist(zj; K))K .

1
(4M)~
This contradicts the fact that Eq. 2 holds and n; — 0.

Case 2 b is of Type II. Take r =r(b) > 0, a € 0K(b,r) and I' as in definition of
Type II. Clearly, there exists a Jordan arc L with endpoints ¢ € dK(b, r) and b such
that LNT ={b} and L\ {c} C K(b,r). Let [}, ], denote the two (open) subarcs of
dK (b, r) connecting the points a and c. Each of the two curvesT U LU[;, T U LU,
bounds a Jordan domain contained in K (b, r). These domains will be denoted 1, 2,
respectively.

Note that Q; is closed in (C\ K)\ (LUIl;) = (C\ K)\ [(L\ {b}) Ul;], because

QNIC\K\NLUIDI=[QUTIULULINKC\ K\ (LUlD]=Q;.

Consequently, ¢(£2;) is open and closed in K(0, 1) \ [¢(L \ {b}) U (/)] and thus
it must be one of the two connected components of this set. (Note that these
components are Jordan domains—compare the argument given in Case 1.) Put Q) :=
@(21). Similarly, we define Q) := ¢(2»).
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50 R. Pierzchata

The following maps
Qi swr— gw) e Q, Q) 5w gw) €

are conformal maps between Jordan domains. Therefore they can be extended to
homeomorphisms

G : Q) — Q, G, : Q) —
(cf. [23], Theorem 2.1). Note that
9 = G @) = (L \ {b) Ue() U G (D),
9 = G, (00) = p(L\ {bD) Up(l) U G, (D).
It is clear that

° GI_I(I’), Gz_l(l’) are closed subarcs of dK(0,1) connecting the points a}, b’
and da, b’ respectively, where a) := Gl_l(u), a, = Gz_l(u) and b’ := Gl_l(b) =
Gy (b);
by c GI'DNG () C b, d));
g (more precisely, the extension of g to K(0, 1)) maps each of the arcs GII(F),
G, (") onto T

By Theorem 3.7 in [23], the map

g (w)
w—>b’

is bounded near b’. We easily check that w; — b’ and therefore, for some M e
(0, 4-00),

lg'(w)| < M|b" —wjl .

Combining this with Eq. 1 we obtain for j € N large enough

! 1
Jdist(z; K)<1—|wj|=1-— < dg(z)—1
M ' ! Dx(z)) K
and thus
l K
Pr(zp) =1+ _dist(z;; K) =1+ _ (dist(z; K)) .
K(Z;j Al j wil ( j )
The above estimates contradict the fact that Eq. 2 holds and n; — 0. o

Proof that Proposition 4.1 => Theorem 1.2 We keep the notation of Theorem 1.2.
We may assume that #K > 2, because otherwise ®x = +o00in C \ K. Therefore K is
without isolated points. Recall that

| inf{6,(b) : v < p(b),b € SingdK} if SingdK # ¢
M B otherwise .
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Since dim Sing dK < dim 9K, it follows that SingdK is a finite set (cf. [5]). In
particular, o > 0. Put § := min{1, o}. Fix b € 9K. We apply Lemma 3.5 to E := K
and consider the following three cases.

Case1: b €SingdK and the condition (1) of Lemma 3.5 holds. Note that
01(b),...,0,p)(b) = 8. Therefore the point b is of Type I (cf. Proposi-
tion 4.1).

Case2: b € RegdK. Then the condition (1) of Lemma 3.5 holds with p =
p(b)=1and6, =6,(b) = lorwith p = p(b) =2and 6, =0,(b) = 1,6, =
0,(b) = 1. Clearly, 6,(b) > §. Therefore the point b is of Type 1.

Case 3: the condition (2) of Lemma 3.5 holds. By Lemma 3.4, the point b is of
Type 11.

We have checked that the assumptions of Proposition 4.1 are satisfied. Hence
there exists n > 0 such that

Ddi(z) > 1+ ndist(z; K))* asdist(z; K) <1

1

(z € C), where « := max{1, 7!} = 6! = max{l, 0~!}. This finishes the proof. u]

S Examples

In the first example we give a family of compact semialgebraic subsets of R?, treated
as subsets of C, such that:

For each set of this family, the exponent « obtained via Theorem 1.2 is optimal;
There is no universal upper bound for these exponents. This reveals the first
major difference between the complex and the real case. Recall that in the latter
one we have the universal exponent ¥ = 1 (cf. Theorem 1.1).

Examplel Let a>0,r>0,R:=+a>+r2. Put K:=K UK, where K,:=
K(a, R), K; := K(—a, R). Take § > 0 such that 7§ is the interior angle of the set
C\ K atir. Clearly, § € (0, 1). Put

¢):(C3z|—>z_l,re(c.
Z+1r

It is easy to check that
¢(OK,) =R (a—ir)U{oo}, ¢ (0Ky) =R (a+ir) U{oo}.
It follows that ¢ (C\ K) = C\ (¢(K;) U@ (K3)) = D, where
D := {w:w1+iw26C: wy; >0, |wsy| < rwl} .
a
Consider the following conformal maps
¢1:D9w|—>wé ce{ueC: Reu> 0},

1
2:{ue(C:Reu>0}3ur—>Z_‘_1 e C\ K(,1).
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Since ¢ (o0) = 1, ¢ (1) = 1, ¢ (1) = o0, it follows that

()i +1
Vi(z) = V1) (920 ¢1 09)(2)) =log|(¢20¢109)(2)| = loglz( ). ,
7)s —
forz e C\ K.
By Theorem 1.2, there exists > 0 such that, for each z € C with dist(z; K) <1,
Dk (z) > 14 n(dist(z; K))é . (%)
Note that, for t € (r, +00),
1 1
it 1 2(t —
ity = exp Vicliny = | P T 2y t=n
¢@it)s — 1 (t+r)ys —(t—r)s
and
. t+r
dist(it: K) = Va?+1£2 — R = t—r).
i Var+ £+ R( )

1
It follows that in (%) the exponent 5 is optimal. That is, it cannot be replaced by a
smaller one.

The next example shows the second major difference between the complex and
the real case. Namely, in C there are very simple (even semialgebraic) polynomially
convex sets which do not satisfy the (£ES) condition.

Example 2 Let us see what happens in the previous example if a is fixed, say
a =1, and r — 0. In the limit we obtain the set K := K(1,1) U K(—1, 1). Consider
the following conformal maps

1
E1:C\K>z+— . e{weC: 2]Rew| < 1},
E,:{weC:2Rew| <1}s3wr— ™ e{ueC: Reu > 0},
1
“tlec\ko ).
u-—1
Since & (00) = 0, £(0) = 1, &(1) = oo, it follows that

E3:{ueC: Reu>0}sur—

Vi(z) = V1) (B3 062 081)(2)) = log|(§3 0 & 0 §1)(2)| = log

e: +1
e —1 '
for z € C\ K. Therefore fort > 0,

. . el +1
Dty =exp V(@) =| . =14+ .

er — er —1

It is straightforward now to check that K does not satisfy the (LS) condition. (Note
that quite similar example is due to Siciak and given in [3].)
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Remark 5.1 Let K be as in Example 2. Note that the interior angles of the set R? \
K at 0 are equal 0. Consequently, in Theorem 1.2 the assumption concerning the
interior angles of R? \ K cannot be removed.

6 O—minimal Version of Theorem 1.2

In this section, we will describe how we can obtain a generalization of Theorem
1.2 to the case of sets definable in polynomially bounded o-minimal structures (see
Remark 1.3).

The theory of o-minimal structures is a far-reaching extension of the theory of
semialgebraic sets (cf. [5, 6]). Let M be an o-minimal structure. A typical example is
M = (M) nen, Where M, consists of all semialgebraic subsets of R”. A set E C R”
is called definable (in M) if £ € M,,. A map is said to be definable (in M) if its graph
is definable. An o-minimal structure is polynomially bounded if for every definable
f : R — R there exists some m € N such that f(x) = O(x™) as x - +o0.

Similarly to simple semialgebraic arcs we can define simple M-arcs (just replace
in Definition 3.3 “semialgebraic” by “definable in M”). If M is additionally poly-
nomially bounded, then each simple M-arc is a Dini-smooth arc. The proof is the
same as the proof of Lemma 3.4 (one needs to apply the o-minimal version of the
Lojasiewicz inequality).

The method of the proof of Theorem 1.2 carries over to the polynomially
bounded o-minimal setting, because we have at our disposal the above mentioned
generalization of Lemma 3.4 and the following generalization of Lemma 3.5.

Lemma 6.1 Let E C R? be a closed set definable in a polynomially bounded o-
minimal structure M. Ifb € d E is not an isolated point of E, then one of the following
two conditions holds:

(1) There exist p= p(b) €e Nand 6, =0,(b),...,0, =6,(b) € [0, 2] such that, for
each sufficiently smallr > 0,

e Kb,nN\E=QU...UQ,
e Q,(v=1,...,p)arecertain pairwise disjoint (6,, b, r)-sets,
o lo CRA\E(v=1,...,p)

(2) For each sufficiently small r > 0,

e ENK(Mb,r=T,
e I C R%isasimple M~-arc with endpoints a, b,
e acdK(b,r),T'\{a} Cc Kb,r).

Proof Fix b € 0 E which is not an isolated point of E. Without loss of generality we
can assume that b = 0. Take a cell decomposition C of R? partitioning the sets: 3 E,
[—1, 17%, {0} (cf. [5]). Put

D:={DeC: DCOJE, 0 D}.
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Clearly, 9E = U D and therefore, for some ¢y > 0,
DeC,DCIE

IENK(©. €)= (| D) N KO, ). (4)
DeD

Since dim d E < 2, it follows that the family D consists of the set {0} and of a finite
number of cells of dimension 1. More precisely, D = {{0}} UD; UD, U D3 U Dy,
where

(i) D; = @ or there exist: €, > 0, m; € N and definable fi, ..., fn, : (0, ¢,) — R
such that

o fi<...< fu,
e Dy = ({graph(fi),..., graph(f,)}

(i) D, = @ or there exists p; > 0 such that D, = {{0} x (0, pp)};
(ili) D5 = @ or there exist: €; > 0, m, € N and definable gy, ..., gm, : (—€2, 0) —
R such that

© g ... gGmy

e D; = {graph(gi), ..., graph(gm,)};
(iv) D4 = ¥ or there exists p, > 0 such that Dy = {{0} x (—p,, 0)}.

We arrange the elements of the set Dy UD,UD;UD, into a sequence
Dy, ..., Dy. Note that k£ > 1, because 0 € d E and 0 is not an isolated point of E.
Take ro > 0 such that

e 19 < min{ey, €1, €2, p1, 2};
e If Dy #0, then fil, ) isofclassC' (j=1,...,m) and

filo.ry =0 or fi(x) # 0 for x € (0, ro);
o IfD; # ¢, then gjl(_y, 0 isofclassC' (j=1,...,m,) and
8il(—r,00 =0 or g’]-(x) # 0 for x € (—rg, 0).
Fixr € (0, ry). By Eq. 4,
IENKO,r)=TU...UTy, (5)
where I'; := {0} U [D; N K(0, r)]. Itis easy to check that

(a) Foreacht e (0, r], the set T;N 9K (0, ) is a singleton. Denote its only element
by a;(1);

(b) The points a;(t), ..., ai(t) are distinct, for ¢t € (0, r];

() Tj={0}U{a;(®:1e(O,rl}

(d) T;isasimple M-arc? with endpoints 0, a,(r) and
o TI'j\{a;(n}C K(@©O,n),
e I';is a Dini-smooth arc.?

2Use the fact that the following limits exist (finite or not): limy_, o+ f}’. (x), limy_, - g’j(x).

3We need here the extension of Lemma 3.4 to polynomially bounded o-minimal structures.

@ Springer



The tojasiewicz—Siciak Condition of the Pluricomplex Green Function 55

Case1 k > 2.Note first that the set K(0,r) \ (I'1 U...UTy) = K(0,r)\ dE (ctf. (5))
has exactly k connected components. Denote them W, ..., W;. Clearly,

W; C[K(O,r)\ E]U[IntEN K(0,r)]
and therefore
W;,C KO,r)\ E or W; cIntEN K(O,r)
(j=1,..., k). It follows that, foreach j=1, ..., k,
W;C KO,n\E or W;N[K(O,rn\E]=0.
Consequently, the elements of the family
A:={W;: W;C K(0,r\ E}

are exactly the connected components of the set K(0,7) \ E. Denote these elements
by @i, ..., Q,. Itis straightforward to verify that:

p=1

Q,isa (0,,b,r)-set forsome 0, € [0, 2] (v=1,..., p);

Q,Ulg, C R?\ JE = (R?\ E) UIntE. The set Q, Ulg, is connected* and 2, C
R2\ E,hencelo, CR?\ E(v=1,..., p).

Therefore the condition (1) of our lemma holds.

Case2 k = 1. We know already that I'; is a simple M-arc with endpoints 0, a; (r),
where a,(r) € 9K(0,r), and I'y \ {a;(r)} C K(0,r). By Eq. 5,

K@©O,n\T; = K(@0,r)\9E Cc R*\ 9E = (R*>\ E) UIntE.
Since K (0, r) \ T'; is connected, it follows that

K©O,r)\T; C IntE or IntEN[K@O,n\Ti]1=0.

Equivalently,
KO,r)\T; C IntE or IntEN K@O0,r)=0.
Suppose that K(0,7) \ I'; C IntE. Then
K@©,r) =[KO,n\T1JUul'il CItEVIE = E,
which is impossible, because 0 € 9 E. Therefore IntE N K(0,r) = ¥ and via Eq. 5
I =0ENKQO,r)=ENK(Q,r).

This means that the condition (2) of our lemma holds. O
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