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Abstract We investigate the phenomenon of trav-
eling chimera states in the ring of self-excited cou-
pled pendula suspended on the horizontally oscillat-
ing wheel. The bifurcation scenario of chimera cre-
ation and destruction is discussed, and the influence
of the suspension’s parameters on possible behavior
is studied. We describe the properties of the investi-
gated states, analyzing the traveling time as well as the
dynamics of the pendula, depending on their position
within different pattern’s regions. The energy transfer
method has been used to present how the units coop-
erate with each other, making the chimera arising pos-
sible. Unlike other studies on traveling chimera states,
we examine the typical mechanical system including
simple topology of coupling, which suggests that the
described behavior can be observed naturally in the
models of coupled dynamical oscillators.
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1 Introduction

The history of a surprising phenomenon called chimera
state, which combines both coherent and incoherent
patternswithin one system’s profile, is as short as rapid.
For the first time, it was described by Kuramoto and
Battogtokh in 2002 [1] and two years later confirmed
by Abrams and Strogatz [2]. Nowadays, it constitutes
a very wide and instantly developing branch of mod-
ern studies on nonlinear dynamics. Chimeric behav-
ior can be found in a variety of models, among others
Kuramoto networks [3], chemical oscillators [4], neu-
ral networks [5–8] or mechanical systems [9,10]. They
have been observed for typical complex networks of
oscillators [3–6,9–13], as well as for the small ones
[14,15], or even pure analytical [16]. Recent stud-
ies on chimera death for coupled chaotic oscillators
can be found in [17], while in [18] the authors dis-
cuss the chimeric phenomenon in non-locally coupled
excitable systems. The study on chimera states in two-
dimensional networks of the coupled oscillators was
presented in [19]. The investigations on the creation
process of these intriguing creatures show that in many
cases they become a natural link between the complete
coherence of the system and its pure chaotic dynamics
[11–13]. Apart from theoretical investigations, chimera
states were described for experimental setups of cou-
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pled systems [15,20,21]. A thorough reviewof chimera
history and related research can be found in [22].

Among many new and interesting results, one of
the very recently described is the so-called traveling
chimera state. In this scenario, the chimeric pattern
travels through consecutive oscillators arranged into
a network, without any external cause, i.e., the move-
ment is only controlled by the system itself. Traveling
chimeras were observed for non-locally coupled phase
oscillators [23], as well as in the models with hierar-
chical connectivities [24]. Recent studies on traveling
patterns for neuronal networks including local synaptic
gradient coupling can be found in [25,26].

The importance of aforementioned papers [23–26]
cannot be neglected, and their high contribution to the
development of the research of chimeras’ problems is
obvious. However, it should be noted that in all these
studies the authors investigate only theoretical mod-
els, with rather complex topology of coupling. In con-
trast, in this paper we investigate the traveling chimera
state phenomenon for a simple network of self-excited
pendula, which are coupled through typical scheme
for mechanical systems. The dynamics has been deter-
mined directly from the Lagrange equations of motion.
Due to the universal occurrence of the investigated
model in nature, the obtained results are novel and allow
us to understand better the chimeric behavior in gen-
eral.

2 Results

Let us consider a ring of N locally coupled self-
excited pendula suspended on the horizontally oscil-
lating wheel, for which dynamics is given by Lagrange
equations in the following form:

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

(M + ∑N
j=1 m j )r

2 θ̈ + ∑N
j=1 m j l j r(ϕ̈ j cosϕ j − ϕ̇2j sin ϕ j )

+cr2 θ̇ + kr2θ = 0,
mi li r θ̈ cosϕi + mi l

2
i ϕ̈i + cϕ(μϕ2i − 1)ϕ̇i

+mi gli sin ϕi + ksl2i (ϕi − ϕi−1) + ksl2i (ϕi − ϕi+1) = 0,

(1)

where i = 1, . . . , N , while variables θ and ϕi ∈
(−π, π ] denote the angular position of the wheel and
i th pendulum, respectively. In our study, we fix the
wheel’s radius r = 1.0 m and stiffness k = 4.0
N/m, pendula’s masses mi = 0.1 kg and lengths
li = 0.24849 m, van der Pol’s damper parameters
cϕ = 0.00499689 kg m2/s, μ = 32.88 [27,28] (which

Fig. 1 Schematic of the investigated model (1) of coupled pen-
dula suspended on the horizontally oscillating wheel. (Color fig-
ure online)

correspond to the amplitude and logarithmic decre-
ment for a single, uncoupled pendulum at values 30◦
(0,35 rad) and ln(1.5), respectively) and standard grav-
ity g = 9.81 [m/s2]. The pendula are coupled through
elastic springs with stiffness ks N/m, which has been
varied during the research along with the mass of the
wheel M (kg) and its damping coefficient c (Ns/m).

Schematic of the system (1) is shown in Fig. 1. As
shown, the wheel of mass M (blue), hanged on the
inextensible rods, can oscillate around z axis. (Its angu-
lar position and velocity are denoted by θ and θ̇ vari-
ables, respectively.) The pendula of lengths li (black
lines) and masses mi (red dots) are suspended along
the wheel. It should be noted that in our work we have
considered planar pendula, i.e., the position of each
unit in the phase space can be determined using one
single variable ϕi . Each pendulum is locally coupled
with its nearest neighbors by elastic springs of stiff-
ness ks (green springs in Fig. 1—connections for only
one unit have been shown for better clarity).

Note that the schematic shown in Fig. 1 only visual-
izes ourmodel and does not include the results obtained
during the research.

The investigations on the network (1) without cou-
pling springs can be found in [29,30].

In Fig. 2, one can observe the regions of different
types of behavior of model (1) for N = 30 pendula in
two-parameter plane (M, ks). A bifurcation scenario
for M = 1.25 kg (dashed vertical line in Fig. 2) is
presented in Fig. 3. It should be noted that for each
numerical step (M and ks values), the damping coeffi-
cient c has been selected to preserve the fixed critical
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Fig. 2 Different types of dynamics of network (1) for varied
wheel’s mass M and pendula coupling strength ks . Each color
represents possible behavior of the system, with hatched regions
denoting transient responses. The examples of motion are shown
in Fig. 3 and correspond to yellow squares marked on the dashed
vertical line for M = 1.25 kg. Network size N = 30. (Color
figure online)

damping ζ = c/2
√

k(M + ∑N
j=1m j ), which in our

calculations equals ζ = 0.1975. The borders of dif-
ferent regions have been smoothly approximated from
numerical results, which are marked by small black
crosses as shown in Fig. 2.

Beginning from the dark blue region in Fig. 2 within
which the coupling is strong enough, the units form a
typical continuous profile presented in the snapshot in
the left panel in Fig. 3a for ks = 2.2 N/m (see movie
M1 in Supplementary Material). As one can see, the
pendula (marked by red dots) are displaced on a sinu-
soidal coherent wave (blue curve) and move along it
with time. This type of behavior is typical for coupled
oscillators and can be observed also in themodels with-
out moving suspension (opposed to our case).

In order to determine the moment of chimera cre-
ation (when decreasing coupling ks), we have investi-
gated the local-order parameter [31,32], which for each
time iteration can be determined for a single i th unit as

λi =
∣
∣
∣ 1
2δ+1

∑i+δ
k=i−δ e

j |ϕi−ϕk |
∣
∣
∣, where j2 = −1, while

δ = 1. (Distance parameter has been chosen accord-
ing to the topology of the coupling scheme.) The value
of λi = 1 corresponds to perfect synchronization with
nearest neighbors. On the other hand, the more irreg-
ular the connection becomes, the more this parameter
decreases.

By weakening the stiffness of the coupling springs,
the coherent character of the network becomes less sta-

(a)

(b)

(c)

(d)

(e)

Fig. 3 Typical bifurcation scenario formodel (1)withfixedM =
1.25 kg, c = 1.6288 Ns/m and varied coupling strength ks . In
the left panel, the snapshots of pendula angular displacements
are presented, while in the right one space–time plots of local-
order parameter values are shown. From the top to the bottom,
ks = 2.2, 1.56, 1.3, 0.08, 0.015 N/m, respectively. (Color figure
online)

ble and finally breaks down, creating a kind of a tran-
sient profile with coexisting wave and irregular motion
of the part of the units. This type of dynamics is shown
in Fig. 3b for ks = 1.56 N/m (which corresponds to the
hatched blue region in Fig. 2). The units belonging to
the incoherent interval of the state are marked in yel-
low, and in the right panel in Fig. 3b, one can observe
the stripes of regular (λi ≈ 1) and irregular (λi < 1)
motion, determined by the values of the local-order
parameter. The pattern is traveling with time, and each
pendulum goes through both types of motion during
system’s movement.

Profile presented in Fig. 3b can be identified as the
chimera state with both temporal and spatial chaos
behavior [11]. Indeed, one can observe that the rotat-
ing wave coexists with highly irregular pattern in the
incoherent region, implying the chimeric nature of the
network. However, further decrease in parameter ks
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allows us to observe another coexisting pattern which
combines two typical responses related to the analyzed
system. This type of behavior, denoted as ‘traveling
chimera states,’ is shown in Fig. 3c (ks = 1.3 N/m; see
movie M2 in Supplementary Material) and exists in
the light blue region in Fig. 2. The coherent wave from
the previous example is still present (although with dif-
ferent length), but the profile of the pendula from the
incoherent region (markedbyyellow) has becomemore
regular. Indeed, the units are placed in a strict order on
three oscillating clusters.

Coexistence shown in Fig. 3c combines two natural
types of dynamics for the discussed model. The rotat-
ing wave appears when the wheel is not moving, i.e.,
the energy between pendula is transferred only through
the springs. On the other hand, the clusters are natural
for the model without the coupling springs [29]. This
type of dynamics is an example of a pure spatial chaos
[11,12], i.e., any combination of oscillators is possible,
depending on the chosen initial conditions (when the
springs are excluded). The appearance of the clusters
within the chimera is strictly caused by the movements
of thewheel onwhich the units are suspended.Note that
the wheel oscillates with three times bigger frequency
than each cluster and with each new cycle, it excites
the clusters one by one. Moreover, due to the coupling
springs, the order of the pendula within the structure
is strictly determined and cannot be interrupted with
variation of initial conditions. It should be noted that
the chimera is still traveling. However, as the coupling
decreases, the time of one full cycle increases. (This can
be clearly observed for decreasing ks—see Fig. 3d.)

The observed chimera pattern resides in a wide
range of system’s parameters (see the change of the
scale on the vertical axis in Fig. 2), but when the cou-
pling becomes small enough, the process of chimera
destruction begins to occur. As shown in Fig. 3d, the
coherent wave successively falls apart and with fur-
ther decrease in ks splits into many parts. Moreover,
the traveling velocity becomes very slow. This type of
transient behavior (marked in Fig. 2 as green hatched
region) can be observed until the strength of springs
coupling pendula becomes irrelevant in the process of
energy transfer between the units. When this occurs,
only the pure spatial chaos is possible, marked in light
green color in Fig. 2. The movement of oscillators is
now induced only by the dynamics of thewheel, and the
location of the units within the clusters strictly depends
on the initial conditions. The example of this behavior

is shown in Fig. 3e (see movie M3 in Supplementary
Material). Any combination of the units is possible,
similarly to the typical networks of oscillators coupled
only through the wheel, without any topology of local
or non-local coupling [29].

Note that we have observed also different types
of coherent profile into which the traveling chimera
states can bifurcate, i.e., the one shown as a snapshot
in the violet region in Fig. 2. In this case, the previ-
ously described sinusoidal wave (Fig. 3a) splits into
two waves of different lengths, which coexist within
one network’s profile. The rapid transition between
these two types of scenarios lies around M = 0.875
kg (marked by the dashed vertical line).

Further increase in the wheel’s mass M shows that
the region of chimera existence shrinks and for the
wheel which is heavy enough (i.e., almost not moving)
it disappears. This implies that the oscillations of sus-
pension are essential for the traveling chimera states to
arise. On the other hand, for small values of M a large
number of perturbations and transitions between dif-
ferent scenarios of dynamics do not allow to determine
the straight boundaries of typical examples of motion.
Hence, the smallest value considered in our investiga-
tions equals M = 0.25 kg.

The results presented in Figs. 2 and 3 have been
obtained throughout the series of bifurcation analy-
ses based on one, representative example of traveling
chimera state, i.e., the profile shown in Fig. 3c. Indeed,
starting from this state for each value of mass M we
have followed the solution up (increasing ks) and down
(decreasing ks). The black crosses in Fig. 2, indicating
the borders between regions, have been placed at the
values for which we observe a substantial difference in
the network profile (e.g., when the order in the clusters
disappeared—transition from Fig. 3c to b).

Note that model (1) exhibits also different types of
chimeric dynamics, which we have observed during
our investigations. These have not been presented in
this paper, as well as the study on possible coexistence
between different scenarios.

The plots of local-order parameter for varying ks
(right panel in Fig. 3b–d) show that depending on the
coupling strength, the velocity of the chimera travel
changes. In order to determine this dependency, we fix
wheel’s mass M = 1.25 kg and for the coupling values
ks ∈ [0.08, 1.6] (N/m) for which representative state
from Fig. 3c exists, calculate the time of one full cycle
of chimera travel, i.e., time after which the pendulum
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(a)

(b)

(c)

Fig. 4 In panel a the time of one full cycle of chimera travel
(parameter τ ) is shown for fixed mass M = 1.25 kg and varying
coupling strength ks . The dynamics of the pendulum inside wave
pattern (b) and cluster (c) is presented in the form of phase por-
traits and Poincare sections in left and right panels, respectively
[parameters: M = 1.25 kg, ks = 0.2 N/m]. (Color figure online)

returns to its initial role in the pattern. The results can be
observed in Fig. 4a, where in the vertical axis the travel
time is shown (parameter τ ), while the stiffness of the
springs ks is presented in the horizontal one. Numerical
results (marked by red dots) exhibit a smooth, nonlin-
ear dependence of time versus the coupling strength.
Moreover, parameter τ monotonically decreases with
an increase in ks , i.e., when the elasticity of springs cou-
pling pendula gets bigger, the chimera travels faster.

To study the dependence between the local dynamics
of a particular pendulumand its position in the observed
pattern, we fix parameters M = 1.25 kg, ks = 0.2 N/m
and plot the phase portraits and Poincare sections for a
single i th unit, when both i th and (i − 1)th oscillators
are within a wave or a cluster. The (i − 1)th pendulum
has been chosen as the reference for the creation of
Poincare maps. Indeed, when ϕ̇i−1 = 0 and ϕi−1 > 0
(which means that the (i − 1)th pendulum reaches its
maximum), the position ϕi and velocity ϕ̇i of the i th

pendulum have been placed on the map. Since both
pendula exhibit the same type of behavior while creat-
ing the Poincare sections (both belong to the wave or
the cluster), the comparison of the maps can indicate
the differences between the dynamics of the coexisting
patterns.

The results are shown in Fig. 4b, c. As shown in
Fig. 4b, when the oscillator belongs to the wave pat-
tern, its dynamics is rather quasiperiodic. In the phase
portrait (left panel), one can observe a typical two-
dimensional torus, while in the Poincare section (right
panel), a complex structure reminds a fuzzy line seg-
ment. (The length of the ϕi axis equals only 0.08.) We
compare this map with the one calculated for the state
from Fig. 3a (when the whole network is ordered only
in the form of a sinusoidal wave), which is presented
in the inbox in the right panel in Fig. 4b. As shown, the
dynamics of the considered wave differs from the one
observed for the state from Fig. 3a. On the other hand,
for the pendulum inside a cluster domain (Fig. 4c) a dif-
ferent type of quasiperiodicity can be noticed, as shown
in the phase portrait (left) and Poincare section (right).
The map again has produced a line segment (even less
fuzzy than the one in Fig. 4b). Moreover, it differs from
the Poincare section for the network exhibiting only the
cluster profile (e.g., as in Fig. 3e), which is shown in
the inbox in the right panel in Fig. 4c. The fuzziness
of the line segments in the maps can be caused by the
traveling character of the chimera state—each pendu-
lum jumps from one position into another within the
cluster or wave domain.

The results presented in Fig. 4b, c exhibit that the
traveling chimera states studied for system (1) combine
two coexisting, most probably quasiperiodic, attractors
and the dynamics of the pendulum strictly depends
on its affiliation to wave or cluster pattern (which
changes with time). These attractors differ from the
ones observed for the cases of only sinusoidal (large
ks), or cluster (small ks) behavior. Moreover, when the
oscillator moves from one type of region into another
one for a transient time its dynamics becomes highly
irregular.

In order to study the possible mechanism behind the
chimera traveling property, we have applied the energy
balance method, which has been thoroughly discussed
in [30]. The energy components for i th pendulum arise
from the equations of motion of network (1) (see [30]
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(a)

(b)

Fig. 5 Energy transfers for pendulum during one full cycle
of chimera travel. In panel a, values of energy components
[Eqs. (2)–(6), denoted by different colors] are shown, while in
panel b increase/decrease in the total energy of oscillator (black)
and energyproducedby connecting springs (orange) is presented.
Parameters: M = 0.75 kg, ks = 0.2 N/m. (Color figure online)

for details) and can be expressed as follows:

Wi
self =

∫

T
cϕϕ̇2

i dt, (2)

Wi
vdP =

∫

T
cϕμϕ2

i ϕ̇
2
i dt, (3)

Wi
sync =

∫

T
mi li r θ̈ cosϕi ϕ̇idt, (4)

Wi
spring(-) =

∫

T
ksl

2
i (ϕi − ϕi−1)ϕ̇idt, (5)

Wi
spring(+) =

∫

T
ksl

2
i (ϕi − ϕi+1)ϕ̇idt, (6)

where (2) Wi
self [J] ((3) W

i
vdP [J]) denotes the energy

supplied (dissipated) by the van der Pol’s damper,while
(4)Wi

sync [J] represents the energy transferred from the
pendulum to the network via the wheel. The energy
produced by elastic springs due to the coupling with
(i−1)th and (i+1)th neighbor is given by (5)Wi

spring(-)

[J] and (6) Wi
spring(+) (J), respectively.

Moreover, in our study we consider:

Wi
energy = Wi

self − Wi
vdP − Wi

sync − Wi
spring(-)

−Wi
spring(+), (7)

Wi
springs = −Wi

spring(-) − Wi
spring(+), (8)

which represents the total increase/decrease in the
energy of pendulum (7) and the energy transferred by
the springs connected with unit (8). Note that the inte-
grals given by (2)–(6) have been calculated for the time
interval T between two consecutive peaks of pendu-
lum’s position, which generally changes in time due to
the traveling character of the chimera.

The transfer of energy during one full cycle of
chimera travel is presented in Fig. 5, where the corre-
sponding energy components and time are denoted on
the vertical and the horizontal axes, respectively. The
intervals of time within which the pendulum belongs to
a wave or a cluster are marked with vertical lines, while
the numerical results of partial energies (calculated for
time between two consecutive pendulum’s maximum
peaks) are shown as colored dots.

As presented in Fig. 5, when the pendulum is inside
the wave, the transfer of energy via the wheel varies,
which can be detected by oscillatingWi

sync term (green
curve in Fig. 5a). However, the energies produced by
left and right springs seem equal, and slight oscilla-
tions of total energy Wi

springs marked by orange can
be observed in Fig. 5b. Moreover, a clear difference
between Wi

springs (orange) and Wi
energy (black) shown

in Fig. 5b exhibits that only a small portion of pen-
dulum’s total energy is supplied by the springs. This
situation changes when after a short, transient motion
(accompanied by rapid fluctuations of energy terms)
the oscillator gets inside the cluster domain. As pre-
sented in Fig. 5a, themagnitude of springs’ energies has
increased and there is almost no interaction between the
unit and the suspension. Indeed, energy Wi

sync (green)
oscillates very close to zero (marked by hatched hori-
zontal line). This fact is confirmed in Fig. 5b, where the
plots ofWi

energy andW
i
springs terms are almost the same,

with a slight shift. Moreover, the period of oscillations
of energy Wi

springs equals the time that the pendulum
spends inside each of three-oscillator subclusters, of
which the whole cluster pattern is built (see yellow
region in Fig. 3c. These results clearly show that, in
contrast to the previous case, the motion of the pen-
dulum inside the cluster domain is mainly induced by
the coupling with the nearest neighbors. This pattern
continues through the whole cluster, which the oscilla-
tor finally leaves, getting back to the wave after some
transient time.
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3 Conclusions

In conclusion, we have shown that depending on the
system’s parameters, traveling chimera states can be
observed on the route from complete synchronization
(wave profile) to the cluster patterns. In the considered
case, the motion of a wheel on which the pendula are
suspended is essential for chimeras to arise. Our results
show that the discussed states consist of two coexist-
ing attractors (one for the wave, and one for the cluster
domain), and that the velocity of travel highly depends
on the coupling strength between the pendula. On the
other hand, energy transfer analysis gives an idea about
the mechanismwhich stands behind the traveling prop-
erty of the studied phenomenon. The network of the
coupled pendula (1) considered in this paper includes a
very simple topology of coupling, for which traveling
chimera patterns have not been reported before, sug-
gesting that this novel type of dynamics is robust and
can arise in fundamental systems with rather simple
coupling schemes, just tomention Josephson junctions,
electronic circuits or chemical oscillators. Due to the
simple character of the investigated model our numeri-
cal results outline an idea about possible experimental
studies on traveling chimera states in the future.
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4 Appendix

In SupplementaryMaterial, we have shown typical pat-
terns of the dynamics of the investigated model (1) in
the form of animations. The description of the movies
is as follows. In the upper part of each movie, the ani-

mation of wheel (black dot) and pendula (color dots)
motion are shown in the 2D plane, where on the hori-
zontal axis the numbers of units are marked (with the
wheel denoted by zero and the pendula by 1–30), while
in the vertical axis their displacements are given. These
results correspond to the ones shown in the form of
snapshots in Fig. 3 (left panel). On the other hand, in
the lower part of each movie one can observe the ani-
mation of oscillating wheel (black rectangle with violet
cross marker in the middle) with all suspended pendula
marked by color dots. (The connections between the
pendula have been omitted.) This animation presents
the scheme from Fig. 1 when observing it from perpen-
dicular direction to (y, z) plane. (The wheel has been
extended along y axis, i.e., the very first pendulum on
the LHS is coupled with the last one on the RHS.) It
should be noted that the displacement of the wheel is
multiplied by 100 for better clarity.

All animations have been produced usingMATLAB
software.

Movie M1: Typical coherent profile with pendula (red
dots) displaced on a sinusoidal wave. The
animation corresponds to Fig. 3a shown in
the paper (M = 1.25, c = 1.6288, ks =
2.2).

Movie M2: Traveling chimera state with coexisting
wave andclusters profiles. Pendula belong-
ing to the wave domain have been marked
by red dots, while the ones in the clus-
ters region have been shown as blue dots.
As shown, the regions of different dynam-
ics travel with time, involving consec-
utive oscillators. The animation corre-
sponds to Fig. 3c shown in the paper
(M = 1.25, c = 1.6288, ks = 1.3).

Movie M3: Only coexisting clusters (pendula pre-
sented as blue dots). Animation corre-
sponds to Fig. 3e shown in the paper
(M = 1.25, c = 1.6288, ks = 0.015).
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