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Abstract

We consider an effective quasi-bosonic Hamiltonian of the electron gas which emerges
naturally from the random phase approximation and describes the collective excita-
tions of the gas. By a rigorous argument, we explain how the plasmon modes can be
interpreted as a special class of approximate eigenstates of this model.
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1 Introduction

In a series of four seminal papers [§—10, 19] published in the early 1950s, Bohm
and Pines proposed the random phase approximation (RPA) as an effective theory to
describe the collective excitations of jellium, a homogeneous high-density electron
gas moving in a background of uniform positive charge. In particular, they predicted
that the electron gas will be decoupled into quasi-free electrons which emerge from
the usual mean-field approximation for independent particles, and collective plasmon
excitations which correspond to correlated particle motion.

Although the plasmons were quickly detected by experiments [13, 23] after the
works of Bohm and Pines, their theoretical explanation remains an important open
question in condensed matter and nuclear physics. In 1957, Gell-Mann and Brueckner
[15] gave a microscopic derivation of the RPA using a formal summation of a dia-
grammatic expansion, in which the leading diagrams describe the interaction of pairs
of fermions, one from inside and one from outside the Fermi ball. This approach was
pushed further by Sawada [21] and Sawada—Brueckner—Fukuda—Brout [22] who inter-
preted these pairs of electrons as bosons, obtaining an effective Hamiltonian which is
quadratic with respect to the bosonic particle pairs.

Recently, the bosonization argument in [21, 22] has been made rigorous in [2—4,
6, 11, 18] for bounded interaction potentials in the mean-field regime, in which the
interaction potential is coupled with a small constant such that the interaction energy
and the kinetic energy are comparable. In these works, the non-bosonizable terms
of the interaction energy are negligible and the rest can be diagonalized by adapting
Bogolubov’s method [7] to the quasi-bosonic setting. On the mathematical side, the
main challenge in this approach is to realize the bosonization structure, which only
holds in a very weak sense, making even perturbative results highly nontrivial [18]. In
the first non-perturbative results in [3, 4], the correlation energy was computed exactly
to the leading order by using a patching technique (averaging fermionic pairs in patches
of the Fermi sphere) to enhance the bosonization structure. This approach has been
developed further in [6] to improve the analysis of the ground state energy and in [5]
to address the dynamics. In [11] we proposed an alternative approach where the weak
bosonization structure was used directly (without relying on the patching technique) to
approximately diagonalize the fermionic Hamiltonian. One of the advantages of this
approach is that it allows us to derive an effective quasi-bosonic Hamiltonian which
describes both the correlation energy and the elementary excitations of the system. In
the mean-field regime there are, however, no approximate eigenstates corresponding
to collective plasmon modes.

The aim of the present paper is to give an explanation of the collective plasmon
excitations by taking the quasi-bosonic Hamiltonian derived in [11], extrapolating for
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the Coulomb potential and going beyond the mean-field regime. We hope that our
analysis here will provide useful insights towards the ultimate goal of deriving this
effective Hamiltonian and understanding the plasmons from first principles.

2 Derivation of the effective Hamiltonian

In this section we give a heuristic derivation of the effective quasi-bosonic Hamiltonian
from the microscopic theory, by summarizing the approach in [11].

We consider a system of N (spinless) fermions on the torus T = [0, 27'[]3 (with
periodic boundary conditions), interacting via a repulsive potential V : T°> — R,
which is to say

‘7/{ = / V (X) eiik.x dx Z 07 Vk S Zi = Zs\{o}v (21)
T3

and which satisfies the square summability condition on the Fourier transform

Z ‘7,3 < 00. (2.2)

keZ3

Here we ignore the contribution of the zero-momentum mode (equivalently we set
Vo = 0) as it corresponds to a trivial energy shift of the system. (Physically, this is
understood to be compensated for by the uniformly charged background.) The reader
may keep in mind the typical situation of the Coulomb potential where Vi = g k|2
with g > 0, although our analysis applies to a larger class of potentials.

In the many-body Schrodinger theory, the system is described by the Hamiltonian

N
Hy = Hin+ Hin = ) _(=A)+ Y V(6 —x)) 23)
i=1 l<i<j<N
which acts on the fermionic space
N
Hy=/\b. b=L (T3) : (2.4)

Under our assumption, Hy is bounded from below and it can be extended to be a self-
adjoint operator on H y withdomain D (Hy) = D (Hyin) = /\N H? (T3) . Moreover,
Hy has compact resolvent and we are interested in the low-lying spectrum of Hy when
N — oo.

In general, if V % 0 and N is large, computing the spectrum of Hy directly from
the microscopic formulation (2.3) is impossible, both analytically and numerically.
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Consequently one must turn to efficient approximations. One of the most famous
approximations for fermions is Hartree—Fock theory, where one restricts the consid-
eration to Slater determinants gj A g2 -+ A gy with {g;}}_| orthonormal in L? (T?),
which are the least correlated states among all fermionic wave functions. The precision
of the Hartree—Fock energy for Coulomb systems can be estimated using general cor-
relation inequalities of Bach [1] and Graf—Solovej [17]. Within Hartree—Fock theory,
it turns out that the ground state energy can be well approximated by the Fermi state,
which is the Slater determinant of the plane waves with momenta inside the Fermi
ball Br, namely

yrs = N\ wp. up () = Q)72 25)
PEBF
with
Br =B (0,kp)NZ° N =|Bp|, (2.6)

for some kr > 0 (the Fermi momentum); see [16] and [4, Appendix A]. Here for
simplicity we assume that the Fermi ball Bf is completely filled by N integer points,
which implies that the Fermi state ys is the unique, non-degenerate ground state of
the kinetic operator Hyj,. Without this simplification, the Fermi state is not uniquely
defined and the degeneracy of the elementary excitation introduced in the next subsec-
tion has to be factored out properly, which complicate the notation but do not improve
the physical insight that we want to discuss.

In order to focus on the correlation structure of the interacting system, we need to
extract the energy of the Fermi state. For this purpose, it is convenient to write the
second-quantized form of the Hamiltonian operator Hy in (2.3):

1 ~
Hy = Han+ Hi= D 1P Coep+ 57555 D, D Vichcimcacy @)
peZ? keZ3 p,qeZ3

where

*_

Cp

c*(up), cp=clup), Vp e 73, (2.8)
are the usual Fermionic creation and annihilation operators associated with the plane
wave states u . Note that although the second-quantized form in (2.7) can be defined
on the fermionic Fock space, we will always consider its restriction to the N particle
space which coincides with the original Hamiltonian in (2.3).

Using the canonical anticommutation relations (CAR)

{cp, cq} = {c;‘, CZ} =0, {c,,,c;} =68pq. D.qE€ 73, 2.9)

where {A, B} = AB + BA, it is straightforward to compute the energy of the Fermi
state (see, e.g., [11, Egs. (1.10) and (1.20)])
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Egs = (YEs, Hyvyes) = (VFs, HkinKﬁFs) (Yrs, Hint¥rs)

= IplP+ 2(2 YEms Y Vi(Ld =Ny  (2.10)

peBr kez?

where we define the lune of relative momentum k € Z3 by
Lsz;;ﬂ(BF+k)={p€Z3||p—k|§kp<|p|}. (2.11)

Now we extract the contribution of the Fermi state on the operator level, namely
we rewrite the operator in (2.7) as

Hy = Eps + Hy;, + H;,

nt

(2.12)

for suitable operators Hkm, Hl’nt

the localized kinetic operator as

D (Hyin) C Hy — Hy. To be precise, we define

Hy;, = Hiin — (VFs, HkinVrs) = 0 (2.13)

and define the localized interaction operator as

Ve
Hy = Hint — (YEs, HinYes) = Y (Hi’:n by |Lk|)

kez3 2 @m)
e S| > b, D+ Di Zbkp+ D} Dy (2.14)
( ) keZ3 PEL peLy
where
v
k k
Hip = Z e (b;:,pbk,q ~|—bk,qb,’§’p) Z Z 2(271)3
P.g€Lk peLi geL_y
x (b;ck,pbik,q +b—k,qbk,p) (2.15)
for
by, =chepke D= D et D e (216)
PEBFN(BF+k) pEBLN(BG+k)

We interpret by p as an excitation operator, since it creates a state with momentum
p € BY. and annihilates a state with momentum p — k € Br.
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2.1 The effective quasi-bosonic Hamiltonian

So far, the decomposition of (2.12) is exact, but to proceed further we now make
some simplifications. Roughly speaking, the RPA in the physics literature [15, 21,
22] suggests that the fermionic correlation structure can be described by a bosonic
quadratic Hamiltonian. As explained in [11], this bosonic analogy can be summarized
in three steps:

Step 1 The excitation operators b,’; » by, p in (2.16) should be treated as bosonic
creation and annihilation operators, where the operators by, ,, and b; ;, with k # [ can
be considered as acting on independent Fock spaces.

On the mathematical side, we expect the canonical commutation relations (CCR)
to hold in an appropriate sense:

[k brg) = [0 U | = 0. [Brops b1y | ~ 0618 (2.17)

To motivate (2.17), let us consider the simple case k = [ where we have the exact
relations

[bkvl” bk,q] = [b;:,p’ blik,q] =0, [bk,pv bl)(k,q:l =8pq —0pyg (C;Cp + Cp—kcz;—k)

(2.18)

for all p, g € Ly. The last error terms in (2.18) are not small individually (as we only

know c;cp, c pc; < 1 by Pauli’s exclusion principle), but they are small on average.

To make it transparent, let us introduce the excitation number operator

Ng = Z cpep = Z cpcy, on'Hy (2.19)
perF PEBF
where the last identity in (2.19) follows from the assumption |Br| = N via the

particle-hole symmetry". Then it is obvious that
2. dra <CZ§cp + cp—kcj;_k) <2Ng (2.20)
p.q€Lly

while for the low-lying eigenfunctions of Hy the excitation number operator Nz is
expected to be of lower order than

> 8pg = |Lil ~ min(lk|, kp)k. (2.21)
P.q€Lly

See, e.g., [11, Proposition A.1] for estimates related to (2.21).

I'N amely, the excitation number operator (which counts the number of particles outside the Fermi state)
coincides with the hole number operator (which counts the number of holes inside the Fermi state).
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Step 2 The full operator in (2.12) is approximated by a quadratic Hamiltonian of
b,f! » and by . Concretely, the non-bosonizable terms, which are the last sum in (2.14),
are ignored, so that

%
~ k k
Hiy~ )" (Him pEYeres |Lk|) 2.22)

keZ3

with H]m given in (2.15), and the localized kinetic operator is thought of as

1
Hin ~ D2 3 2pbi pbeps bip =5 (10P = 1p— k1), (223)
keZ3 peLk

The latter approximation (2.23) is motivated by the commutation relations
[ngin, br p] = 2 bl > | 303 20 g b, (2.24)
CeZ3 g€l
where the first identity follows from the (exact) CAR (2.9) and the second relation

follows from the (approximate) CCR (2.17).
Step 3 If the effective Hamiltonian

Z Z 20k, pbk pbep + Z ( int — 2(2 ) IL k|) (2.25)

keZ3 peLk keZ3

were an exact bosonic quadratic operator, then it could be diagonalized by a Bogolubov
transformation (see, e.g., [11, Sect. 3.2]), resulting in the effective operator

Ecom+ Y 2 Y <ep, Ek€q>bz, WDig- (2.26)

keZ3 p.qEeLly

Here we introduced the correlation energy

~ v
Ecorr = Z (tr (Ek - hk) b (22)3 |Lk|)

keZ3

Ak,
— 2 / (2n)3 Z/\Z iﬂ a (227

keZ3

with F (x) = log (1 4+ x) — x, and for every k € Zi we defined the following real,
symmetric operators on £2 (L):
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1

- 1 12
Ex = (h;? (h +2Puk)h,§) . hkep =i pep, Py = [ve)(vkl,

Y
w= s Y e (2.28)

with (e P)pe Li the standard orthonormal basis of ¢% (Ly). However, the quadratic
kinetic approximation of (2.23) only holds in the weak sense of (2.24), so the difference

Hiy = Y > 204 pbi ybicp (2.29)
keZ3 peLi

is only essentially invariant under the Bogolubov transformation, rather than close to
0 in a direct sense. Therefore, adding (2.29) to (2.26) we obtain the more realistic
approximation, up to a unitary transformation, that

Hy =~ Efs + Ecorr + Hett, (2-30)

where we introduced the effective quasi-bosonic Hamiltonian

Her = Hjy +2 > > (e,,, (Ek - hk> eq)b,jpbk,q. 231)
keZ3 p.g€Llk

which is an operator on the fermionic space Hy = /\N b.

All in all the bosonization procedure of the random phase approximation thus
suggests that (2.30) holds at least for states with few excitations (when N is not too
large).

For regular potentials in the mean-field regime, i.e., when V is replaced by k;l w
for a fixed potential W satisfying D, .3 |k]| W(k)| < 00, the operator approximation
(2.30) has been justified rigorously in [1*1 ]. To be precise, we proved in [11, Theorem
1] that there exists a unitary operator I/ : Hy — Hy such that

UHNU* = Efs + Ecorr + Hett + &y (2.32)

where the error operator satisfies
_ 1
6, < Ck 7 (k;lNEH];n FH + kp> , kr— o0,  (233)

for any fixed € > 0. Moreover, thanks to [11, Theorem 1.2], the bound in (2.33)
suffices to show that &, is negligible when applied to low-lying eigenstates W of
U HyU* satisfying (W, U HyU* V) = Eps + Ecorr + O (kfp), namely

1
l—gz+€

(W, EuW)| < Ckg . kp — o0, (2.34)
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while both E o and (W, Hege W) are of order kf.

Note that even in the mean-field regime, the Coulomb potential is still excluded in
[11]. In this case, when Vk is replaced by gk;1 |k| =2, the correlation energy Ecorr is of
order kr log(kr) instead of kr, and existing techniques seem insufficient to estimate
the error terms for the energy lower bound. We refer to the recent work [12] for a
rigorous upper bound for the correlation energy. The operator approximation (2.30)
for the Coulomb gas in the mean-field regime remains completely open, let alone the
corresponding result beyond the mean-field regime.

In the present paper, we will consider the effective operator Hegr in more detail,
without imposing the mean-field and regularity restrictions on the interaction. In partic-
ular, we will focus on the most interesting case of the Coulomb potential Vi = glk| ™2
for which the plasmon modes can be interpreted as a special class of approximate
eigenstates of Hefr.

2.2 Elementary excitations and the plasmon frequency

As explained in [11], since the effective Hamiltonian Hegr in (2.31) commutes with
NE, we can without loss of generality restrict Hegt to the eigenspaces {Ng = M} with
M=012,...

The case M = 0 is trivial since the eigenspace {Nr = 0} is the one-dimensional
space spanned by the Fermi state. In the first non-trivial case, M = 1, the identity

D0 2hpbi bk = NeHy, (2.35)

keZ3 peL

(see [11, Eq. (1.55)]) implies that the relation of (2.23) is in fact valid, whence

Heiln—1 =2 D {eps Exeq) b; ybrg- (2.36)
keZ3 p.g<li

This operator can be diagonalized explicitly on {Ng = 1}. More precisely, it was
proved in [11, Theorem 1.4] that by introducing the unitary transformation

U: @ L)~ (¥ eHy | NpW =V}, (2.37)
keZ3
UEP o= b (wo) vrs. (2.38)
keZ3 keZ3

where for any ¢ € ¢2(Ly) the generalized excitation operator b} () is defined by

bi(@) =Y (ep. )b, (2.39)
PELk
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we have the identity

U* (Heit|ny=1) U = @ 2E; on @ 2 (Ly). (2.40)

keZ3 keZ3

Consequently, the spectrum of Hegr|ps, =1 is fully determined by the eigenvalues of

2Ek Note that every eigenvalue € of 2Ek = 2(h (hk + 2ka) h )2 solves the equa-
tion

~ 1 1
(62 - 4h£) w = 4E2w — 4hdw = 8<h,§ " w>h,§ " (2.41)

for a normalized eigenvector w. Therefore, if € is not an eigenvalue of 2k, we can

1 1
take the inner product with (i vz, w) 1 (e? — 4h,%)_lh,f vy and obtain

—1 )\k
1 = 8(vg, hy (€2 —4n?) v 4
n (= 47) (2n>3 ,,; — 4

|k|2
2.42
(2 )3 Z (€ =2k p)* — k" 42

which coincides with [22, Eq. (6)]. Since the last equality in (2.42) is not obvious, let
us add an explanation for the reader’s convenience. Using the algebraic identity

A, p Ak, p 1 1 1
= = - (2.43)
— 4)‘k,p (€ = 2hk,p)(€ + 20 p) 4\e—2hp €+2hp
and the definition Ly = By N (Bf + k) = (Bf + k)\Br we can write
A 1 1 1
Yol e ay) e
pELy €& - k,p peLy € k.p € k.p
1 Z ( 1 1 >
4 peBrth) € —2Mp €+ 2N
1 Z < 1 1 )
4 pe(Brth)NBF €—2Mp €+20p

Using 2¢,p = 2k - (p — %) and substituting p — p — —k in the last sum in (2.44)
we get
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1 Z 1 1
4 € —=2Ap €42,

pe(Br+k)NBF

1 1 1

_ 1 _ =0 2.45
i Y (e aay) 245
PEBF+3)N(BF—73)

where the cancelation comes from the symmetry p +— —p. On the other hand, by
substituting p + p + k in the first sum in (2.44) we can write

1 Z 1 1
4 € =2 p €+20 )

PE(Br+k)

1 Z 1 1
4 €e—2k-p—1k|2 €+2k-p+Ik|?

1 1
__Z<e—2k p— k2 €—2k- p+|k|2>

pEeBF

|k|?
Z (2.46)
_ )2 — k|4
2 5 (e —2k-p) — k]

where we also transformed p +— —p on the second term. Thus (2.42) holds.

In summary, (2.42) characterizes all eigenvalues of 2Ey outside the spectrum of
2hg. In the case of the Coulomb potential Vy = g |k|_2, with a constant g > 0, the
k-dependence in (2.42) is simplified and we obtain

(2 )3 2 (€ — 2k - p)2 k[ 247

pEBF

In this case, among all eigenvalues described in (2.47), the largest one is special as it
is proportional to k;/ % while the other eigenvalues are bounded from above by

32

2hemax = Sup 2k - p + k1P < 2klkp + k2 < k2 i k| < kL7 (2.48)
PEBF
Indeed, note that the function
flor=—"5>%" — (2.49)
(2 ) 5, (e =2k p) K
is strictly decreasing on (2Ax max, 00) and
lim f(e) =00, lim f(e) =0. (2.50)
5_>(2)Lk,max)+ €—>00
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Therefore, the equation f(e) = 1 has a unique solution on (2A max, 00). Moreover,
this solution satisfies

> = @250
<2n>3 ,Z,} (€ — 2k p>2 e <2n)3 ,,%} (2n)3
namely
[ 2¢N [ & .32
> s 37T_2kp (I +o(Dpp—o00)- (2.52)
When [k| < k}/*, the lower bound in (2.52) implies that

€2

~ 1
(e =2k - p)* — [kI*

(2.53)

and hence (2.52) is asymptotically sharp, namely we have

€= /37‘%@/2(1 + 0(1)kp00)- (2.54)

In summary, if |k| < Kk 2, then the largest eigenvalue € of ZEk is proportional

to k;/ 2, while all other eigenvalues of ZEk, either being characterized by (2.47) or
belonging to the spectrum of 2/, are always bounded by 2k max < k3/ 2
In the physics literature, the largest eigenvalue of 2Ek is often computed in the

thermodynamic limit, where we replace Riemann sums by integrals and obtain
2 o
€“~2gn (2.55)

where

N Vol(B(0,kg)) 1
=3 = OQTF ok (2.56)

is the number density of the system?. By taking g = 4me?, and also inserting

% = 1, we find that the largest eigenvalue of 2E; is

4 2
e~ 2gn = hy| —— = hax (2.57)
m

2 Here we consider the spinless fermions for simplicity. If we include a factor of ¢ for the electron spin
states (e.g., ¢ = 2 for electrons), the equality (2.55) is still correct provided that n = (ﬂ%k%
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where wy = 4’”’6 is exactly the plasmon frequency written in [20, Egs. (3-90)]

and [14, Egs. (15. 16 15.18)].

In the present paper, we will study Hefr in (2.31) for a general M > 1. In this case,
the spectrum of Hegr corresponds to not only the elementary excitations but also all
of the collective excitations of the system. Unlike the simple case M = 1 discussed
above, for M > 2 the operator Hefr|nr,—p can not be diagonalized explicitly as in
(2.40), and hence understanding the spectrum of Hegr is both interesting and difficult.
We will focus on the part of the spectrum of Heg|pr,—p Which can be interpreted as
describing the collective plasmon modes.

3 Main results

Consider the effective Hamiltonian Heg in (2.31), i.e.,

Her = Hiy+2 " 3 (e, (B = hideq) b by, 3.0
keZ3 p.q€Li

which is an operator on the fermionic N-particle space Hy = /\N L? (T3) with
domain D(Hy) = A" H? (T?).

As discussed above, for M = 1 the eigenfunctions of Hefr are precisely the states of
the form b* (@) Yrs, where ¢ € 62(Lk) is an eigenvector of ZEk In the exact bosonic
case, the elgenfunctlons of Heft| s, =y would be the states of the form

by, (p1) -+ bE,, (oa) ¥rs (3.2)

where each ¢; € 02(Ly) is an eigenvector of ZEki forl <i <M.

For the effective Hamiltonian this is generally no longer true when M > 2. However,
we will show that in the case that k| = --- = kyy =: k, where ¢ = --- = oy =: @k
is the eigenvector of the greatest eigenvalue of 2E (and so describes the plasmon
mode), this is nonetheless approximately correct.

For the specific case of the Coulomb potential, we prove the following:

Theorem 1 Let kr > 0 be a large parameter. Let Vi = g |k|™% with a constant g > 0.

Lets € (0,3), e € (0,1), [kl < k% and | < M < ki be given. Let ¢ € €*(Ly)

denote the normalized eigenvector corresponding to the greatest eigenvalue, €, of

2Ey, and define Wy € {Ng = M} by
= b (o) M rrs.
Then the normalized state Wy = W~ Wy obeys
”(Heff — Mey) ‘iJM” < C kI VhrM3
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for a constant C > 0 depending only on § and ¢. Furthermore, it holds that

v, h3v _1
€ = \/8 (v, hrvk) -1-4M +0 (kF2 |k|4) .
(K, hicve)

1 1
Here O (k. * |k|*) is a quantity that is bounded in absolute value by k> |k|* times
a constant independent of kr and k.
This theorem shows that we can consider Wy to be an “approximate eigenfunction”
of Hegr with “approximate eigenvalue” M€y, when M is not too large. Let us give some
quick remarks on this theorem:

1. The norm estimate implies both a dynamic and a spectral estimate: Owing to the
elementary time evolution estimate ||(e "'H — e~ "EYyr|| < ||(H — E)y ||t this
shows that

(e~ Hert — e=itMeyNpy || < 1 for Mept < C% ~ M3 kp |kl;
k| ='VkrM?2
(3.3)

note that (Me;)~! is the characteristic timescale of the oscillation of Wy, so this
2
is a non-trivial statement for M < (kg|k|)3.

Spectrally, thanks to the operator inequality |1 — 1{g_s g4+5)(H)| < s YH - E|,
the norm estimate in Theorem 1 implies that

~ 5
(L — Lpep—s.mers)(Hee))Warll < 1 for k17" VEkpM2 <8, (3.4)

namely the state Uy is essentially localized in the spectral space 1[ps¢, —5, ey +5] (Hetr)
‘H . This justifies the interpretation that v M 1s an “approximate eigenfunction” of Heft.
2. The condition |k| < k‘SF with § < 1/2 is natural since we need |k| < k}p/ % to
separate the plasmon frequency from other eigenvalues of 2Ey. When |k| ~ k;/ 2,
the plasmon mode merges into the continuum (the interval [0, 21¢ max] containing
the remaining spectrum of 2Ey) as argued already by Bohm and Pines. See Fig. 1
for anumerical computation of the plasmon frequency and the continuum spectrum

of ZEk when |k| increases.
3. The estimate for €; is quite precise. Evidently the error term k;l/ 2|k|4 is much

smaller than k;/ % when k| < Kk 2; moreover

(o 1)

€k Z\/S (vg, hrvg) + 4 + o (1) 3.5)
(Vk, hivg)

1
for |k| < k}.. To make connections to the physics literature, we note that replacing

the underlying Riemann sums by integrals (and keeping only the leading part of

(vk. hvi)), and setting g = 4e? and n = % = %’Tk% we find (with % =1
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o(2E}) .
€L [ ] L] - "
2)\k,max
0 1 2 3 4 5 6 7 8 9 10 11 12 13 |k
Fig.1 The spectrum of 2y with V = 47 |k|~2 and kp = 500
672 2 2
4 e? skglkl 3 v
€@~ k3 + —k2k2 ~ hwy + 2—— = h|wg + —-LkI* |,
k \/ F k| hao 0 10 CUOI |
3.6)

where wy = 4”” is the plasmon frequency and vy = 2h~ 'k is the Fermi

velocity. This descrlbes a plasmon dispersion relation of

3 v
w(k) ~ wy + ——Ikl

0o 3.7

which is in agreement with [20, Eq. (3.90¢)], [19, Eq. (5.19) ] and [ 14, Eq. (15.60)].
See Sect. 6 for a detailed explanation of (3.6).

. In the mean-field regime, where V = k;l W with a fixed potential W, the bosonic
collective excitations were discussed in [5] on the dynamics and in [2] on the spec-
trum (see, e.g., [2, Eq. (3.38)] for an analogue of (3.6)). In this case, the separation
of the plasmon frequency holds in a weak sense: Although the largest eigenvalue
of 2E x are within the same order of magnitude of many other eigenvalues, i.e., of
order kr, the distance from the plasmon frequency to the next-highest one is also
of order kr while the gaps between other eigenvalues are at most O (|k|) (recall
that we are interested in the case |k| < k}/ 2). This assertion follows easily from
the same argument leading to (2.52).

In contrast, in the present work we focus on the more physical regime where V is

independent of kr. As we go beyond the mean-field regime, the largest eigenvalue is
much larger than the others, and the genuinely large gap of the spectrum ensures the
almost-delocalization of the eigenfunction, which is important for our estimate.

5. Our analysis can be extended to all potentials satisfying Vi > 0and Y kezs sz <

oo. To be precise, for any k € Zi and M € N such that V; > k;l and 1 < M K

1. A . .
kr k|2, if we take €, ¢x and Wy, as in Theorem 1, then we have the norm estimate
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VEFIKL | &5, 1€Z3\2B
(3.8)

~ C A A ~ 5
H(Heff—Mek)wMH < J 3 min{1,kFV,}w|l|2+Ck; DR/ TES
1

Note that in the case of the Coulomb potential Vi = g |k|=2 we may explicitly

estimate
R Vkr 2kF 3
3 min{l,ka]} Al ~f r2dr +kp/ —r2dr < k2 + kpkp < k3,
1€2BF 0 Ve T
o0
. 1
ke Y Vi~ k;/ —ridr < kipkp' =k, (3.9
1€Z3\2By 2k T

and hence (3.8) boils down to the norm estimate in Theorem 1. We refer to Sect. 6
for further explanation of (3.8).

Outline of the proof The main mathematical difficulty of the proof lies on the fact
that Hegr is not a bosonic operator. More precisely, the operators by (¢) only satisfies
the CCR in a weak sense, and controlling the exchange terms (the error terms from the
CCR) requires a careful analysis. In particular, estimating the norm of the approximate
eigenstate b ()M s is already nontrivial, and this will be done in Sect. 4, together
with an analysis of the action of Heg on this state. Until this point, we keep the
analysis general and do not use any properties of the one-body operators Ey and hj in
the definition of Hes. These one-body operators will be analyzed in detail in Sect. 5.
Finally, we conclude the proof of the main theorem in Sect. 6.

4 Analysis of the approximate eigenstates

Letk € Zi be given and let ¢ € £ (L) be the normalized eigenstate of 2Ey corre-
sponding to the greatest eigenvalue €. For M € Ny we define astate Wy, € {Ng = M}
by

Wy = b} ()M Yps. 4.1)

In this section, we estimate the norms of Wy, and (Hegr — Mer) W /||l the
main results are stated in Propositions 1 and 2, respectively.

Before going to the two corresponding subsections, let us recall some basic com-
mutator computations. First, we recall that the generalized excitation operators, given
by

b(@) =Y (.ep)brp. bi(@) = (ep o)b; (4.2)

peLi peLly
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with by, = ¢),_ycp, obey the commutation relations
[bk (@) . by (V)] = [bF (@) . b] (¥)] =0
[6x (), b ()] = 81 (9, V) + ex (93 ¥) (4.3)

with

ekt (@3 ) = — Z Z (@, ep)leq. ¥) (8p,ch_lc}‘;_k + (Sp_k,q_lc;cp> . (4.4

PELk gL

For use below we calculate the commutator [&; % (¢: @) , bf (¥)]: As

[‘Sp,ch—kC;—l +8p—1.g—kCyCp; bZ,r]
=68pq [cq,kc;_l, cfcr,k] +8p—i.g—k [c;cp, c:‘c,,k]
=68pqCrcq—k {c;‘;_l, cr_k} + 8,,_1,4_;{0;“ {cp, c;‘} Cr_k
= 8p,q8p,1)r,kc;kcq,k + Sp,r(spfl,qfkc;crfk 4.5)

for p e Lyand q,r € Ly, we find

[e1k (93 9) . b (V)]
== Z Z <¢, ep)(eq’ ‘P> {er, ) [ap,chka;—l + 5p71»qfkcjcpv blt,r]

peL; g, reLy

=- Z Z <¢v el’) (epv QO) {er, V) Bp—l,r—kc;kcp—k

peLyNL;reLy

N Z Z(‘7”61?)(@4"/’)(%71ﬂ>5p71,q7kc;‘cp7k

peLyNL; geLy

=T Z Z(¢’el7>((el”§0)<e‘1’¢>+(eq"p)<epaw»ap—l,q—kCZCp—k

peLiNL; geLy

- Z Z Sp—t.g—k (@ ep) (lep. @) {eq. W) +(eq, @) {ep. ¥)) by 4-

peLyNL; geLy

(4.6)
In particular
[exk (03 9) . bf (V)]
== Z Z 8p—k.q—k (@ ep) ((ep. @) {eq. V) +{eq. o) {ep. ¥)) bZ,q
peLk q€Li
=2 (p.¢p)lep. 0)lep. W) 1L - @.7)
PELk
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4.1 Estimating the norm of ¥y,
In this subsection we will prove the following:

Proposition 1 It holds that

MM —1)
M! > Wy |> > M! (1 - II¢II2> .

2

Below we will see that ¢ is “almost completely delocalized,” i.e., ’(ep, <p>| ~

_1
dim (¢2 (Ly)) "7 = |L¢|™2, whence

1 _
lolg ~ | > — =1Lul™! 48)

pele | Ll
and so the proposition implies that
1 1
IWpl* = C (M), M <I|Li|2 ~kp k|2, 4.9)

We note the following general estimates:

Lemma 1 Let (¢k)keZ§ be a collection of vectors ¢ € €2 (Ly). Then forany W € Hy

Yo < [y llgel?
keZ3 kez3

S ot @] = [3 1o |+t
keZ3 keZ3

Proof For Zkezi bi (¢r) ¥ we estimate

1
N2l

A

IA

Dob@W| =] Y (hrep)chpepV
keZ3 keZ3 peLi
DO (D) bk ep)chgep¥| = Y (Z Ir, (p)<¢k:ep>C;k) cp¥
pEB kel peBy keZ3
<3 I e lbe el lepvl < [ Y e it el [ lepv?
peBE \ keZ3 PEBY keZ3 peBY.

N (4.10)

Sl IPVONEY) = [ lgell?
keZ3 keZ3
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2 .
op <./ Zp |a[, | . For the second estimate

we note that by the quasi-bosonic commutation relations of Eq. (4.3)

by the usual fermionic estimate H > »apCh

D obid), D b | = Y Silgi g+ D e (i )

keZ3 1e73 k,leZ3 k,leZ3
2 .
= > leel*+ D i (s b0 (4.11)
keZ3 k,leZ3

whence the second estimate will follow from the first provided > k.1ez? €kl (r; &) <
0. This is indeed the case since by definition

Dar @ =— Y Y > (b ep)leq. #1)

k,lez3 k,leZ3 pELk gLy

(8p,ch_lc}‘;_k + 8p_k,q_1c;cp> (4.12)

which factorizes as the negative of a sum of squares: Firstly

Z Z Z <¢k’ep>(eq’¢I)5p,chflcﬁ—k

k,1€Z3 PELk g€L;

= Z Z (¢k’ep)(epv¢l>cp—lcf7—k
k1eZ3 peLinL;
&

= > Dt lepti)epa | | D k) ep di)epsi | - (413

peBy. \leZ3 keZ3

Similarly

33D (e en)leq $1)8prgicien

k.leZ3 peLi q€L;

= > > D (b epri)leqii $1)8p.qChicpik (4.14)

k.1eZ3 pe(Li—k) qe(Li—1)

- Z Z (. epic) (ep+i. B1) CprCp
k,1eZ3 pe(L—k)N(L;—1)
*

= > D1 b eprr) i | | D Tk () (d1: epsa) cpin

PEBF \leZ3 keZ3
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Proof of Proposition 1 (Upper bound): For any W € Hy and ¢ € €% (Ly) it holds that

¢ @) v < ol V¥, Ve + 1) W) (4.15)

(this is a special case of Lemma 1). In particular, since ¢ € €2 (Ly) is normalized and
Wy, € {Ng = M} we have

1 l? = 6% () Wpr—1||* < M@l (Tpro1, N + 1) Wpo1) = M [y |2
(4.16)

whence Wy |12 < M! ||Yps||> = M. o

Obtaining the lower bound will require some additional work. We note the follow-
ing:
Lemma2 Foranyl € 73 and ¢ € €* (L)) it holds that

MM —1

5 ) [e1.k (03 9) . b (@) W 2.

by () Wy =8k, M (¢, ) W1 +

In particular, for k =1,

bi (@) War = M (. ) War—1 — MM — 1) [ 3 (. ep)lep. 0 b, | Wai—a.
PELg

Proof We calculate
M

[61@) b7 @M ] = 3 bp @M [ 5 )] b (0!
j=1

M M
=81 (0,00 b @M+ Y bE @M ek (95 9) b (@)
j=1

j=1
=8k M (d. ) b} @M+ MbE @M ek (1 00)
M j—1
+ Y @M b () T ek (19) . b (0] b ()] T
j=1j=1

4.17)

Here the third equation in (4.17) is obtained by iterating the second one and com-
muting the operator b,f((p) to the left. Note that it follows from Eq. (4.6) that

[e1.k (9 9) . b} (9)] commutes with b (¢). As by () Yrs = 0 = &4 (¢; ¢) YFs
we thus find by applying (4.17) to Ygs that

M j—1
bi ($) War =8 iM (¢, 9) b @M yrs + [ DD 1

j=1j'=l
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[e1.k (B; 9) . b} (©)] b ()M 2 Yrs

MM —1) N
=8 M (P, ) Wy + — [e1.k (D: 9) . bf (©)] Wa—2. (4.18)
The k = [ case follows by inserting Eq. (4.7). O

Proof of Proposition 1 (Lower bound): We define ¢ € ¢2 (L) by

0@ =" llep. 0) ep ) ep- (4.19)
pEL

We then see by Lemma 2 that ||\Wy, ||2 obeys

IWarll? = (Par—1, by (0) W)

= <wM_1, Mg, @) W1 — M (M —1) ( 3" (e.ep)lep. o) b,’;,,,) wM_z>

peLy

=M |y |P =M M- 1) (xpM,l b} (<p<3)) xpM,2>. (4.20)

From this we can deduce the desired lower bound by induction. For M = 0, 1 we have
equality. Suppose that case M — 1 holds. Then

1912 = M | n P = M = 1 (W1, (09) was o)
o (o) o]

= M Wy | =M= D2 @ @] [9n]

= M Wy | = MM = 1) [y

M—-1))(M -2
> M ((M Y (1 e ||go||2)> MM = 1) gl (M — 1))
M—-1)M -2
= M! ((1 - ()2# ||<p||2) —(M—1) ||¢||2)
MM -1
=M (1 - % ||¢||g) (4.21)

where we recognized that

[0@] = [ llep-@)l° = 13 @.22)
PELk

The proof of Proposition 1 is complete. O
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4.2 Action of the effective Hamiltonian on Wy

We now consider the action of

Hep = Hléin +2 Z Z <€p, (Ek — hk) eq)b;:’pbk,q
keZ3 p.g<Llk

= Hl:in +2 Z Z blt ((Ek - hk) ep) bkaP = Hl:in + Hos
keZ3 peLk

on Wy, and in doing so prove the following:

Proposition 2 For Wy, = ||Wy ||~ Wy it holds that

2ol \/ZZEZ-:: |E —hi ”ils

J1I=M2el?

5
M2,

H (Her — Mer) Wy H <

We start with

Lemma3 We have

MM —1)
| (Hett — Meg) Wyl < — IEY 2l

where

€= Z ep. 0){eq- o) Z‘Sp—l,q—lez (P) b] (Arep) CyCpk-

p.g€Lly leZ3
with A; = 2 (E; — Iy).
Proof From the first identity of Eq. (2.24) it follows that
[Hiin: b7 (9)] = b} Chip)
whence
[ His b7 @0 ] = Mb; Chig) b ()M
implying that
HyinWar = Mbj 2hyp) War-1.
For Hop we have by Lemma 2 that (abbreviating A; = 2 (E, — hy))

@ Springer

(4.23)

(4.24)

(4.25)

(4.26)

4.27)

(4.28)



On the effective quasi-bosonic Hamiltonian of the electron... Page230f36 114

HopVm
MM -1
=D > b (Aep) <5k,1M(€p7¢’> Wy + 2HZD 5 ! erk (epi 0) . b @] \I"M—2>
leZ3 peLy
=M Y b (Arep)(ep, ¢) Wn—1
PELg
MM -1
% Yo D b (Aep) [er (ep: 0) b @) War—2
leZ3 peL;
MM -1
= Mbj (Axg) War—1 + % Yo > b (Aep) [enk (eps 0) . bk @] War—a.
1eZ3 peLy
In all then

~ MM —
Heg Wy = sz (2Ekg0) Yy 1+ — ( Z Z bl Alep

1eZ3 peLy
x [erk (ep: @), bf (©)] War—2, (4.29)
S0 as ¢ is an eigenvector of 2E; with eigenvalue €,
MM —-1)
[(Hett — Mer) Wyl = — EWp—ll. (4.30)

Here the error term on the right-hand side is

1
E= =L 5 5 b () [ (e ) 45 )

1€73 peLi

= Z Z Z Sp—t.g—k (ep, ‘/’> (eq, (p)b,* (Alep) C:;Cp—k’ (4.31)

leZ3 peLiNL; g€l

where we inserted the commutator of Eq. (4.6). This term can be rewritten as (4.25).

O
We can now estimate the error term £ as follows:
Lemma4 It holds that
~ 2
IEWM 2l < 2MVM =T lllZ, [Y | Er = hi]lys a2l
lez3
Proof Write
Bpg= Y 8p1q-klr (p)bi(Asey) (4.32)

leZ3
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for brevity, so that £ given by Eq. (4.25) can be written as

E= > lep.9){eq. ) B} jchcp . (4.33)
P.q€Lly
Then £*& is given by
ge= ) v.en)le.eq)ley.0)eq o) CpkCqBpgBry yCqcp—k- (434)
p.p'q.q' €Lk

Note that by Lemma 1, the operators Bz*i, q obey

> Brgwn| = 5 3 spmrakte o [are P [ + 0w

P.qELy P.q€li ez

=(M—1) Z Z Z Sp—tg—k | | Arep ”2 1Wp—2)?

lez3 peLiNL; \g€Ly

<M =Y AP 1pal? = =1 | Y 1As | 1%w—l?

leZ3 peL; leZ3

(4.35)
. X A
Since [cp_kcq, Bp,q] = 0 it holds that
* * * _ * * *
CpkCqBp.gBy yCyCp—k = BpgC)_yCqCpCp—iBpy o
* * * * * *

= Bp.qCyCp—kCp_1CqBy o+ Bpy [cp_kcq, cq,cp/_k] B, 4 (4.36)

: * * _ _ * _ *
so using also that [cp_kcq, cq,cp/_k] = 8p.p'8q.q = Bp.pCyCq = 8q.q'Cp—kCp_y W
find

€W

= Z (0. ep) (0. eq){er 0)leq 0) (c;’—kCCI’B;,q Wh-2, ¢ kCq B;/,q/‘IJM*2>
p.p'.q.9' €Lk

= Y ler ol loeq)leg o) ey By Wn. g B o)
P.q,q" €L

= Y a9l fesen)lens 9) (ch-kBZ,q‘I’Mfzv c;_kB;,’q\I/M72>
p.p'sqeLly

2
+ 3 lep @) llea- o) | Bpg¥m—| =T+ o+ Ty 4+ T, (4.37)
p.q<Lly
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We estimate the separate terms. For 77 we can apply the Cauchy—Schwarz inequality
and Eq. (4.35) to bound

Tl < el Y

* * * *
Cp’—kcq’Bp,q\pM—Z H Cp_kCq Bp/’q/ Wyo H

p.p'\q.9 €L
4 * * 2 4 * 2
<lelle Y [esoecaBy ua| <lelie Y |NeBp wu|
p.p'.q.q' €L YN
2
2 4 3 4
s =D elle Y By v = =10l
p'.q' €L
2 2
<\ DAl | 1wl (4.38)
lez3

and 7> is similarly bounded as

Tl <loll Y oo Bpgn2| |caByvna|

P-4.q9"€Lk
4 2 . 2
<t [ 5 Jasianef | 3 [
peli\| ¢.q'€Lx q.9'€Ly
4 3 ? 20014 2 2
<lelt D |NEBs Yma| =M =D el | D 1Alls | 1%m—2ll®,
P.qeLi 1e73
(4.39)
the same estimate holding also for 73. Finally 74 is just bounded by
ITal < (M = D llolls | D Aullfis | 1Wm—2]? (4.40)

€73

so combining the estimates we find

€W 2l < MVM =TlplZ Y IAlks 192l
lez3
~ 2
=2MVM =Tl Y |E — iy 1Wu—2l - (4.41)
lez3

O
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Proposition 2 now follows by combining Lemma 3 with Lemma 4 and Proposition 1
to see that

[EVp—2ll
Pl

k )\
<202 M = DY i[5 1B - g a2
1ez3
3 ~ (M —2)!
<aM* (M - D el |3 B - hl;
iz M (11— MOED g 2)
1

=2M3(M = D llpl% [ 1B — i
lez3

= 2
S 2 llel3, \/Zlezi | Er = h ”HSM%.

J1=M2g|}

5 Estimation of one-body quantities

| cHesr = Mew) baa| < v v = 1)

M(M-1
— MH=D g3

(4.42)

To proceed we must now derive some estimates on the one-body quantities involved -

we need to verify that ¢ is indeed “almost delocalized” and bound 3" 7 | E1 — h | ils.

We prove the following:
Proposition 3 For |k| < /kF, it holds that

c
2 3
el s lells = AT,

and

OB — s < k5
leZ3

for C > 0 independent of k and k.
Note that the condition |k| < +/kf, namely |k| //kr — 0 as kr — oo, holds if
k| < k% with § < 1/2.

5.1 General estimates

To avoid unnecessary subscripts we consider instead of ¢2(Lj;) a general n-
dimensional inner product space (V, (-, -)), on which a positive symmetric operator
h : V — V acts, with diagonalizing basis (e;)?_, and eigenvalues (1;)}_,, and a fixed
v € V such that (¢;, v) > Oforalll <i <n.
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DeﬁneE:V—>be

1

1
E:(h%(thsz)h%)z =(h2+2Ph% )2. (5.1)

v
Let ¢ € V be a normalized eigenvector of E with greatest eigenvalue € (> ||/]]) (note

that we do not include the factor of 2 in this section), with phase chosen such that
<h%v, q)> > 0. Then as E squares to h?+ 2Ph% , we have
v

2y =h2¢+2<h%v,<p>h%v (5.2)
whence
~1
<p=2<h%u,<p> (62—h2> htv. (5.3)

This identity lets us describe the components of ¢ (with respect to (e;)?_,) in terms
of the single unknown e: Taking the inner product with e; yields

(i, ) = 2<h%v, go) <e,-, <62 - hz)_l h%v> - 2<h%u, (p> eziﬂ (i, v) (5.4)

1 L . ; .
and now we may note that 2 <h7 v, <p> is simply a constant independent of i. As ¢ is
by assumption normalized, we thus have

! Vi

@) =
\/ZZN_I (eﬁ#)z l{ei, v)]? €2 =1

(e,

5{ei,v), 1<i<n.  (55)
i

Note that by the variational principle €2 > E? = h% + 2Ph 1 we have
v

1 1
hzv, (h*> +2P 1 )h2v 3
622< ( 1 1hzrz) >=2(v’hv)+mzz(v,hv). (5.6)
<h7v,h7v> (v, hv)

So we immediately obtain the following:

Lemma5 Lef Amax = maxi<;<u Ai. Then provided 2 (v, hv) > 22 it holds that

max

2 (v, hv) Vi
(v, hv) — A2, /v, )

lei, o)l = 5 l{ei, v}, 1=<i=<n.
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Proof We simply estimate

1 VA
I = e v
\/Zi=] (62—;.2)2 |<ei9 U)| i
1 1
< Vi l{ei, v}l
1 [N 2€2 )2
=y 2zt A lei, v)l max
62 ’\/}‘«i
= 22 o h) l{ei, v)| (5.7
max ’
and note that by (5.6),
2
€ 1 1 2 (v, hv)
= —— < = = — - (5.8)
€ )‘mdx 1 — Zmax 1 max 2 <'U, ]’lv> )\,max

— 2(v,hv)
O

For the statement of Theorem 1 it is also interesting to bound € from above: We
just saw that

€2 >2 (v, hv) + (5.9)

and the right-hand side is in fact the leading contribution to €

Lemma 6 Provided 2 (v, hv) > A\%__ it holds that

max
(v, h3v) 4(v, h3v>kr2nax

2 <2 (v, hv) + .
€” < 2(v, hv) (v, hv) (2<v,hv>_)‘12nax)2

_ -1 _
Proof By the identity ¢ = | (¢2 = #%) "' htv| (2 = 1?) ™" hiv we have that

<v, h3 (e — 112)_2 v> (GZT122 (v, h3v)

max

(0.5 (2 = 12) 2 ) =T 1)

B et (v, hv) - Q2 (v, o)) (v, k) 5.10)
= (62 _ )\rznax)z (v, hv) — (2 (v, hv) — )\%nax)z (v, hv) .

o0 -

where we estimated as above. Continuing the estimate we then find

2) (v, B3v)

<U, hU> (2 (v, hv) — )ernax)z (l}, hU>

(v, k) @2 (v, hv)? — (2 (v, hv) — A2

<<p, h2<p> <
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— )4

max

(v, h3v)  4(v, hv) A2

max

_ (v, hv) - (v, h3v)
(v, hv) (2 (v, hv) _)lenax)2 (v, hv) = (v, hv)
4(v, h3v> A2
(2 (v, hv) — 225"

(5.11)

From the eigenvalue equation for €> we can then conclude that

(v,h3v) 4<v,h3v>A2

max

+
(v, hv) (2 (v, hv) — )‘r2nax)2

2 2 3 2 O
& =(p.n%0)+2|(n3v,¢)| =2 |nt0| Iol? +

(v, h3v) 4 v, h20) A
(v, hv) (Z(U,hw_)‘%ax)z'

=2 (v, hv) + (-12)

Estimating ||E - h||
HS

1
Finally we consider HE — hHHS = ” (h2 + ZPh% )2 —h|| .In[11, Eq.(7.22)] we
v

HS

derived the identity

- 4 00 t2
E—hz—f P idi (513
TJo 12 (v h (n2 4 a2) o) 0T

from which it follows that

- Nk
0< (e, (E—h)ej) < 25 J;;j

(ei,v)(v,ej), 1<i,j<n. (5.14)

This is asymptotically optimal for “small v,” but without the mean-field scaling we also
need to consider “large v.” While a direct elementwise estimate appears to be more
involved in this regime, a good Hilbert—Schmidt estimate is in fact simpler. Covering
both regimes, we have the following:

Lemma 7 It holds that
~ 2 . 4
|E = ks = min {2 (v, ko) 4 0]}

Proof We first note that

|E = hli =t ((E—1)*) =1 (B> + 0> = En — hE)
=2 <h2 P, — h%Eh%) (5.15)
h2v
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as E2 = h? +2Ph L Since we may trivially estimate that E > hwe can then conclude
v

12
hZUH

|E~nlfs <2uw(r+ Py —0?) =2 —2(v. k). (5.16)

For the other estimate we simply apply the elementwise estimate:

(E =g = 3 [l (E=n)er)f =4 32— firovh o)

i,j=1 ljl)\‘_’_)\’)

2
<4Z [(ei. v) v, €] <4<Z|e,, 2) =4llvl*

i (A +/\)
(5.17)

O

5.2 Proof of Proposition 3

To prove Proposition 3 we now only need to insert the specific one-body operators of
our problem; recall that in this case

1
hep = hpep. ap =75 (1P = Ip—k?) (5.18)
and
v = (5.19)
2(27'[)3 p;k "

First, for ||<p||g and ||g0||go, we trivially have that

leld = |3 |lep @)|° < VILil el (5.20)

PEL

and by Lemma 5 we have the estimate

ol < 2RV kw2
o = 2 (vg, hrvg) — kmax v, hivr) peLli -
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provided 2 (vg, hyvg) — k,%,max > 0. Moreover, under the condition that |k| < kF,

the k-dependent quantities behave as (recall that I7k =g k| =2)

Vk A —1
A ~krlk|, max|(e,,v :1/—~\/V~k 5.22
k,max F Ik pely |< p k)| 2(27_[)3 k k| ( )

(U hiv) = ——= > M ~ k. (5.23)
2(2 R

and

Here note that the behavior Ax max ~ kr |k| can be deduced easily from (2.48). So the
estimate on ||¢|| o, in (5.21) boils down to

k3 VEFIE 1
lgllo < C—L— k= < c .
kp = Clhp k17 i3 JK 1k]

The estimate on ||¢||¢ in (5.20) can be simplified using /|Lx| ~ ,/k% |k|. It follows
that

(5.24)

C
2 3 < 5.25
lolls > lellg < k% ] (5.25)
when |k| < /kF, as claimed.
For ZIGZ3 || E; — h||iS we note that by Lemma 7, when |I/| < 2kp,
1B = s = min {2 or, ) 4wl *} < € min fid k10172
= i min {1, kr 11172 (5.26)
and when |/| > 2kFp
~ 2 ~ _
|Er = hiyg < 4luill* < CVZ 1BRI? < CEG 11174, (5.27)
whence
Y lE-hlis=c X kp+C > K2
le73 1eB(0,/kp)NZ3 1€B(0,2kp)\B(0,/kr)NZ3
+C Y Kt
1€Z3\B(0,2kF)
441
< Cky * + Cky + Cky < Cky. (5.28)
as claimed. O
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6 Conclusion
We can now conclude the proof of the main result.

Proof of Theorem 1: For the first part of Theorem 1, by Proposition 2 and the estimates
of Proposition 3 we have

2
h ”HS

5
M2

Heir — Mey) W Hsc
H( ff 198271 k%lkl —

2
kg |k|

< CWI™ i 37 | Er = hsm?
lezZ3

< CIk|™" VirM? 6.1)

where the assumption |k| < k?, ensures the applicability of Proposition 3 and the
1

.. 2\ ?
condition M < ki, ensures that | 1 — ké”k> <C.
F

For the second part of Theorem 1, concerning €, we have by Lemma 6 that (remem-
bering to include a factor of 2)

<vk9h]3(vk> n 16<Uk,hzvk>k2

€= |8 (v hve) + 4 k, max (6.2)
(Vi i) ( (vk, hive) —

2

k max

and

h
& > \/ 8 (ue. o) 418 V) > C/{or. hgog) = Ckl. 6.3)

(vk, hevg)

Asa+b—Ja< we may then estimate

2/a

ve, W3
€k — \/8 (v, hpvg) + 4M
(v, hrvk)
1 16(1)](,]’131)]() k,max
\/8 (vk, hrvg) +4§Z]]: hleli; (2 (vk, hyvr) — )”k max)
1 k3 k| (kp |k)? _1
1 k12 (kF |kI) =CkF2|k|4 6.4)

6
ki kr
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for the claim that

b3
€k =\/8<Uk,hkvk)+4M+0(
(vk, hxvg)

(6.5)

bl
o
BI—
=~
S
SN—

The proof of Theorem 1 is complete. O

Further explanation of (3.6) for €, in the Thermodynamic Limit

In the thermodynamic limit, in which we replace Riemann sums by the corresponding
integrals, we have

. N8
> M 2(271)3] <k~p—5|k|2) dp  (66)

peLly

<vk, hka> 3 (2 )3

where L = {p eR3||p—k|<kr < |p|} is now the “solid” lune. By integrating
along the k - p = constant planes one may reexpress the integral, when |k| < 2kF, as

/ f<k'P—l|k|2>dP=27T |k|/kpf<|k| <f—l|k|>> (f—l|k|)df
Ly 2 %‘k| 2 2
kr+lk| 1
g /kF f (|k| <t -5 |k|>> (k% — - |k|)2) dt

6.7)
with f(x) = xP. It follows that for Coulomb
ah ~ =-—=k B
(vie, hivk) 2(2n)3< F Ikl 1672 F
Vk 271
B >~ Sk k k[ S kP2 6.8
(e, A 2(2n)3( P+ 2K ) & ok K (6.8)
whence
1_8 15112
8 ;3 41072 F|k| 3 122 2
@~ | s5kp " 2k + < kg Ik 6.9)
3 716;‘;_2]{1: 3

which is the previously mentioned Eq. (3.6).
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Further explanation of (3.8) for general potentials

Our analysis can be extended easily to any potential satisfying

Vi=0, > V<o (6.10)
keZ3

To be precise, let k € Zi and M € N satisfy Vk > k;l and 1 < M < kp Ikl%, and
let €k, ¢ and W), be as in Theorem 1. The proof of Proposition 2 remains unchanged
and we only need to generalize slightly the one-body estimates in Proposition 3. We
can use exactly (5.21), (5.22) and (5.23), without substituting ‘7k = g|k|_2, to get

K3 k)2, N/ T
F|| k F|| v,

lolloe = C5—== R
ki W2 Vie = Ch K12 Ji3 112 ¥

A

C Vi ! <C !
—C— - <C—
Vie— Chkp™ Ji2 k| Jk% k]

under the condition that ‘7/( > k;l. Using again (5.20) and /| Lg| ~ /k%7 |k|, we also

have
1
leld = [ lfep @)|° < VILel lol3 =Cor (6.12)
= 7 Ikl

Moreover, we can split

2

lez3

6.11)

~ 2 ~ 2 - 2

B =ty = 3 |B— ] |2 -m]s o

’ L Z 1= hy ws T Z 1= Hs (6.13)
l€2BF 1€Z3\2Bp

and estimate by Lemma 7 that for |/| < 2kp

~ 2 ~ ~
| B0 =] = min {2 (or hewn) 4 1l*} < € min {12 102 Vi k102 2

< Cmin {1,kF\7,}k;\7, 2. (6.14)
For |l| > 2k we simply estimate

- 2 ~ ~
|Ei—m| < aul® < 1L 0 < ckE V2, (6.15)
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Thus

~ 2 A A~ ~
ZHE,—h,HHsgc*k% > min {LkeVi) ViR 4ok Y 0P
lez3 l€2BF 1eZ3\2BF
(6.16)

Inserting (6.11), (6.12) and (6.16) in the estimate in Proposition 2, we obtain (3.8).
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