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                    Abstract
It is well known that the pseudovariety \(\mathbf {J}\) of all \(\mathscr {J}\)-trivial monoids is not local, which means that the pseudovariety \(g\mathbf {J}\) of categories generated by \(\mathbf {J}\) is a proper subpseudovariety of the pseudovariety \(\ell \mathbf {J}\) of categories all of whose local monoids belong to \(\mathbf {J}\). In this paper, it is proved that the pseudovariety \(\mathbf {J}\) enjoys the following weaker property. For every prime number p, the pseudovariety \(\ell \mathbf {J}\) is a subpseudovariety of the pseudovariety \(g(\mathbf {J}*\mathbf {Ab}_p)\), where \(\mathbf {Ab}_p\) is the pseudovariety of all elementary abelian p-groups and \(\mathbf {J}*\mathbf {Ab}_p\) is the pseudovariety of monoids generated by the class of all semidirect products of monoids from \(\mathbf {J}\) by groups from \(\mathbf {Ab}_p\). As an application, a new proof of the celebrated equality of pseudovarieties \(\mathbf {PG}=\mathbf {BG}\) is obtained, where \(\mathbf {PG}\) is the pseudovariety of monoids generated by the class of all power monoids of groups and \(\mathbf {BG}\) is the pseudovariety of all block groups.
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                    Notes
	In the paper [13], varieties of monoids \(\mathscr {V}_n\) determined by the identities \(x^{2n}\bumpeq x^n\) and \((xy)^n\bumpeq (yx)^n\) have been introduced and employed. Our present varieties \(\overline{\mathscr {V}}_n\) consist precisely of the aperiodic members of the varieties \(\mathscr {V}_n\). Thus our current Proposition 3.1 follows immediately from Proposition 2.1 in [13].


	In the paper [13], for arbitrary locally finite varieties \(\mathscr {K}\) of groups satisfying the identity \(x^n\bumpeq \mathtt {1}\), certain varieties \(\mathscr {V}_{n,k} (\mathscr {K})\) of monoids have been considered and have been shown to be locally finite again. Now our present varieties \(\overline{\mathscr {V}}_{n,k}\) can be seen to be just the varieties \(\mathscr {V}_{n,k} (\mathscr {K})\) with \(\mathscr {K}\) equal to the variety of trivial groups. Therefore our current Proposition 3.4 stems immediately from Proposition 3.2 in [13].


	In the paper [13], varieties of categories \(\mathscr {W}_n\) determined by the loop identities \(x^{2n}\bumpeq x^n\) and \((xy)^n\bumpeq (yx)^n\) have been introduced and employed. Our present varieties \(\overline{\mathscr {W}}_n\) consist precisely of the members of the varieties \(\mathscr {W}_n\) all of whose local monoids are aperiodic. Thus our Proposition 4.1 follows immediately from Proposition 4.1 in [13].


	In the paper [13], for arbitrary locally finite varieties \(\mathscr {K}\) of groups satisfying the identity \(x^n\bumpeq \mathtt {1}\), certain varieties \(\mathscr {W}_{n,k}(\mathscr {K})\) of categories have been considered and have been shown to be locally finite again. Now our present varieties \(\overline{\mathscr {W}}_{n,k}\) can be seen to be just the varieties \(\mathscr {W}_{n,k}(\mathscr {K})\) with \(\mathscr {K}\) equal to the variety of trivial groups. Therefore our current Proposition 4.6 stems immediately from Proposition 5.2 in [13].


	In the paper [13], in Sections 6 and 7 of that paper, our present varieties \(\overline{\mathscr {V}}_{n,k}\) with the specified n and k have been denoted by \(\mathscr {U}_k\).


	In the monograph [2], the designated embeddability result is conceived for varieties of semigroups. However, this result obviously carries over also to varieties of monoids.


	The proof of the main result of the paper [13], that is, the proof of Theorem 11.1 in [13] goes along similar lines. Likewise, the problem of proving that theorem is successively reduced in [13] to the proof of certain implications \((*)\) and \((**)\), where the latter implication depends on an integer parameter \(\ell \). The proof of that implication \((**)\) in [13] then goes essentially by induction on \(\ell \). In this respect, the proof in our present paper differs from that in [13]. Although we have started here also with the case \(\ell =1\), we shall see subsequently that for \(\ell >1\) we will have to verify a statement which is slightly stronger than our present implication \((**)\). Unfortunately, two mistakes have remained overlooked in the proof of the case \(\ell =1\) of the implication \((**)\) in [13]. They occur in the two formulae displayed at the bottom of page 152 in that paper, where the paths \(\tau (v)\) and \(\tau (v)\eta \) should appear properly on the left-hand sides of these two formulae. Yet another minor shortcoming occurs in the proof of the case \(\ell >1\) of the implication \((**)\) in [13]. To wit, in the considerations coming up at the top of page 158 in that paper, if b happens to be the empty word \(\mathtt {1}\), then \(\tau (b)\) has to be replaced with the loop \(z^{p^h n}\).


	Our proof of the first of these two facts is reminiscent of the argument appearing in the proof of Proposition 10.1.4 in the monograph [2]. However, this proposition itself and, in particular, its proof are somewhat flawed. Indeed, in order to prove the associativity of the semidirect product of finite semigroups on the pseudovariety level, it is not sufficient to refer merely to the associativity of the wreath product of finite transformation semigroups. Additional reasonings are required in this context. For instance, the fact that the wreath product of transformation semigroups is well behaved with respect to the division of transformation semigroups must also be invoked here. In connection with the first of the two facts just mentioned, see also Proposition 4.4 in Chapter V of the monograph [9]. The mentioned two facts are also parallel to Propositions A.5 and A.6 in the paper [25]. But these two propositions concern wreath products of semigroups rather than semidirect products of monoids, and the proof of the latter of these propositions is also not quite sound. It uses an invalid property of the action semigroups of the wreath products of transformation semigroups, but this deficiency can be corrected.
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