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Abstract Parent materials of high-temperature supercon-
ductors (HTSC) need to be doped to become superconduct-
ing. The optimum doping for maximum critical transition
temperature Tc has been analyzed for more than 20 mate-
rials. Assuming a uniform doping distribution the distance
x between doped unit cells—projected into the CuO2 plane
for cuprates—shows a strong linear correlation to the inverse
of Tc in the form (2x)2 = m11/Tc with a slope of m1 =
(2.786±0.029)×10−15 m2 K. The mercury cuprate homol-
ogous series HgBa2Can − 1CunO2n+2+δ with n = 1,2,3 has
been used to demonstrate the procedure deriving the doping
distance x from the optimum doping value δ.

Keywords High-temperature superconductor ·
Superconductor crystal structure · Superconducting current
channel · Superconducting unit area

1 Introduction

High-temperature superconductors (HTSC) are known since
the discovery by Bednorz and Müller in 1986 and the num-
ber of different HTSC materials is still increasing. Modern
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techniques allow very detailed investigations even down to
the atomic level within the unit cell of a HTSC crystal. Nev-
ertheless the physical phenomenon is still not fully under-
stood.

One important aspect is the role of optimum doping to
achieve the maximum critical transition temperature Tc. For
example, varying in cuprates the oxygen content or the heat
treatment of the materials dramatically change their transi-
tion temperatures, critical current densities, magnetic fields
and other properties.

This paper is an attempt to establish a link between Tc

and the doping and crystal structure in HTSC materials.

2 Crystal Structure and Particle in the Box Concept

The energy level estimate for electronic excitation in an
atom is given by

E = h2

8me(dA)2
≈ 6.7 × 10−19 J ≈ 4 eV (1)

where me is the electron mass and dA the atomic diameter
leading to a typical value of 4 eV for dA = 0.3 nm [1]. Equa-
tion (1) can be considered as the lowest energy level E1 of
a particle in a box (PiB) with a quantum well width equal to
the diameter of the atom.

The parent materials of high-temperature superconduc-
tors, e.g. cuprates, are usually electrical insulators. They re-
sist the flow of electric current because their valence elec-
trons are tightly bonded to their atoms. Therefore, these ma-
terials should show no electronic excitation for conducting
electrons or holes, but only the electronic excitation in an
atom. A very well studied example is the anti-ferromagnetic
insulator La2CuO4, which is the parent compound of many
HTSCs. This ternary compound becomes superconducting
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by doping with an alkaline earth metal (Ba, Sr, Ca, Na,
K, . . .) and/or introduction of oxygen deficiency or inter-
stitial oxygen excess within the crystal. It is well known
that these measures create Cu3+-ions in the CuO2 plane
of the doped unit cell of cuprates being partly responsible
for superconducting carriers with mass Meff = 2me. This is
true for p-type (e.g. hole-doped La2−� Ca1+� Cu2O6+δ) as
well as n-type (e.g. electron-doped Pr1−� LaCe� CuO4−δ)

HTSCs.
Detailed measurements have been done for most of the

HTSCs to optimize the doping for maximum Tc. It has been
found that for each HTSC a homogeneous doping distrib-
ution is necessary and that there exist an optimum doping
level with a parabolic decrease in Tc for lower and higher
doping levels forming a bell-shaped curve. These doped ma-
terials are now conductors and therefore should show an
electronic excitation for conducting electrons or holes. In
this case the energy level estimate for a HTSC should read
in analogy to (1)

E1 ≈ h2

8Meffx2
= 3.3 × 10−21 J ≈ 20 meV (2)

where x is the distance between doped unit cells projected
into the superconducting CuO2 plane for cuprates. This
leads to a typical value of 20 meV for x = 3 nm and
Meff = 2me (see Sect. 4). Crystals built by tetragonal unit
cells prefer to form a square homogeneous doping distri-
bution whereas crystals built by orthorhombic unit cells
could also form a hexagonal homogeneous doping distrib-
ution [2, 3]. In both cases the doping pattern in the CuO2

plane offers straight lines or arrays of equidistant doped
unit cells throughout the whole crystal. Therefore the elec-
tronic excitation could be related to the ground state E1 of
a 1-dimensional particle in the box (PiB), which scales with
the size of the doping separation x.

Equation (2) contains only one particle in the box, which
ignores the fact that multi-layered CuO2 planes (n > 1) per
chemical formula offer even higher critical transition tem-
peratures than single CuO2-layer cuprates. A simple ap-
proach to account for this is the analogy between (2) and
the Fermi energy EF and its relation to the carrier density
Nc given by

EF = h2

8Meff
N

2/3
c

[
3

π

]2/3

(3)

If the carrier density increases by a factor n, the Fermi en-
ergy increases by EF ∼ (nNc)

2/3 = n2/3(Nc)
2/3. This trans-

forms (2) into

E1 ≈ h2n2/3

8Meffx2
(4)

On the other hand, a superconductor is characterized by its
transition temperature Tc and the thermal energy of the crys-
tal Eth related to it. Therefore, Eth is a function of kTc ex-
pressed by Eth = f (kTc). We are interested in a correla-
tion between Eth and the energy E1, which is given by the
doping separation x in a straight line of equidistant doped
unit cells through the whole crystal. Thus, E1 is replaced by
f (kTc) and (4) can be written as

(2x)2n−2/3 = h2

2Mefff (kTc)
(5)

In the following, more than 20 HTSC materials will be ana-
lyzed by plotting (2x)2n−2/3 versus 1/Tc. The doping sepa-
ration x will be derived from the experimentally determined
optimum doping for maximum Tc. The procedure for the
analysis will be described in detail for the HTSC family
HgBa2Can − 1CunO2n+2+δ .

3 HBCCO Family

Since the discovery of HgBa2CuO4+δ in 1993 [4], which is
the first member of the Mercury cuprate homologous series
HgBa2Can − 1CunO2n+2+δ , a lot of effort has been spent to
prepare bulk samples of HBCCO containing up to n = 6 lay-
ers of CuO2. At normal pressure the mercury based compo-
nent with n = 3 exhibits the highest Tc ≈ 135 K. Therefore
this HTSC family has been studied in great detail by many
research groups to get insight into understanding HTSCs to-
wards the achievement of hopefully higher transition tem-
peratures [5].

The structural arrangements of the first three members of
this family are illustrated in Figs. 1, 4 and 6. For all members
the crystal structure is tetragonal and the CuO2 planes are
super flat [6]. The cell parameters and the doping levels at
Tc or below have been used because in particular the doping
values could change significantly from T = 300 K down to
T < Tc. The synthesis and the quality of preparation for the
different members of the Hg-family are very important to
avoid transition temperatures which are caused

(a) by a mixture or the intergrowths e.g. of Hg-1212 and
Hg-1223 and

(b) by multi doped members like Hg0.98Ba2.01Ca1.01

Cu2.00O6+δ [7],

instead of being the result of a pure single phase. The oxygen
above O2n+2 stoichiometry is located in the Hg layers as
shown in Figs. 1, 4 and 6.

4 Hg-1201

Figure 1 shows the tetragonal crystal structure of a single-
phase HgBa2CuO4+δ1. The interstitial oxygen excess atom
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is placed in the Hg plane that forms the top and bottom of the
unit cell (HgOδ). Synthesizing single-phase Hg-1201 com-
pounds with various oxygen contents over a range of 4.03–
4.14 showed a maximum Tc = 95 ± 1 K at an optimized
doping level of δ1 ≈ 0.08 [4, 8]. The excess oxygen was ho-
mogeneously distributed.

The undoped Hg-1201 unit cell contains four oxygen
atoms (4O2−), which require eight electrons resulting in the
electronic configuration 1Hg2+ + 2Ba2+ + 1Cu2+ + 4O2−.
This material has no Cu3+-element and is not supercon-
ducting unless it is doped with an additional oxygen atom.

Fig. 1 Unit cell of Hg-1201 illustrating the pure and oxygen doped
electronic configuration

A doped unit cell with HgBa2CuO5 needs two more elec-
trons, which are provided by transforming Hg2+ into Hg3+
and Cu2+ into Cu3+ because Hg3+ and Cu3+ are the next
elements in line with the lowest ionization energy (Fig. 2).
This effect is described in literature as charge transfer from
HgOδ to CuO2 planes. The HgOδ plane is considered to
act as “charge reservoir” and the oxygen excess is “doping”
Cu3+-holes into the CuO2 plane.

A uniform distribution of doped unit cells with oxy-
gen excess atoms arrange in a square distribution of Cu3+-
ions in the CuO2 plane. The distance between two Cu3+-
ion positions is always given by x2

1 = (z2
1 + z2

2)a
2 with

z1, z2 = 0,1,2, . . . . and the lattice constant a forming an
HTSC unit area of (z2

1 + z2
2) = � of CuO2 unit elements

[3 and references therein]. The HTSC unit area has four
doped unit cells with Cu3+-ions at its corners counting as
one doped element, and the doping density is thus given
by (�)−1. The optimum oxygen excess value is derived
from the bell-shaped Tc versus δ1 curve, which is centered
at δ1 = 0.0825 ± 0.005 [8]. This results in a doping den-
sity of (�)−1 = (4 + δ1)/4 − 1 ≡ 2.06%. According to
the square pattern distribution for tetragonal unit cells �

should by formed by � = 48.5 ≈ (z2
1 +z2

2) = (72 +02) = 49
CuO2 unit elements. Therefore the doping distance results in
x1 = √

49a = 2.71 × 10−9 m.
The length x1 can also be calculated via the diagonal

of the CuO2 unit area by x2
1 = (z3a

√
2)2 + (z4a

√
2)2 =

(2 × 3.52 + 2 × 3.52)a2 with z3 = z4 = 3.5. The analysis,
mentioned in Sect. 2 for n = 1, results in (2x)2n−2/3Tc =
2.79 × 10−15 m2 K. Figure 3 shows the superconducting
CuO2 plane and the distribution of the unit cells with
Cu3+-ions. The distribution of the oxygen excess atoms has
the same pattern in the Hg plane exactly above and be-
low.

Fig. 2 Ionization energy levels
of the different atoms in
HgBa2Can − 1CunO2n+2+δ
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Fig. 3 Homogeneous doping
distribution of Hg-1201 with
δ = 0.08 in the CuO2 plane. The
linear array of doped unit cells
forms superconducting unit
areas with four doped unit cells
at each corner and
superconducting current
channels

5 Hg-1212

Figure 4 shows the tetragonal crystal structure of a single-
phase HgBa2CaCu2O6+δ2 (Hg-1212). Again, the intersti-
tial oxygen excess atom is placed in the Hg plane. The un-
doped Hg-1212 unit cell contains six oxygen atoms (6O2−),
which require 12 electrons resulting in the electronic con-
figuration 1Hg2+ + 2Ba2+ + 1Ca2+ + 2Cu2+ + 6O2−
with two CuO2 planes. This material has no Cu3+-element
and is not superconducting unless it is doped with an ad-
ditional oxygen atom. Doping a unit cell with one oxygen
atom transforms the electronic configuration into 1Hg3+ +
2Ba2+ + 1Ca2+ + 1Cu2+ + 1Cu3+ + 7O2− and only one
CuO2 plane contains a Cu3+-ion. Because there is no pref-
erence for one of the two CuO2 planes the Cu3+-ion will
alternate between the two CuO2 planes. This means that
half of the oxygen doping will serve the upper CuO2 plane
and the other half the lower plane. Therefore the Cu3+-ion
doping density for one CuO2 plane will be determined by
0.5�−1 = 0.5[(6 + δ2)/6 − 1]. Assuming a homogeneously
oxygen excess doping distribution in the Hg plane given by
�−1 results in a square oxygen excess doping distance d2

with (d2)
2 = �a2 = (z2

1 + z2
2)a

2. The square doping distri-
bution of Cu3+-ions in each CuO2 plane will be given by
(x2)

2 = (z2
3 + z2

4)a
2 with the relation x2 = √

2d2 as illus-
trated in Fig. 5. Therefore the two doping distributions result
in the relation (z2

3+ z2
4) = 2(z2

1 + z2
2) with a strong restric-

tion by choosing appropriate z1 to z4 numbers.
The transition temperatures for single-phase Hg-1212 re-

ported in literature have a relatively sharp value of 126 ±
1.5 K [6, 9–12], whereas the oxygen doping varies by
δ2 = 0.21 ± 0.01 probably caused by the bell-shaped Tc

Fig. 4 Unit cell of Hg-1212 illustrating the pure and oxygen doped
electronic configuration. The Cu3+-ion will alternate between the two
CuO2 planes resulting in two superconducting CuO2 planes

versus δ2 curve. This results in a density for oxygen ex-
cess of �−1 = 3.50 × 10−2 or � = 28.6 ≈ 29 = (52 + 22)
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Fig. 5 Red and filled circles
represent the Cu3+-ion
distribution in the upper CuO2
plane, green and open circles
represent the Cu3+-ion
distribution in the lower CuO2
plane of Hg-1212. Both together
represent the oxygen excess
distribution in the Hg plane
separated by d2. The Cu3+-ion
separation is given by
x2 = √

2d2

and d2 = √
29a = 2.08 × 10−9 m. The Cu3+-ion distrib-

ution per CuO2 plane is given by x2 = √
2d2 = √

58a =√
(72 + 32)a = 2.94 × 10−9 m. The length x2 can also

be calculated via the diagonal of the CuO2 unit area by
x2

2 = (z5a
√

2)2 + (z6a
√

2)2 = (8 + 50)a2 with z5 = 2 and
z6 = 5. Both CuO2 planes have the same Cu3+-ion distribu-
tion but they are shifted to match the homogeneous oxygen
distribution and current channels in both CuO2 planes as il-
lustrated in Fig. 5. The final calculation with n = 2 results
in (2x2)

2n−2/3Tc = 2.75 × 10−15 m2 K.

6 Hg-1223

Figure 6 shows the crystal structure of the unit cell for a
single-phase HgBa2Ca2Cu3O8+δ3 (Hg-1223) including the
electronic configuration for the undoped and doped unit
cells. As for Hg-1201 and Hg-1212 the oxygen excess atom
can only serve one CuO2 plane to create a Cu3+-ion. There-
fore only 1/3 of the homogeneously oxygen excess doping
distribution with density (�−1) will be responsible for the
Cu3+-ion distribution in each CuO2 plane. This requires a
nearly perfect regular triangle doping structure for the oxy-
gen excess atoms on top/bottom of the unit cell with side
length d3 as well as for the Cu3+-ion distribution in each
CuO2 plane with side length x3. But the center points of
tetragonal unit cells cannot form a perfect regular triangle
structure. Therefore we are looking for the closest solution
with the condition that the Cu3+-ion distribution should be
lined up in straight lines with equidistant Cu3+-ion posi-
tions.

The fact that only one of the four Cu atoms at the corner
of a unit cell can be transformed into a Cu3+-ion the trian-
gular pattern requires the consideration that for the distance

Fig. 6 Unit cell of Hg-1223 illustrating the pure and oxygen doped
electronic configuration. The Cu3+-ion will alternate between three
CuO2 planes resulting in three superconducting CuO2 planes

between two doped unit cells a position shift should be taken
into account so that a position shift so that a Cu3+-ion must
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Fig. 7 The positions of Cu3+-ions in the CuO2 plane and oxygen ex-
cess atoms at top/bottom of the unit cell relative to each other. (a) For a
doped unit cell there exist four possible Cu3+-ion positions at the cor-
ners. Each of them lies within an area of (a/4)2 given by the different
ionic radii of R(O2−) ≈ 0.125 nm and R(Cu3+) ≈ 0.07 nm. (b) For a
given Cu3+-ion position the oxygen excess atom can be located in one
of four neighboring unit cells

lay within the area (a/4)2 (Fig. 7). In an ideal case the unit
area for the oxygen excess distribution (AOxy) is given by

two regular triangles with four oxygen doped unit cells at the
corners and an area of AOxy = √

(3/4)(d3)
2 = √

(3/4)(z2
1 +

z2
2)(a/4)2 or calculated via the diagonal of the CuO2 plane

(d3)
2 = (z2

3 + z2
4)(a

√
2/4)2 with z1, z2 = 0,1,2, . . . . The

oxygen excess density (�−1) is defined as the ratio between
a2 and AOxy with � = √

(3/4)(z2
1 + z2

2). The Cu3+-ion dis-
tance x3 is given by x3 ≈ √

3d3 with a superconducting unit
area of ASC ≈ √

(3/4)(x3)
2 ≈ 3/2d3x3.

An optimum doping level δ3 between 0.33 and 0.41 asso-
ciated with a transition temperature range of Tc = 134±2 K
has been reported [6, 11–13]. The large range of δ3 = 0.37±
0.04 is probably caused by a broad bell-shaped form.

The oxygen excess doping density results in �−1 =
8.37/8 − 1 = 4.6 × 10−2 ≡ 4.6% with a separation of
d3 = 5a given by d2

3 = (z2
1 + z2

2)a
2 ≈ 25a2. Figure 8 illus-

trates the numerical best solution for d2
3 = (3.52 +3.52)a2 =

(3.5a
√

2)2 = 24.5a2 with d3 = 4.95a and x3 = √
3d3 =

8.57a ≈ 8.5a = 3.27 × 10−9 m.
The final calculation with n = 3 results in (2x3)

2 ×
n−2/3Tc = 2.76 × 10−15 m2K.

7 Hg-1234, Hg-1245 and Hg-1256

The rise in Tc with the number of superconducting CuO2

planes up to n = 3 stimulated research groups to synthe-
size Hg-1234, Hg-1245 and Hg-1256 with n = 4, 5 and 6
CuO2 planes per unit cell. Experimental results demon-
strated [6, 11] that

(a) it is very difficult to synthesize pure single phases for
n > 3,

Fig. 8 Red and filled circles
represent the Cu3+-ion
distribution in the upper CuO2
plane, green and slightly shaded
circles represent the Cu3+-ion
distribution in the middle and
blue and open circles in the
lower CuO2 plane of Hg-1223.
All together represent the
oxygen excess distribution in
the Hg plane separated by d3.
The Cu3+-ion separation is
given by x3 ≈ √

3d3
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Fig. 9 Experimental data of
optimum doping level δ for
maximum Tc for Hg-1201,
Hg-1212 and Hg-1223

Fig. 10 Correlation between
doping distance x and the
inverse of the critical transition
temperature Tc in HTSCs. The
value n is the number of
superconducting CuO2 planes
per chemical formula within a
unit cell. The data for
Hg-HTSCs are analyzed in this
work. All others are taken from
[2, 3, 14 and references therein]

(b) they are superconducting but the transition temperature
is decreasing to onset values of Tc = 105 K (n = 4),
Tc = 101 K (n = 5) and Tc = 95 K (n = 6), and

(c) it has not been possible so far to increase the oxygen ex-
cess density compared to Hg-1223 with δ = 0.41. In fact
the doping reduced to δ = 0.32 for Hg-1245 to achieve
superconductivity at all.

Therefore there are no parabolic bell-shape curves available
to determine the maximum Tc for optimum doping. Accord-
ing to Fig. 9 the optimum doping of HBCCO and n > 3 for
reaching the maximum of a bell-shaped curve should be well
above �−1 ≡ 5%(δ � 0.4), which seems to be impossible
to reach so far [6].

8 P-type and N-type HTSCs

Additionally to the mercury cuprate homologous series the
authors have investigated different types of cuprates (p-type,
n-type, with tetragonal as well as orthorhombic unit cell
crystal structures, oxygen excess, oxygen deficiency, single
and double doped devices) and iron-based HTSCs [2, 3, 14
and references therein]. The analysis demonstrates that also
in other HTSC families the doping distance x in the super-
conducting plane is a physical length of interest and shows

a strong correlation to the inverse of the transition tempera-
ture Tc as illustrated in Fig. 10. The correlation can be writ-
ten in the form

(2x)2n−2/3 = m1
1

Tc
(6)

where n is the number of superconducting planes, e.g. CuO2

planes in cuprates, per chemical formula within a unit cell.
Using a weighted linear regression a straight line fits the data
points with slope m1 = (2.786±0.029)×10−15 m2 K in the
range 20 K ≤ Tc ≤ 134 K and a very small ordinate intercept
value of (−1.69±3.33)×10−19 m2. Comparing (5) and (6)
with Meff = 2me results in f (kTc) = (3.133 ± 0.033)kTc ≈
πkTc according to

m1k

kTc
= h2

2Mefff (kTc)
(7)

With the correlation curve in Fig. 10 (4) and (5) transform
into

(2x)2n−2/32MeffπkTc ≈ h2

or

(2x)2n−2/3Meff

h

kTc

2
≈ �

2
(8)
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Fig. 11 Experimental data of high-temperature superconductor ma-
terials with optimum doping for maximum transition temperature Tc.
The analysis of Hg-based HTSCs is described in this work. Other ma-
terials are analyzed in [2, 3, 14] and references therein using the same
procedure

In this respect the theoretical value for the slope m1 could
be given by

m1 ≈ h2

2πkMeff
≈ 2.778 × 10−15 m2 K (9)

9 Discussion

Considering a particle with mass M , which is confined in-
side a box of width x, its wave function satisfies the free-
particle Schrödinger equation. Confinement of a particle
may be interpreted as a standing wave in which an integer
number (n = 1,2, . . .) of half-wavelengths must fit into the
box n1/2λdB = x, where λdB = h/p represents de Broglie
wavelength of the particle [1]. This results in p = h/λdB =
(nh)/(2x) and the kinetic energy Ekin for the standing wave,
a solution of the time-independent Schrödinger equation, is
given by

En(PiB) = p2

2M
= n2h2

8Mx2
(10)

Comparing (8) and (10) it looks like that the lowest en-
ergy level E1(PiB) of the superconducting carrier with M =
Meff = 2me is connected to the transition temperature Tc by
E1 = πkTc.

To prove that (8) is universally applicable more HTSC
families should be investigated e.g. the thallium homologous
series with oxygen excess and deficiency and the strontium
series with infinite layer structures. Up to now, more than 20
different HTSC materials match the linear curve quite well
(Fig. 11).

So far it is not possible to predict new HTSC candidates
with much higher Tc because (8) contains two free parame-
ters, x and Tc. And it is not known which one determines the
exact location on the linear graph, because for all materials
there exist only one optimum value for x or Tc respectively.

It is of interest to note that conventional superconductors
Nb, V, Ta and Hg also show a strong correlation between the
bond length x and the inverse of the critical superconducting
transition temperature Tc in the form (2x)2Neff = m21/Tc.
Here Neff is the number of electrons in the outermost s-shell.
The slope of the fitted straight line has a quite different value
of m2 ≈ 3.0 × 10−18 m2 K [15].

10 Conclusion

The mercury cuprate homologous series HgBa2Can-1Cun-
O2n+2+δ belongs to the oxygen excess doped HTSCs. The
oxygen excess atom transforms a Cu2+-ion into a Cu3+-ion
within a unit cell, which is responsible for the superconduct-
ing state in the CuO2 plane. Assuming a homogeneous dop-
ing distribution the doping density δ can be translated into a
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doping distance x between doped unit cells. The same pro-
cedure can be applied to different types of cuprates (p-type,
n-type, with tetragonal as well as orthorhombic unit cell
crystal structures, oxygen excess, oxygen deficiency, single
and double doped devices) and iron-based HTSCs. For more
than 20 HTSCs the correlation between the doping distance
x and the critical transition temperature shows the very first
link between Tc and the crystal structure and geometry in
form of a straight line. The correlation could be interpreted
as the lowest energy level of a particle in the box of width
x with the value E1 = πkTc being the kinetic energy of a
standing wave with wavelength λdB = 2x.
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