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Abstract The parabolic Bergman space is a Banach space of Lp-solutions of some
parabolic equations on the upper half-space H. We study interpolating theorem for
these spaces. It is shown that if a sequence in H is δ-separated with δ sufficiently near
1, then it interpolates on parabolic Bergman spaces.
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1 Introduction

Let H be the upper half-space of the (n+1)-dimensional Euclidean space R
n+1(n≥1),

that is, H = {X = (x, t) ∈ R
n+1 ; x = (x1, . . . , xn) ∈ R

n, t > 0}. For 1 ≤ p < ∞, the
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Lebesgue space Lp = Lp(H, dV) is defined to be a Banach space of Lebesgue
measurable functions on H with

‖ u ‖p:=
(∫

H
|u(X)|pdV(X)

)1/p

=
(∫

H
|u(x, t)|pdV(x, t)

)1/p

< ∞,

where dV is the Lebesgue measure on H. For 0 < α ≤ 1, let L(α) denote a parabolic
operator

L(α) := ∂

∂t
+ (−�)α

where � = �x = ∂2

∂x2
1
+ · · · + ∂2

∂x2
n
. A continuous function u on H is said to be L(α)-

harmonic if L(α)u = 0 in the sense of distributions. (For details, see Section 2 of [7].)
The parabolic Bergman space bp

α is the set of all L(α)-harmonic functions on H which
belong to Lp, and it is a Banach space with the Lp norm. It is known that bp

α ⊂
C∞(H) (see Theorem 5.4 of [7]), and when α = 1/2, bp

1/2 coincide with harmonic
Bergman spaces studied by Ramey and Yi [11] (see Corollary 4.4 of [7] and Section
3 of [8]).

In this paper, we study interpolating sequences of parabolic Bergman spaces. Let
{X j} = {(x j, t j)} be a sequence in H. For u ∈ bp

α , we define a sequence of real numbers
Tpu by

Tpu :=
{

t
( n

2α
+1) 1

p

j u(X j)

}
. (1)

We say that {X j} is a bp
α -interpolating sequence if Tpu ∈ �p for all u ∈ bp

α and the
linear operator Tp : bp

α → �p is bounded and onto. Here �p is the Banach space of
all p-th summable sequences. It is known that there exists a constant C > 0 such that

t(
n

2α
+1) 1

p |u(x, t)| ≤ C‖u‖p

for all u ∈ bp
α and all (x, t) ∈ H (Proposition 5.2 of [7]). This is a reason why we

consider a weight t
( n

2α
+1) 1

p

j in the sequence in Eq. 1. Our result of this paper can
be applied to study an analysis of Carleson measures and Toeplitz operators on
parabolic Bergman spaces, whose applications will be described elsewhere.

Interpolations of holomorphic Bergman spaces were studied on various settings
and well known. It is a result of Amar [1] (see also [12]) that if a sequence of points
in the unit ball of C

n is separated enough with respect to the pseudo-hyperbolic
distance then the sequence is an interpolating sequence of holomorphic Bergman
spaces (the results of [1] and [12] are more general). Seip [13] gave a characterization
of interpolating sequences of Bergman spaces on the unit disk. For the case of several
variables, Marco and Massaneda [6] showed that Seip’s condition for a sequence in
the unit disk is sufficient to be of interpolating, however a complete generalization
of Seip’s characterization is not known yet. As for harmonic case, Choe and Yi
[3] studied interpolations of harmonic Bergman spaces on the upper half-space of
R

n+1 and obtained a result similar to Amar. The result of Amar (or Choe and Yi) is
useful and available for studying Carleson measures on Bergman spaces, and applied
examples were known (see [5] and Theorem 4.4 of [4]). Our study is inspired by
[3], but the details are different, because the parabolic operator L(α) is not a local
operator.
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Since the fundamental solution W(α) of L(α) plays an important role in our
arguments, we present some properties of W(α) and its related kernels in Section 2.
The interpolation theorem in [3] is described by the pseudo-hyperbolic distance on
the upper half-space, however, it is difficult to define a suitable distance in our case.
For this we use parabolic cylinders and δ-separated sequences in the parabolic sense
and discuss them in Section 3. Our main theorem is stated in Section 4. It says that
if a sequence is δ-separated with δ sufficiently near 1, then it is an interpolating
sequence (of general order) for parabolic Bergman spaces. In Section 5, we give a
corresponding result for parabolic Bloch spaces and parabolic little Bloch spaces.

Throughout this paper, C = C(a, b , · · · ) will denote a positive constant which is
depending only on a, b , · · · , and not necessarily the same at each occurrence.

2 Preliminaries

In this section, we describe some basic results concerning derivatives of the funda-
mental solution of L(α). For x ∈ R

n, let

W(α)(x, t) =

⎧⎪⎨
⎪⎩

1

(2π)n

∫
Rn

exp(−t|ξ |2α + i x · ξ) dξ t > 0

0 t ≤ 0,

(2)

where x · ξ denotes the inner product on R
n and |ξ | = (ξ · ξ)1/2. The function W(α)

is the fundamental solution of L(α) and L(α)-harmonic on H. Let γ = (γ1, · · · , γn) ∈
N

n
0 be a multi-index and k ∈ N0, where N0 = N ∪ {0}. We use the notation ∂

γ
x ∂k

t =
∂

γ1
x1 · · · ∂γn

xn ∂
k
t = ∂ |γ |+k/∂xγ1

1 · · · ∂xγn
n ∂tk, where |γ | := γ1 + · · · + γn. Then, by Eq. 2, the

inductive method implies that

∂γ
x ∂k

t W(α)(x, t) = t−
n+|γ |

2α
−k (∂γ

x ∂k
t W(α)

)
(t−1/2αx, 1). (3)

The following estimate is Lemma 1 of [9] : There exists a constant C = C(n, α, γ, k) >

0 such that
∣∣∂γ

x ∂k
t W(α)(x, t)

∣∣ ≤ C

(t + |x|2α)
n+|γ |

2α
+k

(4)

for all (x, t) ∈ H. The α-parabolic Bergman kernel Rα(X, Y) = Rα(x, t; y, s) is given
by

Rα(x, t; y, s) := −2∂tW(α)(x − y, t + s) = −2∂sW(α)(x − y, t + s).

This is the reproducing kernel of b2
α . Moreover it has the reproducing property for all

bp
α (see Theorem 6.3 of [7]), that is,

u(x, t) =
∫

H
u(y, s)Rα(x, t; y, s)dV(y, s)

for all (x, t) ∈ H and u ∈ bp
α with 1 ≤ p < ∞. We also use the kernel Rγ,k

α (X, Y) =
Rγ,k

α (x, t; y, s) defined by

Rγ,k
α (x, t; y, s) := cks

|γ |
2α

+k∂γ
x ∂k

t Rα(x, t; y, s) = (−1)|γ |cks
|γ |
2α

+k∂γ
y ∂k

s Rα(x, t; y, s),

where ck = (−2)k/k!. Note that Rα(X, Y) = Rα(Y, X), but Rγ,k
α (X, Y) 
= Rγ,k

α (Y, X)

in general.
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Now we define an α-parabolic cylinder, which will be used for the definition of
separated sequences in Section 3. For Y = (y, s) ∈ H and 0 < δ < 1, an α-parabolic
cylinder S(α)

δ (Y) = S(α)
δ (y, s) is defined by

S(α)
δ (y, s) :=

{
(x, t) ∈ H; |x − y| <

(
2δ

1 − δ2
s
)1/2α

,

∣∣∣∣t − 1 + δ2

1 − δ2
s

∣∣∣∣ < 2δ

1 − δ2
s

}

=
{

(x, t) ∈ H; |x − y| <

(
2δ

1 − δ2
s
)1/2α

,
1 − δ

1 + δ
s < t <

1 + δ

1 − δ
s

}
.

Clearly limδ→1 S(α)
δ (Y) = H and S(α)

δ (y, s) = 

(α)

Y

(
S(α)

δ (0, 1)
)
, where 


(α)

Y (X) is the
function defined by



(α)

Y (X) := (s1/2αx + y, st)

for X = (x, t) ∈ H. Also V(S(α)
δ (y, s)) = 2Bn

(
2δ

1−δ2 s
) n

2α
+1

, where Bn is the volume of

the unit ball in R
n.

Although analytic functions or harmonic functions satisfy the local submean
value inequality, such an inequality is not available for L(α)-harmonic functions.
Alternatively, we use the following estimate.

Lemma 1 Let γ ∈ N
n
0 , k ∈ N0 and 0 < δ0 < 1. Then, there exists a constant C =

C(n, α, γ, k, δ0) > 0 such that

∣∣Rγ,k
α (X, Y)

∣∣ ≤ C

s
n

2α
+1

∫
S(α)

δ (Y)

r
|γ |
2α

+k

(t + r + |x − z|2α)
n+|γ |

2α
+k+1

dV(z, r) (5)

and

∣∣Rγ,k
α (X, Y)

∣∣ ≤ Cs
|γ |
2α

+k

t
n+|γ |

2α
+k+1

∫
S(α)

δ (X)

r
|γ |
2α

+k

(s + r + |y − z|2α)
n+|γ |

2α
+k+1

dV(z, r) (6)

for all X = (x, t), Y = (y, s) ∈ H, and for all δ with δ0 ≤ δ < 1.

Proof We only prove Eq. 5, because the proof of Eq. 6 is similar. By Eq. 4 and the
definition of S(α)

δ (Y), there exists a constant C = C(n, α, γ, k, δ0) > 0 such that for all
X = (x, t), Y = (y, s) ∈ H and δ0 ≤ δ < 1,

s
n

2α
+1
∣∣Rγ,k

α (X, Y)
∣∣

≤ Cs
n

2α
+1 s

|γ |
2α

+k

(t + s + |x − y|2α)
n+|γ |

2α
+k+1

∫
S(α)

δ (Y)

r
|γ |
2α

+kdV(z, r)

(∫
S(α)

δ (Y)

r
|γ |
2α

+kdV(z, r)

)−1
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= C
s

n+|γ |
2α

+k+1

(t + s + |x − y|2α)
n+|γ |

2α
+k+1

∫
S(α)

δ (Y)

r
|γ |
2α

+kdV(z, r)

× B−1
n

(
1 − δ2

2δs

) n
2α
( |γ |

2α
+k+1

)(
1−δ2

s

) |γ |
2α

+k+1

× 1

(1+δ)
2
( |γ |

2α
+k+1

)
−(1−δ)

2
( |γ |

2α
+k+1

)

≤ C(1 − δ2)
n+|γ |

2α
+k+1

(t + s + |x − y|2α)
n+|γ |

2α
+k+1

∫
S(α)

δ (Y)

r
|γ |
2α

+kdV(z, r).

Moreover, if Z = (z, r) ∈ S(α)
δ (Y), then we have

t + r + |x − z|2α ≤ t + r +
{
|x − y| + |y − z|

}2α

≤ t + 1 + δ

1 − δ
s +

{
|x − y| +

(
2δ

1 − δ2
s
) 1

2α

}2α

≤ t +
(

1 + δ

1 − δ
+ 22α 2δ

1 − δ2

)
s + 22α|x − y|2α

≤ 12

1 − δ2

(
t + s + |x − y|2α

)
.

Hence, we obtain

s
n

2α
+1
∣∣Rγ,k

α (X, Y)
∣∣ ≤ C

∫
S(α)

δ (Y)

r
|γ |
2α

+k

(t + r + |x − z|2α)
n+|γ |

2α
+k+1

dV(z, r). ��

The following lemma is Lemma 5 of [9]. We use this frequently in our later
arguments.

Lemma 2 ([9, Lemma 5]) Let θ, η ∈ R. If 0 < 1 + θ < η − n
2α

, then there exists a
constant C > 0 such that∫

H

tθ

(t + s + |x − y|2α)η
dV(x, t) ≤ Csθ−η+ n

2α
+1

for all (y, s) ∈ H.

3 Separated Sequences

Let X = {X j} = {(x j, t j)} be a sequence in H and 0 < δ < 1. We say that {X j} is
δ-separated in the α-parabolic sense if α-parabolic cylinders S(α)

δ (X j) are pairwise
disjoint. For 1 ≤ p < ∞, γ ∈ N

n
0 , k ∈ N0, and u ∈ bp

α , define a sequence of real
numbers Tγ,k

p u by

Tγ,k
p u = Tγ,k

p,X
u :=

{
t
( n

2α
+1) 1

p + |γ |
2α

+k

j ∂γ
x ∂k

t u(X j)
}
. (7)
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We say that {X j} is a bp
α -interpolating sequence of order (γ, k) if Tγ,k

p : bp
α → �p is

bounded and onto. Here we remark that if {X j} is a finite set, then �p consists of
finite sequences.

In this section, we discuss a relation between separated sequences and bounded-
ness of Tγ,k

p . We begin with recalling a main theorem of [10].

Lemma 3 ([10, Theorem 2]) Let μ be a σ -finite positive Borel measure on H, 1 ≤ p <

∞, γ ∈ N
n
0 and k ∈ N0. Then, there exists a constant C1 > 0 such that∫

H

∣∣∂γ
x ∂k

t u
∣∣p dμ ≤ C1

∫
H

|u|p dV

for all u ∈ bp
α if and only if there exists a constant C2 > 0 such that

μ(Q(α)(y, s)) ≤ C2 s
n

2α
+1+

( |γ |
2α

+k
)

p

for all (y, s) ∈ H, where Q(α)(y, s) is an α-parabolic Carleson box defined by

Q(α)(y, s) :=
{
(x, t) ∈ H ; |x� − y�| < 2−1s1/2α (1 ≤ � ≤ n), s ≤ t ≤ 2s

}
.

The following lemma shows that S(α)
δ (y, s) is nearly Q(α)(y, s).

Lemma 4 For any 0 < δ < 1, there exist positive integers M1, M2 and constants C1, C2

with the following properties:

(1) For each Y = (y, s) ∈ H, there exist Yi = (yνi , sνi) ∈ H (i = 1, 2, · · · , M1) such
that

Q(α)(Y) ⊂
M1⋃
i=1

S(α)
δ (Yi) and s ≤ sνi ≤ C1s.

(2) For each Y = (y, s) ∈ H, there exist Yi = (yνi , sνi) ∈ H (i = 1, 2, · · · , M2) such
that

S(α)
δ (Y) ⊂

M2⋃
i=1

Q(α)(Yi) and
1

C2
s ≤ sνi ≤ C2s.

Proof (1) For any 0 < δ < 1, put a =
(

2δ
1−δ2

)1/2α

and b = 1+δ
1−δ

. We may assume that

Y = (0, s). Let K be the smallest positive integer satisfying 1
2 < (K + 1)a. For a multi-

index ν = (ν1, . . . , νn) ∈ Z
n, we put yν = (as1/2αν1, . . . , as1/2ανn) ∈ R

n. Then,{
x∈R

n; |x�|< 2−1s1/2α(1≤�≤n)
}
⊂
⋃{

x∈R
n; |x−yν | < as1/2α, |ν�| ≤ K(1≤�≤n)

}
.

Moreover, let L be the smallest positive integer satisfying 2 < b L+1, and let sλ = bλs
for λ = 0, 1, . . . , L, then

[s, 2s] ⊂
⋃{[

1−δ
1+δ

sλ,
1+δ
1−δ

sλ

] ; λ = 0, 1, . . . , L
}

and s ≤ sλ ≤ b Ls.

These show

Q(α)(Y) ⊂
⋃{

S(α)
δ (yν, sλ); |ν�| ≤ K(1 ≤ � ≤ n), λ = 0, 1, . . . , L

}
,
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and the integer M1 = (2K + 1)n(L + 1) and the constant C1 = b L depend only on n,
α, and δ. The proof of (2) is similar to that of (1). ��

By Lemmas 3 and 4, we have the following corollary.

Corollary 1 Let μ be a σ -finite positive Borel measure on H, 1 ≤ p < ∞, γ ∈ N
n
0

and k ∈ N0. Then, the following statements are equivalent:

(1) There exists a constant C1 > 0 such that∫
H

∣∣∂γ
x ∂k

t u
∣∣p dμ ≤ C1

∫
H

|u|p dV (8)

for all u ∈ bp
α ;

(2) There exists a constant C2 > 0 such that

μ(Q(α)(y, s)) ≤ C2 s
n

2α
+1+

( |γ |
2α

+k
)

p (9)

for all (y, s) ∈ H ;
(3) For any (or some) 0 < δ < 1, there exists a constant C3 > 0 such that

μ(S(α)
δ (y, s)) ≤ C3 s

n
2α

+1+
( |γ |

2α
+k
)

p (10)

for all (y, s) ∈ H.

For any finite set E ⊂ H, we denote by #E the number of points in E. The
boundedness of Tγ,k

p : b p
α → �p is characterized by Theorem 1 below. It follows from

the proof of (2) ⇐⇒ (3) of Theorem 1 that if the statement (3) holds for some ε then
it holds for all ε. Analogously, observing the proofs of (4) =⇒ (2) and (3) =⇒ (4), we
see that if the statement (4) holds for some δ then it holds for all δ.

Theorem 1 Let 1 ≤ p < ∞, γ ∈ N
n
0 , k ∈ N0 and X = {X j} = {(x j, t j)} be a sequence

in H. Then, the following conditions are equivalent:

(1) The operator Tγ,k
p = Tγ,k

p,X
: bp

α → �p is bounded ;
(2) There exists a positive integer K such that #(X ∩ Q(α)(Y)) ≤ K for all Y ∈ H ;
(3) For any (or some) 0 < ε < 1, there exists a positive integer L such that #(X ∩

S(α)
ε (Y)) ≤ L for all Y ∈ H ;

(4) For any (or some) 0 < δ < 1, X is a finite union of δ-separated sequences, i.e.,
there exists a positive integer M such that X = X1 ∪ · · · ∪ XM and each sequence
Xi is δ-separated in the α-parabolic sense.

Proof (1) ⇐⇒ (2). Put

μ :=
∑

j

t
n

2α
+1+

( |γ |
2α

+k
)

p

j δX j,

where δX j denotes a Dirac measure at the point X j. Then, since

∥∥Tγ,k
p u

∥∥p
�p =

∑
j

t
n

2α
+1+

( |γ |
2α

+k
)

p

j

∣∣∂γ
x ∂k

t u(X j)
∣∣p =

∫
H

∣∣∂γ
x ∂k

t u
∣∣p dμ,
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it suffices to observe that μ satisfies Eq. 9 if and only if (2) holds. Let Y = (y, s) ∈ H.
Then

μ(Q(α)(y, s)) =
∑

j

t
n

2α
+1+

( |γ |
2α

+k
)

p

j δX j(Q(α)(y, s))

≈ s
n

2α
+1+

( |γ |
2α

+k
)

p
#(X ∩ Q(α)(y, s)),

because s ≤ t j ≤ 2s for X j = (xi, t j) ∈ Q(α)(y, s). Here A ≈ B means C−1 A ≤ B ≤
CA for some constant C ≥ 1. This shows that μ satisfies Eq. 9 if and only if #(X ∩
Q(α)(y, s)) ≤ K for all (y, s) ∈ H.

(2) ⇐⇒ (3) is an immediate consequence of Lemma 4.
(4) =⇒ (2). It is sufficient to consider the case that X = {X j} is δ-separated in the

α-parabolic sense for some 0 < δ < 1. Fix Y = (y, s) = (y1, . . . , yn, s) ∈ H. By the
definition of Q(α)(y, s), if X j ∈ Q(α)(y, s) then

S(α)
δ (X j) ⊂

{
(z, r) ∈ H ; |z�−y�| < s

1
2α

2 +
(

2δ
1−δ2 2s

) 1
2α

(1≤�≤n), 1−δ
1+δ

s < r < 1+δ
1−δ

2s
}

.

Therefore, we obtain

V
(⋃

{S(α)
δ (X j) ; X j ∈ Q(α)(y, s)}

)

≤ V

({
(z, r) ∈ H ; |z� − y�| <

s
1

2α

2
+
(

2δ

1 − δ2
2s
) 1

2α

(1 ≤ � ≤ n),

1 − δ

1 + δ
s < r <

1 + δ

1 − δ
2s

})

=
{

1 + 2

(
4δ

1 − δ2

) 1
2α

}n
1 + 6δ + δ2

1 − δ2
s

n
2α

+1 = Cs
n

2α
+1.

Moreover, for each X ∈ Q(α)(y, s), we have

V
(
S(α)

δ (X)
) ≥ V

(
S(α)

δ (0, s)
) = 2Bn

(
2δ

1−δ2

) n
2α

+1
s

n
2α

+1,

where Bn is the volume of the unit ball in R
n. Hence, if we take an integer K =

K(n, α, δ) satisfying

V
( ∪ {S(α)

δ (X j) ; X j ∈ Q(α)(y, s)
}) ≤ K V

(
S(α)

δ (0, s)
)
,

then at most K of the points X j belong to Q(α)(y, s), because S(α)
δ (X j) are pairwise

disjoint.
(3) =⇒ (4). Let 0 < δ < 1 be arbitrary. First, we show that there exists 0 < ε < 1

such that for each Y ∈ H, S(α)
δ (Y) ∩ S(α)

δ (Z ) = ∅ whenever Z /∈ S(α)
ε (Y). In fact, let

Y = (y, s) ∈ H be fixed and choose a constant ρ such that δ < ρ < 1 and 1−ρ

1+ρ
<(

1−δ
1+δ

)2
. If Z = (z, r) ∈ H and r ≤ 1−ρ

1+ρ
s, then S(α)

δ (y, s) ∩ S(α)
δ (z, r) = ∅, because

sup
{
t; (x, t) ∈ S(α)

δ (z, r)
} = 1 + δ

1 − δ
r <

1 − δ

1 + δ
s = inf

{
t; (x, t) ∈ S(α)

δ (y, s)
}
.
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Similarly, if 1+ρ

1−ρ
s ≤ r then S(α)

δ (y, s) ∩ S(α)
δ (z, r) = ∅. Hence, S(α)

δ (y, s) ∩ S(α)
δ (z, r) =

∅ whenever r /∈ ( 1−ρ

1+ρ
s, 1+ρ

1−ρ
s
)
. Moreover, if we take a constant ε such that ρ <

ε < 1 and
(

2δ
1−δ2

1+ρ

1−ρ

)1/2α + ( 2δ
1−δ2

)1/2α
<
(

2ε
1−ε2

)1/2α
, then (z, r) /∈ S(α)

ε (y, s) implies r /∈( 1−ρ

1+ρ
s, 1+ρ

1−ρ
s
)
, so that S(α)

δ (y, s) ∩ S(α)
δ (z, r) = ∅.

Next, take a positive integer L such that #(X ∩ S(α)
ε (Y)) ≤ L for all Y ∈ H, where

ε is the constant defined above. Then, for any j, m ∈ N, S(α)
δ (X j) ∩ S(α)

δ (Xm) = ∅ holds
whenever Xm /∈ S(α)

ε (X j). Therefore, for each j ∈ N we obtain

#
({

m ∈ N ; m 
= j, S(α)
δ (X j) ∩ S(α)

δ (Xm) 
= ∅}) ≤ L − 1.

Now we will choose a subsequence X1 ⊂ X = {X j} j∈N such that X1 is δ-separated in
the α-parabolic sense. Put

L1 := max
j∈N

#
({

m ∈ N ; m 
= j, S(α)
δ (X j) ∩ S(α)

δ (Xm) 
= ∅}) (≤ L − 1), (11)

and let j(1) be a first integer for which the maximum in Eq. 11 is attained. If

L1 = max
j∈N\{ j(1)}

#
({

m ∈ N \ { j(1)} ; m 
= j, S(α)
δ (X j) ∩ S(α)

δ (Xm) 
= ∅}) (12)

also holds, then let j(2) be a first integer in N \ { j(1)} for which the maximum in
Eq. 12 is attained. Continuing in this fashion if it is possible, we can choose a
subsequence X1 = {X j(k)}k (the sequence X1 is finite or infinite) such that

L1 = #
({

m ∈ N \ { j(1), . . . , j(k − 1)
} ; m 
= j(k), S(α)

δ

(
X j(k)

) ∩ S(α)
δ (Xm) 
= ∅})

(13)

for all k ≥ 1 and

L1 − 1 ≥ max
j∈N\{ j(k)}k

#
({

m ∈ N \ { j(k)}k ; m 
= j, S(α)
δ (X j) ∩ S(α)

δ (Xm) 
= ∅}). (14)

We claim that X1 = {X j(k)}k is δ-separated in the α-parabolic sense. In fact, suppose
contrarily that there exist X j(k), X j(�) ∈ X1 with j(k) > j(�) such that S(α)

δ (X j(k)) ∩
S(α)

δ (X j(�)) 
= ∅. Then, by Eq. 13, we have

L1 + 1 ≤ #
({

m ∈ N ; m 
= j(k), S(α)
δ (X j(k)) ∩ S(α)

δ (Xm) 
= ∅
})

,

because j(�) ∈ { j(1), . . . , j(k − 1)}. This contradicts Eq. 11, and hence X1 is δ-
separated in the α-parabolic sense.

We repeat the similar argument to X \ X1, and choose a subsequence X2 ⊂ X \ X1

which is also δ-separated in the α-parabolic sense. Because of Eq. 14 this operation
stops in finite steps, so that we have X = X1 ∪ · · · ∪ XM, and each sequence Xi is
δ-separated in the α-parabolic sense. ��

Theorem 1 gives us the following useful consequence.

Corollary 2 If a sequence X is δ-separated in the α-parabolic sense for some 0 < δ < 1,
then for any 0 < η < 1, X consists of a finite union of η-separated sequences in the
α-parabolic sense.
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4 Interpolating Sequences of bp
α

In this section, we shall state our bp
α -interpolation theorem. Let 1 ≤ p < ∞, γ ∈ N

n
0 ,

k ∈ N0 and X = {X j} = {(x j, t j)} be a sequence in H. For {λ j} ∈ �p, let

(
Uγ,k

p {λ j}
)
(X) = (Uγ,k

p,X
{λ j}

)
(X) =

∑
j

λ jt
( n

2α
+1)

(
1− 1

p

)
j Rγ,k

α (X, X j) (X ∈ H). (15)

The following lemma shows that the operator Uγ,k
p : �p → bp

α is bounded whenever
{X j} is δ-separated in the α-parabolic sense.

Lemma 5 Suppose X = {X j} = {(x j, t j)} is δ-separated in the α-parabolic sense. Then,
for 1 < p < ∞, the operator Uγ,k

p = Uγ,k
p,X

: �p → bp
α is bounded for each (γ, k) ∈

N
n
0 × N0, while the operator Uγ,k

1 = Uγ,k
1,X

: �1 → b1
α is bounded for each (γ, k) ∈ N

n
0 ×

N0\{(0, 0)}.

Proof Let {λ j} ∈ �p, γ ∈ N
n
0 and k ∈ N0. Then, by Eq. 5, we have

∣∣∣∣∣∣
∑

j

λ jt
( n

2α
+1)

(
1− 1

p

)
j Rγ,k

α (X, X j)

∣∣∣∣∣∣

≤ C
∑

j

|λ j|t−( n
2α

+1) 1
p

j

∫
S(α)

δ (X j)

r
|γ |
2α

+k

(t + r + |x − z|2α)
n+|γ |

2α
+k+1

dV(z, r)

= C
∫

H
f (z, r)

r
|γ |
2α

+k

(t + r + |x − z|2α)
n+|γ |

2α
+k+1

dV(z, r),

where

f (z, r) :=
∑

j

|λ j|t−( n
2α

+1) 1
p

j χ j(z, r)

and χ j denotes the characteristic function of S(α)
δ (X j).

Let 1 < p < ∞ and q be the exponent conjugate to p. Then the Hölder inequality
and Lemma 2 imply that
∣∣∣∣∣∣
∑

j

λ jt
( n

2α
+1)

(
1− 1

p

)
j Rγ,k

α (X, X j)

∣∣∣∣∣∣
p

≤ C
(∫

H

f (z, r)

(t + r + |x − z|2α)
n

2α
+1

dV(z, r)
)p

≤ C
∫

H

f (z, r)p r1/q

(t + r + |x − z|2α)
n

2α
+1

dV(z, r)
(∫

H

r−1/p

(t + r + |x − z|2α)
n

2α
+1

dV(z, r)
)p/q

≤ Ct−1/q
∫

H

f (z, r)p r1/q

(t + r + |x − z|2α)
n

2α
+1

dV(z, r).
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It follows from the Fubini theorem and Lemma 2 that
∥∥∥∥∥∥
∑

j

λ jt
( n

2α
+1)

(
1− 1

p

)
j Rγ,k

α ( · , X j)

∥∥∥∥∥∥
p

p

≤ C
∫

H
f (z, r)p r1/q

∫
H

t−1/q

(t + r + |x − z|2α)
n

2α
+1

dV(x, t)dV(z, r)

≤ C
∫

H
f (z, r)pdV(z, r)

= C
∑

m

∫
S(α)

δ (Xm)

⎛
⎝∑

j

|λ j|t−( n
2α

+1) 1
p

j χ j(z, r)

⎞
⎠

p

dV(z, r)

= C
∑

m

|λm|pt
−( n

2α
+1)

m V(S(α)
δ (Xm))

≤ C
∑

m

|λm|p.

Hence for any (γ, k) ∈ N
n
0 × N0, the series in Eq. 15 converges in norm and the

operator Uγ,k
p : �p → Lp is bounded.

Next we assume that p = 1 and (γ, k) 
= (0, 0). Then, the Fubini theorem and
Lemma 2 again show that

∥∥∥∥∥∥
∑

j

λ j Rγ,k
α ( · , X j)

∥∥∥∥∥∥
1

≤ C
∫

H
f (z, r) r

|γ |
2α

+k
∫

H

1

(t + r + |x − z|2α)
n+|γ |

2α
+k+1

dV(x, t)dV(z, r)

≤ C
∫

H
f (z, r)dV(z, r)

≤ C
∑

m

|λm|.

This completes the proof. ��

Remark 1 We note that for any γ ′ ∈ N
n
0 is a multi-index and � ∈ N0. A series

∑
j

λ jt
( n

2α
+1)

(
1− 1

p

)
j ∂γ ′

x ∂�
t Rγ,k

α (X, X j) (16)

converges uniformly on R
n × [τ, ∞) for every τ > 0. In fact, by Theorem 5.4 of [7],

there exists a constant C > 0 such that |∂γ ′
x ∂�

t u(x, t)| ≤ Ct−
( |γ ′ |

2α
+�
)
−( n

2α
+1) 1

p ‖ u ‖p for
all u ∈ bp

α and (x, t) ∈ H. Hence, the norm convergence of the series Eq. 15 implies
the uniform convergence of the series Eq. 16 on R

n × [τ,∞) for every τ > 0.
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Lemma 6 Let 1< p<∞, 1
p + 1

q = 1, γ ∈ N
n
0 , k ∈ N0 and 0 < δ0 < 1. If X = {X j} =

{(x j, t j)} is δ-separated in the α-parabolic sense with δ0 ≤ δ < 1, then there exists a
constant C = C(n, α, p, γ, k, δ0) > 0 such that
∣∣∣∣∣∣
∑

j

λ jt
( n

2α
+1) 1

q +θ

j ∂γ
x ∂k

t Rα(X, X j)

∣∣∣∣∣∣
p

≤ Ct−
1
q −
( |γ |

2α
+k−θ

)
p∑

j

|λ j|pt
1
q

j(
t + t j + |x − x j|2α

) n
2α

+1

for all {λ j} ∈ �p, 0 < θ ≤ |γ |
2α

+ k, and X = (x, t) ∈ H.

Proof By Eq. 4, we have∣∣∣∣∣∣
∑

j

λ jt
( n

2α
+1) 1

q +θ

j ∂γ
x ∂k

t Rα(X, X j)

∣∣∣∣∣∣

≤ C
∑

j

|λ j|t(
n

2α
+1) 1

q +θ

j(
t + t j + |x − x j|2α

) n+|γ |
2α

+k+1

≤ Ct−
( |γ |

2α
+k−θ

)∑
j

|λ j|t(
n

2α
+1) 1

q

j bα(X, X j),

where bα(X, X j) = (t + t j + |x − x j|2α)−( n
2α

+1). Therefore, the Hölder inequality
implies that

∣∣∣∣∣∣
∑

j

λ jt
( n

2α
+1) 1

q +θ

j ∂γ
x ∂k

t Rα(X, X j)

∣∣∣∣∣∣
p

≤ Cpt−
( |γ |

2α
+k−θ

)
p

⎛
⎝∑

j

|λ j|t
1
pq

j bα(X, X j)
1
p · t

( n
2α

+1) 1
q

j t
− 1

pq

j bα(X, X j)
1
q

⎞
⎠

p

≤ Cpt−
( |γ |

2α
+k−θ

)
p∑

j

|λ j|pt
1
q

j bα(X, X j)

⎛
⎝∑

j

t
n

2α
+1− 1

p

j bα(X, X j)

⎞
⎠

p/q

.

Since 1/3 ≤ t j/r ≤ 3 for (z, r) ∈ S(α)
δ/2(X j), the proof of Lemma 1 implies that

∑
j

t
n

2α
+1− 1

p

j bα(X, X j) ≤ C
∑

j

∫
S(α)

δ/2(X j)

r− 1
p

(t + r + |x − z|2α)
n

2α
+1

dV(z, r)

≤ C
∫

H

r− 1
p

(t + r + |x − z|2α)
n

2α
+1

dV(z, r)

≤ Ct−
1
p ,

where C is independent of δ. ��

The following bp
α -interpolation theorem is the main result of this paper.
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Theorem 2 Let 1 ≤ p < ∞, γ ∈ N
n
0 and k ∈ N0. Then, there exists a positive number

δ0 such that if {X j} is δ-separated in the α-parabolic sense with δ ≥ δ0 then {X j} is
a bp

α -interpolating sequence of order (γ, k).

Proof First, we note that s
n+2|γ |

2α
+k+1∂

2γ
x ∂k

t Rα(y, s; y, s) is constant on H. In fact, by
Eq. 3 and the definition of Rγ,k

α , we see

∂2γ
x ∂k

t Rα(y, s; y, s) = −2
−
(

n+2|γ |
2α

+k
)
s−
(

n+2|γ |
2α

+k+1
)
∂2γ

x ∂k+1
t W(α)(0, 1).

Put dγ,k = s
n+2|γ |

2α
+k+1∂

2γ
x ∂k

t Rα(y, s; y, s). By the proof of (2) of Proposition 1 of [10],
we have ∂

2γ
x ∂k+1

t W(α)(0, 1) 
= 0, and so is dγ,k.
Suppose that {X j} = {(x j, t j)} is δ-separated in the α-parabolic sense. Let 1 < p <

∞ and q be the exponent conjugate to p. Then, by Lemma 5, the operator Uγ,0
p :

�p → bp
α is bounded, and thus Tγ,k

p Uγ,0
p : �p → �p is also bounded by Theorem 1.

We show that there exists a positive number δ0 such that if δ ≥ δ0 then ‖ Tγ,k
p Uγ,0

p −
dγ,k I ‖< |dγ,k|, where I is the identity operator on �p. In fact, the operator Tγ,k

p Uγ,0
p −

dγ,k I maps a sequence {λ j} in �p to a sequence {ξm} in �p given by

ξm = t
( n

2α
+1) 1

p + |γ |
2α

+k
m

(
∂γ

x ∂k
t Uγ,0

p {λ j}
)

(Xm) − dγ,kλm.

From Remark 1, we may differentiate term by term, so that

ξm = t
( n

2α
+1) 1

p + |γ |
2α

+k
m

∑
j

λ jt
( n

2α
+1) 1

q

j ∂γ
x ∂k

t Rγ,0
α (Xm, X j) − dγ,kλm

= t
( n

2α
+1) 1

p + |γ |
2α

+k
m

∑
j
=m

λ jt
( n

2α
+1) 1

q + |γ |
2α

j ∂2γ
x ∂k

t Rα(Xm, X j).

By Lemma 6, we obtain

∑
m

|ξm|p ≤
∑

m

t
n

2α
+1+

( |γ |
2α

+k
)

p
m

∣∣∣∣∣∣
∑
j
=m

λ jt
( n

2α
+1) 1

q + |γ |
2α

j ∂2γ
x ∂k

t Rα(Xm, X j)

∣∣∣∣∣∣
p

≤ C
∑

m

t
n

2α
+1+

( |γ |
2α

+k
)

p
m t

− 1
q −
( |γ |

2α
+k
)

p
m

∑
j
=m

|λ j|pt
1
q

j

(tm + t j + |xm − x j|2α)
n

2α
+1

= C
∑

j

|λ j|p

⎛
⎝t

1
q

j

∑
m
= j

t
n

2α
+1− 1

q
m

(tm + t j + |xm − x j|2α)
n

2α
+1

⎞
⎠
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Since 1/3 ≤ tm/r ≤ 3 for (z, r) ∈ S(α)
δ/2(Xm), the proof of Lemma 1 implies that

t
1
q

j

∑
m
= j

t
n

2α
+1− 1

q
m(

tm + t j + |xm − x j|2α
) n

2α
+1

≤ Ct
1
q

j

∑
m
= j

∫
S(α)

δ/2(Xm)

r− 1
q(

r + t j + |z − x j|2α
) n

2α
+1

dV(z, r)

≤ Ct
1
q

j

∫
H\S(α)

δ (X j)

r− 1
q(

r + t j + |z − x j|2α
) n

2α
+1

dV(z, r)

= Ct
1
q

j

∫
H\S(α)

δ (0,1)

(t jt)
− 1

q

(
t jt + t j + |t 1

2α

j x + x j − x j|2α

) n
2α

+1
t

n
2α

+1
j dV(x, t)

= C
∫

H\S(α)
δ (0,1)

t−
1
q(

t + 1 + |x|2α
) n

2α
+1

dV(x, t).

Here we may assume that C is independent of δ, because our concern is only δ’s near
1. Therefore, we obtain

∥∥∥Tγ,k
p Uγ,0

p − dγ,k I
∥∥∥p ≤ C

∫
H\S(α)

δ (0,1)

t−
1
q

(t + 1 + |x|2α)
n

2α
+1

dV(x, t). (17)

Since the right-hand side of the inequality of Eq. 17 tends to 0 as δ → 1 by Lemma 2,
there exists a positive number δ0 such that if δ ≥ δ0 then ‖ Tγ,k

p Uγ,0
p − dγ,k I ‖< |dγ,k|.

Hence, if δ ≥ δ0, then Tγ,k
p Uγ,0

p is invertible on �p and Tγ,k
p {Uγ,0

p (Tγ,k
p Uγ,0

p )−1} = I.
Therefore Tγ,k

p is onto.
Next we consider the case p = 1. By Lemma 5, the operator Uγ,1

1 : �1 → b1
α is

bounded, and thus Tγ,k
1 Uγ,1

1 : �1 → �1 is also bounded by Theorem 1. We show that
there exists a positive number δ0 such that if δ ≥ δ0 then ‖ Tγ,k

1 Uγ,1
1 + 2dγ,k+1 I ‖<

2|dγ,k+1|. The operator Tγ,k
1 Uγ,1

1 + 2dγ,k+1 I maps a sequence {λ j} in �1 to a sequence
{ξm} in �1 given by

ξm = t
n

2α
+1+ |γ |

2α
+k

m
(
∂γ

x ∂k
t Uγ,1

1 {λ j}
)
(Xm) + 2dγ,k+1λm

= t
n

2α
+1+ |γ |

2α
+k

m

∑
j

λ j∂
γ
x ∂k

t Rγ,1
α (Xm, X j) + 2dγ,k+1λm

= −2t
n

2α
+1+ |γ |

2α
+k

m

∑
j
=m

λ jt
|γ |
2α

+1
j ∂2γ

x ∂k+1
t Rα(Xm, X j).
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Similarly to the case p > 1, we have
∑

m

|ξm| ≤ C
∑

j

|λ j| t
|γ |
2α

+1
j

∑
m
= j

t
n

2α
+1+ |γ |

2α
+k

m
∣∣∂2γ

x ∂k+1
t Rα(Xm, X j)

∣∣

≤ C
∑

j

|λ j| t j

∑
m
= j

t
n

2α
+1

m(
tm + t j + |xm − x j|2α

) n
2α

+2

≤ C
∑

j

|λ j| t j

∑
m
= j

∫
S(α)

δ/2(Xm)

1(
r + t j + |z − x j|2α

) n
2α

+2
dV(z, r)

≤ C
∑

j

|λ j| t j

∫
H\S(α)

δ (X j)

1(
r + t j + |z − x j|2α

) n
2α

+2
dV(z, r)

= C
∑

j

|λ j| t j

∫
H\S(α)

δ (0,1)

1(
t jt + t j + |t 1

2α

j x + x j − x j|2α

) n
2α

+2
t

n
2α

+1
j dV(x, t)

= C
∑

j

|λ j|
∫

H\S(α)
δ (0,1)

1(
t + 1 + |x|2α

) n
2α

+2
dV(x, t),

where C is independent of δ. By Lemma 2, there exists a positive number δ0 such
that if δ ≥ δ0 then ‖ Tγ,k

1 Uγ,1
1 + 2dγ,k+1 I ‖< 2|dγ,k+1|. Hence, we obtain Tγ,k

1 Uγ,1
1 is

invertible, and thus Tγ,k
1 is onto whenever δ ≥ δ0. ��

5 Interpolating Sequences of ˜Bα and ˜Bα,0

In this section, as a limiting case of bp
α (p → ∞), we give interpolation theorems for

α-parabolic Bloch spaces and α-parabolic little Bloch spaces. We recall definitions
of the α-parabolic Bloch space and the α-parabolic little Bloch space. (For details
concerning these spaces, see Sections 7 and 9 of [7].) We denote by Bα the set of all
L(α)-harmonic and C1-class functions u on H such that

‖u‖Bα
= |u(Z0)| + sup

(x,t)∈H

{
t

1
2α |∇xu(x, t)| + t|∂tu(x, t)|} < ∞, (18)

where ∇x denotes the gradient operator and Z0 = (0, . . . , 0, 1) ∈ H. Let B̃α denote
the space of all function u ∈ Bα such that u(Z0) = 0, and we call B̃α the α-parabolic
Bloch space. It is known that B̃α ⊂ C∞ and B̃α is a Banach space under the α-
parabolic Bloch norm ‖ · ‖Bα

(see Theorems 7.3 and 7.4 of [7], respectively). We put

B̃α,0 :=
{

u ∈ B̃α; lim
(x,t)→∂ H∪{∞}

{
t

1
2α |∇xu(x, t)| + t|∂tu(x, t)|} = 0

}
. (19)

This is a closed subspace of B̃α and hence a Banach space with α-parabolic Bloch
norm. We call B̃α,0 the α-parabolic little Bloch space.

Now let X = {X j} = {(x j, t j)} be a sequence in H, (γ, k) ∈ N
n
0 × N0\{(0, 0)}, and

u ∈ B̃α . Define a sequence of real numbers Tγ,k
∞ u by

Tγ,k
∞ u = Tγ,k

∞,X
u =

{
t

|γ |
2α

+k
j ∂γ

x ∂k
t u(X j)

}
. (20)
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We say that {X j} is a B̃α-interpolating sequence of order (γ, k) if Tγ,k
∞ : B̃α → �∞

is bounded and onto. We also say that {X j} is a B̃α,0-interpolating sequence of
order (γ, k) if Tγ,k

∞ : B̃α,0 → c0 is bounded and onto, where c0 is the subspace of �∞
consisting of sequences that converge to 0. We may regard a finite sequence as an
element of c0.

We first note that Tγ,k
∞ : B̃α → �∞ is always bounded, which is given by the

following lemma.

Lemma 7 ([7, Theorem 7.3]) Let (γ, k) ∈ N
n
0 × N0\{(0, 0)}. Then, there exists a con-

stant C > 0 such that

∣∣∣∂γ
x ∂k

t u(x, t)
∣∣∣ ≤ Ct−

( |γ |
2α

+k
)
‖u‖Bα

for all u ∈ B̃α and (x, t) ∈ H.

Next we remark that Tγ,k
∞ maps B̃α,0 into c0 whenever {X j} is δ-separated in the

α-parabolic sense. In fact, it derives from the following lemma, because {X j} diverges
from any compact set of H.

Lemma 8 Let (γ, k) ∈ N
n
0 × N0\{(0, 0)} and u ∈ B̃α,0. Then,

lim
(x,t)→∂ H∪{∞}

t
|γ |
2α

+k∂γ
x ∂k

t u(x, t) = 0.

To prove this lemma, we use the modified α-parabolic Bergman kernel R̃α(X, Y),
which is defined in Section 7 of [7]:

R̃α(X, Y) := Rα(X, Y) − Rα(Z0, Y),

where Z0 = (1, 0, · · · , 0). Then R̃α(X, · ) ∈ b1
α by Lemma 7.5 of [7]. It was shown in

Theorem 7.9 of [7] that

u(x, t) = c�

∫
H

s�∂�
s u(y, s)R̃α(x, t; y, s)dV(y, s) (21)

for all u ∈ B̃α and � ∈ N, where c� = (−2)�/�!.
Now we return to the proof of Lemma 8. The argument here is inspired by [14].

Proof of Lemma 8 Let u ∈ B̃α,0. Then, by Eq. 21 with � = 1, we have

∂γ
x ∂k

t u(x, t) = 4
∫

H
s∂su(y, s)∂γ

x ∂k+1
t W(α)(x − y, t + s)dV(y, s)
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for all (x, t) ∈ H. Given ε > 0, there exists a compact set K ⊂ H such that
|s∂su(y, s)| < ε for all (y, s) ∈ Kc, because u ∈ B̃α,0. Hence if k 
= 0 or γ 
= 0, then
Eq. 4 and Lemma 2 imply that for all (x, t) ∈ H,

t
|γ |
2α

+k
∣∣∣∂γ

x ∂k
t u(x, t)

∣∣∣ ≤ 4t
|γ |
2α

+k
∫

Kc
s |∂su(y, s)| · ∣∣∂γ

x ∂k+1
t W(α)(x − y, t + s)

∣∣dV(y, s)

+ 4t
|γ |
2α

+k
∫

K
s |∂su(y, s)| · ∣∣∂γ

x ∂k+1
t W(α)(x − y, t + s)

∣∣dV(y, s)

≤ Cεt
∫

Kc

1

(t + s + |x − y|2α)
n

2α
+2

dV(y, s)

+ C‖u‖Bα
· t
∫

K

1

(t + s + |x − y|2α)
n

2α
+2

dV(y, s)

≤ Cε + C‖u‖Bα

t

(1 + t + |x|2α)
n

2α
+2

.

Therefore, we have

lim
(x,t)→∂ H∪{∞}

t
|γ |
2α

+k
∣∣∣∂γ

x ∂k
t u(x, t)

∣∣∣ ≤ Cε.

��

For a multi-index γ ∈ N
n
0 and k ∈ N0, we also use the kernel R̃γ,k

α (X, Y) defined
by

R̃γ,k
α (X, Y) := Rγ,k

α (X, Y) − Rγ,k
α (Z0, Y),

where Z0 = (0, 1). We need the following estimate of R̃γ,k
α (X, Y) = R̃γ,k

α (x, t; y, s).

Lemma 9 Let K be a compact subset of H, γ ∈ N
n
0 , k ∈ N0, and 0 < δ < 1. Then, there

exists a constant C = C(n, α, γ, k, δ, K) > 0 such that

s
n

2α
+1
∣∣R̃γ,k

α (x, t; y, s)
∣∣

≤ C
(∫

S(α)
δ (y,s)

1

(1 + r + |z|2α)
n

2α
+2

dV(z, r)+
∫

S(α)
δ (y,s)

1

(1 + r + |z|2α)
n+1
2α

+1
dV(z, r)

)

for all (x, t) ∈ K and (y, s) ∈ H.

Proof The equality

Rγ,k
α (x, t; y, s) − Rγ,k

α (x, 1; y, s)

= −2cks
|γ |
2α

+k (∂γ
x ∂k+1

t W(α)(x − y, t + s) − ∂γ
x ∂k+1

t W(α)(x − y, 1 + s)
)

= −2cks
|γ |
2α

+k
∫ t

1
∂γ

x ∂k+2
t W(α)(x − y, τ + s)dτ
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and Eq. 4 imply that
∣∣∣Rγ,k

α (x, t; y, s) − Rγ,k
α (x, 1; y, s)

∣∣∣ ≤ C1s
|γ |
2α

+k

∣∣∣∣
∫ t

1

1

(τ + s + |x − y|2α)
n+|γ |

2α
+k+2

dτ

∣∣∣∣

≤ C1s
|γ |
2α

+k

(1 + s + |x − y|2α)
n+|γ |

2α
+k+2

≤ C1

(1 + s + |y|2α)
n

2α
+2

for all (x, t) ∈ K and (y, s) ∈ H. The equality

Rγ,k
α (x, 1; y, s) − Rγ,k

α (0, 1; y, s)

= −2cks
|γ |
2α

+k (∂γ
x ∂k+1

t W(α)(x − y, 1 + s) − ∂γ
x ∂k+1

t W(α)(−y, 1 + s)
)

= −2cks
|γ |
2α

+k
∫ 1

0
x · ∇x∂

γ
x ∂k+1

t W(α)(σ x − y, 1 + s)dσ

and Eq. 4 imply that

∣∣∣Rγ,k
α (x, 1; y, s) − Rγ,k

α (0, 1; y, s)
∣∣∣ ≤ C2 s

|γ |
2α

+k|x|
∫ 1

0
|∇x∂

γ
x ∂k+1

t W(α)(σ x − y, 1 + s)|dσ

≤ C2 s
|γ |
2α

+k|x|
∫ 1

0

1

(1 + s + |σ x − y|2α)
n+|γ |+1

2α
+k+1

dσ

≤ C2
1

(1 + s + |y|2α)
n+1
2α

+1

for all (x, t) ∈ K and (y, s) ∈ H. Therefore, we have∣∣∣R̃γ,k
α (x, t; y, s)

∣∣∣
≤
∣∣∣Rγ,k

α (x, t; y, s) − Rγ,k
α (x, 1; y, s)

∣∣∣+
∣∣∣Rγ,k

α (x, 1; y, s) − Rγ,k
α (0, 1; y, s)

∣∣∣
≤ C1

(1 + s + |y|2α)
n

2α
+2

+ C2

(1 + s + |y|2α)
n+1
2α

+1
(22)

for all (x, t) ∈ K and (y, s) ∈ H. As in the proof of Lemma 1, for each k1, k2 ∈ N0

there exists a constant C > 0 such that

s
n

2α
+1

(1 + s + |y|2α)
n+k1

2α
+k2+1

≤ C
∫

S(α)
δ (y,s)

1

(1 + r + |z|2α)
n+k1

2α
+k2+1

dV(z, r) (23)

for all Y = (y, s) ∈ H. Thus, the lemma follows from Eqs. 22 and 23. ��

Let γ ∈ N
n
0 and k ∈ N0. As in Section 4, the following operator Uγ,k

∞ plays an
important role in the theory of interpolation sequences for α-parabolic Bloch spaces
and α-parabolic little Bloch spaces. For {λ j} ∈ �∞, let

(
Uγ,k

∞ {λ j}
)
(X) =

(
Uγ,k

∞,X
{λ j}

)
(X) :=

∑
j

λ jt
n

2α
+1

j R̃γ,k
α (X, X j) (X ∈ H). (24)
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We have the following lemma.

Lemma 10 Let γ ∈ N
n
0 and k ∈ N0. Suppose that X = {X j} = {(x j, t j)} is δ-separated

in the α-parabolic sense. Then, the operator Uγ,k
∞ = Uγ,k

∞,X
: �∞ → B̃α is bounded and

Uγ,k
∞ maps c0 into B̃α,0.

Proof Let {λ j} ∈ �∞. We begin with showing that the series Eq. 24 converges
uniformly on compact subsets of H (we only use the pointwise convergence of this
series later). Let K be a compact subset of H. Lemma 9 implies that

|λ jt
n

2α
+1

j R̃γ,k
α (X, X j)| ≤ C‖{λ j}‖∞

(∫
S(α)

δ (X j)

1

(1 + r + |z|2α)
n

2α
+2

dV(z, r)

+
∫

S(α)
δ (X j)

1

(1 + r + |z|2α)
n+1
2α

+1
dV(z, r)

)

for all X = (x, t) ∈ K, and Lemma 2 shows
∑

j

∫
S(α)

δ (X j)

1

(1 + r + |z|2α)
n

2α
+2

dV(z, r) ≤
∫

H

1

(1 + r + |z|2α)
n

2α
+2

dV(z, r) < ∞

and
∑

j

∫
S(α)

δ (X j)

1

(1 + r + |z|2α)
n+1
2α

+1
dV(z, r) ≤

∫
H

1

(1 + r + |z|2α)
n+1
2α

+1
dV(z, r) < ∞,

hence the series Eq. 24 converges uniformly on K.
Put

uN(X) =
N∑

j=1

λ jt
n

2α
+1

j R̃γ,k
α (X, X j), X ∈ H.

We claim that {uN} is bounded in B̃α . In fact, as in the proof of Lemma 1, for each
(γ ′, �) ∈ N

n
0 × N0\{(0, 0)} we have

N∑
j=1

|λ j|t
n

2α
+1

j

∣∣∣∂γ ′
x ∂�

t R̃γ,k
α (X, X j)

∣∣∣ =
N∑

j=1

|λ j|t
n

2α
+1

j

∣∣∣∂γ ′
x ∂�

t Rγ,k
α (X, X j)

∣∣∣

≤ C

(
sup

1≤ j≤N
|λ j|
)

N∑
j=1

∫
S(α)

δ (X j)

1

(t + r + |x − z|2α)
n+|γ ′ |

2α
+�+1

dV(z, r) (25)

for all X = (x, t) ∈ H. Therefore, Eq. 25 and Lemma 2 also imply that

N∑
j=1

|λ j|t
n

2α
+1

j

∣∣∣∂t R̃γ,k
α (X, X j)

∣∣∣ ≤ Ct−1

(
sup

1≤ j≤N
|λ j|
)

(26)

and
N∑

j=1

|λ j|t
n

2α
+1

j

∣∣∣∂x�
R̃γ,k

α (X, X j)

∣∣∣ ≤ Ct−
1

2α

(
sup

1≤ j≤N
|λ j|
)

(27)
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for all X = (x, t) ∈ H, which shows ‖uN‖Bα
≤ C‖{λ j}‖∞ for all N ∈ N.

Here we recall the fact that the dual space of b1
α can be identified with B̃α under

the pairing

〈u, v〉 = −2
∫

H
s∂su(y, s)v(y, s)dV(y, s), u ∈ B̃α, v ∈ b1

α

(see Theorem 8.4 of [7]). Moreover, since L1 is separable and there exists a bounded
projection P from L1 onto b1

α by (2) of Theorem 6.4 of [7], b1
α is also separable.

Therefore, the Banach-Alaoglu theorem implies that there exists a subsequence
{uNi} ⊂ {uN} and u ∈ B̃α such that {uNi} converges to u in the w*-topology. Hence,
since R̃α(X, · ) ∈ b1

α for each X ∈ H, Eq. 21 with � = 1 shows

u(X) = 〈u, R̃α(X, · )〉 = lim
i

〈uNi , R̃α(X, · )〉 = lim
i

uNi(X) = (Uγ,k
∞ {λ j})(X).

This implies Uγ,k
∞ {λ j} ∈ B̃α and ‖Uγ,k

∞ {λ j}‖Bα
≤ lim inf

i
‖uNi‖Bα

≤ C‖{λ j}‖∞, that is,

the operator Uγ,k
∞ : �∞ → B̃α is bounded.

Next let {λ′
j} ∈ c0 and put

vN(X) =
N∑

j=1

λ′
jt

n
2α

+1
j R̃γ,k

α (X, X j), X ∈ H.

Then, Eq. 4 implies that vN ∈ B̃α,0. Moreover, Eq. 26 and Eq. 27 show that

‖vM − vN‖Bα
≤ C

(
sup

N+1≤ j≤M
|λ′

j|
)

→ 0 (M ≥ N → ∞).

Hence, there exists a function v ∈ B̃α,0 such that {vN} converges to v in B̃α . Therefore,
Proposition 7.2 of [7] implies that

v(X) = lim
N

vN(X) = (Uγ,k
∞ {λ′

j})(X),

which shows Uγ,k
∞ maps c0 into B̃α,0. ��

Remark 2 Let (γ ′, �) ∈ N
n
0 × N0\{(0, 0)}. Then {∂γ ′

x ∂�
t uN} converges uniformly on

R
n × [τ, ∞) for every τ > 0. In fact, Eq. 25 and Lemma 2 give us

N∑
j=1

∣∣∣λ j

∣∣∣t n
2α

+1
j

∣∣∣∂γ ′
x ∂�

t R̃γ,k
α (X, X j)

∣∣∣

≤ C‖{λ j}‖∞
N∑

j=1

∫
S(α)

δ (X j)

1

(t + r + |x − z|2α)
n+|γ ′ |

2α
+�+1

dV(z, r)

≤ Ct−
|γ ′ |
2α

−�

for all X ∈ H. This shows our desired assertion immediately.

We state the interpolation theorems for α-parabolic Bloch spaces and α-parabolic
little Bloch spaces.
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Theorem 3 Let (γ, k) ∈ N
n
0 × N0\{(0, 0)}. Then, there exists a positive number δ0 such

that if {X j} is δ-separated in the α-parabolic sense with δ ≥ δ0 then {X j} is a B̃α-
interpolating and B̃α,0-interpolating sequence of order (γ, k).

Proof We suppose that {X j} = {(x j, t j)} is δ-separated in the α-parabolic sense. By
Lemma 10, the operator Uγ,0

∞ : �∞ → B̃α is bounded and Uγ,0
∞ maps c0 into B̃α,0.

Therefore, the operator Tγ,k
∞ Uγ,0

∞ : �∞ → �∞ is also bounded and maps c0 into c0

by Lemmas 7 and 8. As in the proof of Theorem 2, it suffices to show that there exists
a positive number δ0 such that if δ ≥ δ0 then ‖ Tγ,k

∞ Uγ,0
∞ − dγ,k I ‖< |dγ,k|, where I is

the identity operator on �∞ and dγ,k = s
n+2|γ |

2α
+k+1∂

2γ
x ∂k

t Rα(y, s; y, s).
The operator Tγ,k

∞ Uγ,0
∞ − dγ,k I maps a sequence {λ j} in �∞ to a sequence {ξm} in

�∞ given by

ξm = t
|γ |
2α

+k
m

(
∂γ

x ∂k
t Uγ,0

∞ {λ j}
)
(Xm) − dγ,kλm.

By Remark 2, we can differentiate term by term, so that

ξm = t
|γ |
2α

+k
m

∑
j

λ jt
n

2α
+1

j ∂γ
x ∂k

t R̃γ,0
α (Xm, X j) − dγ,kλm

= t
|γ |
2α

+k
m

∑
j
=m

λ jt
n+|γ |

2α
+1

j ∂2γ
x ∂k

t Rα(Xm, X j).

Since 1/3 ≤ t j/r ≤ 3 for (z, r) ∈ S(α)
δ/2(X j), Eq. 4 and the proof of Lemma 1 show that

|ξm| ≤ t
|γ |
2α

+k
m

∑
j
=m

|λ j|t
n+|γ |

2α
+1

j |∂2γ
x ∂k

t Rα(Xm, X j)|

≤ Ct
|γ |
2α

+k
m

∑
j
=m

|λ j|t
n+|γ |

2α
+1

j

(tm + t j + |xm − x j|2α)
n+2|γ |

2α
+k+1

≤ C‖{λ j}‖∞ t
|γ |
2α

+k
m

∑
j
=m

∫
S(α)

δ/2(X j)

1

(tm + r + |xm − z|2α)
n+|γ |

2α
+k+1

dV(z, r)

≤ C‖{λ j}‖∞ t
|γ |
2α

+k
m

∫
H\S(α)

δ (Xm)

1

(tm + r + |xm − z|2α)
n+|γ |

2α
+k+1

dV(z, r)

= C‖{λ j}‖∞ t
|γ |
2α

+k
m

∫
H\S(α)

δ (0,1)

1

(tm+tmt+|xm − (t
1

2α
m x + xm)|2α)

n+|γ |
2α

+k+1
t

n
2α

+1
m dV(x, t)

= C‖{λ j}‖∞
∫

H\S(α)
δ (0,1)

1

(1 + t + |x|2α)
n+|γ |

2α
+k+1

dV(x, t).

Hence, as in the proof of Theorem 2, Lemma 2 implies that there exists a positive
number δ0 such that if δ ≥ δ0 then ‖ Tγ,k

∞ Uγ,0
∞ − dγ,k I ‖< |dγ,k|. ��
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