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SEQUENTIAL ANALOGUES OF THE LYAPUNOV AND KREIN–MILMAN
THEOREMS IN FRÉCHET SPACES

F. S. Stonyakin UDC 517.98

Abstract. In this paper we develop the theory of anti-compact sets we introduced earlier. We describe
the class of Fréchet spaces where anti-compact sets exist. They are exactly the spaces that have a
countable set of continuous linear functionals. In such spaces we prove an analogue of the Hahn–
Banach theorem on extension of a continuous linear functional from the original space to a space
generated by some anti-compact set. We obtain an analogue of the Lyapunov theorem on convexity and
compactness of the range of vector measures, which establishes convexity and a special kind of relative
weak compactness of the range of an atomless vector measure with values in a Fréchet space possessing
an anti-compact set. Using this analogue of the Lyapunov theorem, we prove the solvability of an
infinite-dimensional analogue of the problem of fair division of resources. We also obtain an analogue
of the Lyapunov theorem for nonadditive analogues of measures that are vector quasi-measures valued
in an infinite-dimensional Fréchet space possessing an anti-compact set. In the class of Fréchet spaces
possessing an anti-compact set, we obtain analogues of the Krein–Milman theorem on extreme points
for convex bounded sets that are not necessarily compact. A special place is occupied by analogues
of the Krein–Milman theorem in terms of extreme sequences introduced in the paper (the so-called
sequential analogues of the Krein–Milman theorem).
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Introduction

In this paper we obtain new analogues of the Lyapunov theorem on convexity of the range of a vector
measure, as well as of the Krein–Milman theorem on extreme points in a special class of Fréchet spaces.
We start with formulation of the problems studied in this paper.

The Lyapunov theorem on convexity of the range of an atomless vector measure −→μ : Σ −→ R
n

defined on a σ-algebra of subsets Σ of some space Ω [15] is well-known in finite-dimensional spaces.
This result has numerous applications in optimal control theory, mathematical economy, mathematical
statistics, and game theory [1, 2, 6, 12, 14, 17, 19, 20, 22, 23]. For this reason, many modifications and
generalizations of this result are known in finite-dimensional spaces, including relatively new ones [2,
6, 7, 11, 14, 17, 18].

But, as many examples show, the Lyapunov theorem does not hold for vector measures with values
in infinite-dimensional spaces [8, 13, 15]. However, there exist many analogues of this Lyapunov
theorem for infinite-dimensional Banach spaces. They were used, in particular, in [1, 12]. The most
well-known approach consists in distinguishing a class of Banach spaces E with the so-called Lyapunov
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property. In such a space E, the closure −→μ (Σ) of the set −→μ (Σ) is convex for any countably additive
atomless measure −→μ : Σ −→ E [8, 13]. The Lyapunov property belongs, in particular, to the spaces
c0 and �p (p ∈ [1; 2) ∪ (2;+∞)) [13]. But many very important spaces including the separable Hilbert

space �2 do not have this property. The Uhl theorem on the convexity of the set −→μ (Σ) in the case
of measures of bounded variation with values in spaces with the Radon–Nikodym property is also
known [8]. But both Lyapunov and Radon–Nikodym properties essentially restrict the class of spaces
under consideration (e.g., the spaces L1[a; b] and C[a; b] satisfy neither of these properties). Note also
the known result on convexity and weak compactness of the weak closure of the set −→μ (Σ) for any
vector measure in any Banach space [8].

In [25, 26], we formulated the aim of obtaining analogues of the Lyapunov theorem in the infinite-
dimensional case without such essential restrictions of the space class and without using the weak
closure (which, in general, does not allow one to speak about representation of the points of the
closure of the set as limit points of sequences of the set elements [13]). In those papers in the context
of separable Fréchet spaces, we obtained theorems on convexity and compactness of the closure of the
range of an atomless vector measure in a space generated by an anti-compact set. In [27], we dealt
with the convexity and weak compactness of the weak closure of the range of a vector measure [8].
But there we replaced the weak closure by a new sequential type of closure, which led to restriction of
the class of adequate vector measures, and obtained in the class of Banach spaces with countable total
set of continuous linear functionals an analogue of the Uhl theorem on convexity and a special kind of
relative weak compactness of the closure of the range of a vector measure [27]. In the present paper
we extend the result of [27] to the class of Fréchet spaces and consider applications to an infinite-
dimensional analogue of the problem of division of resources and to an analogue of the Lyapunov
theorem for a new nonadditive generalization of a vector measure.

Now we pass to the formulation of the second group of problems the present paper is devoted to.
The Krein–Milman theorem, which states that each convex compact set coincides with the closed
convex hull of its extreme points is well-known [13]. But in the infinite-dimensional case this theorem
is generally not true in the class of closed convex bounded sets [8, 13]. Moreover, a noncompact convex
set in an infinite-dimensional space can have no extreme points at all [8, 13].

There exist analogues of the Krein–Milman theorem for bounded sets in infinite-dimensional Banach
spaces. The most well-known approach consists in distinguishing a class of Banach spaces E with the
so-called Krein–Milman property. Recall also that in each space with the Radon–Nikodym property,
each closed convex set is the closed convex hull of its strongly exposed points [8]. But it can occur that
neither of these properties holds in many important spaces including the Banach spaces of numerical
sequences c0 and �∞ [13]. We also mention generalizations of the Krein–Milman theorem for closed
bounded sets in Banach spaces with a smooth dual space [3]. The problem of construction of an
analogue of the Krein–Milman theorem for not necessarily compact (and even not necessarily convex)
sets was studied by Balashov and Polovinkin in [4, 5] by methods of strongly convex analysis in the
class of Hilbert spaces.

But we aim at obtaining an analogue of the Krein–Milman theorem for not necessarily compact sets
in the infinite-dimensional case without such essential restriction of the space class. Our approach to
the problem under consideration is based on the concept of an anti-compact set in a Banach space,
which we introduced and used earlier in [26, 27]. This approach allows us to consider a class of
spaces substantially different from the class of spaces with the Krein–Milman or the Radon–Nikodym
property and containing, in particular, the spaces of sequences c0, c, and �∞.

The paper consists of an introduction and three main sections.
In the first section, we recall the concept of an anti-compact set in Fréchet spaces and give an

exact description of the class of Fréchet spaces where an anti-compact set exists. It is proved that
anti-compact sets exist if and only if a Fréchet space is linearly injectively and continuously embedded
into a separable Hilbert set (Theorem 1.1) or, which is the same, if a Fréchet space has a countable
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total subset of continuous linear functionals T0 (Theorem 1.2). Such spaces need not be separable
(e.g., �∞). Further, we obtain an auxiliary result that states that for any Banach space E possessing
an anti-compact set, the dual space E∗ is representable as a vector inductive limit of dual spaces E∗

C′
generated by anti-compact sets C ′ ∈ C(E) (Theorem 1.3). Essentially, the last result is an analogue
of the Hahn–Banach Theorem on extension of a continuous linear functional.

The second section of the paper is devoted to applications of anti-compact sets to sequential ana-
logues of the Lyapunov theorem for measures and quasi-measures in Fréchet spaces with anti-compact
sets. For such spaces we introduce a new type of convergence (T0-convergence) and the respective
sequential type of closure of a set (T0-closure). For atomless bounded vector measures, we obtain in
Sec. 2.1 a sequential analogue of the Lyapunov theorem on convexity and compactness of the range
of a vector measure. This analogue replaces weak closure by T0-closure in the well-known result [8]
(Theorem 2.1). In Sec. 2.2, we apply Theorem 2.1 to the proof of solvability for an infinite-dimensional
analogue of the problem of fair division of resources (Theorem 2.4). In Sec. 2.3, we give a short review
of our joint studies with Magera and Shpilev [28, 29] devoted to modeling of problems of fair division
of resources without taking sufficiently small quantities into account. This setting of the problem
leads to new nonadditive analogues of measures, namely, the concepts of a quasi-measure [28] and
an ε-quasi-measure [29]. In Sec. 2.3, we briefly introduce the main approaches and results of [28, 29]
to the reader. Further, in Sec. 2.4, we introduce a similar concept of a vector quasi-measure for set
functions with values in Fréchet spaces (Definition 2.10) and prove an analogue of Theorem 2.1 for
such set functions (Theorem 2.5).

Finally, in the third section, we obtain the second part of the final results of the paper, i.e., analogues
of the Krein–Milman theorem on extreme points for convex bounded not necessarily compact sets in
Fréchet spaces with anti-compact sets. The first result states inclusion of each convex bounded (not
necessarily compact) set A into some compact set in EC′ and, as a corollary, into the closed convex
hull of its extreme points (Lemma 3.1). The second analogue of the Krein–Milman theorem for
Banach spaces with anti-compact sets is a more subtle one giving an exact description of a closed
convex bounded set in terms of extreme points of its closures in spaces generated by anti-compact
sets (Theorem 3.1). Further we introduce a concept of the so-called extreme sequence of a set A
(Definition 3.1) with the purpose of suggesting an analogue of the concept of an extreme point of a
set, which could be used for obtaining sequential analogues of the Krein–Milman theorem for bounded
noncompact convex sets (they can have no extreme points in the usual sense at all). In the case where
A is a convex compact set, we show convergence of each extreme sequence of A to some extreme point
of the set A (Theorem 3.3). In the class of Fréchet spaces with anti-compact sets, we obtain analogues
of the Krein–Milman theorem both for extreme sequences in spaces EC′ generated by anti-compact
sets C ′ in E (Theorem 3.4) and for extreme sequences in the original space E (Corollary 3.2). We
construct examples of extreme sequences for closed unit balls in the spaces of numerical sequences �∞,
c and c0 (Examples 3.2–3.4).

1. Anti-compact Sets. Fréchet Spaces with Anti-compact Sets

1.1. The concept of an anti-compact set in Fréchet spaces. The class of Fréchet spaces
with anti-compacts. Recall the concept of an anti-compact set we suggested in [25]. Denote by
Ωac(E) the set of all closed absolutely convex subsets of a Fréchet space E. Here and below, pC′(·)
stands for the Minkowski functional of an absolutely convex set C ′ ⊂ E.

Definition 1.1. A set C ′ ∈ Ωac is called anti-compact in E if the following conditions hold:

(1) pC′(a) = 0 ⇐⇒ a = 0 in E (or
⋂

λ>0

λ · C ′ = {0});
(2) each bounded subset of E is contained and precompact in the space EC′ = (span C ′, pC′(·)).

Here we assume that EC′ is completed w.r.t. the norm ‖ · ‖C′ = pC′(·).
We use the notation C′(E) for the set of all anti-compact subsets of the Fréchet space E.
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In [25, 26], we constructed examples of a system of anti-compact sets in separable Hilbert and
Banach spaces. It turns out that the case of a Hilbert space is universal in a certain sense, since
anti-compact sets exist only in Fréchet spaces that are continuously and injectively embedded in a
separable Hilbert space. Let us prove this assertion.

Definition 1.1 implies that if C ′ ∈ C′(E), then there exists an injective compact linear operator
A : E → EC′ (Ax = x ∀x ∈ E). Show that the existence of such an operator is not only a necessary
condition for the presence of an anti-compact set in E but also a sufficient one.

Proposition 1.1. Let there exist an injective compact linear operator A : E → F, where E is a
Fréchet space and F is a Banach one. Then E possesses an anti-compact set.

Proof. Put C ′ = {x ∈ E | ‖Ax‖F ≤ 1} , ‖x‖C′ = ‖Ax‖F . By linearity and injectivity of the operator
A, we have that ∀x ∈ E ‖x‖C′ = 0 if and only if x = 0. Precompactness of each bounded set B ⊂ E
evidently follows from the compactness of the operator A.

Thus, there holds

Lemma 1.1. A Fréchet space E has an anti-compact set if and only if there exists an injective compact
linear operator A : E → F, where F is a Banach space.

The previous result allows one to obtain a more testable criterion.

Theorem 1.1. A Fréchet space E has an anti-compact set if and only if there exists an injective
continuous linear operator A : E → �2.

Proof. 1. Necessity. Let there exist an anti-compact set in E. Then for some Banach space F there
exists an injective compact linear operator A : E → F. Therefore, each bounded set B ⊂ E is
precompact in each space EC′ , C ′ ∈ C′(E) (or the set A(B) ⊂ F is precompact in F ). Hence the image
A(E) can be embedded in some closed separable subspace F0 ⊂ F. Thus, E is linearly injectively and
continuously embedded in the separable space F0. And since each separable Banach space is linearly
injectively and continuously embedded in �2 (see [13, p. 556]), there exists an injective continuous
linear operator A′ : E → �2.

2. Sufficiency. Suppose E is linearly injectively and continuously embedded in �2. Then Lemma 1
from [25] can be applied, stating the presence of an anti-compact set in the space �2, i.e., E is linearly
injectively and compactly embedded in �2. Hence there exists an injective compact linear operator
A′ : E → �2, which implies the existence of an anti-compact set in E by Lemma 1.1.

We give examples of the practical application of the obtained criterion. Thus, it is well-known that
each separable Banach space is linearly injectively and continuously embedded in �2. Show that this is
also possible in some nonseparable spaces (recall that the case of separable spaces was studied in [26]).

Example 1.1. The space of bounded numerical sequences �∞ is linearly injectively and continu-
ously embedded in �2. In fact, it suffices to consider the operator A : �∞ → �2 given by Ax =(
x1,

x2
2 ,

x3
3 , . . . ,

xn
n , . . .

)
.

Example 1.2. The space of essentially bounded functions L∞([0; 1]) with the norm ‖f‖L∞ =
ess sup

t∈[0;1]
|f(t)| is linearly injectively and continuously embedded in L2([0; 1]) ∼= �2. In fact, it suf-

fices to consider the identical operator A : L∞([0; 1]) → L2([0; 1]), Af(t) = f(t). We obviously
have

‖Af‖L2 =

⎛

⎝

1∫

0

|f(t)|2dt
⎞

⎠

1/2

≤
(

(ess sup
t∈[0;1]

|f(t)|)2
)1/2

= ‖f‖L∞ ,

i.e., the operator A is continuous. Linearity and injectivity of A are obvious. Thus, L∞([0; 1]) is
linearly injectively and continuously embedded in �2, i.e., an anti-compact set exists in L∞([0; 1]).
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Similarly one can consider the Fréchet space L∞([0;+∞)) of essentially bounded functions with the
defining system of seminorms ‖f‖n = ess sup

t∈[0;n]
|f(t)|, n ∈ N.

We suggest another relatively simple description of the class of Fréchet spaces that have anti-compact
sets. We will use, in particular, a similar result in the Banach case obtained in [27, Corollary 1].

Theorem 1.2. A Fréchet space E has an anti-compact set if and only if a countable total subset of
continuous linear functionals exists on E.

Proof. 1. Necessity. If E has an anti-compact set, then by Theorem 1.1 there exists an injective
continuous linear operator A : E → �2. In turn, there exists on the space �2 a countable total subset
T0 of continuous linear functionals. It is easy to check that T0 ⊂ E∗ due to the continuity of embedding
of E in �2. Moreover, T0 separates points of E by the injectivity of embedding of E in �2. Therefore,
T0 ⊂ E∗ is a total subset of E.

2. Sufficiency. We use the arguments from [26, Proof of Theorem 2.5]. Recall that any Fréchet
space E with a countable defining system of seminorms {‖ · ‖j}∞j=1 is the projective limit of a sequence

of Banach spaces Êj, where Êj are completions of factor spaces Ej = E/ker‖ · ‖j (j ∈ N) w.r.t. factor
norms.

By [27, Corollary 1], for any j ∈ N there exists an anti-compact set Ĉj in the Banach space Ej ,
and therefore, all Ej are injectively linearly and compactly embedded in the separable Hilbert space

H = �2 by Theorem 1.1. Without loss of generality, a system of anti-compact sets
{
Ĉj

}∞
j=1

in H can

be chosen to be nondecreasing (one can always pass to the system

{
N⋃

j=1
Ĉj

}∞

N=1

). Anti-compactness

of these sets is established in [26, Proposition 2.4]. Under the above agreement, we have

‖ · ‖
̂Cj

≥ ‖ · ‖
̂Ck

∀k ≥ j. (1.1)

Let Ê =
∏

̂Cj

E
̂Cj

be the direct product of the spaces E
̂Cj
. Consider the set

Ĉ :=

⎧
⎨

⎩
x ∈ Ê

∣
∣
∣
∣

∞∑

j=1

‖x‖
̂Cj

j2
≤ 1

⎫
⎬

⎭
.

Since E is the projective limit of the spaces Êj , and thus E can be densely and continuously

embedded in
∏

j∈N
Êj, each bounded set C ⊂ E can be injectively (note that the space E is separated)

and continuously embedded in the product
∏

j∈N
j2Ĉj, which is compact in Ê in the topology of a direct

product by the Tikhonov theorem. Further, using (1.1) and the convergence of the series
∞∑

j=1

1
j2 , one

can check the compactness of C in the space E
̂C ⊃ E generated and completed w.r.t. the norm

‖x‖
̂C
=

∞∑

j=1

‖x‖
̂Cj

j2
.

Therefore, C is a nonempty absolutely convex compact set in E
̂C , i.e., Ĉ is an anti-compact set

in E.

On the basis of the last corollary, it is easy to give an example of a space that has no anti-compact
sets. Moreover, such a space can be a Hilbert (nonseparable) space and therefore reflexive.
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Example 1.3. Consider the set �2([0; 1]) of real functions f : [0; 1] → R such that
∑

t∈[0;1]
|f(t)|2 < ∞.

It is clear that each function f ∈ �2([0; 1]) has no more than a countable set of values. The norm in
this space has the form

‖f‖�2 =

⎛

⎝
∑

t∈[0;1]
|f(t)|2

⎞

⎠

1/2

,

and each continuous linear functional � on �2([0; 1]) can be represented as

�(f) = �g(f) =
∑

t∈[0;1]
|f(t)g(t)|,

where g is some fixed element from �2([0; 1]).
It is clear that no matter which countable set of linear continuous functionals {�gn}∞n=1 on �2([0; 1])

we choose, they all will take zero values on the set of functions f ∈ �2([0; 1]), vanishing at the points
t ∈ [0; 1] such that gn(t) �= 0 ∀n ∈ N. Therefore, each countable set of continuous linear functionals
on �2([0; 1]) takes zero values on nonzero functions, and hence there is no countable total subset of
continuous linear functionals on the space �2([0; 1]).

Similarly one can consider the countably-Hilbert space (a Fréchet space) �2([0;+∞)) with the
defining system of seminorms (n ∈ N)

‖f‖n�2 =

⎛

⎝
∑

t∈[0;n]
|f(t)|2

⎞

⎠

1/2

.

1.2. Analogue of the Hahn–Banach theorem on extension of continuous linear function-
als in Fréchet spaces with anti-compact sets. This subsection is devoted to an auxiliary result.
In the case of existence of an anti-compact set C ′ ∈ C(E), this result shows that each dual space
E∗ can be represented as the vector inductive limit of dual spaces E∗

C′ generated by anti-compact
sets C ′ ∈ C(E). In other words, we prove that any continuous linear functional defined on a Fréchet
space E can be extended up to a continuous linear functional defined on some space EC′ generated
by the anti-compact set C ′ ∈ C(E). In substance, it is an analogue of the Hahn–Banach theorem on
a norm-preserving extension of a continuous linear functional. This result will be used in the section
devoted to analogues of the Krein–Milman theorem in Fréchet spaces generated by anti-compact sets.

Theorem 1.3. If an anti-compact set exists in a Fréchet space E, then

E∗ =
⋃

C′∈C′(E)

E∗
C′ . (1.2)

Proof. 1. Clearly,

∀C ′ ∈ C′(E) E∗
C′ ⊂ E∗. (1.3)

By construction of an anti-compact set, one has E ⊂ EC′ ∀C ′ ∈ C′(E), and, therefore, any linear
functional on EC′ retains linearity on the subspace E. The continuity of this functional follows from
the inequality

‖x‖C′ ≤ K · ‖x‖E for any x ∈ E ∀C ′ ∈ C′(E), (1.4)

which holds for some number K > 0.
2. Now prove that any functional � ∈ E∗ can be extended to E∗

C′ for some C ′ ∈ C′(E). Consider

the functional p�C′(·) : E → R: p�C′(x) = |�(x)| + ‖x‖C′ for some set C ′ ∈ C′(E). Clearly, p�C′(·) is a

norm on E. Consider the set C ′′ = {x ∈ E | p�C′(x) ≤ 1}, EC′′ = (span C ′′, pC′′(·)) is a Banach space
generated by C ′′ (and completed w.r.t. this norm).
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Each bounded set B ⊂ E is precompact in EC′′ . In fact, given a sequence {yn}∞n=1 ⊂ B, one
can extract a subsequence {ynk

}∞k=1 convergent in EC′ . In turn, one can extract from {�(ynk
)}∞k=1 a

subsequence convergent in EC′′ . Thus, C ′′ ∈ C′(E). In this case, one has

|�(x)| ≤ |�(x)|+ ‖x‖C′ = ‖x‖C′′ ∀x ∈ E.

Further, using the Hahn–Banach theorem [13] on a norm-preserving extension of a continuous linear
functional, we get |�(x)| ≤ ‖x‖C′′ ∀x ∈ EC′′ , i.e., � ∈ E∗

C′′ .
Thus (1.2) holds, q.e.d.

2. Sequential Analogues of the Lyapunov Theorem for Vector Measures and
Quasimeasures

2.1. A sequential analogue of the Lyapunov theorem for measures. Now we pass to the
first group of the main results of the paper, namely, sequential analogues of the Lyapunov theorem
for vector measures and quasimeasures in Fréchet spaces. Recall that the most well-known analogue
of the Lyapunov theorem — the Uhl Theorem — states convexity and compactness of the closure of
the range of a vector measure with (strongly) bounded variation in spaces with the Radon–Nikodym
property. It is also known that the weak closure of the range of a vector measure with values in
any space is convex and weakly compact. In the class of Banach spaces with anti-compact sets (it
can happen that such spaces have neither the Radon–Nikodym property nor the Lyapunov one), we
managed to distinguish the class of vector measures for whom the weak closure can be replaced by
some sequential type of closure. Introduce the concept of T0-convergence of a sequence, where T0 ⊂ E∗
is a countable total subset of continuous linear functionals in E.

Definition 2.1. We will say that a sequence {xn}∞n=1 T0-converges to x ∈ E if lim
n→∞ �(xn) = �(x)

∀� ∈ T0 ⊂ E∗.

The above definition is correct (i.e., the limit is unique) due to the fact that the set of functionals
T0 is total in E (separates elements in E). The coordinate-wise convergence in the spaces of numerical
sequences c, c0, and �p (1 ≤ p ≤ ∞) is an illustrative example of such convergence. We recall that
the coordinate-wise convergence in the spaces �1 and �∞ can differ from the weak one [13] even for
bounded sequences. We also introduce the concept of the T0-closure of a set A ⊂ E.

Definition 2.2. The T0-closure of a set A ⊂ E is the set Â ⊂ E such that ∀x ∈ Â there exists a
sequence {xn}∞n=1 ⊂ A, T0-convergent to x.

It turns out that an analogue of the Lyapunov theorem for bounded vector measures can be obtained
by using T0-closures.

Theorem 2.1. Let a Fréchet space E have a countable total subset of continuous linear functionals
T0 ⊂ E∗, and let −→μ : Σ → E be an atomless bounded measure. Then the T0-closure

−→μ (Σ) is convex
and relatively weakly compact in E.

Before proving this result we formulate some auxiliary concepts and a result from [21, 24, 30]. Let
Σ be some σ-algebra of subsets S (this notation will be used below). Recall [30, p. 104] that the
complete variation of a vector measure ν : Σ → E w.r.t. some continuous seminorm ‖ · ‖ in E is a
mapping | ν |: Σ → [0;+∞] defined by the equality

|ν|(A) = sup
n∑

k=1

‖ν(Ak)‖ ∀A ∈ Σ, (2.1)

where the supremum is taken over all finite sets {A1, A2, . . . , An} ⊂ Σ such that
n⋃

k=1

Ak ⊂ A. It is easy

to check that the mapping | ν | is a finite countably additive positive measure on Σ (see [30, p. 104]).
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Denote by V (S,E) the set of all vector measures ν : Σ → E (Σ is the σ-algebra of subsets S) with a
finite complete variation | ν | (S) < ∞ w.r.t. some continuous seminorm ‖ · ‖ on E (see (2.1)).

Denote by EC = (span C, ‖ · ‖C) Banach spaces with norms ‖ · ‖C equal to Minkowski functionals
of absolutely convex compact sets C ∈ C(E). These spaces were introduced and studied in detail by
Orlov (see, e.g., [21]).

Definition 2.3. We will say that ν has a (strong) compact variation on S if there exists a compact
set C ∈ C(E) such that ν : Σ → EC and ν ∈ V (S,EC). We use the notation ν ∈ VK(S,E), where
| ν |C is the complete variation of the vector measure ν w.r.t. the norm ‖ · ‖C .

In order to formulate a necessary result from [24], we need an auxiliary characteristic for measures
ν ∈ VK(S,E), namely, (strong) compact absolute continuity w.r.t. a finite numerical measure μ on Σ.
Denote by AC(S,E, μ) the set of all vector measures ν ∈ V (S,E) with the property of the usual
absolute continuity of a vector measure w.r.t. μ, i.e., such that |ν| � μ (μ(A) = 0 ⇒ |ν|(A) = 0 or
∀ε > 0 ∃δ > 0 : (μ(A) < δ) ⇒ |ν|(A) < ε).

Definition 2.4. We say that a vector measure ν ∈ VK(S,E) is (strongly) compactly absolutely contin-
uous on S w.r.t. a numerical measure μ if there exists a compact set C ∈ C(E) such that ν : Σ → EC

and ν ∈ AC(S,EC , μ). We use the notation ν ∈ ACK(S,E, μ).

We formulate an important auxiliary result from [24].

Theorem 2.2. If ν ∈ ACK(S,E, μ), then there exists a Bochner integrable mapping f : S → E such
that

ν(A) = (B)

∫

A

f(t)dμ(t) ∀A ∈ Σ. (2.2)

We pass to the proof of Theorem 2.1.
Proof.

1. The vector measure μ has a weakly bounded variation due to its boundedness and the fact
that each bounded numerical signed measure �(−→μ )(·) (� ∈ E∗) has a bounded variation. Denote
by ck = V (�k(

−→μ ))(S) complete variations of signed measures �k(
−→μ ), �k ∈ T0. Choose a numerical

sequence nk → +∞ such that the sequence
{

ck
nk

}∞
k=1

is bounded and consider the set

C̃ =

{

x ∈ E

∣
∣
∣
∣ sup

k∈N

∣
∣
∣
∣
�k(x)

nk

∣
∣
∣
∣ ≤ 1

}

and the Banach space E
˜C =

(
span C̃, p

˜C(·)
)
generated by C̃, where p

˜C(·) is the Minkowski functional

generated by C̃), E
˜C
∼= �∞.

We assume without loss of generality that ‖T0‖E∗ ≤ 1 (if E is a Fréchet space satisfying the
assumptions of Theorem 2.1, then it can be injectively compactly and linearly embedded in a separable
Hilbert space �2 by Theorems 1.1 and 1.2). Let B ⊂ E be an arbitrary bounded set. Show that it is
contained and precompact in E

˜C
. Since nk → ∞, there exists a number L > 0 such that 1

nk
≤ L and

hence

sup
k

∣
∣
∣
∣
�k(x)

nk

∣
∣
∣
∣ ≤ K · ‖�k‖E∗ · ‖x‖ ∀x ∈ B,

i.e., B ⊂ E
˜C . Further, B is precompact in E

˜C since the sequences
( |�1(x)|

n1
, |�2(x)|n2

, . . . , |�k(x)|nk
, . . .

)
are

bounded by the element
(

1
n1
, 1
n2
, . . . , 1

nk
, . . .

)
∈ c0 uniformly in x ∈ B (this guarantees precompactness

of the set in �∞). Thus, C̃ ∈ C′(E).
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2. Further, choose a sequence of positive numbers {mk}∞k=1 such that
∞∑

k=1

1
mk

= 1 and consider a

new anti-compact set C̃ ′ ⊃ C̃:

C̃ ′ =

{

x ∈ E

∣
∣
∣
∣

∞∑

k=1

∣
∣
∣
∣
�k(x)

mknk

∣
∣
∣
∣ ≤ 1

}

.

Show that −→μ has a bounded variation in the space E
˜C′ ∼= �1. In fact, for any A ∈ Σ of the form

A =
p⋃

i=1
Ai (Ai ∩Aj = ∅ for i �= j), one has

p∑

i=1

‖−→μ (Ai)‖ ˜C′ =

p∑

i=1

∞∑

k=1

|�k(−→μ (Ai))|
mknk

=

∞∑

k=1

p∑

i=1

|�k(−→μ (Ai))|
mknk

≤
∞∑

k=1

p∑

i=1

|�k(−→μ )|(Ai)

mknk
≤

∞∑

k=1

|�k(−→μ )|(A)
mknk

≤
∞∑

k=1

1

mk
= 1

by the choice of {nk}∞k=1 and {mk}∞k=1 (|ν|(·) still denotes the complete variation of the signed mea-
sure ν). Since E

˜C′ ∼= �1 and the space of sequences �1 has an anti-compact set by Theorem 1.2, there

exists ∃ C̃ ′′ ⊃ C̃ ′ such that −→μ has a compact variation on E
˜C′′ . Now introduce the numerical measure

μ
˜C(A) := sup

|�k(−→μ )|(A)
nk

on Σ. Clearly, the vector measure −→μ is absolutely continuous w.r.t. μ
˜C
. The measure |�k(−→μ )| is also

atomless since so is −→μ . Consequently, −→μ ∈ ACK

(
Σ, E

˜C′′ , μ ˜C

)
and, therefore, −→μ can be represented in

the form of an indefinite Bochner integral by Theorem 2.2. Now the claim follows from the convexity of
the range of a vector measure representable as a Bochner integral (see [8, p. 266, proof of Theorem 10]).

3. It remains to consider the set M(−→μ ) = co−→μ (Σ) ∩ −→μ (Σ)E
˜C′′ (coA is the convex hull of the set

A, −→μ (Σ)E
˜C′′ is the closure of the set −→μ (Σ) in the space E

˜C′′). This set is convex as an intersection

of convex sets and, moreover, is contained in the T0-closure of the set −→μ (Σ), since −→μ (Σ)E
˜C′′ contains

all T0-limits of sequences from −→μ (Σ). The convexity of the T0-closure of a convex set can be checked
directly.

Relative weak compactness of the T0-closure M(−→μ ) of the set −→μ (Σ) follows from the well-known
result on convexity and weak compactness of the weak closure of a set −→μ (Σ) [8]. This completes the
proof.

A question arises whether in the above results restrictions to the class of spaces E can be replaced
by some conditions on measures themselves. When Σ is a countably generated σ-algebra (such is, e.g.,
the σ-algebra of Borel sets of a real segment), the answer can be the following.

Theorem 2.3. If Σ is a countably generated σ-algebra and an atomless vector measure −→μ : Σ → E
has a (strongly) bounded variation in some Fréchet space E, then the set −→μ (Σ) can be immersed into a
subspace E0 ⊂ E with a countable total set of continuous linear functionals T0 ∈ E∗

0 and the T0-closure−→μ (Σ) is convex and relatively weakly compact in E0.

Proof. Denote by |−→μ |(·) the complete variation of the vector measure −→μ . Clearly, |−→μ | is a numerical
measure on Σ. Since Σ is countably generated, there exists a countable system of sets Φ ⊂ Σ with the
property that for any A ∈ Σ there exists a sequence of sets {An}∞n=1 ⊂ Φ such that A ⊂ An ∀n ∈ N

and |−→μ |(A) = lim
n→∞ |−→μ |(An). Consequently,

‖−→μ (An)−−→μ (A)‖ = ‖−→μ (An\A)‖ ≤ |−→μ |(An\A) = |−→μ |(An)− |−→μ |(A) → 0 for n → ∞,
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i.e., −→μ (Φ) is a countable dense set in −→μ (Σ) and therefore −→μ (Σ) is contained in some separable subspace
E0 ⊂ E. And on the space E0 there exists already a countable total set of continuous linear functionals.
It remains only to apply Theorem 2.1.

Note that the conditions of countable additivity and boundedness of variation for the vector measure
are essential. Construct an example of a finite vector measure with values in L∞[0; 1], which does
not have a strongly bounded variation and is such that the weak sequential closure of its range is not
convex.

Example 2.1. Let Σ = β[0; 1] be the Borel σ-algebra of subsets [0; 1], mes is the classical Lebesgue
measure on Σ, and −→μ : Σ → L∞[0; 1] is as follows:

−→μ (A) = χA(t) =

{
0, t /∈ A;

1, t ∈ A.

Clearly, ||−→μ (A)||∞ = 1 for any A ⊂ [0; 1] such that mes(A) �= 0. Therefore, −→μ does not have a strongly
bounded variation. Suppose that the sequential closure −→μ (Σ) in E = L∞[0; 1] is convex. This means
that ∃{An}∞n=1 ⊂ Σ : ∀� ∈ E∗ = L∗∞[0; 1]

lim
n→∞ �(−→μ (An)) = �

(
1

2
χ[0;1](t)

)

=
1

2
�
(
χ[0;1](t)

)
. (2.3)

Set Â = [0; 1]\A for any A ∈ Σ. Then χÂ(t) + χA(t) ≡ χ[0;1](t) and hence

lim
n→∞ �

(−→μ (Ân)
)
= �

(
χ[0;1](t)

)− lim
n→∞ � (μ(An))

= �
(
χ[0;1](t)

) − 1

2
�
(
χ[0;1](t)

)
=

1

2
�
(
χ[0;1](t)

)
.

(2.4)

Recall a theorem that describes E∗ [9]. It implies that for any function g of bounded variation on [0; 1],

the functional from E∗ has the form �g(f) =
1∫

0

f(t)dg(t) ∈ E∗. If we choose g(t) = t, then �g (
−→μ (An)) =

1∫

0

χAn(t)dt =
∫

An

dt
n→∞−−−→ 1

2 , since �
(
χ[0;1](t)

)
=

1∫

0

dt = 1. Similarly, �g(
−→μ (Ân)) → 1

2 as n → ∞. Thus,

there exists a sequence of sets {An}∞n=1 ⊂ Σ such that lim
n→∞mes(An) = lim

n→∞mes(Ân) =
1
2 . Since

An∪̇Ân = [0; 1] ∀n ∈ N, we conclude that t ∈ [0; 1] lies in the countable family either of sets {An}∞n=1

or of {Ân}∞n=1. For definiteness, assume that

t0 ∈
∞⋂

k=1

Ank
, {Ank

}∞k=1 ⊂ {An}∞n=1.

Now choose

gδ =

{
t, t ≤ t0;

t+ δ, t > t0

for some fixed δ > 0. Then �gδ(
−→μ (An)) =

∫

An

dgδ(t) = mes(An) + δ. Due to (2.3),

lim
n→∞ �gδ (

−→μ (An)) =
1

2
�gδ

(
χ[0;1](t)

)
=

1

2

1∫

0

dgδ(t) =
1

2
(1 + δ) =

1 + δ

2
,

i.e., lim
n→∞(mes(An) + δ) = 1

2 + δ = 1
2 +

δ
2 , which contradicts the choice of δ > 0.

Thus the sequential closure −→μ (Σ) is not convex.
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2.2. Applications of the above analogue of the Lyapunov theorem to an infinite-dimen-
sional analogue of the problem of division of treasures. Now we consider an example of
application of the above sequential analogue of the Lyapunov theorem to an infinite-dimensional
analogue of the problem of fair division of resources for measures. First recall the classical formulation
of this problem for a finite number of persons.

We often come across problems of distribution of some objects or resources; these problems usually
lead to conflicts. The problem of fair division of resources (treasures) has been studied by mathemati-
cians since the 1940s. As a rule, the theoretical base for such studies is the paper by Lyapunov [15],
where a theorem on the convexity of the range of a measure in finite-dimensional spaces is proved.
Appearing later were the papers by Neyman [20] and Steinhaus [23], where applications of the main
result by Lyapunov to the problem of division of treasures (resources) is considered. The resource
division problem can be formulated as follows [20].

Problem 2.1. Let there be n robbers who estimate the parts of a divisible object A ∈ Σ by numerical
measures μ1, μ2, . . . , μn defined on some σ-algebra Σ. We assume that the estimate of the divisible set
A is the same for all robbers:

μ1(A) = μ2(A) = . . . = μn(A) = 1.

Is it possible to split the set A into disjoint sets

A = A1 ∪A2 ∪A3 ∪ . . . ∪An

to have μk(Ai) =
1
n ∀k, i = 1, n?

As was assumed in the well-known result [20, 23] on solvability of this problem, the treasures are
estimated by means of measures and the set is infinitely divisible (each robber can split the set into an
arbitrary number of parts equal from his point of view). This condition of infinite divisibility means
nothing else than the fact that the measures μ1, μ2, . . . , μn are atomless. It turns out that under this
condition the required division is possible.

Now consider the following analogue of this problem for infinitely many measures.

Problem 2.2. We denote the divisible resources by some set A and assume that its parts (into which
it can be divided) form a σ-algebra Σ of subsets A. An infinite family of numerical measures {μn}∞n=1
is defined on Σ. Put

μ1(A) = μ2(A) = . . . = μn(A) = . . . = 1.

Is it possible to split the set A into disjoint sets A =
∞⋃

n=1
to have

μn(Ak) = λk ∀n, k ∈ N,

where
∞∑

k=1

λk = 1 is a fixed convergent series of positive numbers?

Problem 2.2 can be given the following sense. Let there be an object and some family of its subsets
(a σ-algebra of subsets). Assume that there are countably many different criteria for estimating the
divisible parts of the original object but the object is the same from the point of view of these criteria.
We are interested in the possibility of constructing a partition of the original object such that it
satisfies all the criteria under consideration. Essentially it is a kind of “regularization” of estimates of
some set from the point of view of infinitely many criteria.

In order to study problem 2.2, it is natural to consider the space �∞ and the vector measure

−→μ = (μ1, μ2, . . . , μn, . . .) : Σ → �∞.

By hypothesis,
−→μ (A) = (1, 1, . . . , 1, . . .), −→μ (∅) = (0, 0, . . . , 0, . . .).
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Solvability of problem 2.2 is equivalent to the convexity of −→μ (Σ) for an arbitrary choice of the
measure −→μ . And this is not true, as was shown by Lyapunov even for vector measures with values
in the set �1 [16]. We cannot use Uhl’s Theorem (this result assumes that the space has the Radon–
Nikodym property) or the Lyapunov property since the space of numerical sequences �∞ has neither
the Radon–Nikodym property nor the Lyapunov one. Using the above Theorem 2.1, we obtain the
following result on solvability of the formulated problem in the sequential form for infinitely many
measures.

Theorem 2.4. Let −→μ = (μ1, μ2, . . .) : Σ → �∞ be an atomless vector measure and let the set A be
such that −→μ (A) = (1, 1, . . .). Then there exists a system of set sequences {Ak,i}∞i,k=1 ⊂ Σ such that

Ak,i ∩ A�,i = ∅ for k �= �,
∞⋃

k=1

Ak,i = A and

lim
i→∞

μn(Ak,i) = λk ∀n ∈ N,

where
∞∑

k=1

λk = 1 is a fixed series of positive numbers.

Proof. The proof is by induction over k.
1. Induction basis (k = 1). In the space �∞, we choose as T0 the set of coordinate functionals, which

is a countable total set. By Theorem 2.1, the T0-closure of the set
−→μ (Σ) is convex. Hence there exists

a family of sets {A1,i}∞i=1 ⊂ Σ with the following property:

lim
i→∞

μn(A1,i) = λ1 ∀n ∈ N =⇒ lim
i→∞

μn(A \ A1,i) = 1− λ1 =
∞∑

j=2

λj .

2. Now let for each k = 1, N there exist {Ak,i}∞i=1 such that Ak,i ∩Ap,i = ∅ for k �= p and

lim
i→∞

μn(Ak,i) = λk, lim
i→∞

μn (A \ (A1,i ∪A2,i ∪ . . . ∪Ak,i)) = 1− (λ1 + λ2 + . . .+ λk) =
∞∑

j=k+1

λj

for all n ∈ N.
Now, applying Theorem 2.1 for any i ∈ N to the vector measure −→μ defined on the σ-algebra of

subsets A \ (A1,i ∪A2,i ∪ . . . ∪ AN,i) , we obtain the existence of a set sequence {AN+1,i}∞i=1 such that
AN+1,i ∩Aki = ∅ ∀k ≤ N and

lim
i→∞

μn(AN+1,i) = λN+1, lim
i→∞

μn (A \ (A1,i ∪A2,i ∪ . . . ∪AN,i ∪AN+1,i))

= 1− (λ1 + λ2 + . . .+ λN + λN+1) =
∞∑

j=N+2

λj

for all n ∈ N. This proves the claim.

2.3. Different approaches to generalization of the concept of measure for modelling
neglecting small quantities in the problem of fair division of resources. Many papers are
devoted to the problem of fair division of resources (see, e.g., [11, 14, 17, 18, 20, 23]). As a rule, it is
assumed in such problems that the parties use monotone additive probability measures for evaluation
of parts of the divided objects. But there also occur papers where nonadditive set functions are
considered as well for modelling respective problems (e.g., [6, 11]).

Using measures is also impossible when neglecting sufficiently small or large sets since the set
functions that occur in this way lose additivity. Such formulation of the problem of resource division
has been considered recently in [28] using the concept of the quasi-measure of a set. Recall the concept
of quasi-measure from [28]. For this purpose, we first give some auxiliary concepts.
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Definition 2.5. A set function (Φ � A → ρ(A) ∈ R) ρ is called monotone if ∀A,B ∈ Φ such that
A ⊃ B, one has ρ(A) ≥ ρ(B).

We also use an analogue of the Darboux property and call it intermediate continuity.

Definition 2.6. Let ρ be a set function (Φ � A → ρ(A) ∈ R). It is called intermediately continuous
if for all A,B ∈ Φ such that A ⊂ B, ρ(A) = a (a > 0), and ρ(B) = b (b > a), and for all c ∈ (a; b),
there exists C ∈ Φ such that ρ(C) = c and A ⊂ C ⊂ B.

We will also use the classical property of upper semicontinuity.

Definition 2.7. A set function ρ (Φ � A → ρ(A) ∈ R) is called upper semicontinuous if

ρ

( ∞⋂

n=1

An

)

= lim
n→∞ ρ(An)

for all A1, . . . , An, . . . ∈ Φ such that A1 ⊃ A2 ⊃ · · · ⊃ An ⊃ . . . .

Now we give a definition of quasi-measure from [28].

Definition 2.8. Let in some space (which is just an arbitrary set) R a system of sets Φ be given and
let a function ρ (Φ � A → ρ(A) ∈ R) be defined on Φ. We will say that ρ is a quasi-measure if:

(1) ρ(A) ≥ 0 ∀A ∈ Φ and ρ(∅) = 0;
(2) ρ is monotone in the sense of Definition 2.5;
(3) ρ is intermediately continuous in the sense of Definition 2.6;
(4) ρ is upper semicontinuous in the sense of Definition 2.7.

Consider some examples of quasi-measures over a system of sets, each of them being a union of
segments on the line.

Φ =

{
n⋃

m=1

[αm, βm) | αm, βm ∈ R, [αk;βk) ∩ [αm;βm) = ∅ (k �= m)

}

, where R = [0; 1).

This system is a monotone set class.

Example 2.2.

ρ∗∗ε

(
n⋃

m=1

[αm;βm)

)

=

⎧
⎪⎪⎨

⎪⎪⎩

n∑

m=1
|βm − αm| if

n∑

m=1
|βm − αm| ≥ ε

0 if
n∑

m=1
|βm − αm| < ε

,

ε is a fixed number, ε > 0.

Example 2.3.

ρ2ε

(
n⋃

m=1

[αm;βm)

)

=

⎧
⎪⎪⎨

⎪⎪⎩

(
n∑

m=1
|βm − αm|

)2

if
n∑

m=1
|βm − αm| ≥ ε

0 if
n∑

m=1
|βm − αm| < ε

,

ε is a fixed number, ε > 0.

Example 2.4.

ρ
1
2
ε

(
n⋃

m=1

[αm;βm)

)

=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

√
n∑

m=1
|βm − αm| if

n∑

m=1
|βm − αm| ≥ ε

0 if
n∑

m=1
|βm − αm| < ε

,

ε is a fixed number, ε > 0.
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These examples are models of the above-mentioned situations of neglecting “small” sets. Moreover,
all the above quasi-measures are not measures since they are not additive. This can be checked easily
by taking two sets such that each of them has a zero estimate, but their union has a nonzero estimate.

Based on the concept of quasi-measure, we proved in [28] solvability of the problem of resource
division in equal parts. But the approach suggested in [28] did not allow us to obtain an analogue of the
Lyapunov theorem on convexity for quasi-measures, and therefore the possibility of division of objects
in arbitrary (not necessarily equal) proportions was not proved. We tried to overcome this drawback
in [29], where we formulated the problem of constructing an analogue of measure for estimating parts
of divisible resources in order to make fair division possible not only in equal proportions but also
in different proportions. For this purpose, it is necessary to obtain in some form an analogue of the
Lyapunov theorem on convexity of the range of a measure. The concept of quasi-measure from [28]
does not match this problem. In [29] the following analogue of a quasi-measure was suggested: the
concept of an ε-quasi-measure of a set. This concept allows one to take neglecting “small” sets into
account and to retain in some sense the additivity property.

Definition 2.9. Let in some space (arbitrary set) R a system of sets Φ be given and let a function ρ
(Φ � A → ρ(A) ∈ R) be defined on Φ. We say that ρ is a ε-quasi-measure if:

(1) ρ(A) ≥ 0 ∀A ∈ Φ and ρ(∅) = 0;
(2) ρ is monotone in the sense of Definition 2.5;
(3) ρ is intermediately continuous in the sense of Definition 2.6;
(4) ρ is upper semicontinuous in the sense of Definition 2.7;
(5) if ρ(A) ≥ ε, ρ(B) ≥ ε, and A ∩B = ∅, then ρ(A ∪B) = ρ(A) + ρ(B).

As one can notice, among the above Examples 2.2–2.4 only the mapping from Example 2.2 satisfies
the definition of a ε-quasi-measure. The following analogue of the Lyapunov theorem on convexity of
the range of a vector ε-quasi-measure was obtained in [29] . We assume that Φ is a monotone set class
everywhere up to the end of Sec. 2.3.

Theorem 2.5. If �ρ is a vector ε-quasi-measure, then the set �ρ(Φ) is quasi-convex, i.e.,

∀A,B ∈ Φ: ρi(A) > ε and ρi(B) > ε, 1 ≤ ∀i ≤ n, ∃C ∈ Φ: �ρ(C) =
�ρ(A) + �ρ(B)

2
.

On the basis of the constructed theory of ε-quasimeasures, a version of solution of the treasure
division problem is suggested in [29] for the case where each of the robbers uses a ε-quasimeasure for
estimating parts of the treasures. In view of Theorem 2.5, here we consider the following somewhat
strengthened formulation of the problem.

Problem 2.3. A gang of n greedy but fair robbers want to split the plunder in some given proportion
λ1 : λ2 : . . . : λn (λ1, λ2, . . . , λn > 0, and for definiteness one can assume that λ1 + λ2 + . . .+ λn = 1).
Each robber has his own approach to estimating the treasures, i.e., he estimates subsets of the treasures
in his own way. We assume that each robber uses ε-quasi-measures defined on a monotone set class
Φ for estimating the treasures. Under what conditions on the ε-quasi-measures used by the robbers
for estimating the treasures is such division possible?

The solvability of Problem 2.3 is proved in [29].

Theorem 2.6. Let �ρ be a vector ε-quasi-measure, and let the set A ∈ Φ be such that �ρ(A) =
(1, 1, . . . , 1). Let λ1, λ2, . . . , λn be a set of numbers, where λi ≥ ε ∀i and λ1 + λ2 + · · · + λn = 1.
Then there exist L1, L2, . . . , Ln ⊂ A such that Li ∈ Φ with

ρi(Lj) = λi ∀i, j = 1, n,

where Li ∩ Lj = ∅(i �= j) and A\(L1 ∪ L2 ∪ · · · ∪ Ln) = ∅.
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2.4. A sequential analogue of the Lyapunov theorem for vector quasi-measures. In the
previous subsection, we considered approaches to generalization of the concept of numerical measure
for the purpose of modelling the problem of resource division, that would take neglecting small parts
of the divided objects into account. Such approaches to constructing analogues of measures allow
one to obtain analogues of the Lyapunov theorem in the finite-dimensional case. But the approaches
of [28, 29] do not fit set functions with values in infinite-dimensional spaces since it is generally im-
possible to use monotonicity and the Darboux property for such set functions in this class of spaces.

In this subsection, we suggest a new approach to generalization of the concept of measure, which is
similar to the one considered in [28, 29] but is now suitable for vector set functions ρ : Σ → E, where
Σ is a σ-algebra of subsets of some set, and E is a Fréchet space. Using the new concept, we obtain a
sequential analogue of the Lyapunov theorem on convexity of the range of a vector measure. We start
with a definition.

Definition 2.10. Let −→ρ : Σ → E be a set function. We call −→ρ a vector quasi-measure if the following
conditions hold:

(1) −→ρ (∅) = 0;
(2) for any nondecreasing set sequence A1 ⊂ A2 ⊂ . . . ⊂ An ⊂ . . . from Σ, one has

−→ρ
( ∞⋃

n=1

An

)

= lim
n→∞

−→ρ (An);

(3) There exist two subsets Σ0,Σ1 ⊂ Σ such that:
(3.1) ∀A ∈ Σ0, A

′ ⊂ A =⇒ −→ρ (A′) = 0;
(3.2) ∀P ∈ Σ1

−→ρ (P ) �= 0;
(3.3) ∀A ∈ Σ0 ∃P ∈ Σ1: P ⊃ A;
(3.4) ∀A,B ∈ Σ0, A ∩B = ∅, ∃P,Q ∈ Σ1: P ⊃ A, Q ⊃ B, and P ∩Q = ∅;
(3.5) ∀P,Q ∈ Σ1 ∃R ∈ Σ1: P ∩R = Q ∩R = ∅;
(3.6) ∀A ∈ Σ0 the value of −→ρ (A ∪ P ) − −→ρ (P ) does not depend on the choice of P ∈ Σ1 :

P ∩A = ∅.
(4) ∀A,B ∈ Σ\Σ0, A ∩B = ∅:

−→ρ (A ∪B) = −→ρ (A) +−→ρ (B).

Naturally, we want an example of a function valued in an infinite-dimensional space, that satisfies
the above definition.

Example 2.5. As the target space, we choose the space of sequences E = �∞, and Σ is some σ-algebra
of subsets of some set Ω.

Let μ1,. . . , μn,. . . be a set of countably additive numerical measures such that μn(A) ≤ 1 ∀A ⊂ Ω.
For some fixed number ε > 0, set

−→ρ (A) = (−→μ 1(A),
−→μ 2(A), . . . ,

−→μ n(A), . . .) as μn(A) ≥ ε ∀n ∈ N

and −→ρ (A) =
−→
0 = (0, 0, . . . , 0) otherwise.

In this case, Σ0 is the set of all subsets A ∈ Σ such that −→ρ (A) = 0, and as Σ1 we can take the set
of all sets P ∈ Σ such that μn(P ) = ε for at least one of the measures.

Prove that each vector quasi-measure can be “approximated” by a usual countably additive vector
measure −→μ : Σ → E.

Theorem 2.7. If −→ρ : Σ → E is a vector quasi-measure, then there exists a countably additive vector
measure −→μ : Σ → E such that ∀A ∈ Σ, −→ρ (A) = −→μ (A) or −→ρ (A) = 0.
Proof.

1. Introduce a set function −→μ : Σ → E as follows:
−→μ (A) = −→ρ (A ∪R)−−→ρ (R) if A ∈ Σ0 and R ∈ Σ1 is such that R ∩A = ∅;
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−→μ (A) = −→ρ (A) if A �∈ Σ0.

Note that the quantity −→ρ (A ∪ R)− −→ρ (R) does not depend on the choice of R by the definition of a
vector quasi-measure. This proves that −→μ is well-defined.

2. Prove finite additivity of the function −→μ .
a) Let A ∩ B = ∅ and −→ρ (A′) = −→ρ (B′) = 0 ∀A′ ⊂ A, B′ ⊂ B (A,B ∈ Σ0). Then ∃P,Q ∈ Σ1:

P ⊃ A, Q ⊃ B and P ∩Q = ∅. Further, ∃R ∈ Σ1: R ∩ P = R ∩Q = ∅ and, by construction of −→μ ,

−→μ (A) = −→ρ (A ∪R)−−→ρ (R), −→μ (B) = −→ρ (B ∪R)−−→ρ (R).

Clearly, −→μ (A ∪ B) = −→ρ (A ∪B ∪R) − −→ρ (R), no matter if A ∪ B ∈ Σ0 or A ∪ B �∈ Σ0 (in the
last case, item 4 of the definition of a vector quasi-measure should be applied). If A ∪ B ∈ Σ0, then
∃P ′ ⊃ A ∪ B, P ′ ∈ Σ1. Since P ′, R ∈ Σ1, there exists Q′ ∈ Σ1 such that P ′ ∩Q′ = R ∩Q′ = ∅ (and,
moreover, A ∩Q′ = B ∩Q′ = ∅). Therefore,

−→ρ (
A ∪B ∪R ∪Q′) = −→ρ (A ∪R) +−→ρ (

B ∪Q′)

and, similarly,
−→ρ (

A ∪B ∪R ∪Q′) = −→ρ (A ∪B ∪R) +−→ρ (
Q′) .

This implies
−→ρ (A ∪B ∪R)−−→ρ (A ∪R) = −→ρ (

B ∪Q′)−−→ρ (
Q′) = −→μ (B),

which was to be proved, −→μ (A ∪B) = −→μ (A) +−→μ (B).
If, alternatively, A ∪B �∈ Σ0, then

−→μ (A ∪B) = −→ρ (A ∪B) = −→ρ (A ∪B ∪R ∪ S)−−→ρ (R)−−→ρ (S)

= −→ρ (A ∪R)−−→ρ (R) +−→ρ (B ∪ S)−−→ρ (S) = −→μ (A) +−→μ (B)

provided that S ∈ Σ1, S ∩R = S ∩ (A ∪B) = ∅.
b) Now let A ∈ Σ0, B �∈ Σ0, A ∩B = ∅. Then −→ρ (B) = −→μ (B), −→ρ (A ∪B) = −→μ (A ∪B) . If R ⊂ B,

then
−→μ (A ∪B) = −→ρ (A ∪B) = −→ρ ((A ∪R) ∪ (B\R)) = −→ρ (A ∪R) +−→ρ (B\R)

= −→μ (A) +−→ρ (R) +−→ρ (B\R) = −→ρ (B) +−→μ (A) = −→μ (A) +−→μ (B)

provided that B\R �∈ Σ0. If, alternatively, B\R ∈ Σ0, then

−→μ (A ∪ (B\R)) = −→μ (A) +−→μ (B\R) = −→μ (A) +−→ρ (B)−−→ρ (R),

i.e.,
−→μ (A ∪ (B\R)) +−→ρ (R) = −→μ (A) +−→μ (B).

Show that
−→μ ((A ∪B) \R) +−→μ (R) = −→μ (A ∪B) .

If −→μ ((A ∪B) \R) ∈ Σ0, then (R ∩ (A ∪B) = ∅)

−→μ ((A ∪B) \R) = −→μ (A ∪B)−−→μ (R).

If, alternatively, (A ∪B) \R �∈ Σ0, then, by item 4 of the definition of a vector quasi-measure,

−→ρ ((A ∪B) \R) +−→ρ (R) = −→μ (A ∪B) .

The case A,B �∈ Σ0 is trivial, as one can easily see from item 4 of the definition of a vector
quasi-measure.

3. Countable additivity of the set function −→μ follows from its finite additivity and the weak
countable additivity (countable additivity of any numerical signed measure �(−→μ ), � ∈ E∗) (see [10,
Theorem 3.6.2]). Here the weak countable additivity of −→μ follows from properties 2 and 4 of the
definition of a vector quasi-measure and from the respective property of numerical signed measures
�(−→μ ) (� ∈ E∗).
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We call the measure constructed in the proof of the previous theorem the corresponding one to
the vector quasi-measure −→ρ and use the notation −→μ ρ. Now formulate an analogue of the Lyapunov
theorem on convexity of the range of a measure for vector quasi-measures. This assertion follows from
the previous result and Theorem 2.1.

Theorem 2.8. Given a vector quasi-measure −→ρ , let the corresponding measure −→μρ be atomless. Then
the T0-closure of the set −→ρ (Σ\Σ0) is convex and relatively weakly compact in E.

3. Sequential Analogues of the Krein–Milman Theorem for Bounded Closed Sets in
Fréchet Spaces with Anti-compact Sets

Now we pass to the second group of the final results of the paper. They are analogues of the Krein–
Milman theorem for convex bounded not necessarily compact sets in Fréchet spaces with anti-compact
sets. Recall that according to the classical Krein–Milman theorem, each convex compact set A is the
closed convex hull of extreme points of the set A [8, 13]. Let there exist an anti-compact set C ′ ∈ C′(E)
in a Banach space E. Then, given a bounded convex set A ⊂ E, the closure AEC′ is a convex compact
set in EC′ . Applying the Krein–Milman theorem in the space EC′ , we get

AEC′ = coEC′ ext
(
AEC′

)
,

where ext(X) is the set of extreme points of the set X and coEX is the convex closed (in the space E)
hull of the set X. This means that the following analogue of the Krein–Milman theorem for bounded
convex sets is true, which asserts inclusion of each such set A into some compact set of EC′ and, as a
corollary, into the closed convex hull of its extreme points (the closeness of A is not required).

Lemma 3.1. If there exists an anti-compact set in a Fréchet space E (or a countable total set of
continuous linear functionals exists in E), then one has

A ⊂ coEC′ ext
(
AEC′

)
(3.1)

for each bounded convex set A ⊂ E.

We interpret (3.1) as follows: if E is injectively compactly embedded in EC′ and ϕC′ : E → EC′ is
the respective canonical embedding, then (3.1) means that

ϕC′(A) ⊂ coEC′ ext ϕC′(A).

The last equality in the space E can be rewritten as

A ⊂ ϕ−1
C′

(
coEC′ extϕC′(A) ∩ ϕ(E)

)
.

Now consider a more delicate result, i.e., an analogue of the Krein–Milman theorem providing an
exact description of each convex closed bounded set by means of the extreme points of its closure in

spaces generated by anti-compact sets. Let ÂC′ = ϕC′(E) ∩ coEC′ ext ϕC′(A), AC′ := ϕ−1
C′ (ÂC′) ⊂ E.

Theorem 3.1. Let an anti-compact set exist in E. Then

A =
⋂

C′∈C′(E)

AC′

for each closed convex bounded set A ⊂ E.

Proof. The inclusion A ⊂ ⋂

C′∈C′(E)

AC′ follows from the previous lemma. Let there exist x ∈ ⋂

C′∈C′(E)

AC′ ,

but x �∈ A. Then by the Hahn–Banach theorem there exists a continuous linear functional � ∈ E∗ such
that �(x) > sup �(A). Then Theorem 1.3 ensures the existence of C ′′ ∈ C′(E) such that � ∈ E∗

C′′ and
� (ϕC′′(x)) > sup � (ϕC′′(A)) . This means that

ϕC′′(x) �∈ coEC′ (ϕC′′(A)) = coEC′ ext (ϕC′′(A)) .

Therefore, x �∈ AC′′ . We obtain a contradiction, which proves the claim.
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The following result can be verified similarly.

Theorem 3.2. Let an anti-compact set exist in E. Then

A =
⋂

C′∈C(E)

AEC′

for each convex bounded set A ⊂ E, where A and AEC′ are the closures of the set A with respect to
the topologies in the space E, generated by the norms ‖ · ‖ and ‖ · ‖C′ , respectively.

The following example shows how the above results can be applied.

Example 3.1. Show that in the space of numerical sequences �∞ the closed unit ball is the convex
closed hull of sequences consisting of ±1:

B�∞ = co {(±1,±1, . . . ,±1, . . .)} .
Evidently, co {(±1,±1, . . . ,±1, . . .)} ⊂ B�∞ . To prove the inverse inclusion, consider a system of

anti-compact sets in the space �∞:

Cε =

{

x ∈ �∞

∣
∣
∣
∣ sup

∣
∣
∣
∣
xk
εk

∣
∣
∣
∣ ≤ 1

}

,

where ε = (ε1, ε2, . . . , εk, . . .) is an arbitrary sequence of positive numbers going to +∞. One can
easily see that each vector α = (α1, α2, . . . , αn, . . .), αi = ±1, is an extreme point in the space ECε .
And conversely, each vector from the ball B�∞ such that one of its coordinates is strictly less than 1
in absolute value, is not an extreme point. Therefore, applying the original Krein–Milman theorem in
the space ECε , we get

BCε = coECε
{(±1,±1, . . . ,±1, . . .)} .

This means that
B�∞ ⊂ coECε

{(±1,±1, . . . ,±1, . . .)} ∀ε −→ +∞.

Therefore,

B�∞ ⊂
⋂

ε−→+∞
coECε

{(±1,±1, . . . ,±1, . . .)} .

In combination with Theorem 3.2, this gives

B�∞ ⊂ co {(±1,±1, . . . ,±1, . . .)} .
Thus,

B�∞ ⊂ co {(±1,±1, . . . ,±1, . . .)} ⊂ B�∞ ,

which implies
B�∞ = co {(±1,±1, . . . ,±1, . . .)} .

Taking the intersections of the ball B�∞ with the spaces of convergent numerical sequences c and
c0, one can show that the following representations hold:

Bc = co {(±1,±1, . . . ,±1, 1, 1 . . . , 1, 1, . . .); (±1,±1, . . . ,±1,−1,−1, . . . ,−1,−1, . . .)}
and

Bc0 = co {(±1,±1, . . . ,±1, 0, 0 . . . , 0, 0, . . .)} .
The previous example clearly shows that application of a system of anti-compact sets and the

Krein–Milman theorem in spaces generated by anti-compact sets can help one to represent a convex
closed bounded not necessarily compact subset E as the closed convex hull of elements of the same
space. It turns out that this situation is typical in some sense. More exactly, from analogues of the
Krein–Milman theorem that describe convex sets by means of elements of spaces generated by anti-
compact sets, we can pass to some results that describe these sets by means of elements of the space
itself. However, one cannot ignore the fact that such sets do not necessarily have extreme points in
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the classical sense if the space does not possess the Krein–Milman property. Therefore, an idea occurs
to generalize the concept of an extreme point of a set to establish an analogue of the Krein–Milman
theorem for closed bounded not necessarily compact sets. We suggest such a concept. We need the
following additional notation. For a ∈ E, denote by p(a) a vector segment with the midpoint a,

p(a) =

{

λx1 + (1− λ)x2 : λ ∈ [0; 1] and a =
x1 + x2

2

}

.

Given a sequence {xn}∞n=1 ⊂ A, introduce a set system A[xn] corresponding to this sequence (note
that the segment p(xk) may, in particular, consist of a single point) as follows:

A[xn] =
⋃

k≥n

{p(xk) | p(xk) ⊂ A}, p(xk) are all possible segments.

Now we pass to the concept of an analogue for an extreme point of a set A.

Definition 3.1. Call a sequence {xn}∞n=1 an extreme one for the set A if the intersection
∞⋂

n=1
A[xn]

consists of a single point or is empty.

A natural question arises: how are the concepts of extreme point of a set and of extreme sequence
of a set related (what is the similarity)? Clearly, for any choice of sequence {xn}∞n=1 ⊂ A, one has
∞⋂

n=1
A[xn] ⊂ A. Show that if x0 is an extreme point of a convex compact set A, then there exists a

sequence {xn}∞n=1 ⊂ A convergent to x0 and such that
∞⋂

n=1
A[xn] = {x0}.

Theorem 3.3. If A is a convex compact set in a Fréchet space E, then x0 is an extreme point in A
if and only if there exists a sequence {xn}∞n=1 ⊂ A such that

lim
n→∞xn = x0 :

∞⋂

n=1

A[xn] = {x0}.

Proof. 1. Let x0 be an extreme point in A and xn ∈ A with xn → x0. Then A[xn] ⊃ {xk}∞k=n and

therefore x0 ∈ A[xn] ∀n ∈ N. Suppose that
∞⋂

n=1
A[xn] �= {x0}, i.e., there exists y0 ∈

∞⋂

n=1
A[xn], y0 �= x0.

By convexity of A, we have for the vector segment

[x0, y0] = {λx0 + (1− λ)y0 | 0 ≤ λ ≤ 1} ⊂ A.

By construction, y0 ∈ A[xn], and hence there exists a sequence {yn}∞n=1 ⊂ A such that yn ∈ p(xn) and
lim
n→∞ yn = y0. Since y0 �= x0, one has yn �= xn for infinitely many values of n. The relation yn ∈ p(xn)

means the existence of zn ∈ p(xn) ⊂ A such that yn + zn = 2xn, i.e., zn = 2xn − yn. Therefore, there
exists a limit

z0 = lim
n→∞ zn = 2 lim

n→∞xn − lim
n→∞ yn = 2x0 − y0.

Moreover, z0 ∈ A since A is closed. This means that x0 is the middle point of the vector segment

[y0, z0] ⊂ A, which contradicts the fact that x0 is an extreme point of the set A. Thus,
∞⋂

n=1
A[xn] = {x0}.

2. If, alternatively, x0 is not an extreme point of A, then there exists a vector segment [x1, x2] ⊂ A
such that x0 = (x1 + x2)/2. Choose a sequence {yn}∞n=1 ⊂ [x1, x2] ⊂ A with the properties

y2k = x0 +
1

2k
(x2 − x1), y2k+1 = x0 − 1

2k + 1
(x2 − x1).
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Clearly, lim
n→∞ yn = x0, and we obtain for all k ∈ N that

A[y2k] ⊃ p(y2k) ∪ p(y2k+1) ⊃ [x1;x2] =⇒
∞⋂

n=1

A[yn] = [x1;x2].

Hence, the set
∞⋂

n=1
A[yn] cannot consist of a single point.

Let x0 be an extreme point of a convex compact set A. Denote by {xn(x0)}∞n=1 the extreme sequence
corresponding to x0, which exists by the previous theorem. By the usual Krein–Milman theorem, we
have

Corollary 3.1. If A is a convex compact set in a Fréchet space E, then one has the following repre-
sentation:

A = co
⋃

x0∈ext(A)

{xn(x0)}∞n=1

or (starting from some number k ∈ N)

A = co
⋃

x0∈ext(A)

{xn(x0)}∞n=k.

It turns out that the previous corollary can be extended to the case of bounded closed not necessarily
compact sets in Fréchet spaces with anti-compact sets. Note that it can happen that such sets have
no extreme points in the usual sense at all.

If there exists an anti-compact set C ′ ∈ C′(E) in E, then the closure AEC′ of any convex bounded
set A ⊂ E is compact. Consequently,

AEC′ = coEC′
⋃

x0∈ext(AE
C′ )

{xn(x0)}∞n=1

or (starting from some number k ∈ N)

AEC′ = coEC′
⋃

x0∈ext(AE
C′ )

{xn(x0)}∞n=k.

Clearly, A ⊂ AEC′ . Applying Theorem 3.2 and taking into account that A is closed in E, we can
write (the closure is taken in E)

A ⊂ co
⋃

x0∈ext
(

AE
C′

)

{xn(x0)}∞n=1

or (starting from some number k ∈ N)

A ⊂ co
⋃

x0∈ext
(

AE
C′

)

{xn(x0)}∞n=k.

In accordance with the first step of the proof of Theorem 3.2, any sequence xn(x0) → x0 (in EC′)
is extreme. Since x0 ∈ AEC′ , all sequences xn(x0) can be chosen such that xn(x0) ∈ A. Hence,

A ⊃ co
⋃

x0∈ext
(

AE
C′

)

{{xn(x0)}∞n=1 | xn(x0) ∈ A}

or (starting with some number k ∈ N)

A ⊃ co
⋃

x0∈ext
(

AE
C′

)

{{xn(x0)}∞n=k | xn(x0) ∈ A} .
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Thus, we come to the following statement.

Theorem 3.4. If A is a convex closed bounded set in a Fréchet space E with an anti-compact set
C ′ ∈ C′(E), then

A = co
{∪{xn(x0)}∞n=1 | x0 ∈ ext(AEC′ ), xn(x0) ∈ A

}
,

where the union is taken over all extreme sequences from EC′ for a fixed anti-compact set C ′, or
(starting from some number k ∈ N)

A = co
{∪{xn(x0)}∞n=k | x0 ∈ ext(AEC′ ), xn(x0) ∈ A

}
.

For each extreme sequence xn(x0) ∈ A of a convex compact set (in EC′) AEC′ , one has
∞⋂

n=1
A[xn] =

{x0}, where x0 ∈ ext(AEC′ ) and x0 may either lie in A or not. Therefore, we have either
∞⋂

n=1
A[xn] =

{x0} or
∞⋂

n=1
A[xn] = ∅ in the space E, and each sequence xn(x0) ∈ A extreme for EC′ is also extreme

for A. Thus, we have the following corollary.

Corollary 3.2. If A is a convex closed bounded set in a Fréchet space E with an anti-compact set
C ′ ∈ C′(E), then (the union is taken over all extreme sequences for a fixed anti-compact set C ′)

A = co {∪{xn}∞n=1 | {xn}∞n=1 is an extreme sequence A}
or (starting from some number k ∈ N)

A = co {∪{xn}∞n=k | {xn}∞n=1 is an extreme sequence A} .
Give concrete examples of extreme sequences for the unit balls in the spaces of numerical sequences

�∞, c, and c0.

Example 3.2. Considering the ball B�∞ , extreme sequences in some space generated by an anti-
compact set are sequences with elements xn of the form

(±1,±1, . . . ,±1, 0, 0 . . . , 0, 0, . . .); (±1,±1, . . . ,±1, 1, 1 . . . , 1, 1, . . .);

(±1,±1, . . . ,±1,−1,−1, . . . ,−1,−1, . . .); (±1,±1, . . . ,±1, . . .).

Recall that there is a system of anti-compact sets in the space �∞ [26]:

Cε =

{

x ∈ �∞

∣
∣
∣
∣ sup

∣
∣
∣
∣
xk
εk

∣
∣
∣
∣ ≤ 1

}

,

where ε = (ε1, ε2, . . . , εk, . . .) is an arbitrary increasing sequence of positive numbers going to +∞.
Take some extreme point x0 = (α1, α2, . . . , αn, . . .) ∈ �∞, αk = ±1 ∀k ∈ N. Then

‖xn − x0‖ECε
= ‖(0, 0, . . . , α̃n+1, α̃n+2, . . .)‖ECε

and |α̃k| ≤ 2 ∀k ∈ N. Therefore,

‖xn − x0‖ECε
= sup

k>n

∣
∣
∣
∣
αk

εk

∣
∣
∣
∣ ≤

2

εn
→ 0 for n → ∞.

Now Theorem 3.4 ensures the equality

B�∞ = co {(±1,±1, . . . ,±1, . . .)} .
The following representations for the unit balls in the spaces of convergent numerical sequences c

and c0 are obtained similarly.
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Example 3.3. For the ball Bc, extreme sequences in some space generated by an anti-compact set
are sequences with elements of the form

xn = (±1,±1, . . . ,±1, 0, 0, . . . , 0, . . .); (±1,±1, . . . ,±1, 1, 1 . . . , 1, 1, . . .);

(±1,±1, . . . ,±1,−1,−1, . . . ,−1,−1, . . .).

Applying Theorem 3.4, we get

Bc = co {(±1,±1, . . . ,±1, 1, 1 . . . , 1, 1, . . .); (±1,±1, . . . ,±1,−1,−1, . . . ,−1,−1, . . .)} .
Example 3.4. For the ball Bc0 , extreme sequences in some space generated by an anti-compact set
are sequences with elements of the form

xn = (±1,±1, . . . ,±1, 0, 0, . . . , 0, . . .).

Applying Theorem 3.4 again, we come to the equality

Bc0 = co {(±1,±1, . . . ,±1, 0, 0 . . . , 0, 0, . . .)} .
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