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Abstract The paper contains several characterizations of Banach lattices E with the

dual positive Schur property (i.e., 0 � fn
σ(E∗,E)−−−−−→ 0 implies ‖ fn‖ → 0) and various

examples of spaces having this property. We also investigate relationships between the
dual positive Schur property, the positive Schur property, the positive Grothendieck
property and the weak Dunford–Pettis property.
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1 Introduction

Several types of the Schur property is considered in the theory of Banach lattices.
Namely, a Banach lattice E = (E, ‖ · ‖) has

– the Schur property, if xn → 0 weakly, then ‖xn‖ → 0,
– the positive Schur property, whenever 0 � xn → 0 weakly implies ‖xn‖ → 0,
– the strong Schur property if there exists a number K > 0 such that for all δ ∈ (0, 2]

every δ-separated sequence in the unit ball contains a subsequence K δ-equivalent
to the standard �1-basis,
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– the dual positive Schur property, if 0 � fn → 0 in the weak∗ topology, then
‖ fn‖ → 0.

Results concerning the first three Schur type properties are scattered in a literature
but the most essential characterizations, descriptions, examples etc. one can find in
[4,10,16,25,30,33]. The present paper is devoted to the fourth property which was
introduced in [6]. We present several characterizations of the property (Sect. 2) and
examples of Banach lattices having the dual positive Schur property (Sect. 4). Our
terminology and notations are standard–we follow by [2,3,23,38].

Investigating the dual positive Schur property we easily find its relationships with
the Grothendieck and the positive Grothendieck properties. Let us recall that a Banach
lattice E has

– the Grothendieck property if weak∗ null sequences in E∗ are weak null,
– the positive Grothendieck property if weak∗ null sequences with positive terms

are weak null.

Results concerning the Grothendieck property are presented in [23, Section 5.3] and in
[26] (see also [12] where classical function spaces having the Grothendieck property
are investigated).

In the sequel we will use notations E ∈ (SP), E ∈ (PSP), E ∈ (SSP), E ∈ (DPSP),
E ∈ (GP), E ∈ (PGP) to express that a Banach lattice E has a suitable Schur or
Grothendieck property. The “positive” properties are essentially weaker than “non-
positive”. Indeed, L1(μ) ∈ (PSP) but L1(μ) ∈ (SP) if and only if μ is purely atomic.
The space c of convergent sequences has the positive Grothendieck property (there
even holds c ∈ (DPSP) because every positive functional on c attends its norm at
the sequence (1, 1, 1, . . . )) but c /∈ (GP) because nonreflexive spaces having the
Grothendieck property are not separable (see [23, Proposition 5.3.10]). Moreover, if
c0 is considered with a norm ‖(ak)‖n = sup|F |�n

∑
n∈F |an| and E = (⊕(c0, ‖·‖n))c0 ,

then E∗ ∈ (SP) but E∗ /∈ (SSP) (this example was found by Knaust and Odell—see
[33] for details). On the other hand (PSP) and (SP) coincide in the class of discrete
Banach lattices (see [30, p. 19]) and (PGP) is equivalent to (GP) for Banach lattices
having the interpolation property (see [23, Theorem 5.3.13]).

The lattice operations are discontinuous in the weak and weak∗ topologies in infi-
nite dimensional spaces (see [2, Theorem 2.36]) which is a reason that “positive”
properties are weaker than their “non-positive” prototypes. Sometimes the modulus is
weakly sequentially continuous or sequentially weak∗ continuous. Indeed, since the
weak convergence of sequences in spaces C(K ) means their norm boundedness and
pointwise convergence then the modulus is weakly sequentially continuous in C(K ).
The same holds in discrete Banach lattices with order continuous norms (see [23,
Proposition 2.5.23]). Moreover, as it was noticed in [32, Theorem 6.6], the modulus is
sequentially weak∗ continuous in the dual of a σ -Dedekind complete Banach lattice
E if and only if E is discrete and its norm is order continuous. Below we present an
alternative more elementary proof, based on the Schur property, of “if” part.

Proposition 1.1 If E is a discrete Banach lattice with order continuous norm, then
the operations x → |x | and f → | f | are sequentially σ(E, E∗) continuous in E and
sequentially σ(E∗, E) continuous in E∗, respectively.
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Proof Let (eα)α∈A be a complete disjoint system in E consisting of discrete ele-
ments. Since the norm in E is order continuous, then every x ∈ E is of the form
x = ∑

α tα(x)eα where numbers tα(x) are uniquely determined and {α : tα(x) �= 0}
is at most countable. Functionals fα defined by fα(x) = tα(x) are homomorphisms,
and so they are discrete in E∗. It is easy to see that ( fα)α∈A is a complete disjoint
system in E∗. According to [2, Theorem 1.75] for an arbitrary f ∈ E∗ there exists
a unique family (sα( f ))α∈A of numbers such that f = (o)

∑
α sα( f ) fα , i.e. there

exists a net (g�) ⊂ E∗+ decreasing to zero, indexed by finite nonempty subsets of A,
satisfying the condition | f − ∑

α∈� sα( f ) fα| � g�. Hence for every x ∈ E there
holds | f (x)− ∑

α∈� sα( f ) fα(x)| � g�(|x |) ↓ 0, i.e., f (x) = ∑
α sα( f ) fα(x).

Suppose gn → 0 in the weak∗ topology and fix x = ∑
α tα(x)eα ∈ E .

Since the convergence is unconditional then for every a = (aα) ∈ �∞(A) there
exists xa = ∑

α aαtα(x)eα ∈ E . Clearly gn(xa) = ∑
α aαtα(x)sα(gn), and so

cn = (tα(x)sα(gn))α ∈ �1(A). Moreover gn(xa) → 0 for every a, i.e., (cn) is weakly
null in �1(A). Hence ‖cn‖ = ∑

α |tα(x)sα(gn)| → 0 because �1(A) ∈ (SP). Finally,
for x ∈ E+ we obtain |gn|(x) = ∑

α |sα(gn)|tα(x) = ∑
α |sα(gn)tα(x)| → 0, i.e.,

|gn| σ(E∗,E)−−−−−→ 0.
Similar arguments work for the weak convergence. Assume xm = ∑

α tα(xm)eα →
0 weakly in E . Without loss of generality we can assume A = N because A0 =⋃∞

m=1{α : tα(xm) �= 0} is at most countable, xm ∈ B = {eα : α ∈ A0}dd, and we can
restrict our considerations to the band B where (eα)α∈A0 is an unconditional basis.

Fix f ∈ E∗+. Since the expression of every x ∈ E is unconditional, then the equality
fa(x) = ∑

n antn(x) f (en) defines a continuous linear functional fa on E for every
a = (an) ∈ �∞. Therefore (tn(x) f (en)) ∈ �1. Hence elements cm = (tn(xm) f (en))

form a weak null sequence in �1 because
∑

n antn(xm) f (en) = fa(xm) → 0 for every
a = (an) ∈ �∞. Using the Schur property we obtain f (|xm |) = ∑

n |tn(xm)| f (en) →
0, i.e., |xm | → 0 in the weak topology. ��
Remark 1.2 It is worth to recall two results due to Chen and Wickstead related to
Proposition 1.1.

1. If E is a Banach lattice without discrete elements and the norm on E is order
continuous, then for every x ∈ E+ there exists a weak null sequence (xn) with
|xn| = x for every n (see [8, Theorem 2.2]).

2. If the dual E∗ does not contain discrete elements, then for every f ∈ E∗+ there
exists weak∗ null sequence ( fn) such that | fn| = f for every n (see [9, Theorem
3.1]).

It is easy to observe that the modulus preserves weak convergence of sequences with
disjoint terms. Using [1, Lemma 1.6.1] and an idea from [31] we obtain the following
result.

Proposition 1.3 If |xn| ∧ |xm | = 0 and xn → x weakly, then x = 0 and |xn| → 0
weakly.

Proof Sequences (xn), (|xn|) form unconditional basic sequences and x ∈ span{xn :
n ∈ N}. If ( fn) is the sequence of biorthogonal functionals associated to (xn)

then fk(x) = limn→∞ fk(xn) = 0, and so x = 0. The equality |∑m
k=n tk |xk || =
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| ∑m
k=n tk xk | shows that the basic sequences are equivalent. Therefore span{xn : n ∈

N} and span{|xn| : n ∈ N} are isomorphic and there exists an isomorphism mapping xn

onto |xn| (see [20] a remark after Definition 1.a.7). Finally |xn| → 0 weakly because
the weak topology of a subspace is a restriction of the weak topology to this subspace.

��
An analogue of Proposition 1.3 is false for weak∗ convergence. An example pre-

sented below is based on an idea borrowed from [9]. Let K be a compact space con-
taining a sequence (sn) convergent to s0 such that sk �= sm for k �= m. Denote by en the
evaluation at point sn . Define Fn ∈ C(K )∗ putting Fn = e3n−3 − e3n−2 + e3n−1 − e3n

for even n and Fn = e3n−2 − e3n−1 for odd n. There holds Fm ⊥ Fj for m �= j and
Fn → 0 ∗-weakly. On the other hand |F2n| → 4e0 and |F2n−1| → 2e0 in the weak∗
topology. Since e0 �= 0, then the weak∗ limit of (|Fn|) does not exists.

Our example together with next proposition gives an alternative proof of the fol-
lowing known fact.

Let K be an infinite quasi-Stonian compact space. A sequence (sn) ⊂ K is conver-
gent if and only if it is eventually constant.

Proposition 1.4 Suppose that a Banach lattice E is a σ -Dedekind complete.

If fn
σ(E∗,E)−−−−−→ f and | fm | ∧ | f j | = 0 for m �= j , then f = 0 and | fn| σ(E∗,E)−−−−−→ 0.

Proof Let a sequence ( fn) consisting of disjoint elements be weak∗ convergent to
f . Choose x ∈ E and ε > 0. According to [3, Theorem 4.42] we can find g ∈ E∗+
satisfying the condition (| fn| − g)+(|x |) � ε

2 for all n. Put hn = (| fn| − g)+.
Since | fn| � hn + g, then by Riesz decomposition property | fn| = un + vn where
un, vn ∈ E∗+ and un � hn , vn � g. Clearly vn � | fn| and so vm ∧ vk = 0. Hence∑m

n=1 vn(|x |) = (
∨m

n=1 vn)(|x |) � g(|x |) and we obtain vn(|x |) < ε
2 for sufficiently

large n. Therefore || fn|(x)| � | fn|(|x |) = un(|x |)+ vn(|x |) � hn(|x |)+ vn(|x |) < ε

for large n. We have just proved | fn| → 0 in the weak∗ topology what implies

fn
σ(E∗,E)−−−−−→ 0, i.e., f = 0. ��

Remark 1.5 As we showed before, Proposition 1.4 is false if we reject the assump-
tion of the σ -Dedekind completeness. On the other hand there exist non σ -Dedekind
complete Banach lattices for which the conclusion of Proposition 1.4 remains true.
Indeed, it is well known that �∞ ∈ (GP) and that the Grothendieck property is pre-
served by quotients. Hence the conclusion of Proposition 1.4 holds for E = �∞/c0
due to Proposition 1.3 but �∞/c0 is not σ -Dedekind complete.

2 The dual positive Schur property and the positive Grothendieck property

It is clear that every (linear and continuous) operator T : E → c0 is represented by
some weak∗ null sequence ( fn) and T is weakly compact (compact) if and only if
fn → 0 weakly ( fn → 0 in norm). Therefore the following equivalences are obvious.

E ∈ (PGP) if and only if every positive operator T : E → c0 is weakly compact,
E ∈ (DPSP) if and only if every positive operator T : E → c0 is compact.
Combining the open mapping theorem with the above operator characterizations we

get that positive surjections preserve the dual positive Schur property and the positive
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Grothendieck property. In particular positively complemented Riesz subspaces and
quotients (by closed ideals) of spaces with the dual positive Schur property (positive
Grothendieck property) also have the property. It is also completely clear that

E ∈ (DPSP) if and only if E∗ ∈ (PSP) and E ∈ (PGP).

The last equivalence has several simple consequences.

Proposition 2.1 Let a Banach lattice E ∈ (DPSP). Then

(a) The dual E∗ has order continuous norm.
(b) The norm on E is not order continuous when E is infinite dimensional.
(c) E∗ /∈ (DPSP) whenever dim E = ∞.
(d) If E is additionally σ -Dedekind complete and infinite dimensional, then E is non

separable and E∗ ∈ (PSP) but E∗ /∈ (SP) (in particular, E∗ is not discrete).

Proof (a) The positive Schur property implies the order continuity of a norm.
(b) It is enough to apply the following characterization: a norm in E is order

continuous if and only if norm bounded disjoint positive functionals on E are weak∗
convergent to zero (see [32, Theorem 2.2]).

(c) is obvious as in immediate consequence of (a) and (b).
(d) If E were separable then the norm on E would be order continuous which

contradicts (b). Similarly, supposing E∗ ∈ (SP) we obtain E does not contain any
subspace isomorphic to �1 (see [30, Theorem 1]). According to [32, Theorem 4.7]
both E and E∗ have order continuous norms which is impossible by (b). The dual E∗
can not be discrete because for discrete spaces the (PSP) and (SP) coincide. ��

A result of Dodds–Fremlin ([11, Corollary 2.7]) will be useful for our further
considerations. We remind the reader of it below (an elegant and short proof may be
found in [13, Proposition 4]).

Theorem 2.2 Let E be a Banach lattice. A sequence ( fn) ⊂ E∗ is norm convergent
to zero if and only if | fn| → 0 in the weak∗ topology and fn(xn) → 0 for every norm
bounded disjoint sequence (xn) ⊂ E.

Our next result shows that we can restrict sequences appearing in the definition of
the dual positive Schur property to disjoint sequences. It is useful when we want to
verify if a concrete Banach lattice has the dual positive Schur property.

Proposition 2.3 A Banach lattice E has the dual positive Schur property if and only
if an arbitrary sequence of positive disjoint functionals weak∗ convergent to zero is
norm null.

Proof Let E∗+ � fn → 0 in the weak∗ topology and let disjoint terms of a sequence
(xn) belong to positive part of the unit ball of E . According to Theorem 2.2 it is
sufficient to show fn(xn) → 0. Suppose that our conjecture is false. Passing to a
subsequence if necessary we can assume fn(xn) > ε > 0 for all n. Applying [32,
Proposition 0.3.11] we find gn ∈ E∗+ such that gn ∧ gm = 0, gn � fn and gn(xn) =
fn(xn). Therefore (gn) is weak∗ null, and it should be ‖gn‖ → 0 but ε < fn(xn) =
gn(xn) � ‖gn‖, a contradiction. ��
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It is worth to note that the condition

(+) fk ∧ fm = 0 and fn
σ(E∗,E)−−−−−→ 0 implies fn

σ(E∗,E∗∗)−−−−−−→ 0

does not characterize the positive Grothendieck property. Indeed, every AL-space E
satisfy the condition (+) because weak∗ convergent sequences ( fn) in E∗ are order
bounded, and so they are weakly convergent whenever fk ∧ fm = 0. On the other hand
none infinite dimensional AL-space E ∈ (PGP). If it were true that E ∈ (PGP) there
would be �1 ∈ (PGP) because �1 is positively complemented in E but for functionals
fn ∈ (�1)∗ represented by the characteristic functions of sets N � {1, . . . , n} there
holds fn → 0 in the weak∗ topology and F( fn) = 1, where F is the Banach limit,
i.e., ( fn) is not weak null.

The authors of [6] noticed that the dual positive Schur property is related to the so
called bi-sequence property. We say that a Banach lattice E satisfies the bi-sequence
property if fn(xn) → 0 for every weak null sequence (xn) ⊂ E+ consisting of
disjoint elements and every weak∗ null sequence ( fn) ⊂ E∗+. Our succeeding result
shows conditions equivalent to the bi-sequence property.

Proposition 2.4 For a Banach lattice E the following statements are equivalent.

(a) For arbitrary sequences (xn) ⊂ E, ( fn) ⊂ E∗ such that xk ∧ xm = 0,

fk ∧ fm = 0, xn
σ(E,E∗)−−−−−→ 0, fn

σ(E∗,E)−−−−−→ 0 there holds fn(xn) → 0.
(b) E has the bi-sequence property.

(c) For all sequences (xn) ⊂ E+, ( fn) ⊂ E∗ such that fk ∧ fm = 0, xn
σ(E,E∗)−−−−−→ 0,

fn
σ(E∗,E)−−−−−→ 0 there holds fn(xn) → 0.

(d) For all sequences (xn) ⊂ E+, ( fn) ⊂ E∗+ such that xn
σ(E,E∗)−−−−−→ 0, fn

σ(E∗,E)−−−−−→ 0
there holds fn(xn) → 0.

Proof (a) ⇒ (b) It is enough to repeat the proof of Proposition 2.3.
(b) ⇒ (d) Let (xn) ⊂ E+, ( fn) ⊂ E∗+ be weak null and weak∗ null respectively.

Since X = {xn : n ∈ N} ∪ {0} is weakly compact, then according to [3, Theorem
4.34] vn → 0 weakly for every sequence (vn) ⊂ sol X consisting of disjoint elements.
The bi-sequence property implies supk | fk(vn)| → 0. Hence an operator T : E →
c0 defined by T (x) = ( fn(x)) satisfies a condition ‖T (vn)‖ → 0 for sequences
(vn) ⊂ sol X of disjoint elements. Fix ε > 0. Applying [3, Theorem 4.36] we can find
uε ∈ E+ such that supk | fk((xn −uε)+)| = ‖T ((xn −uε)+)‖ < ε

2 for all n. Moreover
fn(uε) <

ε
2 for sufficiently large n. Finally 0 � fn(xn) � fn((xn −uε)+)+ fn(uε) �

supk | fk((xn − uε)+)| − fn(uε) < ε for large n, i.e., fn(xn) → 0.
(d) ⇒ (c) ⇒ (a) Obvious. ��
Below we formulate a few simple characterizations of the dual positive Schur prop-

erty. They show the property is related to the weak Dunford–Pettis property considered
in [26, Section 9], [5,31]. Let us recall that a Banach lattice E has the weak Dunford–
Pettis property (shortly E ∈ (wDPP)) if every weakly compact operator on E maps
weak null disjoint sequences onto norm convergent. As it was shown in [5, Theorem
2.2] the condition E ∈ (wDPP) means exactly that weakly compact operators on E
transform weak null positive sequences onto norm convergent.
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Proposition 2.5 For a Banach lattice E the following statements are equivalent.

(a) E ∈ (DPSP).
(b) E ∈ (PGP) and E∗ ∈ (PSP).
(c) E ∈ (PGP) and E ∈ (wDPP).
(d) E∗ has order continuous norm and E has the bi-sequence property.

Remark 2.6 The equivalence (a) ⇔ (d) was proved in [6].

Proof (a) ⇒ (b) Obvious.
(b) ⇒ (c) By [31, Theorem 4] a condition E∗ ∈ (PSP) implies E ∈ (wDPP).
(c) ⇒ (d) Since the positive Grothendieck property is inherited by positively com-

plemented Riesz subspaces and, as we have already noticed, �1 /∈ (PGP), then our the
assumption E ∈ (PGP) implies E does not contain any Riesz subspace order isomor-
phic to �1, i.e., the dual norm is order continuous (see [32, Theorem 3.2]). Suppose that
xm ∧ xk = 0, xn → 0 weakly, 0 � fn → 0 in the topology σ(E∗, E). The positive
Grothendieck property implies the operator T : E → c0 given by the equality T (x)
= ( fn(x)) is weakly compact. Therefore 0 � fn(xn) � supk | fk(xn)| = ‖T (xn)‖ →
0 by the weak Dunford–Pettis property, i.e., E has the bi-sequence property.

(d) ⇒ (a) see [6] the proof of Proposition 3.4. ��
The dual positive Schur property can be also characterized by suitable properties

of operators.

Proposition 2.7 For a Banach lattice E the following statements are equivalent.

(a) E ∈ (DPSP).
(b) Every order weakly compact operator on E is M-weakly compact.
(c) Every positive weakly compact operator mapping E into a Banach lattice is semi-

compact.
(d) If F is a discrete Banach lattice with order continuous norm, then every positive

operator T : E → F is compact.
(e) Every positive operator T : E → c0 is compact.

Proof (a) ⇒ (b) Since E ∈ (PGP) then by [23, Theorem 5.3.13] order weakly compact
operators on E are weakly compact but weakly compact operators on E are M-weakly
compact because E∗ ∈ (PSP)–see [30, Theorem 8].

(b) ⇒ (c) Apply [3, Theorem 5.72].
(c) ⇒ (d) It is enough to notice that almost order bounded sets in discrete Banach

lattices with order continuous norms are relatively compact.
(d) ⇒ (e) ⇒ (a) are obvious. ��
The statement (d) formulated in Proposition 2.7 motivates considerations of the

following property of a Banach lattice E .
(∗) If F is a Banach lattice with order continuous norm and T : E → F is positive,

then T is compact.
Let us note that σ -Dedekind complete Banach lattices E satisfying (∗) are finite

dimensional. Indeed, condition (∗) implies E does not contain any order isomorphic
copy of �∞. On the contrary there would exist a positive projection P : E → �∞.
On account of [32, Theorem 6.5] we can choose a positive non compact operator
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T : �∞ → L1[0, 1]. Thus the composition T ◦P is a non compact map from E into
L1[0, 1], a contradiction. Since E is σ -Dedekind complete and contains no copies of
�∞ its norm is order continuous. Condition (∗) implies the identity on E is compact,
i.e., E is finite dimensional.

On the other hand there exist spaces C(K ) satisfying (∗) and we can characterize
them.

Proposition 2.8 For an AM-space E with an order unit the following statements are
equivalent.

(a) E∗ is order isomorphic to �1(�) for some set �.
(b) E does not contain any closed subspace isomorphic (i.e., linearly homeomorphic)

to �1.
(c) E satisfies (∗).
(d) Every positive operator T : E → (�∞)∗ is compact.

Proof (a) ⇒ (b) Since E∗ ∈ (SP) then E does not contain any copy of �1 (see [30,
Theorem 1]).

(b) ⇒ (c) Suppose F is a Banach lattice with the order continuous norm. Every
positive operator T : E → F maps the unit ball, which is an order bounded set, into a
weakly compact set in F because order intervals in F are weakly compact. The space
E has the Dunford–Pettis property, and so T is a Dunford–Pettis operator but classes
of Dunford–Pettis operators and compact operators defined on spaces without copies
of �1 are the same.

(c) ⇒ (d) Obvious.
(d) ⇒ (a) Using [32, Theorem 6.7] we obtain E∗ is a discrete AL-space, and so it

is order isomorphic to some �1(�). ��
Remark 2.9 If K is a countable compact space then C(K ) satisfies (∗) because
(C(K ))∗ is isomorphic to �1 (see [1, p. 97 Remark 4.5.3]).

We should also mention a necessary condition for the dual positive Schur property
which is due to Wójtowicz (see [35, Theorem 1]). Since the result is presented in [35]
without proof we show it below with details.

Proposition 2.10 If a Banach lattice E has the dual positive Schur property, then E
can not be positively and surjectively mapped onto any infinite dimensional Banach
lattice with order continuous norm.

Proof Assume that an infinite dimensional Banach lattice F possesses order continu-
ous norm and T : E → F is a positive surjection. The adjoint operator T ∗ is a positive
isomorphic embedding by the closed range theorem (see [27, Theorem 11-3-4]). Since
F∗ is infinite dimensional it contains a sequence (gn) of norm one positive disjoint
element. It has to be gn → 0 in the weak∗ topology according to the order conti-
nuity of F (see [32, Theorem 2.2]). Clearly T ∗(gn) �= 0 by injectivity of T ∗. Put
fn = T ∗(gn)/‖T ∗(gn)‖. There holds 0 � fn , ‖ fn‖ = 1 and M = inf ‖T ∗(gn)‖ > 0.
Hence | fn(x)| � M−1|gn(T (x))| for every x ∈ E , i.e., fn → 0 in the weak∗ topology,
which contradicts the dual positive Schur property of E . ��
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In the last section we will show that the theorem converse to Proposition 2.10 is false.
We finish this part formulating some characterization of the positive Grothendieck
property which is closely related to exercise 5.3.E2 in [23]. The following version of
Räbiger’s Lemma (see [26, Lemma 2.1]) will be useful as a tool of a proof.

Lemma 2.11 For a Banach lattice E the following statements are equivalent.

(a) There does not exist any positive linear surjective operator from E onto c0.
(b) If 0 � fn → 0 in the topology σ(E∗, E), then ( fn) is not equivalent to the unit

vector basis in �1.

We omit the proof of Lemma 2.11 because it is enough to repeat arguments used
in [26].

Proposition 2.12 For a Banach lattice E the following statements are equivalent.

(a) E ∈ (PGP).
(b) If F is a non reflexive Banach lattice with order continuous norm, then none

positive operator T : E → F is surjective.
(c) There does not exists any positive surjection T : E → c0.

Proof (a) ⇒ (b) Suppose F is a non reflexive Banach lattice whose norm is order con-
tinuous. The space F contains an order isomorphic copy of �1 or c0 (see [32, Theorem
8.1]). Order copies of �1 are positively complemented in every Banach lattice and
order continuity of the norm implies that also order copies of c0 are positively com-
plemented in F (see [32, Theorem 1.8]). If T : E → F were a positive surjection, then
the composition of T with a positive projection would be a positive surjection mapping
E onto �1 or c0 but positive surjective images of spaces with the positive Grothendieck
property have the positive Grothendieck, a contradiction because �1, c0 /∈ (PGP).

(b) ⇒ (c) Obvious.
(c) ⇒ (a) It is known that there exists a positive linear surjection from �1 onto c0

(see [23] exercise 2.1.E1), and so E does not possess any positively complemented
copy of �1, i,e, the dual norm is order continuous which means the weak sequential

completeness of E∗. Let 0 � fn
σ(E∗,E)−−−−−→ 0. According to Lemma 2.11 and the

Rosenthal’s �1-theorem the sequence ( fn) contains a weak Cauchy subsequence ( fnk ),
and so ( fnk ) is weakly convergent. Hence fn → 0 in the weak topology. ��

3 A remark on λ-sums of Banach lattices

Let Ek = (Ek, ‖ · ‖), k ∈ N, be Banach lattices and let λ = (λ, ‖ · ‖λ) be a Banach
lattice which is an ideal in R

N containing all unit vectors. The space (⊕Ek)λ, called
the λ-sum of spaces Ek , is defined as follows

(⊕Ek)λ =
{

(xk) ∈
∏

k

Ek : (‖xk‖k) ∈ λ
}

.

The space (⊕Ek)λ is a Banach lattice under the order induced from the product∏
k Ek and under the norm ‖(xk)‖ = ‖(‖xk‖k)‖λ. It is well known that the space λn of

order continuous functionals on λ (which are norm continuous because they are order
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bounded—see [3, Lemma 1.54]) can be identified with the Köthe dual λ× = {(bk) ∈
R

N : (akbk) ∈ �1 for every (ak) ∈ λ}. The correspondence λn � f → (bk) ∈ λ×
is defined by f ((ak)) = ∑∞

k=1 akbk and λ× is considered with the norm ‖(bk)‖ =
sup‖(ak )‖λ�1 | ∑k akbk |. The space λ× becomes a Banach lattice under the standard
pointwise order. Since λ× contains unit vectors and it is complete then λ× contains
sequences with strictly positive terms. For more details concerning Köthe duals we
refer the reader to [17, Chapter 6, section 1] and [37, Chapter 15].

A description of the space of order continuous functionals on (⊕Ek)λ is an aim of
our present considerations. We will need an additional notation. Namely, if a sequence
(
∑n

k=1 xk) is order convergent to x we will write x = (o)
∑∞

k=1 xk .
Let E = (⊕Ek)λ and let Jk : Ek → E be an operator defined by Jk(x) =

(0, . . . , 0, x, 0, . . . ) where x is located on k-th place. Clearly Jk is an order isomor-
phism onto a band in E . The spaces of order continuous functionals on E and Ek will
be denoted by En and (Ek)n respectively.

Fix f ∈ En and put fk = f ◦ Jk . Clearly fk ∈ (Ek)n . We claim (‖ fk‖∗
k) ∈ λ×

where ‖ · ‖∗
k is the dual norm in E∗

k . Let all terms of a sequence (bk) ∈ λ× be
strictly positive. Choose xk in the unit ball of Ek such that ‖ fk‖∗

k < | fk(xk)| +
bk and let εk ∈ {−1, 0, 1} be such that εk fk(xk) = | fk(xk)|. Since λ is an
ideal in R

N then (|ak |εk xk) ∈ E for an arbitrary (ak) ∈ λ and f ((|ak |εk xk))

= f ((o)
∑∞

k=1 Jk(|ak |εk xk)) = ∑∞
k=1 |ak || fk(xk)| by order continuity of f . There-

fore
∑∞

k=1 |ak |‖ fk‖∗
k � f ((|ak |εk xk))+∑∞

k=1 |ak |bk < ∞ and we are done. We have
just proved that the equality T ( f ) = ( fk) defines a linear operator mapping En into
(⊕(Ek)n)λ× .

Let us note that for every 0 � x ∈ Ek there holds (| f | ◦ Jk)(x) =
sup|z|�Jk(x) | f (z)| = sup|y|�x | f (Jk(y)| = | f ◦ Jk |(x), and so T is a homomor-
phism. If (xk) ∈ E , then f ((xk)) = f ((o)

∑∞
k=1 Jk(xk)) = ∑∞

k=1 fk(xk). The
last observation implies injectivity of T . Moreover T is a surjection. Indeed, fix
( fk) ∈ (⊕(Ek)n)λ× . For an arbitrary x = (xk) ∈ E the series

∑∞
k=1 fk(xk) is

absolutely convergent and the formula f (x) = ∑∞
k=1 fk(xk) defines a linear func-

tional on E . We claim f ∈ En . Assume xα = (xα(k)) ↓α 0 in E . Choose ε > 0
and α0. Let k0 be such that

∑∞
k=k0+1 | fk(xα0(k))| � ε

2 . Since xα(k) ↓ 0 in Ek

and fk ∈ (Ek)n , then
∑k0

k=1 | fk(xα(k))| < ε
2 for sufficiently large α � α0. Hence

| f (xα)| < ε for large α.
Our previous considerations lead us to the following result.

Proposition 3.1 If E = (⊕Ek)λ, then the space En of order continuous functionals
on E is order isomorphic (and so linearly homeomorphic ) to (⊕(Ek)n)λ× .

The λ-sums allows us to produce examples of Banach lattices with various prop-
erties. For instance repeating arguments used in [30] we can prove that if λ ∈ (SP),
then (⊕Ek)λ ∈ (SP) whenever all Ek have the Schur property and (⊕Ek)λ ∈ (PSP)
when Ek ∈ (PSP) for all k.

4 Examples

It is easy to check that C(K ) ∈ (DPSP) (compare [6]) for every compact space K
because positive functionals on C(K ) attend their norms on the constant function
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equals one. Using [23, Theorem 5.3.13] and remembering that (C(K ))∗ ∈ (PSP),
we obtain quickly a characterization of AM-spaces having the positive dual Schur
property.

Proposition 4.1 For an AM-space E the following statements are equivalent.

(a) E ∈ (DPSP).
(b) E ∈ (PGP).
(c) E does not contain any positively complemented order copy of c0.

If an AM-space E ∈ (DPSP), then also its even duals have the dual positive Schur
property because they are AM-spaces with a strong unit. Below we show that many
Musielak–Orlicz spaces have the dual positive Schur property.

Let (T, 
,μ) be a σ -finite measure space and let L0(μ) denote the space of (equiva-
lence classes) of real measurable functions. Moreover let a functionψ : [0,∞)×T →
[0,∞) be such that

(1) ψ(r, ·) is 
-measurable for every r ,
(2a) ψ(r, t) = 0 if and only if r = 0,
(2b) limr→0+ ψ(r, t) = 0 for every t ∈ T ,
(2c) ψ(·, t) is convex for every t ∈ T ,
(2d) limr→∞ ψ(r,t)

r = ∞ for every t ∈ T .

It is well known (see [24, Chapter 2]) that the conjugate function ψ∗(r, t) =
supu�0(ur − ψ(u, t)) satisfies conditions (1) and (2) and moreover ψ∗∗ = ψ . Let
Lψ(μ) be the Musielak–Orlicz space generated by ψ , i.e.,

Lψ(μ) =
⎧
⎨

⎩
f ∈ L0(μ) : ∃s>0 Iψ( f ) =

∫

T

ψ(s| f (t)|, t)dμ < ∞
⎫
⎬

⎭

A Musielak–Orlicz space Lψ(μ) is a Banach lattice under the standard μ-almost
everywhere pointwise order and under the Luxemburg norm ‖ f ‖ = inf{s > 0 :
Iψ( f/s) � 1}. If ψ(r, t1) = ψ(r, t2) for all t1, t2 ∈ T , then Lψ(μ) becomes an
Orlicz space (the reader interested in details about this type of spaces is referred to
[20,21]). In the sequel the notation 1A will denote the characteristic function of a
set A. Musielak–Orlicz spaces form an essential generalization of Orlicz spaces. If λ
is the Lebesgue measure on the unit interval, p, q ∈ (1,∞) � {2} are distinct, then
Lψ(λ) generated by ψ(r, t) = r p1[0, 1

2 ](t) + rq1[ 1
2 ,1](t) is isomorphic (as a Banach

space) to none Orlicz space (see [14] for details).
Every Musielak–Orlicz space has the Levi property (i.e., norm bounded increasing

nets of positive elements have a supremum) and the ideal Lψ(μ)A = { f ∈ Lψ(μ) :
| f | � fα ↓ 0 ⇒ ‖ fα‖ → 0} of elements with order continuous norm is super order
dense in Lψ(μ) (see [28, Theorem 1.1, Corollary 1.4]). Repeating the proof of [22,
Theorem 1] (or using results from [24, Section 13]) we obtain Lψ(μ)n = Lψ

∗
(μ), i.e.,

the space of order continuous functionals on Lψ(μ) can be identified with Lψ
∗
(μ).

We restrict our considerations to functions ψ satisfying the condition

(ψ∞)
ψ(2r, t)

ψ(r, t)
−−−→
r→∞ ∞ uniformly with respect to t ∈ T .
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The assumption (ψ∞) seems to be restrictive but there exist a lot of functions
satisfying it. Indeed, suppose that p : T → [1,∞) is measurable, a function ϕ(r) =
ϕ(r, t) satisfies conditions (2) and ϕ(2r)

ϕ(r) −−−→
r→∞ ∞ (consider for instance ϕ(r) =

er − 1). Defining ψ(r, t) = ϕ(r p(t))/ϕ(p(t)2) we get a required function. Moreover,
if μ is finite and p(t) is unbounded, then p(t) ∈ Lψ(μ)�L∞(μ).

Modifying ideas used by Leung in [19] we can prove the following result.

Proposition 4.2 If ψ satisfies condition (ψ∞) and 1T ∈ Lψ(μ), then Lψ(μ) ∈
(DPSP).

Proof Let 0 � fn → 0 in the weak∗ topology and suppose ‖ fn‖ � 0. Passing to a
subsequence, if necessary, and using Theorem 2.2 we can assume fn(xn) > 2η > 0
for some norm bounded disjoint sequence (xn) ⊂ Lψ(μ)+. Denote M = supn ‖xn‖
and put An,k = {t : xn(t) > k}. Since 1T ∈ Lψ(μ) then 2η < fn(xn1An,k )+ k fn(1T )

and the weak∗ convergence of ( fn) allows us to find a subsequence (nk) such that
η < fnk (xnk 1Ank ,k

). Define functions yk = 1
2(M+1) xnk 1Ank ,k

. For an arbitrary ε > 0

there exists r0 having a property ψ( 1
2r, t) < εψ(r, t) for all t ∈ T and r � r0. Taking

numbers k > r0 we obtain
∫

T ψ(yk(t), t) dμ � ε
∫

T ψ(
1

M+1 xnk 1Ank ,k
(t), t) dμ � ε,

i.e.,
∫

T ψ(yk(t), t) dμ → 0. Thus
∑∞

j=1

∫
T ψ(yk j (t), t) dμ < ∞ for some subse-

quence (k j ). Since yk are disjoint then
∫

T ψ(
∨m

j=1 yk j (t), t) dμ = ∑m
j=1

∫
T ψ(yk j (t),

t) dμ, and so the sequence (
∨m

j=1 yk j ) is norm bounded in Lψ(μ). According to

the Levi property sup j yk j = y exists in Lψ(μ) but fnk j
(y) � fnk j

(ynk j
) >

η(2(M + 1))−1 > 0, a contradiction because fnk j
→ 0 in the weak∗ topology.

��
Let us note that if Lψ(μ)ns denotes the space of continuous singular functionals

on Lψ(μ) (i.e., the orthogonal complement of Lψ(μ)n), then Lψ(μ)ns = { f ∈
(Lψ(μ))∗ : f (Lψ(μ)A) = {0}}. Indeed, as we said before Lψ(μ)A is order dense in
Lψ(μ), and so a functional f vanishing on Lψ(μ)A has the trivial carrier. Using [39,
Theorem 24.2] we obtain f ∈ Lψ(μ)ns . Conversely, if f ∈ Lψ(μ)ns and additionally
the carrier of f reduces to zero, then the absolute kernel N f of f is order dense.
Therefore every 0 � x ∈ Lψ(μ)A is a supremum of an increasing net of positive
elements (xα) ⊂ N f . Since Lψ(μ)A is an ideal, then xα ∈ Lψ(μ)A and xα → x
in norm. We obtained that f vanishes on Lψ(μ)A. Now consider a functional f ∈
Lψ(μ)ns whose carrier is nonzero. By [39, Theorem 24.3] | f | = supα fα for some
increasing net ( fα) of singular functionals with trivial carriers. There holds | f |(x) =
supα fα(x) for 0 � x ∈ Lψ(μ), and so f (Lψ(μ)A) = 0 because fα(Lψ(μ)A) = {0}.

As a consequence of our previous considerations we obtain that Lψ(μ)ns is order
isomorphic and isometric to (Lψ(μ)/Lψ(μ)A)

∗ but the quotient Lψ(μ)/Lψ(μ)A

is an AM-space (see [29] the proof of Theorem 10). Finally Lψ(μ)ns is an
AL-space, and we get the following result: if Lψ(μ) ∈ (DPSP), then all even duals
of Lψ(μ) have the dual positive Schur property. Indeed, Musielak–Orlicz spaces
Lψ(μ) having the dual positive Schur property are perfect because Lψ(μ)n = Lψ

∗
(μ)

has an order continuous norm as a band in the space (Lψ(μ))∗ ∈ (PSP). Therefore
(Lψ

∗
(μ))∗ = Lψ

∗
(μ)n = Lψ

∗∗
(μ) = Lψ(μ). Hence even duals of Lψ(μ) are of the
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form Lψ(μ)⊕ C(K ) for some compact space K . Arguments applied above allow us
to formulate more general result.

If a Banach lattice E ∈ (DPSP) is perfect and E is a semi-M-space (i.e., Ens is
order isomorphic and isometric to an AL-space ), then even duals of E have the dual
positive Schur property.

Sometimes a property E∗ ∈ (PSP) is sufficient for E ∈ (DPSP).

Proposition 4.3 For a Musielak–Orlicz space Lψ(μ) the following statements are
equivalent.

(a) Lψ
∗
(μ) ∈ (PSP).

(b) Lψ(μ) ∈ (DPSP).

Proof (a) ⇒ (b) The positive Schur property implies that Lψ
∗
(μ) is weakly sequen-

tially complete, and so also the dual (Lψ(μ))∗ is weakly sequentially complete because
(Lψ(μ)∗ = Lψ

∗
(μ)⊕L1(ν) for some measure ν. By [18, Theorem 6] (or [12, Proposi-

tion 6.1]) the space Lψ(μ) has the Grothendieck property and Proposition 2.5 finishes
the proof.

(b) ⇒ (a) Obvious. ��
There exist spaces Lψ(μ) ∈ (DPSP) generated by functionsψ which do not satisfy

the assumption (ψ∞). Consider the counting measureμ on N and a functionψ(r, n) =
1

qn
rqn where 1 < qn → ∞. Clearly ψ(2r,n)

ψ(r,n) = 2qn and ψ∗(r, n) = 1
pn

r pn where
1
pn

+ 1
qn

= 1. Since the numbers bn = supr>0
r(ψ∗(r,n))′
ψ∗(r,n) tend to one (in fact we

have bn = pn), then Lψ
∗
(μ) ∈ (SP) by Yamamuro theorem (see [30,36]). Applying

Proposition 4.3 we obtain Lψ(μ) ∈ (DPSP).
Considering our next example we will need the notion of the Riesz angle, denoted

by μ2(E), which plays an important role in the fixed point theory (see [7]). For a
Banach lattice E the Riesz angle is defined by

μ2(E) = sup{‖x1 ∨ x2‖ : 0 � xi , ‖xi‖ � 1, i = 1, 2}

A behavior of μ2(E) is related to semi-M-spaces. The following result was proved in
[34].

Proposition 4.4 For a Banach lattices En, n ∈ N, the following statements are equiv-
alent.

(a) (⊕En)�∞ is a semi-M-space.
(b) All En’s are semi-M-spaces and limn→∞ μ2(En) = 1.

Consider the space E = (⊕�qk
k )�∞ where 1 < qk → ∞. E is a semi-M-space

becauseμ2(�
qk
k ) = 2

1
qk . According to Proposition 3.1 we have En = (⊕�pk

k )�1 (where
1
pk

+ 1
qk

= 1). Therefore En ∈ (SP) (see [30]). Since E∗ = En ⊕ L1(ν) for some
measure ν, then E∗ ∈ (PSP). Räbiger showed in [26, Satz 9.7] that E ∈ (GP). Hence
E ∈ (DPSP) by Proposition 2.5 and also even duals of E have the dual positive Schur
property because E is perfect.
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All our examples of Banach lattices with the dual positive Schur property are such
that their even duals have this property too. It is natural to ask if there exists a Banach
lattice E ∈ (DPSP) with E∗∗ /∈ (DPSP).

We finish the paper presenting an example of a Banach lattice which confirms
that the theorem converse to Proposition 2.10 is false. Hernadez in [15] indicated
a hereditarily �1 Orlicz sequence space �ϕ (i.e., every infinite dimensional closed
subspace of �ϕ contains an isomorphic copy of �1) without the Schur property. The
space �ϕ has order continuous norm because it does not contain c0. Put E = �ϕ

∗
.

Since E∗ is order isomorphic to �ϕ ⊕ L1(ν) then it is weakly sequentially complete.
Applying [18, Theorem 6] (or [12, Proposition 5.2]) we obtain E ∈ (GP). Moreover
E /∈ (DPSP). Indeed, if there were E ∈ (DPSP), then E∗ would have the positive
Schur property. Hence �ϕ ∈ (PSP) but discreteness of �ϕ implies �ϕ ∈ (SP), a
contradiction.

We claim that E can not be positively mapped onto any Banach lattice with order
continuous norm. On the contrary, suppose that there exists a Banach lattice F whose
norm is order continuous and T : E → F is a positive surjection. Repeating arguments
used in the first part of the proof of Proposition 2.12 we obtain F has to be reflexive. By
the closed range theorem the adjoint operator T ∗ : F∗ → E∗ = �ϕ⊕L1(ν) is a positive
isomorphic embedding. Let P : E∗ → �ϕ and Q : E∗ → L1(ν) be band projections.
According to the reflexivity of F∗ every norm bounded sequence ( fn) ⊂ F∗ contains
weakly convergent subsequences ( f +

nk
), ( f −

nk
). Therefore (Q◦T ∗( f +

nk
)), (Q◦T ∗( f −

nk
))

are weakly convergent positive sequences in L1(ν), and so they are norm convergent
because L1(ν) ∈ (PSP). We have just shown that Q ◦ T ∗ is compact.

The subspace (P ◦ T ∗)(F∗) is closed in �ϕ and it has to be finite dimensional
because (P ◦ T ∗)(F∗) is reflexive as a continuous image of a reflexive space and �ϕ

is hereditarily �1. Hence P ◦ T ∗ is compact. Finally T ∗ is compact being the sum of
two compact operators which contradicts the fact that T ∗ is an isomorphism.

Open Access This article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original author(s) and
the source are credited.

References

1. Albiac, F., Kalton, N.J.: Topics in Banach Space Theory. In: Graduate Texts in Math., vol. 233. Springer,
Berlin (2006)

2. Aliprantis, C., Burkinshaw, O.: Locally Solid Riesz Spaces with Applications to Economics. Mathe-
matical Surveys and Monographs, vol. 105, American Mathematical Society (2003)

3. Aliprantis, C., Burkinshaw, O.: Positive Operators. Springer, Berlin (2006)
4. Aqzzouz, B., Elbour, A.: The Schur property of Banach lattices and the compactness of weakly compact

operators. Math. Proc. R. Ir. Acad. 110A, 15–25 (2010)
5. Aqzzouz, B., Elbour, A.: Some characterizations of almost Dunford-Pettis operators and applications.

Positivity 15, 369–380 (2011)
6. Aqzzouz, B., Elbour, A., Wickstead, A.W.: Positive almost Dunford-Pettis operators and their duality.

Positivity 15, 185–197 (2011)
7. Borwein, J.M., Sims, B.: Nonexpensive mappings on Banach lattices and related topics. Houston J.

Math. 10, 339–356 (1984)
8. Chen, Z.L., Wickstead, A.W.: Relative weak compactness of solid hulls in Banach lattices. Indag.

Mathem. N.S. 9, 187–196 (1998)



On the dual positive Schur property 773

9. Chen, Z.L., Wickstead, A.W.: Some applications of Rademacher sequences in Banach lattices. Posi-
tivity 2, 171–191 (1998)

10. Chen, Z.L., Wickstead, A.W.: L-weakly and M-weakly compact operators. Indag. Mathem. N.S. 10,
321–336 (1999)

11. Dodds, P.G., Fremlin, D.H.: Compact operators in Banach lattices. Israel Math. J. 34, 287–320 (1979)
12. Granero, A.S.: The Grothendieck property in the class of Orlicz-type modular spaces, property in the

class of Orlicztype modular spaces. http://www.mat.ucm.es/~granero/Investigacion/Grothendieck
13. Groenewegen, G., Meyer-Nieberg, P.: An elementary and unified approach to disjoint sequence theo-

rems. Indag. Math. 48, 313–317 (1986)
14. Hernandez, F.L., Ruiz, C.: On Musielak-Orlicz spaces isomorphic to Orlicz spaces. Comment. Math.

Prace Mat. 32, 55–60 (1992)
15. Hernadez, F.L.: Private communication
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