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Abstract The main aim here is to present the ap-
plication of the generalized stochastic perturbation
technique to thermo-piezoelectric analysis of solid
continua. The general nth order Taylor series rep-
resentation for all random input parameters and the
state functions is employed to formulate the coupled
thermo-electro-elasticity equilibrium equations of the
additional order; a determination of any probabilis-
tic moments and characteristics is described; the dis-
cretization of the problem in terms of the Stochas-
tic perturbation-based Finite Element Method is also
provided. Since this expansion includes the lowest or-
der partial derivatives, the structural sensitivity anal-
ysis using direct differentiation is performed at the
same time with probabilistic modeling contrasted with
the Monte-Carlo simulation results. The probabilis-
tic approach is extended here towards an accounting
for the stochastic ageing processes, which appear fre-
quently in aggressive external environments and un-
der dynamic excitation. The two parametric stochastic
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Al. Politechniki 6, 90-924 Łódź, Poland
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process with Gaussian initial value and ageing velocity
is tested for this purpose. The entire procedure is tested
on the example of the thermo-electro-elastic pulsation
of the beam modeled analytically using the symbolic
software MAPLE, where polynomial approximations,
design sensitivities, probabilistic moments and their
histories are computed and visualized.
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perturbation method · Thermo-piezoelectricity ·
Reliability analysis · MEMS devices · Monte-Carlo
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1 Introduction

Probabilistic modeling of the MEMS devices belongs
to wider class of such problems in computational me-
chanics, where the application of the Monte-Carlo
simulation technique is very costly. This is primarily
due to the multi-scale and multi-component character
[1, 3, 4] of such devices as well as to the thermo-
electro-magneto-elastic couplings of quite different
physical fields acting on them, which significantly en-
larges the effective total number of degrees of free-
dom in the model; so that, the alternative computa-
tional techniques are considered and developed. Sim-
ilarly to the other multiscale problems, the homoge-
nization method may be applied [9, 15], which reduces
significantly the number of various scales to the sin-
gle or two, where hybrid numerical approaches link
FEM computations with the analytical formulas for
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the overall effective characteristics of the entire struc-
ture.

One of such an alternative is the stochastic pertur-
bation technique [7, 8], where hierarchical equations
of a deterministic nature (quite similar to the original
deterministic problem) are formed and solved. It needs
an initial specification of the random input variable(s)
of the problem, an assumption on its (their) probabil-
ity density function(s) and a definition of those dis-
tribution(s) basic parameters. It is known from the
Second Order Second Moment (SOSM) approach in-
vented for and effectively used in structural analysis
[8] that lower order techniques have a strong limita-
tion to the case studies with small input random dis-
persion, quite contrary to the nth generalized pertur-
bation method. Since the higher order equations in-
clude a series of partial derivatives (of the increas-
ing order) of all input parameters and the structural
response with respect to the random input variables,
the essential part of this method is determination of
those derivatives. The final calculation of the struc-
tural response probabilistic moments proceeds quite
straightforwardly from the perturbation-based equa-
tions including previously determined various orders
solutions and the probabilistic moments of the ran-
dom input. Sometimes, where derivation of the partial
derivatives may result in uncontrolled progress of the
computational error, some approximation techniques
are used to recover the function of the structural re-
sponse under consideration with respect to the ran-
domized input variable. The last opportunity excludes
the necessity of the full access to the source code of the
program being especially attractive for the commer-
cial codes users, however needs the several solutions
around the mean values of the random input parame-
ters.

The presentation of this method starts from the gen-
eral description of the basic probabilistic moments
and characteristics determination (classical definitions
and perturbation-based formulas), then the stochastic
perturbation-based variational formulations are pro-
vided together with the Stochastic Finite Element
Method (SFEM) equations to be formed and solved
in the general case. A numerical illustration is pro-
vided on the example of the eigenproblem of the elas-
tic beam with random length defined as the Gaussian
random variable (and also nonstationary process). This
problem is solved analytically using the computer al-
gebra system MAPLE, v. 13, where all necessary prob-

abilistic moments of the resulting pulsation are deter-
mined; the parametric studies with respect to the beam
length expected value and its coefficient of variation
are provided thanks to the usage of the symbolic com-
putations. Moreover, the symbolic calculus usage en-
ables one to take into account directly the perturbation
parameter ε, which is absolutely impossible into the
classical SFEM analysis, and then probabilistic con-
vergence of the particular moments may be relatively
easily verified in a pure analytical way as a simple
limiting procedure on quasi-polynomial expressions.
It would be especially valuable for the probability
distribution functions other than the Gaussian, where
higher order probabilistic moments cannot be defined
uniquely using the first two, so that the convergence
verification cannot proceed directly—for most of the
distributions the moments generating functions exist
only (with the exception to the lognormal distribution
having recursive direct expressions for any moments).
Let us finally note that further usage of the stochas-
tic technique described below may directly lead to the
direct numerical determination of the reliability index
for the MEMS devices defined in a simple case as the
ratio of the expected value to the standard deviation
of the limit function, usually defined as the difference
between the actual and the allowable state function
values (like stresses, displacements, vibration frequen-
cies or temperatures, for instance). We compare this
approach with the classical statistical estimation re-
sults obtained from the Monte-Carlo simulation and
it is done as the function of the input coefficient of
variation for the beam length. As it is documented,
lower order moments like expectations and variances
are very close to each other, while third and fourth
central probabilistic moments—only for the values
of α smaller than 0.15. Finally, we study probabilis-
tic moments of the thermopulsation frequency in the
case of the length of the nanostructure subjected to
the stochastic non-stationary fluctuations. It could be
the starting point to and the very beneficial in the full
stochastic coupled problems reliability analysis of the
MEMS devices.

2 Uncertainty analysis

2.1 The generalized stochastic perturbation technique

Let us consider the input random variable of the prob-
lem by b(ω), its probability density function as g(b).
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The expected value of this variable may be expressed
by [7, 8]

E[b] =
∫ +∞

−∞
bg(b)db, (1)

while the central mth probabilistic moment as

μm(b) =
∫ +∞

−∞
(b − E[b])mg(b)db. (2)

The coefficient of variation, asymmetry, flatness and
kurtosis are introduced in the form

α(b) =
√

Var(b)

E[b] = σ(b)

E[b] , β(b) = μ3(b)

σ 3(b)
,

γ (b) = μ4(b)

σ 4(b)
, κ(b) = γ (b) − 3.

(3)

According to the main philosophy of this method, all
functions in the basic deterministic problem (heat con-
ductivity, heat capacity, temperature and its gradient as
well as the material density) are expressed similarly to
the following finite expansion [7] of a random function
f (ω):

f (ω) = f 0(ω) + ε
∂f

∂b

b + · · · + 1

n!ε
n ∂nf

∂bn

bn, (4)

where ε is a given small perturbation (taken usually as
equal to 1), ε
b denotes the first order variation of b

from its expected value

ε
b = δb = ε(b − b0), (5)

while the nth order variation is given as follows:

εn
bn = (δb)n = εn(b − b0)n. (6)

Having solved the equilibrium equations of the con-
sidered problem for the state functions and their par-
tial derivatives with respect to the input random vari-
able, one needs to determine the probabilistic mo-
ments of the structural response, like temperatures
T (t, b). Then, the expected values in the perturbation-
based approach are derived as

E[T (t)] = T 0(t, b0) + 1

2
ε2 ∂2(T (t))

∂b2
μ2(b)

+ 1

4!ε
4 ∂4(T (t))

∂b4
μ4(b)

+ 1

6!ε
6 ∂6(T (t))

∂b6
μ6(b)

+ · · · + 1

(2m)!ε
2m ∂2m(T (t))

∂b2m
μ2m(b) (7)

for any natural m with μ2m being the central proba-
bilistic moment of 2mth order; let us note that the ex-
cluded orders simply equal 0 for the symmetric density
functions like the Gaussian one. Usually, according to
some previous convergence studies, we may limit this
expansion-type approximation to the 10th order [7].
Quite a similar considerations lead to the expressions
for higher moments, like the variance, for instance

Var
(
T (t)

)

=
∫ +∞

−∞

(
T 0(t) + ε
b

∂T (t)

∂b
+ ε2

2
(
b)2 ∂2T (t)

∂b2

+ ε3

3! (
b)3 ∂3T (t)

∂b3
+ ε4

4! (
b)4 ∂4T (t)

∂b4

+ ε5

5! (
b)5 ∂5T (t)

∂b5
− E

[
T (t)

])2

g(b)db

= ε2μ2(b)

(
∂T (t)

∂b

)2

+ ε4μ4(b)

(
1

4

(
∂2T (t)

∂b2

)2

+ 2

3!
∂T (t)

∂b

∂3T (t)

∂b3

)

+ ε6μ6(b)

((
1

3!
)2(

∂3T (t)

∂b3

)2

+ 1

4!
∂4T (t)

∂b4

∂2T (t)

∂b2
+ 2

5!
∂5T (t)

∂b5

∂T (t)

∂b

)
. (8)

The third probabilistic moment may be recovered from
this scheme as

μ3
(
T (t, b)

)

=
∫ +∞

−∞
(
T (t, b) − E

[
T (t, b)

])3
g(b)db

=
∫ +∞

−∞

(
T 0(t) + ε
b

∂T (t)

∂b
+ ε2

2
(
b)2 ∂2T (t)

∂b2

+ · · · − E[T (t, b)]
)3

g(b)db

=
∫ +∞

−∞

(
ε
b

∂T (t)

∂b
+ ε2

2
(
b)2 ∂2T (t)

∂b2
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+ · · ·
)3

g(b)db

∼= 3

2
ε4μ4(b)

(
∂T (t)

∂b

)2
∂2T (t)

∂b2

+ 1

8
ε6μ6(b)

(
∂2T (t)

∂b2

)3

(9)

using the lowest order approximation; the fourth prob-
abilistic moment computation proceeds from the fol-
lowing formula:

μ4
(
T (t, b)

)

=
∫ +∞

−∞
(
T (t, b) − E

[
T (t, b)

])4
g(b)db

=
∫ +∞

−∞

(
T 0(t) + ε
b

∂T (t)

∂b
+ ε2

2
(
b)2 ∂2T (t)

∂b2

+ · · · − E[T (t, b)]
)4

g(b)db

=
∫ +∞

−∞

(
ε
b

∂T (t)

∂b
+ ε2

2
(
b)2 ∂2T (t)

∂b2

+ · · ·
)4

g(b)db

∼= ε4μ4(b)

(
∂T (t)

∂b

)4

+ 3

2
ε6μ6(b)

(
∂T (t)

∂b

∂2T (t)

∂b2

)2

+ 1

16
ε8μ8(b)

(
∂2T (t)

∂b2

)4

. (10)

As one may suppose, the higher order moments we
need to compute the higher order perturbations need
to be included into all formulas, so that the complexity
of the computational model grows non-proportionally
together with the precision and the size of the output
information needed.

2.2 Stochastic ageing processes

Let us consider a specific class of the non-stationary
random process, i.e.

X(ω, t) =
n∑

i=0

Ci(ω)t i; t ∈ [0,∞), i ∈ N, (11)

where Ci(ω) are all Gaussian random variables with
the specified and bounded first two probabilistic mo-
ments. Then, the expected value of this process for the
time moment t̃ equals to

E
[
X(ω, t̃)

] =
n∑

i=0

E
[
Ci(ω)

]
t̃ i . (12)

The variance for this process is defined here as

Var
(
X(ω, t̃)

) =
n∑

i=0

Var
(
Ci(ω)

)
t̃2i . (13)

To develop analogous formulas for the higher proba-
bilistic moments we notice that if

Y(ω) = aX(ω), a ∈ � (14)

then the kth central probabilistic moment is found
from its definition as

μk

(
Y(ω)

) =
∫ +∞

−∞
(
Y(ω) − E

[
Y(ω)

])k
p(ω)dω

=
∫ +∞

−∞
(
aX(ω) − aE

[
X(ω)

])k
p(ω)dω

= akμk(X). (15)

Turning back to the initial process one obtains

{
μ3(X(ω, t̃)) = ∑n

i=0 μ3(Ci(ω))t̃3i ,

μ4(X(ω, t̃)) = ∑n
i=0 μ4(Ci(ω))t̃4i

(16)

and the general expression yields here

μk

(
X(ω, t̃)

) =
n∑

i=0

μk

(
Ci(ω)

)
t̃ ki , k ∈ N. (17)

The basic coefficients as variation, asymmetry and
flatness are simply determined as

α(X(ω, t̃)) =
√∑n

i=0 Var(Ci(ω))t̃2i

∑n
i=0 E[Ci(ω)]t̃ i ,

β(X(ω, t̃)) =
∑n

i=0 μ3(Ci(ω))t̃3i

(
∑n

i=0 Var(Ci(ω))t̃2i )
3
2

,

γ (X(ω, t̃)) =
∑n

i=0 μ4(Ci(ω))t̃4i

(
∑n

i=0 Var(Ci(ω))t̃2i )2
.

(18)
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Since Ci(ω) are all Gaussian, then only half of those
moments have non-zero values, i.e.

μ2l (X(ω, t̃)) =
n∑

i=0

μ2l (Ci(ω))t̃2li , l ∈ N. (19)

It can be relatively easy to prove that the random pro-
cess given by (11) is non-stationary being at the same
continuous in time and having continuous realizations.

3 Variational formulation of the
thermo-piezoelectric problem

Let us consider a free energy of the thermo-piezoelec-
tric continuum consisting of thermal, electric and me-
chanical fields contributions as [13, 14]

W(εij ,Ei,�) = 1

2
Cijklεij εkl − eijkEiεjk

− 1

2
bijEiEj − kij θεij − diEiθ

− 1

2
αT θ2. (20)

In the above equation (20): εij denotes the compo-
nents of the overall strain tensor, Ei—the components
of the electric field vector, θ—actual temperature in-
crement from the reference temperature θ0 defining
the state with no initial stresses nor strains. The fourth
and third order tensors Cijkl and eijk contain the elas-
tic and piezoelectric constants, while bij stands for the
dielectric permittivity; the tensors kij and di represent
thermo-mechanical and thermo-piezoelectric coupling
constants, where αT = c

θ0
relates the heat capacity to

the reference temperature. Additionally, the dissipa-
tion function F is considered here as

F(ei) = 1

2
λij eiej , (21)

where λij means the heat conductivity tensor and ei is
the thermal field vector. As one knows, the constitutive
equations are derived from (20), whereas the Fourier’s
law is a consequence of the dissipation function. There
holds

σij = ∂W(εij ,Ei,�)

∂εij

= Cijklεkl − eijkEk − kij θ,

(22)

Di = −∂W(εij ,Ei,�)

∂Ei

= eijkεjk + bijEj + diθ,

(23)

S = −∂W(εij ,Ei,�)

∂θ
= kij εij + diEi + αT θ, (24)

qi = ∂F (ei)

∂ei

= λij ej . (25)

The stress tensor components σij , the components of
the electric displacement Di , the entropy S and the
components of the heat flux vector qi are determined
uniquely from the above equations. The following as-
sumptions accompany this solution and there are:

(1) small displacements limitation, where

εkl = 1

2

(
∂uk

∂xl

+ ∂ul

∂xk

)
, (26)

(2) linear piezoelectricity

Ei = −�,i, (27)

where � denotes the scalar potential function,
(3) the following description of the thermal field vec-

tor:

ei = −θ,i . (28)

Finally, the Hamilton’s principle is used

δ

∫ t2

t1

(L + W)dt = 0, (29)

where the L and W include all thermal, electric and
mechanical contributions with all variations (of dis-
placements, temperatures etc.) vanishing at the begin-
ning t1 and at the end t2 of the considered time period;
the Lagrangian L is defined here as follows:

L =
∫

�

(K + F − W − Sθ − Sθ0θ̇ )d� (30)

where

K = 1

2
ρu̇i u̇i (31)

is adequate to the kinetic energy, while the remaining
components become

W = 1

2
σij εij − 1

2
DiEi − 1

2
Sθ, (32)
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F = 1

2
qiei . (33)

Determining all variations with respect to displace-
ments, temperature and electric potential one can ob-
tain the following set of the variational equations hav-
ing unique solution [11]:

δu(L + W) = −
∫ t2

t1

∫
�

(ρüiδui + σij δεij )d�dt

+
∫ t2

t1

∫
∂�

tiδuid(∂�)dt = 0, (34)

δ�(L + W) = −
∫ t2

t1

∫
�

Diδ�,id�dt

+
∫ t2

t1

∫
∂�

qeδ�d(∂�)dt = 0, (35)

δθ (L + W) =
∫ t2

t1

∫
�

(−qiδθ,i + Ṡθ0δθ)d�dt

+
∫ t2

t1

∫
∂�

qSδθd(∂�)dt = 0. (36)

Those equations are valid for some continuum � with
its external boundary ∂�, where the boundary con-
ditions expressed by ti , qe and qS representing the
boundary forces, the charge density and the boundary
heat fluxes, are uniquely defined.

The variational equations (34)–(36) are now refor-
mulated in the context of the stochastic perturbation
technique and, for the needs of computational imple-
mentation, they are presented in the recursive form.
It starts traditionally from the zeroth order equations,
being in fact, almost the same like those given above.
There holds∫ t2

t1

∫
�

(ρ0ü0
i δui + σ 0

ij δεij )d�dt

=
∫ t2

t1

∫
∂�

t0
i δuid(∂�)dt, (37)

∫ t2

t1

∫
�

D0
i δ�,id�dt =

∫ t2

t1

∫
∂�

q0
e δ�d(∂�)dt, (38)

∫ t2

t1

∫
�

(q0
i δθ,i − Ṡ0θ0

0 δθ)d�dt

=
∫ t2

t1

∫
∂�

q0
Sδθd(∂�)dt. (39)

Having solved zeroth order quantities, the higher order
responses need to be computed. Therefore, the general

nth order variational equations are introduced as

∫ t2

t1

∫
�

(
n∑

k=0

(
n

k

)
ρ(k)ü

(n−k)
i δui + σ

(n)
ij δεij

)
d�dt

=
∫ t2

t1

∫
∂�

t
(n)
i δuid(∂�)dt, (40)

∫ t2

t1

∫
�

D
(n)
i δ�,id�dt =

∫ t2

t1

∫
∂�

q(n)
e δ�d(∂�)dt,

(41)

∫ t2

t1

∫
�

(
q

(n)
i δθ,i −

n∑
k=0

(
n

k

)
Ṡ(k)θ

(n−k)
0 δθ

)
d�dt

=
∫ t2

t1

∫
∂�

q
(n)
S δθd(∂�)dt, (42)

where σ
(n)
ij is equivalent to the nth order partial deriva-

tive of the stress tensor with respect to the input ran-
dom variable etc. The remaining part of the solu-
tion proceeds relatively easily—zeroth order solutions
are inserted into the first order versions of (40)–(42),
where the first order solutions are extracted from to be
included into the second order equations etc. A choice
of the highest order stochastic expansion strongly de-
pends on the desired accuracy of the computational
process and needs to be the subject of the separate
analysis. As it is demonstrated, the straightforward dif-
ferentiation technique applied to the Hamilton’s prin-
ciple may be replaced with some alternative tech-
niques to determine the partial derivatives of the struc-
tural response with respect to some random variables.

Finally, let us mention that some analytical solu-
tions to such coupled problems (even with magnetic
fields contribution) are available [5, 16], but they are
valid for specific domains or components distribution
in space, so that it is impossible to provide any gen-
eral probabilistic methodology on their basis; one may
use in those cases the Monte-Carlo simulation only to
calculate analytically the statistical parameters for the
structural response.

4 The perturbation-based stochastic finite element
method formulation

Let us introduce now the additional Stochastic Finite
Element Method discretization of the problem given
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by (37)–(42). It starts from the traditional vectoriza-
tion of the displacement field u, the electric potential
� and the temperatures θ . It is completed using their
nodal values q, � , T and the shape functions ϕq, ϕ�

as well as ϕT as follows:

u = ϕqq, � = ϕ��, θ = ϕT T. (43)

So that, the strain tensor ε, the electric field E and the
thermal field e (cf. (26)–(28)) are related to the vector-
ized state functions as

ε = ∇ϕqq = Bqq, (44)

E = −∇ϕ�� = B��, (45)

e = −∇ϕT T = BTT. (46)

The constitutive equations (22)–(25) become in this
manner equal to

σ = Cε − PE − kT, (47)

D = PTε + BE + dT, (48)

S = kTε + dTE + αTT, (49)

q = λe, (50)

where σ , D are the stress tensor components and the
electric displacement vector, and matrices C, B, P, k,
d and λ denote the elasticity, dielectric permittivity,
piezoelectric constant, thermo-mechanical coupling,
thermo-piezoelectric coupling and thermal conductiv-
ity tensors. Then, we introduce this discretization into
the variational equations (40)–(42); therefore, the fun-
damental set of equilibrium equations for the thermo-
piezoelectric problem becomes
⎛
⎜⎝

Muu 0 0

0 0

symm. 0

⎞
⎟⎠

⎛
⎜⎝

q̈

�̈

T̈

⎞
⎟⎠

+
⎛
⎜⎝

0 0 0

0 0 0

CTu CT� CTT

⎞
⎟⎠

⎛
⎜⎝

q̇

�̇

Ṫ

⎞
⎟⎠

+
⎛
⎜⎝

Kuu Ku� KuT

K�u K�� K�T

0 0 KTT

⎞
⎟⎠

⎛
⎜⎝

q

�

T

⎞
⎟⎠

=
⎛
⎜⎝

Fu

F�

FT

⎞
⎟⎠ , (51)

where Muu is the mass matrix, CTu, CT� and CTT

are the damping matrices resulting from the thermo-
mechanical, thermo-electric couplings and thermal
field, respectively. The matrices Ku� , K�u, KuT,
K�T, Kuu, K�� , KTT are the stiffness matrices
related to the piezoelectric-mechanical (first two),
thermo-mechanical, thermo-electric couplings as well
as the stiffnesses adjacent to the mechanical, electric
and thermal fields, correspondingly. Finally, the RHS
vectors Fu, F� as well as FT represent the mechan-
ical, electric and thermal boundary conditions. Their
definitions are given as follows:

Muu =
∫

�

NT
u ρNud�, (52)

CT u = −
∫

�

T0N
T
T λT Bud�,

CT � = −
∫

�

T0N
T
T dT B�d�,

CT T = −
∫

�

T0N
T
T αT NT d�,

(53)

Kuu =
∫

�

BT
u QBud�,

Ku� = −
∫

�

BT
u PB�d�,

KuT = −
∫

�

BT
u λNT d�,

(54)

K�u = −
∫

�

BT
�P T Bud�,

K�� =
∫

�

BT
�BB�d�,

K�T = −
∫

�

BT
�dNT d�,

(55)

KT T = −
∫

�

BT
T κBT d�. (56)

Let us also note that

K�u = KT
u�, CT u = T0K

T
uT ,

CT � = T0K
T
�T .

(57)

On this basis we may write the zeroth and the nth or-
der stochastic equations systems corresponding to the
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deterministic system given by (51) as follows:
⎛
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0 0
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⎞
⎟⎠
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⎛
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u

F(0)
�
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T

⎞
⎟⎠ (58)

and
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k
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u
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�

F(n)
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⎞
⎟⎠ (59)

which include all the variational statements formu-
lated in (40)–(42). Let us note that contrary to the
initial equation (58) most of the submatrices in (59)
equal 0, especially for a single random variable, since
this variable appears effectively in the few of them,
frequently in the lower order polynomial form.

5 Thermopiezoelectric coupling in a straight beam

Let us consider the equation of motion of an elastic
beam as

ρ
∂2u

∂t2
= ∂σ

∂x
(60)

where the normal stresses in the beam are defined as

σ =
(

E + e2

b

)
ε − e

b
D − αEθ. (61)

A substitution of the stresses into the equation of mo-
tion yields

ρ
∂2u

∂t2
=

(
E + e2

b

)
∂2u

∂x2
− αE

∂θ

∂x
, (62)

while the heat transfer equation with thermo-piezoelec-
tric coupling takes the following form [10]:

k
∂2θ

∂x2
= Eαθ0

∂

∂t

(
∂u

∂x

)
+ c

∂θ

∂t
. (63)

The complex pulsation is obtained by the following
harmonic representation of the additional solutions:

u = U0 exp(iωt); θ = θ0 exp(iωt), (64)

where the first mechanical and thermal modes are
given by

U0 = A sin

(
πx

l

)
; θ0 = B cos

(
πx

l

)
, (65)

where A and B depend on each other. Substituting
those representations into the relation (62) one obtains

B = A

(
π

l

1

α

(
1 + e2

Eb

)
− ω2 l

π

ρ

Eα

)
. (66)

Therefore, the thermo-piezoelectric pulsation ω of this
beam is the real eigenvalue fulfilling the following
equation:

− ρ

E

(
l

π

)2

iω3 − ρ

E

k

c
ω2 +

(
1 + e2

Eb
+ θ0α

2E

c

)
iω

+ k

c

(
π

l

)2(
1 + e2

Eb

)
= 0. (67)

6 Computational analysis

Computational analysis obeys here deterministic sen-
sitivity analysis with respect to the beam length and
piezoelectric constant (Sect. 6.1), probabilistic analy-
sis with random beam length (Sect. 6.2) and stochas-
tic computations, where once more the beam length
is subjected to the ageing process (Sect. 6.3). This
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choice is driven by the results of previous computa-
tional analyses, where the so-called quality factor was
presented as a function of this particular parameter [2].
All the computational experiments are devoted to the
silicon beam having in a deterministic case the follow-
ing properties [10]:

E = 1.58 × 1011 N

m2
, ρ = 2300

kg

m3
,

e = 0.1711
C

m2
, b = 3.992 × 10−11 F

m2
,

c = 711
J

kg K
, αT = 2.5 × 10−6 1

K
,

k = 170
W

mK
, T0 = 298 K and l = 3.9 × 10−8 m,

which lead to the single real solution to (67), not avail-
able in the analytical form in symbolic environment
of the system MAPLE. Once this analytical solution
appears to be available one may apply the fundamen-
tal definitions of the probability theory to determine
exactly the basic probabilistic characteristics of ther-
mopulsation frequency. Further, it is apparent that the
silicon beam length is convenient to the nanoscale
rather than to the micro- or macroscale adjacent to
the equations provided in Sect. 3, however the results
contained in [10] show the very good agreement with
the other theories in that area. On the other hand,
an extension of the approach proposed towards the
stochastic nanomechanics would be very challenging
and interesting—by the use of Lennard-Jones poten-
tials apparatus, for instance.

Numerical approach presented here is based on
polynomial approximation of partial derivatives of the
structural response with respect to the input design
(random) variable included in (4) through the several
of solutions to the input deterministic problem. They
are completed for the set of different values of this
variable chosen uniformly around its mean value—
the polynomial interrelation between the final thermo-
pulsation and some input parameters is provided nu-
merically using 11-points tests. As one may recognize
the approximants are smooth, without local oscilla-
tions, and match perfectly everywhere the trial points
set, so that all partial derivatives determination of the
increasing order proceeds effectively.

Fig. 1 Thermo-pulsation variations with respect to input speci-
men length

Fig. 2 First order sensitivity of thermo-pulsation with respect
to input specimen length

6.1 Deterministic sensitivity analysis

The results of numerical design sensitivity analysis
are presented in Figs. 1–6 for two independent design
variables—the beam length (Figs. 1–3) and the piezo-
electric constant (Figs. 4–6). Each time we present
the set of various approximations for the interrelation
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Fig. 3 Second order sensitivity of thermo-pulsation with re-
spect to input specimen length

Fig. 4 Thermo-pulsation variations with respect to the piezo-
electric constant

between the thermo-pulsation and the given variable
within some neighborhood of its mean value and, fur-
ther, first and second order sensitivities of this thermo-
pulsation to this parameter within the same domain.
Each time we explore the usage of Newton, Lagrange,
monomial and power approximations of this response
function and their influence on the final values of the

Fig. 5 First order sensitivity of thermo-pulsation with respect
to the piezoelectric constant

Fig. 6 Second order sensitivity of thermo-pulsation with re-
spect to the piezoelectric constant

sensitivity gradients. As it is documented by Fig. 1 the
proposed approximators not always match perfectly
the set of trial points (shown here by black dots)—only
Newton and Lagrange methods are efficient in this
context. Following this result the first and the second
order sensitivities (cf. Figs. 2 and 3) computed accord-
ing to the monomial and power methods return slightly
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different results—a difference at the mean value is
about 5% for the first derivative and the few orders
smaller for the second order derivative. We notice also
that all the sensitivities have clear oscillatory character
around the mean value of the beam length; fortunately
since the initial purpose was to determine those sensi-
tivities for the design parameter mean value only, those
variations at the upper and lower bound for the compu-
tational domain are of the secondary importance. Fig-
ure 3 demonstrates that the second order sensitivities
computed at those bounds have even opposite sign to
the sensitivity adjacent to the mean value. Physically
we found that an increase of the beam length decreases
the final thermo-pulsation value and that their alge-
braic interrelation is convex.

The sets of Figs. 4–6 equivalent to the piezoelec-
tric constant as the design parameter show that when
all the methods return the approximation matching
perfectly the set of initial problem iterative solutions
(Fig. 4), then the remaining results agree with each
other almost perfectly. Even in this case the sensitiv-
ities computations result in some oscillations increas-
ing together with the distance from the mean value.
Now, both sensitivity gradients are positive, which
means that the increase of the piezoelectric constant
increases the thermo-pulsation being studied and that
those two parameters interrelation is convex; let us
note that this interrelation is almost linear within the
assumed computational domain.

6.2 Probabilistic analysis

It is assumed now that the beam length is the Gaussian
random variable having the expected value equal to the
main value taken initially; the design parameter of this
study is the coefficient of variation for this variable.
Computational results obtained in the system MAPLE
thanks to the Response Function Method [7] using
the polynomial approximation obtained before (Fig. 1)
and the additional Taylor expansion application are
presented below as the expected values (Fig. 7), the
standard deviations (Fig. 8), the coefficients of varia-
tion (Fig. 9), the third (Fig. 10) and the fourth central
probabilistic moments (Fig. 11) of the beam pulsation
(the real eigenvalue) returned as the solution to (67);
they are presented as the functions of the coefficients
of variation of the beam length for α(l) ∈ [0.0,0.25].
They are all contrasted with the Monte-Carlo simula-
tion for the total number of random trials N = 50.000,

Fig. 7 The expected values of the beam pulsation frequency

Fig. 8 The standard deviations of the beam pulsation frequency

also carried out in MAPLE, v. 13. Many of the com-
putational experiments provided before shows that this
number of simulations guarantees satisfactory proba-
bilistic convergence of up to the fourth central prob-
abilistic moments being studied now. Contrary to the
very fast perturbation-based analysis (less than 60 sec-
onds), it takes more than 18.000 seconds for each
value of α(l). Those computations were provided in
the discrete mode with respect to this coefficient each
time taken from the set [0.05,0.10,0.15,0.20,0.25].
So that the perturbation-based results are marked with
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Fig. 9 The coefficients of variation of the beam pulsation fre-
quency

Fig. 10 The third central probabilistic moment of the beam pul-
sation frequency

the continuous lines, whereas those adequate to the
simulations are marked with the diamonds.

The general observation that can be made in
Figs. 7–11 is that all the moments and characteristics
increase together with the additional increase of the in-
put α(l). The expectations start from the deterministic
result for α(l) = 0, whereas all the remaining quanti-
ties begin with 0, which is also theoretically justified.
The second general observation is that the stochastic
perturbation approach underestimates the probabilistic

Fig. 11 The fourth central probabilistic moment of the beam
pulsation frequency

characteristics having the values always smaller than
the additional estimators. Further, one may conclude
that the expectations are almost the same in both ap-
proaches for α(l) ∈ [0.0,0.25], the second order char-
acteristics agree well for α(l) ∈ [0.0,0.20]; third and
fourth probabilistic moments accuracy demands how-
ever α(l) ∈ [0.0,0.15]. Finally, we see that the random
dispersion is amplified by this system (cf. Fig. 9) and
the amplification ratio increases together with α(l).
It is necessary to underline that the consistency of
higher probabilistic moments computed using pertur-
bation and simulation techniques may be decisively
increased by a significant extension of the Taylor ex-
pansions length.

As the example of the polynomial expression in-
cluding the perturbation parameter ε, the beam length
E[l] and its coefficient of variation α(l) we derive the
third central probabilistic moment, cf. (9), where the
variable ω replaces the function T (t, b). There holds

μ3(ω) = 15

8
ε6α6(l)E6[l](1.358 × 1088E8[l]

− 4.660 × 1081E7[l] + 6.997 × 1074E6[l]
− 6.016 × 1067E5[l] + 3.249 × 1060E4[l]
− 1.134 × 1053E3[l] + 2.515 × 1045E2[l]
− 3.283 × 1037E[l] + 1.975 × 1029)3

+ 9

2
ε4α4(l)E4[l](1.509 × 1087E9[l]
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Fig. 12 Time fluctuations for the expected values of the thermo-pulsation

− 5.825 × 1080E8[l] + 9.996 × 1073E7[l]
− 1.003 × 1067E6[l] + 6.498 × 1059E5[l]
− 2.835 × 1052E4[l] + 8.385 × 1044E3[l]
− 1.641 × 1037E2[l] + 1.975 × 1029E[l]
− 1.173 × 1021)2(1.358 × 1088E8[l]
− 4.660 × 1081E7[l] + 6.997 × 1074E6[l]
− 6.016 × 1067E5[l] + 3.249 × 1060E4[l]
− 1.134 × 1053E3[l] + 2.515 × 1045E2[l]
− 3.283 × 1037E[l] + 1.975 × 1029).

The particular coefficients accompanying the powers
of E[l] comes from the polynomial approximation, of
course. Let us note that the most optimal choice for the
method order may be done after a comparison of the
difference in the particular moments value computed
for the increasing orders approximations.

6.3 Numerical verification of the stochastic ageing

Now, let us consider the stochastic variations in the
piezoelectric beam length using the following lin-
ear representation for stochastic variations [6] in its
length:

l(x;ω; t) = l0(x;ω) − l̇(x;ω)t. (68)

The Gaussian random field l0(x;ω) is equivalent to
the initial length of the beam, whereas l̇(x;ω) repre-
sents the velocity of ageing process for this parame-
ter. From the mathematical point of view this process
is continuous with the continuous time and, which
can be relatively easy proven, non-stationary (since
the unboundedness of the variance). For the needs
of computer simulation performed in MAPLE sys-
tem we analyze once more the same elastic beam as
before and the following additional data are adopted:
E[l0(x;ω)] = 3.9 × 10−8 m,E[l̇(x;ω)] = 3.9 ×
10−10 m/yr, which is equivalent to 1% loss of the ini-
tial length per a year. As it is documented by Figs. 12–
15, the coefficients of variation for this process are
taken here as equal to 0.10, 0.12, 0.14, 0.16, 0.18
and 0.20 and the stochastic fluctuations of the thermo-
pulsation eigenvalue are determined for t ∈ [0,50 yrs].
Consequently we analyze (1) the expected values his-
tories (Fig. 12), (2) the standard deviations time fluc-
tuations (Fig. 13), (3) as well as the asymmetry coef-
ficients and kurtosis histories (Figs. 14 and 15) for the
studied eigenvalue.

As it is quite clear, all stochastic properties are
strongly affected by the input coefficient of variation
for initial value and ageing velocity for the device
length. As one could expect from the results obtained
in the previous subsection, both expectations and stan-
dard deviations increase together with the lifetime of
the device, while kurtosis demonstrates quite opposite
tendency. The behavior of the asymmetry coefficient
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Fig. 13 Time fluctuations for the standard deviation of the thermo-pulsation

Fig. 14 Time fluctuations for the asymmetry coefficients of the
thermo-pulsation

is much more complex—for larger values of input α

starts to decrease from the very beginning, whereas
for minimum value (0, 10) it increases throughout al-
most entire time domain. The intermediate values of
the input coefficient of variation result in initial in-
crease to some local extremum and further decreasing.
Let us mention that all those stochastic characteristics
are continuous, smooth and differentiable time func-
tions with no local oscillations. Of course, the differ-
ences between the expected values histories obtained
for different values of input α are not so large as for
the standard deviations in the same time moment (cf.

Fig. 15 Time fluctuations for the kurtosis of the thermo-pulsa-
tion

Figs. 12 and 13), however those differences do not in-
crease together with the stochastic moment order.

7 Final remarks

The derivations presented in this paper show how to
apply the generalized nth order stochastic perturba-
tion technique for a numerical solution to the coupled
thermo-piezoelectric problems using analytical deriva-
tions; at the same time we demonstrate the details of
the Stochastic Finite Element Method computational
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implementation. This hybrid computational technique
may serve efficiently for structural design sensitivity
analysis, probabilistic studies of structural behavior
due to the stationary uncertainty in some design pa-
rameters (or its group with or without correlations)
as well as for full stochastic reliability analysis un-
der some non-stationary fluctuations in those param-
eters. Numerical results obtained in the paper show
that the randomization of some design parameters (like
the beam length) according to the Gaussian distribu-
tion may lead to the non-Gaussian structural response
of the system (like thermo-pulsation frequency) and
the random dispersion of this output may be signifi-
cantly larger than the input one. Computational analy-
sis contained above shows that using this method em-
bedded into any computer algebra system one may de-
termine practically any probabilistic characteristics of
the output—the only remaining problem is the length
of an expansion used to derive the necessary formu-
las. Quite independently from the perturbation order,
this technique seems to be significantly faster than the
Monte-Carlo method and allows to derive the analyti-
cal expressions for specific random (and also stochas-
tic) output functions (as the only one). A compar-
ison of the methodology presented with the simu-
lation technique shows generally that the perturba-
tion technique underestimates the basic probabilistic
moments values. The first two probabilistic moments
are computed reliably for α(l) ∈ [0.0,0.20], whereas
next two central moments need smaller values, i.e.
α(l) ∈ [0.0,0.15]. Having those probabilistic char-
acteristics determined, any of the existing reliability
methods may be used for an effective determination
of failure probability (and reliability indices) for the
MEMS devices [12] being modeled using this mathe-
matical and numerical apparatus.
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7. Kamiński M (2010) Potential problems with random pa-
rameters by the generalized perturbation-based stochastic
finite element method. Comput Struct 88:437–445

8. Kleiber M, Hien TD (1992) The stochastic finite element
method. Wiley, Chichester

9. Kumar A, Chakraborty D (2009) Effective properties of
thermo-electro-mechanically coupled piezoelectric fiber re-
inforced composites. Int J Mater Des 30(4):1216–1222

10. Lepage D (2006) Stochastic finite element method for the
modeling of thermoelastic damping in micro-resonators.
PhD Dissertation, University of Liege

11. Li JY (2003) Uniqueness and reciprocity theorems for
linear thermo-electro-magneto-elasticity. Q J Mech Appl
Math 56(1):35–43

12. Mariani S, Ghisi A, Fachin F, Cacchione F, Corigliano A,
Zerbini S (2008) A three-scale FE approach to reliability
analysis of MEMS sensors subject to impacts. Meccanica
43:469–483

13. Nowacki W (1975) Thermodiffusion in solids. J Theor
Appl Mech 13(2):143–158

14. Pérez-Fernández LD, Bravo-Castillero J, Rodriguez-
Ramos R, Sabina FJ (2009) On the constitutive relations
and energy potentials of linear thermo-magneto-electro-
elasticity. Mech Res Commun 36(3):343–350

15. Tan P, Tong L (2002) Modeling for the electro-magneto-
thermo-elastic properties of piezoelectric-magnetic fiber re-
inforced composites. Composites, Part A, Appl Sci Manuf
33(5):631–645

16. Tong ZH, Lo SH, Jiang CP, Cheung YK (2008)
An exact solution for the three-phase thermo-electro-
magneto-elastic cylinder model and its application to
piezoelectric-magnetic fiber composites. Int J Solids Struct
45(20):5205–5219


	Sensitivity, probabilistic and stochastic analysis of the thermo-piezoelectric phenomena in solids by the stochastic perturbation technique
	Abstract
	Introduction
	Uncertainty analysis
	The generalized stochastic perturbation technique
	Stochastic ageing processes

	Variational formulation of the thermo-piezoelectric problem
	The perturbation-based stochastic finite element method formulation
	Thermopiezoelectric coupling in a straight beam
	Computational analysis
	Deterministic sensitivity analysis
	Probabilistic analysis
	Numerical verification of the stochastic ageing

	Final remarks
	Acknowledgements
	References


