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ON FINITE NONSOLVABLE 5-PRIMARY GROUPS
WITH DISCONNECTED GRUENBERG–KEGEL GRAPH
SUCH THAT
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V. A. Kolpakova and A. S. Kondrat’ev UDC 512.542

Abstract. This paper describes the chief factors of the commutator subgroups of finite nonsolvable
groups G with disconnected Gruenberg–Kegel graph having exactly 5 vertices in the case where G/F (G)
is an almost simple n-primary group for n ≤ 4.

Let G be a finite group. Denote by π(G) the set of all prime divisors of the order of G. The prime
graph (or Gruenberg–Kegel graph) Γ(G) of G is defined as a graph with vertex set π(G) in which two
distinct vertices p and q are adjacent if and only if G contains an element of order pq. The group G is
called n-primary if |π(G)| = n. We denote the number of connected components of Γ(G) by s(G) and
the set of its connected components by {πi(G) | 1 ≤ i ≤ s(G)}; for the group G of even order, we suppose
that 2 ∈ π1(G).

Within the framework of the general problem of study of finite groups by the properties of their prime
graphs, our attention is attracted first of all to a more detailed study of the class of finite groups with
disconnected prime graph. This is explained by the fact that this class generalizes widely the class of finite
Frobenius groups, which is an immediate consequence from the well-known structural Gruenberg–Kegel
theorem on finite groups with disconnected prime graph (see [21]). Note also that the class of finite groups
with disconnected prime graph coincides with the class of finite groups having an isolated subgroup (i.e.,
a proper subgroup containing the centralizer of any of its nonidentity elements), which have been studied
by many known algebraists (Frobenius, Suzuki, Feit, Thompson, G. Higman, Arad, Chillag, Busarkin,
Gorchakov, Podufalov and others).

Finite simple groups with disconnected prime graph are described in the papers of Williams [21]
and A. S. Kondrat’ev [11]. They compose a rather restricted subclass of all finite simple groups but
include many “small” (in various senses) groups that arise often in the investigations. A classification
of connected components of prime graphs for finite simple groups, obtained in [11, 21], was applied by
Lucido [17] for obtaining an analogous classification for all finite almost simple groups, i.e., groups with
a simple non-Abelian socle.

In the study of the class of finite groups with disconnected prime graph, there arise very nontrivial
problems connected with modular representations of finite simple groups. An example of such a problem
is the problem of describing the structure of a finite group G with disconnected prime graph isomorphic
neither to a Frobenius group nor to a 2-Frobenius group. Then, by the Gruenberg–Kegel theorem, the
group Ḡ := G/F (G) is almost simple and is known in view of results from [11, 17, 21]. Assume that
F (G) �= 1. Any connected component πi(G) of the graph Γ(G) for i > 1 corresponds to a nilpotent
isolated πi(G)-Hall subgroup Xi(G) of G. Any nontrivial element x of Xi(G) for i > 1 acts freely (without
fixed points) on F (G), i.e., CF (G)(x) = 1. Let K and L be neighboring terms of a chief series of G (K < L)
contained in F (G). Then the (chief) factor V = L/K is an elementary Abelian p-group for some prime p
(we will call it a p-chief factor of G), and it can be regarded as a faithful irreducible GF (p)Ḡ-module
(since CG/K(V ) = F (G)/K), and any nontrivial element of Xi(G) (i > 1) acts freely on V . Therefore, the
problem of studying the structure of G reduces largely to the problem (it is of independent interest) of
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describing the irreducible GF (p)Ḡ-modules on which an element of prime order (different from p) from Ḡ
acts freely. In general, this important problem is far from being solved.

Within the framework of the above-mentioned problem, A. S. Kondrat’ev and I. V. Khramtsov [9,
14–16] studied finite groups having disconnected prime graph with number of vertices not greater than 4.
The authors study the finite groups whose Gruenberg–Kegel graph is disconnected and has exactly five
or six vertices. The necessary preliminary steps are done: the finite almost simple n-primary groups and
their Gruenberg–Kegel graphs are determined for n = 5 in [13] and for n = 6 in [10]. The main result
of the given paper is a description of chief factors of the commutator subgroups of finite nonsolvable
5-primary groups G with disconnected Gruenberg–Kegel graph in the case where G/F (G) is almost
simple n-primary group for n ≤ 4. The proof uses results of [14–16] and computations in the computer
algebra system GAP [5].

The following two theorems are proved. Each of the items of these theorems is realized.

Theorem 1. Let G be a finite 5-primary group with disconnected prime graph such that Ḡ = G/F (G) is
an almost simple 3-primary group. Then π

(

F (G)
)

contains two prime numbers p1 and p2 not contained
in π(Ḡ) such that π1(G) = {2, 3, p1, p2}, π2(G) = π2(Ḡ) = {r} ⊆ {5, 7, 13, 17}, F (G) = O2(G)×O3(G)×
Op1(G) × Op2(G), G/

(

Op1(G) × Op2(G)
)

is a group from [14, Theorem] and for i ∈ {1, 2} one of the
following statements holds:

(1) r = 5, Ḡ ∼= A5 or Ḡ ∼= S5, the subgroup Opi(G) is Abelian, and any pi-chief factor of G as
GF (p)Ḡ-module is isomorphic to the unique 4-dimensional absolutely irreducible GF (pi)Ḡ-module
for Ḡ ∼= A5 and to one of two 4-dimensional absolutely irreducible GF (pi)Ḡ-modules for Ḡ ∼= S5;

(2) r = 7, Ḡ ∼= L2(7), or Ḡ ∼= PGL2(7), and any pi-chief factor of G as GF (pi)Ḡ-module is isomor-
phic to one of the following modules:
(i) if Ḡ ∼= L2(7), then to the unique 6-dimensional absolutely irreducible GF (pi)Ḡ-module, or

to one of two 3-dimensional absolutely irreducible GF (pi)Ḡ-modules in the case p ≡ 1, 2, 4
(mod 7) and to the unique 6-dimensional irreducible GF (pi)Ḡ-module otherwise;

(ii) if Ḡ ∼= PGL2(7), then to one of three 6-dimensional irreducible GF (pi)Ḡ-modules in the case
p ≡ ±1,±7 (mod 16) and to a 6-dimensional absolutely irreducible GF (pi)Ḡ-module or to
the unique 12-dimensional irreducible GF (pi)Ḡ-module otherwise;

(3) r = 7, Ḡ ∼= U3(3), and Ḡ ∼= G2(2), and any pi-chief factor of G as GF (pi)Ḡ-module is isomorphic
to one of the following modules:
(i) if Ḡ ∼= U3(3), then to the unique 6-dimensional absolutely irreducible GF (pi)Ḡ-module;
(ii) if Ḡ ∼= G2(2), then to one of two 6-dimensional absolutely irreducible GF (pi)Ḡ-modules in the

case p ≡ 5 (mod 12) and to the unique 12-dimensional irreducible GF (pi)Ḡ-module otherwise;
(4) r = 13, Ḡ ∼= L3(3), or Ḡ ∼= Aut

(

L3(3)
)

, and any pi-chief factor of G as GF (pi)Ḡ-module is
isomorphic to one of the following modules:
(i) if Ḡ ∼= L3(3), then to the unique 12-dimensional absolutely irreducible GF (pi)Ḡ-module;
(ii) if Ḡ ∼= Aut

(

L3(3)
)

, then to one of two 12-dimensional absolutely irreducible GF (pi)Ḡ-modules
in the case pi ≡ 1 (mod 12) and to the unique 24-dimensional irreducible GF (pi)Ḡ-module
otherwise;

(5) r = 17, Ḡ ∼= L2(17), or Ḡ ∼= PGL2(17), any pi-chief factor of G as GF (pi)Ḡ-module is isomorphic
to one of the following modules:
(i) if Ḡ ∼= L2(17), then to one of four 16-dimensional absolutely irreducible GF (pi)Ḡ-mod-

ules in the case pi �≡ ±1 (mod 9) and to the unique 16-dimensional absolutely irreducible
GF (pi)Ḡ-module, or to the unique 48-dimensional irreducible GF (pi)Ḡ-module otherwise;

(ii) if Ḡ ∼= PGL2(17), then to one of the eight 16-dimensional absolutely irreducible GF (pi)Ḡ-mod-
ules in the case pi �≡ ±1 (mod 9) and to one of two 16-dimensional absolutely irreducible
GF (pi)Ḡ-modules, or to one of two 48-dimensional irreducible GF (pi)Ḡ-modules otherwise.

Theorem 2. Let G be the finite 5-primary group with disconnected prime graph, π
(

F (G)
)

contain
a prime p not contained in π

(

G/F (G)
)

, Ĝ := G/Op(G) be a 4-primary group, and Ḡ := Ĝ/F (Ĝ) be an
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almost simple 4-primary group. Then π1(G) = {2, 3, s, p}, π2(G) = {r}, Ĝ is a group from [16, Theorems
5–8], and one of the following statements holds.

(1) Ĝ ∼= L2(r), π1(Ĝ) = {2}, π2(Ĝ) = {3, s}, π3(Ĝ) = {r}, r is a Fermat or Mersenne prime,
r > 17, π(r2 − 1) = {2, 3, s}, r ≡ ε1 (mod 4) for some ε ∈ {+,−}, and any p-chief factor
of G as GF (p)Ḡ-module corresponds to an algebraic conjugacy class from the set consisting of
(r− 2+ ε1)/4 absolutely irreducible Ḡ-modules of dimension r− 1 over a field of characteristic p.

(2) s = 5, r = 17, Ĝ ∼= L2(16), π1(Ĝ) = {2}, π2(Ĝ) = {3, 5}, π3(Ĝ) = {17}, and any p-chief factor
of G as GF (p)Ḡ-module is isomorphic to the unique 16-dimensional irreducible GF (p)Ḡ-module.

(3) Ĝ ∼= L2(r), π1(Ĝ) = {2, s}, π2(Ĝ) = {3}, and π3(Ĝ) = {r}, where r is a prime, 17 < r �= 2k ± 1
for all natural numbers k, r �≡ ±1 (mod 12), π(r2 − 1) = {2, 3, s}, r ≡ ε1 (mod 4) for some
ε ∈ {+,−} and any p-chief factor of G as GF (p)Ḡ-module corresponds to an algebraic conjugacy
class from the set consisting of (r− 2+ ε1)/4 absolutely irreducible Ḡ-modules of dimension r− 1
over a field of characteristic p.

(4) s = 5, r = 11, Ĝ ∼= M11, π1(Ĝ) = {2, 3}, π2(Ĝ) = {5}, π3(Ĝ) = {11} and every p-chief
factor of G as GF (p)Ḡ-module is isomorphic to one of three 10-dimensional absolutely irreducible
GF (p)Ḡ-modules in the case p ≡ 1, 3, 9, 11 (mod 16) and to the unique 10-dimensional absolutely
irreducible or to the unique 20-dimensional irreducible GF (p)Ḡ-module otherwise.

(5) s = 5, r = 11, Ĝ ∼= L2(11), π1(Ĝ) = {2, 3}, π2(Ĝ) = {5}, π3(Ĝ) = {11} and any p-chief
factor of G as Ḡ-module is isomorphic to one of the following modules: two 10-dimensional abso-
lutely irreducible GF (p)Ḡ-modules and two 5-dimensional absolutely irreducible GF (p)Ḡ-modules
in the case p ≡ 1, 3, 4, 5, 9 (mod 11), or the unique 10-dimensional irreducible GF (p)Ḡ-module
otherwise.

(6) s = 5, r = 7, Ḡ ∼= A7, π1(Ḡ) = {2, 3}, π2(Ḡ) = {5}, π3(Ḡ) = {7} and all p-chief factors of G as
GF (p)Ḡ-modules are isomorphic to the unique 6-dimensional irreducible GF (p)Ḡ-module.

Later on, for all statements, the conditions π1(Ĝ) = {2, 3, s} and π2(Ĝ) = {r} hold.
(7) s = 5, r = 7, Ḡ ∼= A7, or Ḡ ∼= S7, and all p-chief factors of G as GF (p)Ḡ-modules are isomorphic

to the unique 6-dimensional irreducible GF (p)Ḡ-module in the case Ḡ ∼= A7 and to one of two
6-dimensional irreducible GF (p)Ḡ-modules in the case of Ḡ ∼= S7.

(8) s = 5, r = 11, Ḡ ∼= M11, and any p-chief factor of G as GF (p)Ḡ-module is isomorphic to one of
three 10-dimensional absolutely irreducible GF (p)Ḡ-modules in the case p ≡ 1, 3, 9, 11 (mod 16)
and to the unique 10-dimensional absolutely irreducible GF (p)Ḡ-module, or to the unique 20-di-
mensional irreducible GF (p)Ḡ-module otherwise.

(9) s = 5, r = 11, Ḡ ∼= U5(2), or Ḡ ∼= Aut
(

U5(2)
)

, any p-chief factor of G as GF (p)Ḡ-module is
isomorphic to one of the following modules:
(i) if Ḡ ∼= U5(2), then to the unique 10-dimensional irreducible GF (p)Ḡ-module;
(ii) if Ḡ ∼= Aut

(

U5(2)
)

, then to one of two 10-dimensional absolutely irreducible GF (p)Ḡ-modules
in the case p ≡ 1, 3, 9, 11 (mod 16) and to the unique 20-dimensional irreducible GF (p)Ḡ-mod-
ule otherwise.

(10) s = 5, r = 13, Ḡ ∼= U3(4), Ḡ ∼= U3(4) : 2, or Ḡ ∼= U3(4) : 4, and any p-chief factor of G as
GF (p)Ḡ-module is isomorphic to one of the following modules:
(i) if Ḡ ∼= U3(4), then to the unique 12-dimensional irreducible GF (p)Ḡ-module;
(ii) if Ḡ ∼= U3(4) : 2, then to one of two 12-dimensional irreducible GF (p)Ḡ-modules in the case

p ≡ 1 (mod 4) or to the unique 24-dimensional irreducible GF (p)Ḡ-module otherwise;
(iii) if Ḡ ∼= U3(4) : 4, then to one of four 12-dimensional absolutely irreducible GF (p)Ḡ-modules

in the case p ≡ 9 (mod 16) or to one of two 24-dimensional irreducible GF (p)Ḡ-modules
otherwise.

(11) s = 5, r = 17, Ḡ ∼= L2(16), Ḡ ∼= L2(16) : 2, or Ḡ ∼= L2(16) : 4, and any p-chief factor of G as
GF (p)Ḡ-module is isomorphic to one of the following modules:
(i) if Ḡ ∼= L2(16), then to the unique 16-dimensional irreducible GF (p)Ḡ-module;
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(ii) if Ḡ ∼= L2(16) : 2, then to one of two 16-dimensional absolutely irreducible GF (p)Ḡ-modules;
(iii) if Ḡ ∼= L2(16) : 4, then to one of four 16-dimensional absolutely irreducible GF (p)Ḡ-modules

in the case p ≡ 1, 3, 9, 11 (mod 16) and to one of two 16-dimensional absolutely irreducible
GF (p)Ḡ-modules, or to the unique 32-dimensional irreducible GF (p)Ḡ-module otherwise.

(12) s = 5, r = 31, Ḡ ∼= L3(5), or Ḡ ∼= L3(5) : 2, and any p-chief factor of G as GF (p)Ḡ-module is
isomorphic to one of the following modules:
(i) if Ḡ ∼= L3(5), then to the unique 30-dimensional irreducible GF (p)Ḡ-module;
(ii) if Ḡ ∼= L3(5) : 2, then to one of two 30-dimensional absolutely irreducible GF (p)Ḡ-modules

in the case p ≡ ±1 (mod 5) and to the unique 60-dimensional irreducible GF (p)Ḡ-module
otherwise.

(13) s = 5, r = 73, Ḡ ∼= U3(9), Ḡ ∼= U3(9) : 2, or Ḡ ∼= U3(9) : 4, and any p-chief factor of G as
GF (p)Ḡ-module is isomorphic to one of the following modules:
(i) if Ḡ ∼= U3(9), then to the unique 72-dimensional irreducible GF (p)Ḡ-module;
(ii) if Ḡ ∼= U3(9) : 2, then to one of two 72-dimensional absolutely irreducible GF (p)Ḡ-modules

in the case p ≡ 1 (mod 4) and to the unique 144-dimensional irreducible GF (p)Ḡ-module
otherwise;

(iii) if Ḡ ∼= U3(9) : 4, then either to one of four modules 72-dimensional absolutely irreducible or
to one of two 144-dimensional irreducible GF (p)Ḡ-modules.

(14) s = 7, r = 43, Ḡ ∼= U3(7), or Ḡ ∼= U3(7) : 2, and any p-chief factor of G as GF (p)Ḡ-module is
isomorphic to one of the following modules:
(i) if Ḡ ∼= U3(7), then to the unique 42-dimensional irreducible GF (p)Ḡ-module;
(ii) if Ḡ ∼= U3(7) : 2, then to one of two 42-dimensional absolutely irreducible GF (p)Ḡ-modules

in the case p ≡ 1, 2, 4 (mod 7) and to the unique 84-dimensional irreducible GF (p)Ḡ-module
otherwise.

(15) s = 7, r = 73, Ḡ ∼= L3(8), Ḡ ∼= L3(8) : 2, Ḡ ∼= L3(8) : 3, or Ḡ ∼= L3(8) : 6, and any p-chief factor
of G as GF (p)Ḡ-module is isomorphic to one of the following modules:
(i) if Ḡ ∼= L3(8), then to the unique 72-dimensional irreducible GF (p)Ḡ-module;
(ii) if Ḡ ∼= L3(8) : 2, then to one of two 72-dimensional absolutely irreducible GF (p)Ḡ-modules in

the case p ≡ ±1,±7 (mod 16) and to the unique 144-dimensional irreducible GF (p)Ḡ-module
otherwise;

(iii) if Ḡ ∼= L3(8) : 3, then to one of three 72-dimensional absolutely irreducible GF (p)Ḡ-modules
in the case p ≡ ±1,±7 (mod 16) and to the unique 72-dimensional absolutely irreducible
GF (p)Ḡ-module, or to the unique 144-dimensional irreducible GF (p)Ḡ-module otherwise;

(iv) if Ḡ ∼= L3(8) : 6, then to one of six 72-dimensional absolutely irreducible GF (p)Ḡ-mod-
ules in the case p ≡ 17, 41 (mod 48), to one of two 72-dimensional absolutely irreducible
GF (p)Ḡ-modules, or to one of two 128-dimensional irreducible GF (p)Ḡ-modules in the case
p ≡ 1, 7, 23, 25, 31, 47 (mod 48) and to one of three 128-dimensional irreducible GF (p)Ḡ-mod-
ules otherwise.

(16) s = 17, r = 307, Ḡ ∼= L3(17), or Ḡ ∼= L3(17) : 2, and any p-chief factor of G as GF (p)Ḡ-module
is isomorphic to the unique 306-dimensional irreducible GF (p)Ḡ-module.

(17) Ḡ ∼= L2(r), where 17 �= r ≥ 13 is a prime number, s is a unique prime divisor of (r+1)/2, π1(Ĝ) =
π(r − 1) = {2, 3}, π2(Ĝ) = {r}, π3(Ĝ) = {s}, and any p-chief factor of G as GF (p)Ḡ-module
corresponds to an algebraic conjugacy class from the set consisting of (r − 2 + ε1)/4 absolutely
irreducible Ḡ-modules of dimension r − 1 over a field of characteristic p.

(18) Ḡ ∼= L2(r) or Ḡ ∼= PGL2(r), where 17 �= r ≥ 11 is a prime number, π1(Ĝ) = π(r2 − 1 = {2, 3, s},
π2(Ĝ) = {r}, and any p-chief factor of G′ as Ḡ′-module corresponds to an algebraic conjugacy
class from the set consisting of (r− 2+ ε1)/4 absolutely irreducible Ḡ-modules of dimension r− 1
over a field of characteristic p.

Our basic notation and terminology are standard and are taken from [1,3, 4, 7, 8].
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Provide some necessary information from the representation theory of finite groups (see, for example,
[7, 8]). Let p be a prime, K = GF (p) be an algebraic closure of the field GF (p), G be a finite group of
exponent pam, where (p, m) = 1, and f be the smallest positive integer such that pf ≡ m (mod 1). Let
{g1, . . . , gk} be the set of representatives of conjugacy classes of p′-element from G and F be a subfield of
order pf in K. Then the irreducible representations of G over K can be realized over F and the number
of their equivalence classes is equal to k.

Representation T : G → GL(V ) of G in finite-dimensional space V over a field F is realized over
a subfield F1 of field F if there exists a basis Σ of V such that all elements of the matrices TΣ(g) are
contained in F1 for all g ∈ G. The field of definition of an irreducible representation of G over a field F is
the smallest subfield of F , over which it can be realized. An irreducible GF -representation T is absolutely
irreducible if and only if F contains the field of definition of T .

The field of definition of the representation T equals to GF (p)(βT (gi)μ | 1 ≤ i ≤ k), where β
is a Brauer character of the representation T and μ is some ring homomorphism from Z[ζ] in F for
ζ = exp

(

2πi/(q − 1)
)

. Usually, for brevity, the sign μ is omitted in the writing of the field of definition.
The following results are used in the proof of theorems.

Lemma 1 (Gruenberg–Kegel theorem [21, Theorem A]). If G is a finite group with disconnected prime
graph, then one of the following statements holds:

(1) G is a Frobenius group;
(2) G is a 2-Frobenius group;
(3) G is an extension of a nilpotent π1(G)-group by an almost simple group A with socle P , in

addition, s(G) ≤ s(P ) and A/P is a π1(G)-group.

Lemma 2 ([18, Lemma 1]). Let G be a finite group, N be a normal subgroup of G, and G/N be a Frobenius
group with kernel F and cyclic complement C. If (|F |, |N |) = 1 and F is not contained in NCG(N)/N ,
then G contains an element of order s|C| for some s ∈ π(N).

The following lemma is well known (see [4]).

Lemma 3. Let G be a finite simple group, F be a field of characteristic p > 0, V be an absolutely
irreducible FG-module, and β be a Brauer character of the module V . If g is an element of G of prime
order different from p, then

dim CV (g) =
(

β|〈g〉, 1|〈g〉
)

=
1
|g|

∑

x∈〈g〉
β(x).

Lemma 4 ([6, Theorem 8.2], [20, Proposition 4.2]). Let G be a finite group, 1 �= H � G, and G/H ∼=
L2(2n), where n ≥ 2. Suppose that CH(t) = 1 for some element t of order 3 from G. Then H = O2(G)
and H is the direct product of minimal normal subgroups of order 22n in G such that each of them as
G/H-module is isomorphic to the natural GF (2n)SL2(2n)-module.

Lemma 5 ([20, Proposition 3.2]). Let G be a finite group, H � G, and G/H ∼= L2(q), where q is odd,
q > 5, and CH(t) = 1 for some element t of order 3 from G \ H. Then H = 1.

Lemma 6 ([7, Theorems VII.1.16–VII.1.18]). Let G be a finite group, F = GF (pm) be the field of
definition of characteristic p > 0 for an absolutely irreducible FG-module V , 〈σ〉 = Aut(F ), V0 denote
the module V considered as a GF (p)G-module, and W = V0 ⊗GF (p) F . Then

(1) W =
m⊕

i=1
V σi

, where V σi
is the module algebraically conjugate to V by means of σi;

(2) V0 is an irreducible GF (p)G-module and, in particular, W is realized as the irreducible
GF (p)G-module V0;

(3) up to isomorphism of modules, irreducible GF (p)G-modules are in one-to-one correspondence with
with algebraic conjugacy classes of irreducible GF (p)G-modules.
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The following well-known result permits us to calculate the degrees of some quadratic extensions of
fields by the finding the fields of definition.

Lemma 7 ([12, Lemma 3]). Let p be an odd prime, r be a nonzero integer, and (r, p) = 1. Then the degree
(

GF (p)(
√

r) : GF (p)
)

is equal to 1 if the congruence x2 ≡ r (mod p) has a solution and 2, otherwise.

We also need the character table of the group L2(q), where q is a power of an odd prime p, |a| =
(q − 1)/2, |b| = (q + 1)/2, and |u| = |v| = p (see [2, Tables 2 and 3]).

Table 1. Character table of the group L2(q), where q ≡ ε1 (mod 4) and ε ∈ {+,−}

1 u v am

(1 ≤ m ≤ r−2+ε1
4 )

bn

(1 ≤ n ≤ r−ε1
4 )

1 1 1 1 1 1

γ1
q + 1

2
1 +

√
εq

2
1 −√

εq

2

(−1 − ε1
2

)m (−1 + ε1
2

)n+1

γ2
q + 1

2
1 −√

εq

2
1 +

√
εq

2

(−1 − ε1
2

)m (−1 + ε1
2

)n+1

δk

(1 ≤ k ≤ q−2+ε1
4 )

r − 1 −1 −1 0 −2 cos
4πkn

q + 1

α q 0 0 1 −1

θl

(1 ≤ l ≤ q−4−ε1
4 )

q + 1 1 1 2 cos
4πlm

q − 1
0

The descriptions of chief factors of 3-primary and 4-primary groups with disconnected Gruen-
berg–Kegel graph are taken from [14] and [16], respectively.

We turn to proving the theorems.

Proof of Theorem 1. Suppose that the conditions of Theorem 1 hold. Then there are two distinct primes
p1 and p2 from π(G) \ π(Ḡ).

Set Ĝi = G/Opi(G) for i ∈ {1, 2}. Then |π(Ĝi)| = 4 and
∣
∣π

(

Ĝi/F (Ĝi)
)∣
∣ = 3. By [16, Theorem 2]

and [14, Theorem], π
(

F (Ĝi)
)

contains a prime si not contained in π(Ḡ) such that π1(Ĝi) = {2, 3, si} and
π2(Ĝi) = π2(Ḡ) = {r} ⊆ {5, 7, 13, 17}. From here and from Lemma 1, we get si = pj for {i, j} = {1, 2}
and, therefore, π1(G) = {2, 3, p1, p2} and π2(G) = {r}.

In view of [16, Theorem 2], one of the following statements holds:
(i) r = 5, Ḡ ∼= A5 or Ḡ ∼= S5;
(ii) r = 7, Ḡ ∼= L2(7) or Ḡ ∼= PGL2(7);
(iii) r = 7, Ḡ ∼= U3(3) or Ḡ ∼= G2(2);
(iv) r = 13, Ḡ ∼= L3(3) or Ḡ ∼= Aut

(

L3(3)
)

;
(v) r = 17, Ḡ ∼= L2(17) or Ḡ ∼= PGL2(17).
We consider each of these statements and take into account that any element of order r from G acts

on Opi(G) freely.
Suppose that the case (i) holds. Applying Lemma 3 and [3], we obtain that the absolutely irreducible

Ḡ-modules over a field of characteristic pi on which an element of order 5 from Ḡ acts freely are the
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following: if Ḡ ∼= A5, then the unique 4-dimensional module with the field of definition GF (pi); if Ḡ ∼= S5,
then two 4-dimensional modules with the field of definition GF (pi). Hence, the statement (1) holds.

Suppose that the case (ii) holds. Applying Lemma 3 and [3], we obtain that the absolutely irreducible
Ḡ-modules over a field of characteristic pi on which an element of order 7 from Ḡ acts freely are the
following: if Ḡ ∼= L2(7), then one 6-dimensional module with the field of definition GF (pi) and two
3-dimensional modules with the field of definition GF (pm

i ), where m =
(

GF (pi)(
√−7) : GF (pi)

)

; if
Ḡ ∼= PGL2(7), then one 6-dimensional module with the field of definition GF (pi) and two 6-dimensional
modules with the field of definition GF (pn

i ), where n =
(

GF (pi)(
√

2) : GF (pi)
)

. By Lemma 7, we find
that m = 1 for pi ≡ 1, 2, 4 (mod 7) and m = 2 otherwise; n = 1 for pi ≡ ±1,±7 (mod 16) and n = 2
otherwise. From here and from Lemma 6 the statement (2) follows.

Suppose that the case (iii) holds. Applying Lemma 3 and [3], we obtain that the absolutely irreducible
Ḡ-modules over a field of characteristic pi on which an element of order 7 from Ḡ acts freely are the
following: if Ḡ ∼= U3(3), then one 6-dimensional module with a field of definition GF (pi); if Ḡ ∼= G2(2),
then two 6-dimensional modules with the field of definition GF (pm

i ), where m =
(

GF (pi)(
√−3) : GF (pi)

)

.
By Lemma 7, we find that m = 1 if pi ≡ 5 (mod 12) and m = 2 otherwise. From here and from Lemma 6
the statement (3) follows.

Suppose that the case (iv) holds. Applying Lemma 3 and [3], we obtain that the absolutely irreducible
Ḡ-modules over a field of characteristic pi on which an element of order 13 from Ḡ acts freely are the follow-
ing: if Ḡ ∼= L3(3), then one 12-dimensional module with the field of definition GF (pi); if Ḡ ∼= Aut

(

L3(3)
)

,
then two 12-dimensional modules with the field of definition GF (pm

i ), where m =
(

GF (pi)(
√

3) : GF (pi)
)

.
By Lemma 7, we find that m = 1 if pi ≡ 1 (mod 12) and m = 2 otherwise. From here and from Lemma 6
the statement (4) follows.

Suppose that the case (v) holds. Applying Lemma 3 and [12, Lemma 7], we obtain that the absolutely
irreducible Ḡ-modules over a field of characteristic pi on which an element of order 17 from Ḡ acts freely
are the following: if Ḡ ∼= L2(17), then one 16-dimensional module with the field of definition GF (pi) and
three 16-dimensional modules with the field of definition GF (pm

i ), where m = 1 if pi ≡ ±1 (mod 9) and
m = 3 otherwise; if Ḡ ∼= PGL2(17), then two 16-dimensional modules with the field of definition GF (pi)
and six 16-dimensional modules with the field of definition GF (pm

i ), where m = 1 if pi ≡ ±1 (mod 9)
and m = 3 otherwise. From here and from Lemma 6 the statement (5) follows.

Theorem 1 is proved.

Proof of Theorem 2. Suppose that the conditions of Theorem 2 hold. By Lemma 1, we have that {2, p} ⊆
π1(G).

Case (1). π1(Ĝ) = {2}. By [16, Theorem 3], for a group Ĝ, one of the following statements holds:

(i) Ĝ ∼= L2(r), where r is a Fermat or Mersenne prime, r > 17 and |π(r2 − 1)| = 3;
(ii) Ĝ ∼= L3(4);
(iii) Ḡ ∼= Ĝ/O2(Ĝ) ∼= L2(2m), where either m = 4, or m, u = 2m − 1, and v = (2m + 1)/3 are primes

greater than 3;
(iv) Ḡ ∼= Ĝ/O2(Ĝ) ∼= Sz(q), where q ∈ {8, 32}.
Consider each of these subcases.
Suppose that the case (1)(i) holds. Then π(r2−1) = {2, 3, s}. If 3 /∈ π1(G), then an element of order 3

from G acts on Op(G) freely and, therefore, by Lemma 4 we obtain that Op(G) = 1, which is impossible.
Thus, {2, 3, p} ⊆ π1(G). In view of [21], π2(Ĝ) = {3, s} and π3(Ĝ) = {r}, whence π1(G) = {2, 3, s, p} and
π2(G) = {r}. Thus, any element of order r from G acts on Op(G) freely. Let r ≡ ε1 (mod 4) for some
ε ∈ {+,−}. Let V be an absolutely irreducible L2(r)-module over a field of characteristic p on which an
element g of order r acts freely and β be a Brauer character of the module V . Then β coincides with
some complex irreducible character of the group L2(r). Using Table 1 for q = r and Lemma 3, we obtain
that β = δk for some k, where 1 ≤ k ≤ (r − 2 + ε1)/4, so by Lemma 6 the statement (1) holds.
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Suppose that the case (1)(ii) holds. Applying Lemmas 3 and 6 and the character table of the group
L3(4) from [3], we obtain that there are no irreducible GF (p)L3(4)-modules on which an element of a prime
odd order from L3(4) acts freely. Thus, this case is impossible.

Suppose that the case (1)(iii) holds. If 3 /∈ π1(G), then by Lemma 4 O
(

F (G)
)

= Op(G) = 1, which
contradicts the condition of the theorem. Thus, 3 ∈ π1(G).

Let m = 4. Since the group L2(16) contains an element of order 15, we obtain that π1(G) = {2, 3, 5, p}
and π2(G) = {17}. Thus, any element of order 17 from G acts on Op(G) freely. Applying Lemma 3 and
computations in GAP [5], we conclude that (2) holds.

Let m �= 4. Since the group Ḡ contains an element of order 3v, we obtain that π1(G) = {2, 3, v, p}
and π2(G) = {u}. But the group Ḡ contains a subgroup isomorphic to a Frobenius group of the form
2m : u, so by Lemma 2 there is an element of order u in Ḡ, which centralizes a nontrivial element in
Op(G), which contradicts the disconnectedness of the graph Γ(G).

Suppose that the case (1)(iv) holds. Applying Lemmas 3 and 6, and the character tables of the
groups Sz(8) and Sz(32) from [3] and computations in GAP [5], we obtain that there are no irreducible
GF (p)Ḡ-modules on which an element of a prime odd order from Ḡ acts freely. So, this case is impossible.

Case (2). 3 /∈ π1(Ĝ) �= {2}. In view of [16, Theorem 4], for a group Ĝ, one of the following statements
holds:

(i) Ĝ ∼= L2(81), Ĝ ∼= L2(81) : 22, or Ĝ ∼= L2(81) : 23;
(ii) Ĝ ∼= L2(3m) or Ĝ ∼= PGL2(3m), where m and u = (3m−1)/2 are odd primes, and π((3m +1)/4) =

{v};
(iii) Ĝ ∼= L2(r), where r is a prime number, 17 < r �= 2k ± 1 for all natural numbers k, r �≡ ±1

(mod 12) and |π(r2 − 1)| = 3.

Consider each of these subcases.
Suppose that the case (2)(i) holds. Then a Sylow 3-subgroup of Ḡ is noncyclic, so 3p ∈ ω(G) and

hence 3 ∈ π1(G). If Ḡ ∼= L2(81) : 22
∼= PGL2(81), then by [16, Table 1], the graph Γ(G) is connected,

which is impossible. Therefore, Ḡ ∼= L2(81) or Ḡ ∼= L2(81) : 23, and by [16, Table 1] we obtain that
π1(G) = {2, 3, 5, p} and π2(G) = {41}. Thus, any element of order 41 from G acts on Op(G) freely. Let V
be an absolutely irreducible L2(81)-module over a field of characteristic p on which element g of order 41
acts freely and β be a Brauer character of the module V . Then β coincides with some complex irreducible
character of the group L2(81). Using Table 1 for q = 81 and Lemma 3, we obtain that β = δk for some k,
where 1 ≤ k ≤ 20, and

0 = dimCV (g) =
1
41

∑

x∈〈g〉
δk(x) ≥ 1

41

(

80 − 4
20∑

n=1

∣
∣
∣
∣
cos

(
4πkn

82

)∣
∣
∣
∣

)

≥ 1
41

(

80 − 4
20∑

n=1

1
)

= 0.

From here we find that | cos(4πkn/82)| = 1 for any n, where 1 ≤ n ≤ 20, which is impossible.
Suppose that the case (2)(ii) holds. Arguing as in the case of (2)(i), we obtain that 3 ∈ π1(G). In

view of [16, Table 1], we obtain that π1(G) = {2, 3, v, p} and π2(G) = {u}. But the group Ḡ contains a
subgroup isomorphic to a Frobenius group of the form 3m : u, whence by Lemma 2 there is an element of
order u from Ḡ centralizing a nontrivial element in Op(G), which contradicts the disconnectedness of the
graph Γ(G).

Suppose that the case (2)(iii) holds. Then π(r2 − 1) = {2, 3, s}. By [16, Table 1], π1(Ĝ) = {2, s},
π2(Ĝ) = {3} and π3(Ĝ) = {r}. Lemma 5 implies that the group G contains an element of order 3p and
hence 3 ∈ π1(G). Thus, π1(G) = {2, 3, s, p} and π2(G) = {r}; in particular, any element of order r from G
acts on Op(G) freely. Let V be an absolutely irreducible L2(r)-module over a field of characteristic p, on
which an element g of order r acts freely and β be a Brauer character of the module V . Then β coincides
with some complex irreducible character of the group L2(r). Using Table 1 for q = r and Lemma 3, we
obtain that β = δk for some k, where 1 ≤ k ≤ (r − 2 + ε1)/4, so by Lemma 6, the statement (3) holds.
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Case (3). 3 ∈ π1(Ĝ) and 5 ∈ π(Ĝ) \ π1(Ĝ). In view of [16, Theorem 5], the group Ḡ is isomorphic
to one of the groups M11, L2(11), A7, L3(4) : 21, L3(4) : 22, U4(3), L2(25), L2(25) : 21, L2(25) : 23, S4(7),
L2(49), L2(49) : 22, L2(49) : 23.

We show that the group G contains an element of order 5p. For the case Ḡ ∼= L2(25), L2(25) : 21, or
L2(25) : 23, this assertion follows from the fact that a Sylow 5-subgroup of Ĝ is an elementary Abelian
group of order 25. For other cases, this assertion is proved by applying Lemma 3, [3, Atlas] and calculations
in GAP [5]. Thus, π1(G) = {2, 3, 5, p} and π2(G) = {r} for some r ∈ π(Ĝ); in particular, any element of
order r from G acts on Op(G) freely.

Let Ḡ ∼= M11. Then r = 11. Using Lemma 3 and [3], we obtain that there are exactly three
10-dimensional absolutely irreducible Ḡ-modules over a field of characteristic p, on which an element of
order 11 from Ḡ acts freely: one of them is realized over GF (p), and two have the field of definition
GF (pm), where m =

(

GF (p)(
√−2) : GF (p)

)

). By Lemma 7, we find that m = 1 for p ≡ 1, 3, 9, 11
(mod 16) and m = 2 otherwise. Therefore, in view of Lemma 6, the statement (4) holds.

Let Ḡ ∼= L2(11). Then r = 11. Using Lemma 3 and [3], we obtain that there are exactly four absolutely
irreducible Ḡ-modules over a field of characteristic p on which an element of order 11 from Ḡ acts freely:
two 5-dimensional modules with the field of definition GF (pm), where m =

(

GF (p)(
√−11) : GF (p)

)

, and
two 10-dimensional modules with the field of definition GF (p). By Lemma 7, we obtain that m = 1 for
p ≡ 1, 3, 4, 5, 9 (mod 11) and m = 2 otherwise. Therefore, by Lemma 6, the statement (5) holds.

Let Ḡ ∼= A7. Then r = 7. Using Lemma 3 and [3], we obtain that there exists a unique 6-dimensional
irreducible GF (p)Ḡ-module on which an element of order 7 from G acts freely. Thus, the statement (6)
holds.

If Ḡ ∼= S4(7), then by [16, Table 1], graph Γ(G) is connected, which contradicts the condition of the
theorem.

If Ḡ ∼= L2(49), Ḡ ∼= L2(49) : 22, or Ḡ ∼= L2(49) : 23, then G contains an element of order 7p, since
a Sylow 7-subgroup of Ḡ is elementary Abelian of order 49, whence the graph Γ(G) is connected, which
contradicts the condition of the theorem.

In remaining cases, applying Lemma 3, Atlas in [3], and calculations in GAP [5], we show that the
group G contains an element of order rp, a contradiction.

Case (4). π1(Ĝ) = {2, 3, 5}, π2(Ĝ) = {r} and Ḡ is a group from the item (7) of the conclusion
of Theorem 1 from [16]. In view of Theorem 6 from [16], π1(G) = {2, 3, 5, p}, π2(G) = {r}, where
r ∈ {7, 11, 13, 17, 31, 41, 73}, and one of the following statements holds:

(i) r = 7 and Ḡ ∼= U3(5), Ḡ ∼= U3(5) : 2, Ḡ ∼= A9, Ḡ ∼= U4(3), Ḡ ∼= U4(3) : 22, Ḡ ∼= U4(3) : 23,
Ḡ ∼= O+

8 (2), Ḡ ∼= A8, Ḡ ∼= S8, Ḡ ∼= L3(4), Ḡ ∼= L3(4) : 21, Ḡ ∼= L3(4) : 23, Ḡ ∼= J2, or Ḡ ∼= S6(2);
(ii) r = 7 and Ḡ ∼= A7 or Ḡ ∼= S7;
(iii) r = 11 and Ḡ ∼= M11;
(iv) r = 11 and Ḡ ∼= M12;
(v) r = 11, Ḡ ∼= U5(2) or Ḡ ∼= Aut

(

U5(2)
)

;
(vi) r = 13, Ĝ ∼= 2F4(2)′, Ĝ ∼= 2F4(2), Ĝ ∼= L2(25), Ĝ ∼= L2(25) : 22, or Ĝ ∼= L2(25) : 23;
(vii) r = 13, Ḡ ∼= U3(4), Ḡ ∼= U3(4) : 2, or Ḡ ∼= U3(4) : 4;
(viii) r = 13, Ḡ ∼= S4(5), Ḡ ∼= L4(3), Ḡ ∼= L4(3) : 22, or Ḡ ∼= L4(3) : 23;
(ix) r = 17, Ḡ ∼= Sp4(4), Ḡ ∼= Sp4(4) : 2, or Ḡ ∼= Sp4(4) : 4;
(x) r = 17, Ḡ ∼= L2(16), Ḡ ∼= L2(16) : 2, or Ḡ ∼= L2(16) : 4;
(xi) r = 31, Ḡ ∼= L3(5) or Ḡ ∼= L3(5) : 2;
(xii) r = 73, Ḡ ∼= U3(9), Ḡ ∼= U3(9) : 2, or Ḡ ∼= U3(9) : 4;
(xiii) r = 41, Ḡ ∼= L2(81), Ḡ ∼= L2(81) : 21, Ḡ ∼= L2(81) : 23, Ḡ ∼= L2(81) : 41, Ḡ ∼= L2(81) : 42,

Ḡ ∼= S4(9), Ḡ ∼= S4(9) : 21 or Ḡ ∼= S4(9) : 23.

Consider each of these statements, taking into account that any element of order r from G acts on
Op(G) freely.
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In the cases (i), (iv), (vi), (viii), (ix), and (xiii), applying Lemma 3 for an element g of order r
from Ḡ, the character table of the group Ḡ′ from [3], and calculations in GAP [5], we show that the
group G contains an element of order rp, a contradiction.

If the case (4)(ii) holds, then by Lemma 3 and [3] the statement (7) holds.
Suppose that the case (4)(iii) holds. Using the arguments for the proving the statement (4) of Theorem

in the case (3), we obtain that the statement (8) holds.
Suppose that the case (4)(v) holds. Then r = 11. Using Lemma 3 and [3], we obtain that the

absolutely irreducible Ḡ-modules over a field of characteristic p on which an element of order 11 from Ḡ
acts freely are the following: the unique 10-dimensional module with the field of definition GF (p) for
Ḡ ∼= U5(2) and two modules with the field of definition GF (pm), where m =

(

GF (p)(
√−2) : GF (p)

)

for Ḡ ∼= Aut
(

U5(2)
)

. By Lemma 7, m = 1 for p ≡ 1, 3, 9, 11 (mod 16) and m = 2 otherwise. Hence, by
Lemma 6, we conclude that the statement (9) holds.

Suppose that the case (4)(vii) holds. Then r = 13. Using Lemma 3 and [3], we obtain that the
absolutely irreducible Ḡ-modules over a field of characteristic p on which an element of order 13 from Ḡ
acts freely are the following: the unique 12-dimensional module with the field of definition GF (p) for
Ḡ ∼= U3(4); two 12-dimensional modules with the field of definition GF (pm), where m =

(

GF (p)(
√−2) :

GF (p)
)

, for Ḡ ∼= U3(4) : 2; and four 12-dimensional modules with the field of definition GF (pn), where
n =

(

GF (p)(
√−2,

√−1) : GF (p)
)

, for Ḡ ∼= U3(4) : 4. By Lemma 7, m = 1 for p ≡ 1, 3, 9, 11 (mod 16)
and m = 2 otherwise; n = 1 for p ≡ 9 (mod 16) and n = 2 otherwise. Hence, by Lemma 6, we conclude
that the statement (10) holds.

Suppose that the case (4)(x) holds. Then r = 17. Using Lemma 3 and [3], we obtain that the
absolutely irreducible Ḡ-modules over a field of characteristic p on which an element of order 17 from Ḡ
acts freely are the following: the unique 16-dimensional module with the field of definition GF (p) for
Ḡ ∼= L2(16); two 16-dimensional modules with the field of definition GF (p) for Ḡ ∼= L2(16) : 2; two
16-dimensional modules with the field of definition GF (p) and two 16-dimensional modules with the field
of definition GF (pm), where m =

(

GF (p)(
√−2) : GF (p)

)

, for Ḡ ∼= L2(16) : 4. By Lemma 7, m = 1 for
p ≡ 1, 3, 9, 11 (mod 16) and m = 2 otherwise. Hence, in view of Lemma 6, the statement (11) holds.

Suppose that the case (4)(xi) holds. Then r = 31. Using Lemma 3 and [3], we obtain that the
absolutely irreducible Ḡ-modules over a field of characteristic p on which an element of order 31 from Ḡ acts
freely are the following: the unique 30-dimensional module with the field of definition GF (p) for Ḡ ∼= L3(5)
and two 30-dimensional modules with the field of definition GF (pm), where m =

(

GF (p)(
√−5) : GF (p)

)

,
for Ḡ ∼= L3(5) : 2. By Lemma 7, m = 1 for p ≡ ±1 (mod 5) and m = 2 otherwise. Applying Lemma 6,
we obtain that the statement (12) holds.

Suppose that the case (4)(xii) holds. Then r = 73. Applying Lemma 3 and the character table of the
group Ḡ from GAP [5], we obtain that the absolutely irreducible Ḡ-modules over a field of characteristic p
on which an element of order 73 from Ḡ acts freely are the following: the unique 72-dimensional module if
Ḡ ∼= U3(9); two 72-dimensional modules with the field of definition GF (pm), where m =

(

GF (p)(
√−1) :

GF (p)
)

, if Ḡ ∼= U3(9) : 2; and four 72-dimensional modules with the field of definition GF (pn), where
n =

(

GF (p)(z6, z − z17, z11 − z19) : GF (p)
)

for z = exp(2πi/24), if Ḡ ∼= U3(9) : 4. By Lemma 7, m = 1
for p ≡ ±1 (mod 4) and m = 2 otherwise. Since (24, p) = 1,

(

GF (p)(z) : GF (p)
)

is the smallest natural
number l such that 24 divides pl − 1. But 24 divides p2 − 1; therefore n ∈ {1, 2}. Applying Lemma 6, we
obtain that the statement (13) holds.

Case (5). {2, 3} ⊆ π1(Ĝ), 5 /∈ π(Ĝ), and Ḡ is a group from the item (7) of the conclusion of
Theorem 1 from [16]. In view of [16, Theorem 7], either G ∼= G2(3) or G ∼= G2(3) : 2, or π1(G) = {2, 3, 7},
π2(G) = {r} ⊆ {13, 19, 43, 73}, and one of the following statements holds:

(i) r = 13, Ḡ ∼= L2(27) : 3;
(ii) r = 13, Ḡ ∼= 3D4(2) or Ḡ ∼= 3D4(2) : 3;
(iii) r = 19, G ∼= L3(7) or G ∼= L3(7) : 2;
(iv) r = 19, Ḡ ∼= U3(8), Ḡ ∼= U3(8) : 2, Ḡ ∼= U3(8) : 31, or Ḡ ∼= U3(8) : 33;
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(v) r = 43, Ḡ ∼= U3(7) or Ḡ ∼= U3(7) : 2;
(vi) r = 73, Ḡ ∼= L3(8), Ḡ ∼= L3(8) : 2, Ḡ ∼= L3(8) : 3, or Ḡ ∼= L3(8) : 6.
In the first case, applying Lemma 3 and the character table of the group Ḡ′ from [3], we show that the

group G contains elements of orders 7p and 13p, but this contradicts the disconnectedness of the graph
Γ(G).

Thus, the second case holds and, in particular, π1(G) = {2, 3, 7, p} and π2(G) = {r} ⊆ {13, 19, 43, 73}.
Consider each of the statements (i)–(vi), taking into account that any element of order r from G acts on
Op(G) freely.

In the cases (i)–(iv), applying Lemma 3 for an element g of order r from Ḡ and the character table
of the group Ḡ′ from [3], we show that the group G contains an element of order rp, a contradiction.

Suppose that the case (5)(v) holds. Then r = 43. Applying Lemma 3 and [3], we obtain that the
absolutely irreducible Ḡ-modules over a field of characteristic p on which an element of order 43 from Ḡ acts
freely are the following: the unique 42-dimensional module with the field of definition GF (p) for Ḡ ∼= U3(7)
and two 42-dimensional modules with the field of definition GF (pm), where m =

(

GF (p)(
√−7) : GF (p)

)

.
By Lemma 7, we find that m = 1 for p ≡ 1, 2, 4 (mod 7) and m = 2 otherwise. Hence, by Lemma 6, the
statement (14) holds.

Suppose that the case (5)(vi) holds. Then r = 73. Applying Lemma 3 and [3], we obtain that
the absolutely irreducible Ḡ-modules over a field of characteristic p on which an element of order 73
from Ḡ acts freely are the following: if Ḡ ∼= L3(8), then the unique 72-dimensional module with the
field of definition GF (p); if Ḡ ∼= L3(8) : 2, then two 72-dimensional modules with the field of definition
GF (pm), where m =

(

GF (p)(
√

2) : GF (p)
)

; if Ḡ ∼= L3(8) : 3, then one 72-dimensional module with
the field of definition GF (p), two 72-dimensional modules with the field of definition GF (pn), where
n =

(

GF (p)(
√−3) : GF (p)

)

; if Ḡ ∼= L3(8) : 6, then two 72-dimensional modules with the field of
definition GF (pm), where m =

(

GF (p)(
√

2) : GF (p)
)

, and four 72-dimensional modules with the field
of definition GF (pt), where t =

(

GF (p)(
√

2,
√−3) : GF (p)

)

. By Lemma 7, we find that m = 1 for
p ≡ ±1,±7 (mod 16) and m = 2 otherwise; n = 1 for p ≡ 5 (mod 12) and n = 2 otherwise; t = 1 for
p ≡ 17, 41 (mod 48) and n = 2 otherwise. Hence, by Lemma 6, the statement (15) holds.

Case (6) (a missing case in [16]). π1(Ĝ) = {2, 3, 17} and π2(Ĝ) = {307}, Ḡ ∼= L3(17), or Ḡ ∼= L3(17) :
2. Then π1(G) = {2, 3, 17, p} and π2(G) = {307}. Let V be an absolutely irreducible L3(17)-module over
a field of characteristic p on which the element g of order 307 acts freely and β be a Brauer character of
the module V . Then β coincides with some complex irreducible character of the group L3(17). Applying
Lemma 3 and the character table of the group L3(17) from [19], we obtain that either β is equal to the
unique 306-dimensional irreducible character (and this case is realized), or β is equal to a 4608-dimensional
irreducible character χ

(u)
4608 (1 ≤ u < 307, (u) = (17u) = (289u) (mod 307)), which takes the value

Auk = γuk + γ17uk + γ289uk,

on the class C
(k)
8 (1 ≤ k < 307, C

(k)
8 = C

(17k)
8 = C

(289k)
8 (mod 307)) of elements of order 307 from G,

where γ = exp(2πi/307). We show that the second case is impossible. Indeed, suppose that β = χ
(u)
4608

for some u. Then by Lemma 3 we have

dim CV (g) =
1
|g|

∑

x∈〈g〉
β(x) =

1
307

(

4608 + 3
∑

k

Auk

)

=
1

307

(

4608 + 3
∑

k

(γuk + γ17uk + γ289uk)
)

.

But ∣
∣
∣
∣
3

∑

k

(γuk + γ17uk + γ289uk)
∣
∣
∣
∣
≤ 3

∑

k

(|γ|uk + |γ|17uk + |γ|289uk) = 9
306
3

= 918 < 4608.

So dimCV (g) > 0, a contradiction. Thus, the statement (16) holds.
Case (7). {2, 3} ⊆ π1(Ĝ) and Ḡ is a group from the items (4)–(6) of the conclusion of Theorem 1

from [16]. By [16, Theorem 8], one of the following statements holds:
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(i) Ḡ ∼= L2(2m), where m, u = 2m−1, and s = (2m+1)/3 are primes, greater than 3, π1(Ĝ) = {2, 3, s}
and π2(Ĝ) = {u};

(ii) Ḡ ∼= L2(3m), where m and u = (3m − 1)/2 are odd primes, s ∈ π(3m + 1)/4, π1(Ĝ) = {2, 3, s},
and π2(Ĝ) = {u};

(iii) Ḡ ∼= L2(r), where r is a prime, 17 �= r ≥ 13, π(r − 1) = {2, 3}, s ∈ π(r + 1)/2), π1(Ĝ) = {2, 3},
π2(Ĝ) = {r}, and π3(Ĝ) = {s};

(iv) Ḡ ∼= L2(r) or Ḡ ∼= PGL2(r), where r is a prime, 17 �= r ≥ 11, π1(Ĝ) = π(r2 − 1) = {2, 3, s},
π2(Ĝ) = {r}.

Consider each of these statements.
Suppose that the case (7)(i) holds. Then π1(G) = {2, 3, s, p}, π2(G) = {u}. Since the group Ḡ

contains a subgroup isomorphic to a Frobenius group of the form 2m : u, Lemma 2 implies that group G
contains an element of order up, a contradiction with the disconnectedness of the graph Γ(G).

Suppose that the case (7)(ii) holds. Arguing as in the previous paragraph, with the replacement of 2m

to 3m we obtain a contradiction.
Suppose that the case (7)(iii) holds. Suppose that an element g of order s from G acts on Op(G)

freely. Let V be an absolutely irreducible L2(r)-module over a field of characteristic p on which g acts
freely and β be a Brauer character of the module V . Then β coincides with some complex irreducible
character of the group L2(r). Using Lemma 3 and Table 1 for q = r and ε = +, we obtain that β = δk

for some k, where 1 ≤ k ≤ (r − 1)/4 and

0 =
∑

x∈〈g〉
β(x) = r − 1 − 4

(s−1)/2
∑

n=1

cos
(

2πkn

s

)

.

But then

r − 1 =
∣
∣
∣
∣
4

(s−1)/2
∑

n=1

cos
(

2πkn

s

)∣
∣
∣
∣
< 4

(s−1)/2
∑

n=1

1 = 2(s − 1) ≤ r − 1,

a contradiction. So, the group G contains an element of order ps, whence π1(G) = {2, 3, s, p} and
π2(G) = {r}. Then, arguing as in the cases (1)(i) and (2)(iii), we obtain that the statement (17) holds.

Suppose that the case (7)(iv) holds. Then π1(G) = {2, 3, s, p} and π2(G) = {r}. Arguing as in the
cases (1)(i) and (2)(iii), we obtain that the statement (18) holds.

Theorem 2 is proved.
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