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Abstract The parabolic Bergman space is a Banach space of L?-solutions of some
parabolic equations on the upper half-space H. We study interpolating theorem for
these spaces. It is shown that if a sequence in H is §-separated with § sufficiently near
1, then it interpolates on parabolic Bergman spaces.
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1 Introduction

Let H be the upper half-space of the (n+1)-dimensional Euclidean space R (n>1),
thatis, H = (X = (x,) e R ; x =(x,...,x,) € R*, t>0}. For 1 < p < oo, the
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358 M. Nishio et al.

Lebesgue space LP = LP(H,dV) is defined to be a Banach space of Lebesgue
measurable functions on H with

1/p 1/p
| ullp:= (/ Iu(X)I”dV(X)> = (/ lu(x, |PdV (x, t)) < 00,
H H

where dV is the Lebesgue measure on H. For 0 < a < 1, let L® denote a parabolic
operator

a
L@ = — 4 (—A)®
Py (=A)

2 2 . . . .
where A = A, =5 +...+ 2 A continuous function « on H is said to be L-
1 n

harmonic if L®u = 0 in the sense of distributions. (For details, see Section 2 of [7].)
The parabolic Bergman space b is the set of all L®-harmonic functions on H which
belong to L”, and it is a Banach space with the L? norm. It is known that b2 C
C*®(H) (see Theorem 5.4 of [7]), and when o = 1/2, b /> coincide with harmonic
Bergman spaces studied by Ramey and Yi [11] (see Corollary 4.4 of [7] and Section
3 of [8]).

In this paper, we study interpolating sequences of parabolic Bergman spaces. Let
{X;} = {(xj, 1))} be asequence in H.For u € b, we define a sequence of real numbers
T,u by

(£+D1

Tpu:= {tj ”u(Xj)} . (1)

We say that {X} is a bP-interpolating sequence if T),u € ¢7 for all u € bY and the
linear operator T, : b7 — ¢ is bounded and onto. Here ¢7 is the Banach space of
all p-th summable sequences. It is known that there exists a constant C > 0 such that

n 1
{25 u(x, 0| < Cllull,

for all u € b? and all (x,f) € H (Proposition 5.2 of [7]). This is a reason why we

. . (£+11 . .
consider a weight 7, " in the sequence in Eq. 1. Our result of this paper can

be applied to study an analysis of Carleson measures and Toeplitz operators on
parabolic Bergman spaces, whose applications will be described elsewhere.

Interpolations of holomorphic Bergman spaces were studied on various settings
and well known. It is a result of Amar [1] (see also [12]) that if a sequence of points
in the unit ball of C" is separated enough with respect to the pseudo-hyperbolic
distance then the sequence is an interpolating sequence of holomorphic Bergman
spaces (the results of [1] and [12] are more general). Seip [13] gave a characterization
of interpolating sequences of Bergman spaces on the unit disk. For the case of several
variables, Marco and Massaneda [6] showed that Seip’s condition for a sequence in
the unit disk is sufficient to be of interpolating, however a complete generalization
of Seip’s characterization is not known yet. As for harmonic case, Choe and Yi
[3] studied interpolations of harmonic Bergman spaces on the upper half-space of
R"*+! and obtained a result similar to Amar. The result of Amar (or Choe and Yi) is
useful and available for studying Carleson measures on Bergman spaces, and applied
examples were known (see [5] and Theorem 4.4 of [4]). Our study is inspired by
[3], but the details are different, because the parabolic operator L® is not a local
operator.
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Interpolating sequences of parabolic Bergman spaces 359

Since the fundamental solution W® of L® plays an important role in our
arguments, we present some properties of W and its related kernels in Section 2.
The interpolation theorem in [3] is described by the pseudo-hyperbolic distance on
the upper half-space, however, it is difficult to define a suitable distance in our case.
For this we use parabolic cylinders and §-separated sequences in the parabolic sense
and discuss them in Section 3. Our main theorem is stated in Section 4. It says that
if a sequence is §-separated with & sufficiently near 1, then it is an interpolating
sequence (of general order) for parabolic Bergman spaces. In Section 5, we give a
corresponding result for parabolic Bloch spaces and parabolic little Bloch spaces.

Throughout this paper, C = C(a, b, - - -) will denote a positive constant which is
depending only on a, b, - - -, and not necessarily the same at each occurrence.

2 Preliminaries

In this section, we describe some basic results concerning derivatives of the funda-
mental solution of L. For x € R”, let

exp(—tE|* +ix-&)dE t>0
W@ x, 1) =4 Q)" /R p(~ls 5 ds
0 t<0,

@)

where x - & denotes the inner product on R” and |&| = (£ - £)!/2. The function W@
is the fundamental solution of L® and L®-harmonicon H.Lety = (y1, -+, V) €
Nj be a multi-index and k € Ny, where Ny = N U {0}. We use the notation 9y 8," =
AL -3k = Tk /ax .. 9x)ark, where |y| := y1 + - + yu. Then, by Eq. 2, the
inductive method implies that

n+ly| —k

AW (x, 1) =t = K (arafw) =2 x, 1. (3)

The following estimate is Lemma 1 of [9] : There exists a constant C = C(n, «, y, k) >
0 such that

C

MW, )] < ——mM8M ———
| S | - (t+|x|20‘)%w+k

4)
for all (x, r) € H. The a-parabolic Bergman kernel R, (X, Y) = R,(x,t; y, s) is given
by
Roy(x,t;y,8) := =20 W@ (x — y, t +5) = —20, WP (x — y, t +5).
This is the reproducing kernel of bi. Moreover it has the reproducing property for all
b? (see Theorem 6.3 of [7]), that is,
u(x, 1) = / u(y, ) Ry (x, 1 y,5)dV(y, s)
H

for all (x,1) € H and u € b2 with 1 < p < co. We also use the kernel Rg’k(X, Y)=
Ry (x, 1; y, 5) defined by

Iyl

RVK(x, 11y, ) i= cus % %97 9% Ry (x., 15y, 5) = (=D eps 297 98 Ry (x, 15y, 9),

where ¢, = (—2)/k!. Note that R, (X, Y) = R.(Y, X),but RV* (X, Y) # RL* (Y, X)
in general.
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360 M. Nishio et al.

Now we define an a-parabolic cylinder, which will be used for the definition of
separated sequences in Section 3. For Y = (y,s) € H and 0 < § < 1, an a-parabolic
cylinder S (Y) = 8 (y, s) is defined by

26
S1-s

28 \"* 1-35 1456
:{(x,t)eH,|x—y|<(l_82S) ,ms<t<l_as .

Clearly lims_; S (Y) = H and S\ (y,s) = q)g‘,’)(Sga)(O, 1)), where ®(X) is the
function defined by

1+ 62

t_l—(st

1/2a
(o) . .
S5 (y,8) = {(x,t)eH, lx—y| < <ms> ’

OY(X) = (5" x + y, 50)

for X = (x,t) € H. Also V(sta) (y,8) =2B, (%s) ot , where B, is the volume of
the unit ball in R".

Although analytic functions or harmonic functions satisfy the local submean
value inequality, such an inequality is not available for L®-harmonic functions.

Alternatively, we use the following estimate.

Lemmal Let y € N}, ke Ny and 0 < 8y < 1. Then, there exists a constant C =
Cn,a, v, k,8) > 0such that

. c P L4k

|R§‘ (X, Y)| =T / ] dv(z,n ®)
s3I0y (¢4 1+ Jx — gy R
and
Iyl Iyl
Csatk ruth
|RVE(X, V)| < o — e dVe@n ()
t T Js@ ) (s 41 4 |y — 7)) T HhH

forall X = (x,1),Y = (y,5) € H, and for all § with §y < 3§ < 1.

Proof We only prove Eq. 5, because the proof of Eq. 6 is similar. By Eq. 4 and the

definition of Sf;’) (Y), there exists a constant C = C(n, «, y, k, 8p) > 0 such that for all
X=x0,Y=(,s)e Hand§, <6 < 1,

s RVK(X, Y

Iyl

~1
24 st ok ok
< Cs el ra"dV(z,r) radV(z,r)
t+s+|x— y|2a) e~ Tht1 5 (y) 59
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S%ﬁ_kﬁ_l A
=C s ritdvi,n
(t+s+|x— y|2a) 7 Thtl S (y)

L Ykl
1—682\ (|y| 1—82\ ="
B! —+k+1 )| —
% ”(28s> <2¢x++><s>

1
(1+8)2<%+k+1) —a _5)2(%+k+1)

sy g
C(l 8 ) 2 f r%+de(z,r).
S5 (Y)

T (s [x -y R
Moreover, if Z = (z,r) € Sf;a)(Y), then we have

X

20
t+r+lx—z|™ §t+r+{|x—y|+|y—2|]

2a
<t+1+8 + 11 | + 2 -
S X — —_—S
=TT T\

1+8  ,, 28 , ,
<t 20( 20{ _ o
< +(l—8+ 1—82>s+ lx — y]

—5 (t+s+|x—y|2"‘).

[a—

Hence, we obtain

Iyl
raatk

av(z,r). O

e +1 k
5 |RZ (X, Y)| = C/(a) 20y 2 k41
ST (4 |x — z]2) =

The following lemma is Lemma 5 of [9]. We use this frequently in our later
arguments.

Lemma2 ([9, Lemma 5]) Let 6,n e R. If 0 < 1+6 <n— 5, then there exists a
constant C > 0 such that

1 0
/ dV(x,t) < Cs/ !
m (t+s+[x — y*)n

forall (y,s) € H.

3 Separated Sequences

Let X ={X;} ={(x;,t))} be a sequence in H and 0 <§ < 1. We say that {X}} is
8-separated in the «-parabolic sense if a-parabolic cylinders Sf;”)(X ;) are pairwise
disjoint. For 1 < p < oo, y e Nj, k € Ny, and u € b?, define a sequence of real
numbers T%*u by

(£+1) 2+%+k

vk, vk .
TV u = quxu = {tj

; 0y ofu(X)}. (M)
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We say that {X} is a bl-interpolating sequence of order (y, k) if TZ”‘ 2 bl — P is
bounded and onto. Here we remark that if { X} is a finite set, then £ consists of
finite sequences.

In this section, we discuss a relation between separated sequences and bounded-

ness of T,yy‘k. We begin with recalling a main theorem of [10].

Lemma 3 ([10, Theorem 2]) Let u be a o -finite positive Borel measure on H, 1 < p <
oo, y € Nj and k € Ny. Then, there exists a constant C, > 0 such that

/ |97 8Fu|” du < € / lul? dV
H H
for all u € b? if and only if there exists a constant Cy > 0 such that
ly
QW (y.5) = €y HEA)
forall (y,s) € H, where Q®\(y, s) is an a-parabolic Carleson box defined by

0@ (y, s) i= [(x, DeH: xe—yl <22 U <t<n), s<t< 2s].

The following lemma shows that S*' (y, ) is nearly Q@ (y, s).

Lemma 4 Forany0 < § < 1, there exist positive integers M|, M, and constants Cy, C,
with the following properties:

(1) Foreach'Y = (y,s) € H, there exist Y; = (y,,,sy,) € H (i=1,2,---, M) such
that

M,
0“(Y) c| S (Yi) and s <5, < Cis.
i=1
(2) Foreach'Y = (y,s) € H, there exist Y; = (y,,,sy,) € H (i=1,2,---, My) such
that

S&Y) U Q“(Y;) and 6s <s, < Cys.

i=1

-5
Y = (0, s). Let K be the smallest positive integer satisfying % < (K + 1)a. For a multi-

1/2a
Proof (1) Forany0 <§ < 1, puta = ( 2 ) and b = % We may assume that

index v = (v, ..., v,) € Z", we put y, = (as"/**vy, ..., as'/**v,) € R". Then,
{xeR“; |xe| < 2_ls1/2°‘(1§K§n)}C U {xGR”; Ix—y,| < as'?, |v| < K(lgﬁsn)].

Moreover, let L be the smallest positive integer satisfying 2 < b*!, and let s, = b*s
forn=0,1,..., L, then

s, 2s]CU ms,\,iﬁs,\] A=0,1,...,L} and s<s, <bls.
These show

09y c ]S sl < K = e <m.i=0,1,.. L),
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Interpolating sequences of parabolic Bergman spaces 363

and the integer M; = 2K + 1)"(L + 1) and the constant C; = b’ depend only on n,
a, and §. The proof of (2) is similar to that of (1). ]

By Lemmas 3 and 4, we have the following corollary.

Corollary 1 Let i be a o-finite positive Borel measure on H, 1 < p < oo, y € Nj
and k € Ny. Then, the following statements are equivalent:

(1) There exists a constant C; > 0 such that
[l au=ci [ e av ®)
H H

forallu € b? ;
(2) There exists a constant C, > 0 such that

W(O@ (y,8)) = Cy st (B 9)

forall (y,s) € H;
(3) Forany (or some) 0 < § < 1, there exists a constant C3 > 0 such that

WSO (.5 = € st HEH) (10)
forall (y,s) € H.

For any finite set £ C H, we denote by #E the number of points in E. The
boundedness of T;’k - bl — ¢P is characterized by Theorem 1 below. It follows from
the proof of (2) <= (3) of Theorem 1 that if the statement (3) holds for some ¢ then
it holds for all ¢. Analogously, observing the proofs of (4) = (2) and (3) = (4), we

see that if the statement (4) holds for some § then it holds for all 3.

Theorem1 Let 1 < p <oo, y e Nj, k e Ng and X = (X} = {(x}, 1))} be a sequence
in H. Then, the following conditions are equivalent:

(1) The operator T}* = T;:;; : bY — €7 is bounded ;

(2) There exists a positive integer K such that #X N Q@ (Y)) < K forall Y € H ;

(3) For any (or some) 0 < ¢ < 1, there exists a positive integer L such that #(X N
S@(Y)) < LforallY € H;

(4) For any (or some) 0 < § < 1, X is a finite union of §-separated sequences, i.e.,
there exists a positive integer M such that X = X, U --- U Xy and each sequence
X is 8-separated in the o-parabolic sense.

Proof (1) <= (2). Put
21 E 4k
W= t;” ( )ptsxj,
)

where §x, denotes a Dirac measure at the point X ;. Then, since
%+1+<% +K)

i
i

| 75 uly, = "oy okucxp|” = /H |07 9%u|” du.

@ Springer
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it suffices to observe that u satisfies Eq. 9 if and only if (2) holds. Let Y = (y, s) € H.
Then

st gk
(@ (y. ) =Y 1, el )p(sz(Q(a)(y’s))
j

z+1+(

P K0 0y, 5)),

NSZ(X

because s < 1; < 2s for X; = (x;,1;) € Q“(y,s). Here A~ B means C"'A < B <
CA for some constant C > 1. This shows that p satisfies Eq. 9 if and only if #(X N
09 (y,s)) < Kforall (y,s) € H.

(2) < (3) is an immediate consequence of Lemma 4.

(4) = (2). It is sufficient to consider the case that X = { X} is §-separated in the
a-parabolic sense for some 0 <8 < 1. Fix Y = (y,5) = (V1, ..., ¥n,5) € H. By the
definition of Q®(y, s), if X; € Q®(y, s) then

1
Sé“)(Xj) C {(z,r) € H; |ze—yel <5+ (12‘;22s> (1<t<n), —s <r< ﬂ%}

Therefore, we obtain

V(U X Xje 090.9))

2

1-96 146
—s<r<-——25
1+56 1-46

1 n
0 2
={1+2< b )2] 1+68+8s£“=€sﬁ“.

5% 28\
VIWeneHt:lz—yl<—+|1-pg%) d=t=n,

1— 42 1 — 42

Moreover, for each X € Q@ (y, s), we have

n

V(S (0) = V(S0 9) =2B, (2 52)2”Hsﬁ+1,

where B, is the volume of the unit ball in R”. Hence, if we take an integer K =
K(n, a, §) satisfying

V(U{S{7(X); Xje 0, 9}) < K V(55200,5)),
then at most K of the points X; belong to O (y, s), because sta)(X j) are pairwise
disjoint.
(3) = (4). Let 0 <8 < 1 be arbitrary. First, we show that there exists 0 <¢ < 1
such that for each Y € H, S (Y) N S (Z) = ¢ whenever Z ¢ S (Y). In fact let

H—p
(1+8) If Z = (z,r) € Handr < 1125, then S (y,5) N SY(z,r) = @, because

1+5 1-5 i}
i 1_’_(Ss:mf{t; (x,t)eSg)(y,s)}.

sup {£; (x, 1) € S((;x)(z,i’)} =
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Interpolating sequences of parabolic Bergman spaces 365

Similarly, if {*2s < r then S§”(y,5) N S§”(z,r) = . Hence, S5 (y,s) N S§ (2, r) =

@ whenever r ¢ (1:2s, 122

T s). Moreover, if we take a constant ¢ such that p <

1—p

e <1and (2, if—z)l/za + (li‘fp)lm‘ < (13‘22)1/2", then (z,7) ¢ S (y, s) implies r ¢
(i;—ﬁs, }f—ﬁs), so that S (v, s) N S (z,r) = .

Next, take a positive integer L such that #(X N S§“>(Y)) < Lforall Y € H, where
¢ is the constant defined above. Then, for any j, m € N, Sf;")(Xj) N S((S“)(Xm) = @ holds
whenever X,, ¢ S (X)). Therefore, for each j € N we obtain

#({meN; m#j SOX)NSY(Xm) #0)) < L — 1.

Now we will choose a subsequence X; C X = { X} ey such that X is §-separated in
the a-parabolic sense. Put

Li:=max #({m e N; m # j, S (X) NS (X)) #0}) (= L—1), (11)

jeN
and let j(1) be a first integer for which the maximum in Eq. 11 is attained. If

Li= max #({meN\ (D} m#j S NS X0 £0)) - (12)

also holds, then let j(2) be a first integer in N\ {j(1)} for which the maximum in
Eq. 12 is attained. Continuing in this fashion if it is possible, we can choose a
subsequence X; = { X}« (the sequence X is finite or infinite) such that

Li=#({m e N\ {j(D, ..., jtk = D} m # jo), S5 (Xjw) N S (X)) # 0))
(13)
forall k > 1 and

Li—1> max #({meN\{jlk; m#j S(X)nSH (X, #0}).  (14)
JEN\{j(R)}k
We claim that X; = { X}« is §-separated in the a-parabolic sense. In fact, suppose
contrarily that there exist Xy, Xj¢ € Xy with j(k) > j(¢) such that SE“)(X i) N
sta)(XM)) # (. Then, by Eq. 13, we have

Li+1< #({m eN:m# (k). SO (Xju) NSE (X # @}) ,

because j(£) € {j(1),..., j(k —1)}. This contradicts Eq. 11, and hence X, is §-
separated in the a-parabolic sense.

We repeat the similar argument to X \ X, and choose a subsequence X, C X\ X
which is also §-separated in the «-parabolic sense. Because of Eq. 14 this operation
stops in finite steps, so that we have X = X, U---U X, and each sequence X is
3-separated in the «-parabolic sense. O

Theorem 1 gives us the following useful consequence.
Corollary 2 Ifa sequence X is §-separated in the a-parabolic sense for some 0 < § < 1,

then for any 0 < n < 1, X consists of a finite union of n-separated sequences in the
a-parabolic sense.
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4 Interpolating Sequences of b’

In this section, we shall state our b?-interpolation theorem. Let 1 < p < oo, y € NiJ,
k e Npand X = {X;} = {(x}, t;)} be asequence in H. For {1} € £, let

(U (X)) = (U5 0) (X) = Z,\,z](.ﬁl)(lfﬁ)Rg’k(X, X;) (XeH). (15)
j

The following lemma shows that the operator U;’k : €7 — b’ is bounded whenever
{ X} is 8-separated in the a-parabolic sense.

Lemma 5 Suppose X = {X;} = {(x}, t))} is 8-separated in the a-parabolic sense. Then,
for 1 < p < oo, the operator U,V,‘k = U};:;‘g 4P — bl is bounded for each (y,k) €
N7 x Ny, while the operator UI"* = U{’g : €' — b is bounded for each (v, k) € N x
No\{(0, 0)}.

Proof Let {A;} € £?, y € Njj and k € Ny. Then, by Eq. 5, we have

S e x)
j

Ytk

< CZ |)»;‘|lj_(£+l);/S T dV(z,r)
j

ntlyl
@ X)) (f 47+ |x — z]2) @ Thtl

Il
ratk

=cf s@n
H t+r+|x— z|20z)%+k+1

dv(z,r),

where

1)4

f(z,r) = Z |)L,»|t;(%+ ;xj(z, r)
]

and x; denotes the characteristic function of SE“) (X)).
Let 1 < p < oo and g be the exponent conjugate to p. Then the Holder inequality
and Lemma 2 imply that

p

|for§2"““><"”zez’k<x, X
j

f(z,r) )p
av
§C</I;’ (t+r+|x_z|2a)i+1 (z,r)

f(Z,r)p rl/q ( r—l/p )24
<C f —dV(z.1) / —dV(z,r)
i (7 |x =z H(E+ 7+ |x = 7]yt

P yl/q
<o [ D v,
HE+7r+|x—z]2)=t
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Interpolating sequences of parabolic Bergman spaces 367

It follows from the Fubini theorem and Lemma 2 that

p
a1y (1=L
Xj)kf‘t/zu+ 4 p>RK’k( - X))
J p
c / flz, P rt/ / /a dV(x,0dV(z,r)
< z,n’r = X, t z,r
H H (474 |x = z[2) %t

< C/ f(z,nPdV(z,r)
H
p
-(+D) 5
=CZ/; Z|}\j|lj xj(z,r) | dV(z,r)
m J
= Y Pl i I VSE (X))

<CY Il
m

Hence for any (y, k) € Nj x Ny, the series in Eq. 15 converges in norm and the

) (Xon)

operator U4* : ¢ — L7 is bounded.
Next we assume that p =1 and (y, k) # (0,0). Then, the Fubini theorem and
Lemma 2 again show that

D MRIECL X))
j

1

<C / Fz,r)riatk / ! dV(x,dV(z,r)
H H

n+ly|
(t+r 4 |x — z[22) o HhA

< C/ fz.naVv(z.r
H
<CY bl
This completes the proof. o

Remark 1 We note that for any y’ € Njj is a multi-index and £ € Ny. A series
L)1 ,
> " A ”)a; o Ry (X, X)) (16)
J
converges uniformly on R” x [z, co) for every t > 0. In fact, by Theorem 5.4 of [7],
/ (i —(n 1
there exists a constant C > 0 such that |8} Bfu(x, nl<Ct (ZV“ H) (%403 | ull, for

all u € b? and (x, 1) € H. Hence, the norm convergence of the series Eq. 15 implies
the uniform convergence of the series Eq. 16 on R” x [z, co) for every 7 > 0.
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368 M. Nishio et al.

Lemma 6 Let 1< p<oo, %—f—é:l, yeNL keNyand 0 <8 < 1. If X ={X}} =
{(xj, t)} is 8-separated in the a-parabolic sense with §y < 8 < 1, then there exists a
constant C = C(n, a, p, v, k, 80) > 0 such that

p

1
1 y )\‘ptq
Zm S gk R (X, x| < oo (B g il

(t+ 1)+ |x — x;[2) !

forall {pj} € ¢?,0 <6 <Y+ k and X = (x,1) € H.

Proof By Eq. 4, we have
ZA AT gk R (X, X))

(a+1)g+o

|2t
= C "*M+k+l
io(rF 1+l = xg)

~(%+k-0) 3 ijlt,(#l by (X, X)),

where by (X, X)) = (t+t; + |x — xj|*)~ G+ Therefore, the Holder inequality
implies that

p
n 1ip
S it cx, )
J

(% +k—9)p

B il 24yl L |
<crt Sl b (X, X b E T X )

1201
1
< oy (Fo)p §:|x |”t"b (X. X)) E:t” b (X, X))

Since 1/3 < t;/r <3 for (z,7) € Sg‘;;(Xj), the proof of Lemma 1 implies that

1

+1— r.r
tz" ”b (X.X)<C / —dV(z,r)
Z Z ('X)(Xj) (t+r+ |x_Z|20()§+l

Ss/2

rr
< c/ —dV(z.)
H ({474 |x—z]2)6t!

<Ctr,

where C is independent of §. O

The following b’ -interpolation theorem is the main result of this paper.
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Interpolating sequences of parabolic Bergman spaces 369

Theorem 2 Let 1 < p < oo, y € Nj and k € Ny. Then, there exists a positive number
8o such that if {X;} is 5-separated in the a-parabolic sense with § > &y then {X;} is
a bP-interpolating sequence of order (y, k).

Proof First, we note that s +22M+k+182y 3K R, (y,s; y,s) is constant on H. In fact, by
Eq. 3 and the definition of Ra , We see

—( nt2lyl _( nt2lyl
02 0 Ry (y. 5: y,5) = 2~ () (5 4k41) gy g gy g, 1y,

n+2ly|
o

Put d,; =s"% 197 95 R, (v, s; y, ). By the proof of (2) of Proposition 1 of [10],

we have 857 9} W@ (0, 1) # 0, and so is d,, 4.
Suppose that {X;} = {(x}, t)} is §-separated in the a-parabolic sense. Let 1 < p <

oo and g be the exponent conjugate to p. Then, by Lemma 5, the operator U,y,’0 :
¢ — b? is bounded, and thus TZ’kU;’O 1 4P — (7 is also bounded by Theorem 1.
We show that there exists a positive number &y such that if § > §, then || TZ'kUZ’O -

dy, I < |d, k|, where I is the identity operator on £”. In fact, the operator T;‘kU%’O -
d, ;1 maps a sequence {A;} in £” to a sequence {§,,} in £” given by

|
e =T (00 U0 00) (X — dyin

From Remark 1, we may differentiate term by term, so that

+1) L+ 2k o)l
= Zx,r](.“ )qa;a,"Rng(Xm,X,)—dy,kxm

g 1y

— r(nza+l) ta t Z)L t(2a+l) Za 82yakR (Xm,X)
J#Em
By Lemma 6, we obtain
\ | r
e 1 + a+k e . +4
Z|5m|f’ < Z IS D kR (X, X))
J#Em

1
oy ER s iy

p T o+ 1 X — 23

n 1
2w tl—g

1
v tm
=C E |)»]'|p t! E =
! m#j (tm I 1% x/|2a)i+l
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Since 1/3 <t,,/r <3for (z,7) € Sg/z(Xm), the proof of Lemma 1 implies that

2a+1_3
£ b
J . | 2a i+l
wig (b 1+ [ — x;1%)

r 4
<ar me) dV(z )

mz SR (r 41+ |2 = x7)

1 roa
< Ct;/ ' LdV(z.r)
SO0 (r+ 17+ |2 — x ) B

1 t)" 1 a4
— 1! @0 = dV(x, 0
T Jise0.1) % wtl
(l,‘l"f‘lj‘i‘ |t]r“x+xj—xj|2")

1

t q

- C/ e dV (X, D).
H\S® (0,1) ([+ 1+ |x|2°‘)2a

Here we may assume that C is independent of §, because our concern is only §’s near
1. Therefore, we obtain

1
H i _d%kIHp =€ o -dV(x,1). (17)
H\S(0.1) t+1+ |x|2a)a+

Since the right-hand side of the inequality of Eq. 17 tends to 0 as § — 1 by Lemma 2,
there exists a positive number §; such that if § > §, then || T}j’kU;’o —dy i1 |< |dykl.
Hence, if § > 8y, then T*U%° is invertible on ¢7 and T} (U} (T ULy =1
Therefore T%* is onto.

Next we consider the case p = 1. By Lemma 5, the operator U }"l 0" — bl is
bounded, and thus 77*U?"" : ¢! — ¢! is also bounded by Theorem 1. We show that
there exists a positive number 8y such that if § > §, then || Ti”kU{’l +2d, k11 <
2|dy i+1l. The operator T{”’kU}”1 + 2d, x+1 I maps a sequence {4} in ¢! to a sequence
{€,) in £! given by

Iyl
2n+1+2a +k

En =1 (87 95UT (A 1}) (Xom) + 2, i1 2m

n Wy g
=t N Y 0K RY (X X)) + 24y e 1A
j

1+ Ytk !
=2 ETEN 02 f Y Ry (X, X)),
jm
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Similarly to the case p > 1, we have

A £+1+8 4k
Z|sm|<CZ|x|r D a0 9F Ry (X, X )|
mej
35 +1

<CZ|)‘|IJZ i =42

mz g (fm =+ 154 1 = xj1%)

< CZ A |t,2/5w, 1 dV(z. 1)

m#j 5/2(Xm) r+t + |z —x; |20t)2u

§CZ|Aj|t/ ! SdV(z.7)
j

NSO X (4 1+ |z — xj22)

1

— . . 2a

=C) IA,It,/IHMO1 n T2l LAV,
j \Ss (')(tjt+tj+|t;“x+x,-—xj|2“)

:CZW| / ! dV(x, 1),
j

H\S;“)(O n (l-l— 1+ |x|2a) 75 +2

where C is independent of §. By Lemma 2, there exists a positive number §; such
that if § > §, then || Ti”kUi”l +2d, g1 1 || < 2|d, k+1]. Hence, we obtain Ti”kUi/’l is
invertible, and thus Tf’k is onto whenever § > §. O

5 Interpolating Sequences of B, and ga,o

In this section, as a limiting case of b2 (p — 00), we give interpolation theorems for
a-parabolic Bloch spaces and «-parabolic little Bloch spaces. We recall definitions
of the a-parabolic Bloch space and the «-parabolic little Bloch space. (For details
concerning these spaces, see Sections 7 and 9 of [7].) We denote by B, the set of all
L®-harmonic and C'-class functions z on H such that

lulls, = u(Zo)| + sup {lilvxu(x, D + tldulx, ]} < oo, (18)

(el
where V, denotes the gradient operator and Zo = (0,...,0, 1) € H. Let E denote
the space of all function u € B, such that u(Zy) =0, and we call B the «-parabolic
Bloch space. It is known that B, c C* and B, is a Banach space under the «-
parabolic Bloch norm || - || 5, (see Theorems 7.3 and 7.4 of [7], respectively). We put

Bao = {u e B,; {13 | Veu(x, )] + tlduix, )]} = 0} - (19)

lim
(x,t)—d HU{o0}

This is a closed subspace of B, and hence a Banach space with «-parabolic Bloch
norm. We call Ba o the a-parabolic little Bloch space.
Now let X = {X} = {(x},t;)} be a sequence in H, (y, k) € Nj x No\{(0,0)}, and

u € B,. Define a sequence of real numbers T *u by

T Au = T u = [zf +"a;a[ku()(,‘)]. (20)
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We say that {X} is a ga—interpolating sequence of order (y, k) if T&;k : ga — £>
is bounded and onto. We also say that {X;} is a ga,o-interpolating sequence of
order (y, k) if Tf;c‘k : Bvo,’o — ¢¢ is bounded and onto, where ¢ is the subspace of >
consisting of sequences that converge to 0. We may regard a finite sequence as an
element of ¢y. ~

We first note that T%": B, — ¢ is always bounded, which is given by the
following lemma.

Lemma 7 ([7, Theorem 7.3]) Let (v, k) € Njj x No\{(0, 0)}. Then, there exists a con-
stant C > 0 such that

_(l
37 ofu(x, t)‘ <Ct (Z”k)llulla,

forallu e ga and (x,t) € H.

Next we remark that ng,k maps gﬁ,,o into ¢y whenever { X} is §-separated in the
a-parabolic sense. In fact, it derives from the following lemma, because { X} diverges
from any compact set of H.

Lemma 8 Let (y, k) € Nj x No\{(0,0)} and u ga,o. Then,

. vl
lim =87 8ku(x, 1) = 0.
(x,6)— 90 HU{oo}

To prove this lemma, we use the modified «-parabolic Bergman kernel INQ(,(X ,Y),
which is defined in Section 7 of [7]:

Ry(X,Y):= Ry(X,Y) — Ry(Zy, Y),

where Zy = (1,0, ---,0). Then Ro(X, ) e b; by Lemma 7.5 of [7]. It was shown in
Theorem 7.9 of [7] that

u(x,t) = cz/ szafu(y,s)f?a(x, ty,s)dV(y,s) (21)
H

forall u € B, and ¢ € N, where ¢, = (=2)*/¢!.
Now we return to the proof of Lemma 8. The argument here is inspired by [14].

Proof of Lemma 8 Letu € Ea,0~ Then, by Eq. 21 with £ = 1, we have

3 8ku(x, 0 = 4/ sdsu(y, )3 AW (x — y, t +5)dV (y, 5)
H
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Interpolating sequences of parabolic Bergman spaces 373

for all (x,r) € H. Given ¢ > 0, there exists a compact set K C H such that
|sdsu(y, s)| < ¢ for all (y,s) € K¢, because u € B, o. Hence if k # 0 or y # 0, then
Eq. 4 and Lemma 2 imply that for all (x,¢) € H,

(o rk

37 8ku(x, t)‘ < 4%“‘/ s13su(y, )| - |7 WO (x — y, t + )| dV(y, 5)
Kc

+ arkik / s 10su(y, )| - [0 W x = y, 1 +9)| dV(y.5)
K

1
ke (454 |x — y[Poyut?
1
+ Cllu -t/ —dV(y,s
lells, ¢ | s ey ER V0
t
(14 1+ |xPe)=t2

< Cet

dv(y,s)

< Ce+ Clluls,

Therefore, we have

. Irl
lim 2tk
(x,0)— 90 HU{oo}

87 oku(x, z)’ < Cs.
O

For a multi-index y € Njj and k € Ny, we also use the kernel ﬁg’k(){, Y) defined
by

RVK(X,Y) := RVF(X,Y) — RU5(Zo, V),
where Z, = (0, 1). We need the following estimate of R, (X, Y) = Ry*(x, 1; y, s).

Lemma 9 Let K be a compact subset of H, y € NJ, k € Ny, and 0 < § < 1. Then, there
exists a constant C = C(n, o, y, k, §, K) > 0 such that

st }ﬁg’k(x, £y, s)|

1 1
<c f AV + / : dV<z,r>>
( 9 (L7 + 2P0 ET2 ) (L7 2Py B

forall (x,t) € Kand (y,s) € H.

Proof The equality

RIM(x,t;y,5) — RVK(x, 15y, 5)

= ek %R (370 W@ (x — y, 4 5) — LT WO (x — y, 1 +5))

t
= —2cks%+k/ 3R PW@ (x — y, T 4 5)dt
1
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and Eq. 4 imply that

RV5(x, 8, y,5) — RVK(x, 15, S)‘ < Cis%tk

1
ntlyl d‘(
1 (t4s+ |x—y|2“) e Tk+2

C]S%+k
S n+ly|
(1 45+ |x — y|2o) 7 thk+2
G

< o
(1 45+ |y
for all (x,f) € K and (y, s) € H. The equality
RYK(x, 15 y,5) — RVM(O, 15y, 5)

= ek %R (370 W@ (x — y, 1 +5) — 370 W@ (—y, 1 +5))
= —2cks'zfx+"/01 x -Vl o WO (ox — y, 1 + 5)do
and Eq. 4 imply that
REAGe 13 y,9) = REFO, 15 y,9)| < G s /0 VL W x— y. 1 +5)do

1
4 g 1
<Cysu™ |x|/ PN R
0 (I+s+Jox— y[*) =
1

2 n
(L4 |y !

<C

for all (x, ) € K and (y, s) € H. Therefore, we have

‘ﬁg’k(x, 6y, S)‘

< ]Rr;k(x, £ y.s) — RV5(x, 1 y, s)] + ]Rr;k(x, 1;y.5) — RV5(0, 15 y, 5)

C] CZ

< s+ (22)
(L+s+[yP9=? (1454 [y2e) %=t

for all (x,f) € K and (y,s) € H. As in the proof of Lemma 1, for each k;, k, € Ny
there exists a constant C > 0 such that

g3 t1 1
KL g4l = C/(a) ik ldV(Z7 r) (23)
(1+ s+ [y = et S0 (1474 |z]2) 2 thet

for all Y = (y,s) € H. Thus, the lemma follows from Egs. 22 and 23. O
Let y € Nj and k € Ny. As in Section 4, the following operator ULk plays an

important role in the theory of interpolation sequences for a-parabolic Bloch spaces
and a-parabolic little Bloch spaces. For {A;} € £, let

(ULR0.) (X) = (U;;f‘x{x j}> X0 =Y "R X)) (X eH). (24)
;
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Interpolating sequences of parabolic Bergman spaces 375

We have the following lemma.

Lemma 10 Let y € Njj and k € Ny. Suppose that X = {X;} = {(x, t))} is §-separated
in the a-parabolic sense. Then, the operator Uéﬁ;k = UJO/O’{CX 10 — B, is bounded and

k -
UL maps cq into Byo.

Proof Let {A;} € £*°. We begin with showing that the series Eq. 24 converges
uniformly on compact subsets of H (we only use the pointwise convergence of this
series later). Let K be a compact subset of H. Lemma 9 implies that

1
@ (L r+ |z

1
+ / o dV e, r))
$00) (17 + |25

for all X = (x,t) € K, and Lemma 2 shows

1 1
—dV(z,7) S/ —dV(z,7) < o0
2/:/53“’()(» (L47+ |z2) %2 o (L+7+|z2)%+?

and

1 1
Z/ mrdV@n 5/ mrdV(zr) < oo,
TSt (14 r+ |22 % o (L4 r+ ]z %

e R (X X)) < C||{Aj}||oo< / dv(z.n)
’ N

hence the series Eq. 24 converges uniformly on K.
Put

N
un(X) =Y e RI (X, X)), XeH
j=1

We claim that {uy} is bounded in gﬁ,. In fact, as in the proof of Lemma 1, for each
(', €) € Nj x No\{(0, 0)} we have

N -

Tx+
DIl
=1

N
7 9l RUk (X, Xj)‘ = 3" nle oy of R4 (X, X))
j=1

N
< c( sup [1, ) > : dV(er)  (29)
=1

I n+ly’|
1<j<N DX (E4 1+ |x — z[20) e T

for all X = (x, ) € H. Therefore, Eq. 25 and Lemma 2 also imply that

N
3 e o Rk, X,)‘ <cr'( sup 1) (26)
P 1<j=N
and
N vl 1
Zm,n;ﬁ 3, RV (X, Xj)‘ <Ct = <1squ|;\,-|) (27)
et <j=
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for all X = (x, ) € H, which shows |luy|l5, < C|[{};}||lc forall N € N.
Here we recall the fact that the dual space of b} can be identified with B, under
the pairing

(u,v) = —2/ sogu(y, ) v(y, )dV(y.s), u€ By, veb.
H

(see Theorem 8.4 of [7]). Moreover, since L' is separable and there exists a bounded
projection P from L' onto b. by (2) of Theorem 6.4 of [7], b, is also separable.

o

Therefore, the Banach- Alaoglu theorem implies that there exists a subsequence
{un;} C {un} and u € B such that {uy.} converges to u in the w*-topology. Hence,
since R (X,-) e b for each X € H, Eq. 21 with £ = 1 shows

u(X) = (u, Ry(X, ) = lim{uy,, Ry(X,)) = limuy,(X) = (UL*(3,;)(X).

This implies UL(%}} € B, and |ULF( }l|s, < liminf ||uy, |5, < Cll{A;}]l. that is,
1

the operator Ué’gk B ga is bounded.
Next let {A’j} € ¢p and put

N
on(X) = Y W T RIK(XL X)), X e H.
j=1

Then, Eq. 4 implies that vy € ga,0~ Moreover, Eq. 26 and Eq. 27 show that

loar — vwlls, < C( sup |A’,-|) -0  (M=N- o),

N+1=<j=M

Hence, there exists a function v € ga,() such that {vy} converges to v in I’S’Vd Therefore,
Proposition 7.2 of [7] implies that

v(X) =limoy(X) = (ULHAHX),
which shows UL* maps ¢ into Ea,o. ]

Remark 2 Let (y', £) € N7 x No\{(0, 0)}. Then {8}{/8,%;\/} converges uniformly on
R”" x [z, 00) for every t > 0. In fact, Eq. 25 and Lemma 2 give us

| i
o

0y 0 RiM(X. X))
j=1

1

< ClA Moo / e
Z SOX) (7 4 |x — z]2)

'l

<crf-

for all X € H. This shows our desired assertion immediately.

We state the interpolation theorems for a-parabolic Bloch spaces and a-parabolic
little Bloch spaces.
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Theorem 3 Let (y, k) € Nj x No\{(0, 0)}. Then, there exists a positive number &, such
that if {X;} is 8-separated in the a-parabolic sense with § > 8y then {X} is a B,-
interpolating and B, o-interpolating sequence of order (y, k).

Proof We suppose that { X;} = {(x;, t])} is §-separated in the a-parabolic sense. By
Lemma 10, the operator U% 0. ¢> — B, is bounded and U’ maps ¢p into Bao
Therefore, the operator T% UZOO : £ — £* is also bounded and maps ¢y into ¢y
by Lemmas 7 and 8. As in the proof of Theorem 2, it suffices to show that there exists
a positive number &y such that if § > 8, then || TR UL — d, i1 ||< |d, x|, where I is
the identity operator on £* and d, = st k12 ¥Ry (y,s:y,5).

The operator TSR UL — d, ;1 maps a sequence {A;} in £ to a sequence {£,} in
£ given by

Wik
En =t (0/OFUL'DR) (X) = dyihm.
By Remark 2, we can differentiate term by term, so that
vl n ~
Epp =t " Z Mt Y 9E RO (X, X)) = dy i

Il Iyl
=0 Y g T 9 9 R (X, X)),
Jj#Em

Since 1/3 < t;/r <3 for (z,7) € Sg‘;;(Xj), Eq. 4 and the proof of Lemma 1 show that

ok |
ol <t T3 a1 102 0F Ry (X, X))
j#m » niiyl 4y
il % )\' X t_201
< ct Y -

n+2ly|
j#Em (tm + ti+ [ % — xj|2a) W Thtl

1k !
< ClM sk ™Y [ av(z.n

ntlyl
j#m S5 (X ) (t + 1+ X — Z|2a) 2 Tkt

Ytk 1
e H\S® (X,n) (b + 7+ | X — 2|?) 2 +‘V‘+k+1
vl 1
=t [ | v
H\SSO0) (g, b+ X — (62 X + X)) |2%) 5" ThH

1
= CII{Aj}Iloo/ ————dV(x,1).

Hence, as in the proof of Theorem 2, Lemma 2 implies that there exists a positive
number &) such that if § > § then || T UL" — dy 41 || < |d, 4. O
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