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Abstract We study the dynamics of an infinite system of point particles of two types. They
perform random jumps in R¢ in the course of which particles of different types repel each
other whereas those of the same type do not interact. The states of the system are probability
measures on the corresponding configuration space. The main result is the construction of
the global (in time) Markov evolution of such states by means of correlation functions. It is
proved that for each initial sub-Poissonian state (o, the states evolve po — , in such a
way that u; is sub-Poissonian for all # > 0. The mesoscopic (approximate) description of
the evolution of states is also given. The stability of translation invariant stationary states
is studied. In particular, we show that some of such states can be unstable with respect to
space-dependent perturbations.
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1 Introduction
1.1 Posing
In this paper, we study the dynamics of an infinite system of point particles of two types placed

in R. The particles perform random jumps in the course of which particles of different types
repel each other whereas those of the same type do not interact. We do not require that the
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repulsion is of hard-core type. This model can be viewed as a dynamical version of the
Widom—Rowlinson model [15] of equilibrium statistical mechanics — one of the few models
of phase transitions in continuum particle systems, see the corresponding discussion in [7]
where a similar birth-and-death model was introduced and studied. Note that the latter paper
and this our work are the only publications where the dynamics of two-component infinite
systems of interacting particles have been studied so far.

The phase space of our model is defined as follows. Let I" denote the set of all y C R? that
are locally finite, i.e., such that y N A is a finite set whenever A C R is compact. Thus, I' is
a configuration space as defined in [1,3,8, 11]. In order to take into account the particle’s type
we use the Cartesian product [2=TxT,see [5,7,9], the elements of which are denoted
by ¥ = (3, ¥1). In a standard way, ['? is equipped with a o-field of measurable subsets
which allows one to deal with probability measures as states of the system. Among them
one may distinguish Poissonian states in which the particles are independently distributed
over RY. Sub-Poissonian states are characterized by a rather weak dependence between the
particle’s positions, see Definition 2.1 below. As was shown in [10], for infinite particle
systems with birth-and-death dynamics the evolution of states exists and is such that they
remain sub-Poissonian globally in time if the birth of the particles is in a sense controlled
by their state-dependent death. For conservative dynamics, in which the particles do not
appear or disappear and only change their positions, the interaction may in general change
the sub-Poissonian character of the state in finite time (even cause an explosion), e.g., due
to an infinite number of simultaneous correlated jumps. Thus, the conceptual outcome of
the present study is that this is not the case for the considered model. Note that we do not
impose any kind of restrictions on the model parameters, and the existence of the global in
time evolution of states is proved to hold even if there may exist multiple equilibrium states
(phase transitions), and hence no ergodicity can be expected. Our another aim in this paper
is to study the dynamics of the considered model in the mesoscopic limit, which yields its
though an approximate (mean-field like) but more detailed picture. We do this and show how
this approximate picture and the description of the evolution of states are related to each
other.

1.2 Presenting the Results

The Markov evolution of states of the system which we consider is described by the Kol-

mogorov equation

d
EFt =LF, Fili=0 = Fo, (1.1)

where F; : I'? — R is an observable and the operator L specifies the model. It has the
following form

(LF)(v0, y1) = Z/]Rd co(x, y, yDIF (vo\x Uy, y1) = F(yo, yD)ldy

x€¥0

+ D[l y, vIF (o, n\x Uy) — Flyo, y)ldy.  (1.2)
R4

XEV1

The evolution of states is supposed to be obtained by solving the Fokker-Planck equation

d
E“’ = L*Mt, Meli=0 = Mo, (1.3)

@ Springer



J Dyn Diff Equat (2018) 30:637-665 639

related to that in (1.1) by the duality

/Ft(V)MO(dV)Z/ Fo(y) i (dy). (1.4)
r2 r2

As is usual for models of this kind, the direct meaning of (1.1) or (1.3) can only be given for
states of finite systems, cf. [12]. In this case, the Banach space where the Cauchy problem in
(1.3) is defined can be the space of signed measures with finite variation. For infinite systems,
the evolution of states is constructed indirectly, by employing correlation functions and or
the related Bogoliubov functionals, see [3,6—10] and the references quoted therein.

In this paper, in describing the evolution of states, see Theorem 3.5 below, we mostly follow
the scheme elaborated in [10]. It consists in: (a) constructing the evolution of correlation
functions ko — ks, t < T < +o00, based on the Cauchy problem in (3.1); (b) proving that
each k; is the correlation function of a unique sub-Poissonian state j;; (c) constructing the
continuation of thus obtained evolution k,, = ko + k; = k,, to all + > 0. Step (a) is
performed by means of Ovcyannikov-like arguments similar to those used, e.g., in [3,6,7].
Step (b) is based on the use of the Denjoy—Carleman theorem [4]. In realizing step (c), we
crucially use the result of (b). Our description of the mesoscopic limit is based on the scaling
procedure described in Sect. 4. It is equivalent to the Lebowitz-Penrose scaling used in [7],
and also to the Vlasov scaling used in [3,6]. In this procedure, passing to the mesoscopic level
amounts to considering the system at different spatial scales parameterized by ¢ € (0; 1] in
such a way that ¢ = 1 corresponds to the micro-level, whereas the limit ¢ — 0 yields the
meso-level description in which the corpuscular structure disappears and the system turns
into a (two-component) medium characterized by a density function. The evolution of the
latter is supposed to be found from the kinetic equation (3.15). In Theorem 3.8, we show
that the kinetic equation has a unique global (in time) solution in the corresponding Banach
space. In Theorem 3.9, we demonstrate that the micro- and meso-scopic descriptions are
indeed connected by the scaling procedure in the sense of Definition 3.6. In Theorems 3.10
and 3.11, we describe the stability of translation invariant stationary solutions of the kinetic
equation. In particular, we show that some of such solutions can be unstable with respect to
space-dependent perturbations.

The rest of the paper has the following structure. In Sect. 2, we give necessary information
on the analysis on configuration spaces and on the description of sub-Poissonian states on such
spaces with the help of Bogoliubov functionals and correlation functions. We also describe
in detail the model which we consider. In Sect. 3, we formulate the results mentioned above
and prove Theorems 3.10 and 3.11. We also provide some comments; in particular, we relate
our results with those of [7] describing a birth-and-death version of the Widom—Rowlinson
dynamics in the continuum. Section 4 is dedicated to developing our main technical tool—
Proposition 4.2. By means of it we realize step (a) in proving Theorem 3.5, see above. Steps
(b) and (c) are based on Lemmas 5.1, 5.2, 5.4 and 5.5 proved in Sect. 5. Section 6 is dedicated
to the proof of Theorems 3.8 and 3.10.

2 Preliminaries and the Model
2.1 Two-Component Configuration Spaces

Here we present necessary information on the subject. A more detailed description can be
found in, e.g., [5,7,9].
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Let B(R?) and By (IR¥) denote the sets of all Borel and all bounded Borel subsets of
RY, respectively. The configuration space I' mentioned above is equipped with the vague
topology and thus with the corresponding Borel o-field B(T"). Itis known, see [11, Sect. 2.2],
that B(I') = o{Na : A € Bb(]Rd)}, that is, B(I") is generated by the counting maps
' >y = Na(y) :=|y N AJ, where | - | denotes cardinality. The elements of 2:=rxr
arey = (y, ¥1), 1.e., the one-component configurations are always written with the subscript
i =0,1.By B(I‘z) we denote the corresponding product o-field. For A; € B(]Rd), i=0,1,
we denote A = Ag x A1 and set

ri={r=00.y)el?:y CA.Li=01}.
Clearly FIZ\ € B(I'?) and hence
B(y) = {ANT} : A e BT}
is a sub-field of B(I'?). Let pp : I'? — 1"3\ be the projection

PAY) =ya = (Yo N Ao, y1 NAY).

It is clearly measurable, and thus the sets
Py (An) i=1{y €T7: pay) € Ax}, Aa € BIR),

belong to B(I'?) for each Borel A;,i =0, 1.
Let P(I'2) denote the set of all probability measures on (2, B(I'?)). For a given u €
P(I'?), its projection on (I'X, B(I')) is

1Ay = u (pr AN, An € BTR). @1

Let 7 be the standard homogeneous Poisson measure on (I, 5(I")) with density (intensity)
» = 1. Then the product measure nl=n@®mnisa probability measure on (2, B(T'?)).
By Pr (I'2) we denote the set of all u € P(I"2), for each of which the projections u”, with
all possible A = Ag x A1, A; € By (R%),i =0, 1, are absolutely continuous with respect
to the corresponding projections of 72. It is known, see [5, Proposition 3.1], that for each
w € Pr(I'?) the following holds

w(y =00y el pny=0)=1

Since we are going to deal with elements of P, (I'?) only, from now on we assume that the
configurations g and y; are subsets of one and the same space RY.

Let I'g C I' be the set of all finite configurations. It is known that I'g € B(I"), see [11,
Sect. 2.2]. Hence g(I‘o) ={A CTo: A e B(I')} ia a sub-o-field of B(I"). At the same
time, o can be equipped with the topology related to the Euclidean topology of R?, see [11,
Sect. 2.1]. Let B(I'g) be the corresponding Borel o -field of subsets of I'g. Clearly, a function,
g :To — Ris B(I'p)/B(R)-measurable if and only if there exist symmetric Borel functions
g(”) - (R — TR such that g({x1,...,xy}) = g(")(xl, ..., Xp), n € IN. The relationship
between this measurability and the corresponding property of g : ' C I' — R is clarified by
Obata’s result, see Lemma 1.1 and Proposition 1.3 in [14], by which E(Fo) = B(I'g). Thus,
such a function g is B(I")/B(IR)-measurable if and only if there exist {g™ : n e IN} with
the above mentioned properties. For completeness, one adds to this family also @ = g().

By the very definition of B(I'?) we have that Ty x I'g =: '} € B(I'?). Set Ny = INU {0},
and also lNg = {n = (ng,n1) : n; € Ng,i = 0, 1}. Then a function G : F% - R
is B(I'?) /B(IR)-measurable if and only if for each n € IN2, there exists a Borel function
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G™ : (RH™ x (RY)™ — R, symmetric with respect to the permutations of the components
of each of n;, i =0, 1, such that

G() = Go, m) = G (X1, .oy Xngs Y1s vy Yni)s

forno = {x1, ..., xppyand n1 = {y1, ..., yn; }-

By Bbs(I‘(z)) we denote the set of all measurable functions G : F(z) — R that have the
following properties: (a) there exists Cg > 0 such that |G()| < Cg for all n € F%; (b)
there exists A = Ag x Aj with A; € By(RY), i = 0, 1, such that G(n) = 0 whenever
ni N A{ # @ for either of i = 0, 1; (c) there exists N € INg such that G() = 0 whenever
max;=o.1 |ni| > N.Here Af =RY \ A;. By A(G) and N(G) we denote the smallest A and
N with the properties just described.

By standard arguments Bbs(l’g) is a measure-defining class for measures on (Fg, B (1"(2))).
The Lebesgue-Poisson measure A on (I’g, B(Fé)) is then defined by the following formula,
see [5] and [9, page 130],

o0 o0
1
Grldn) = G (X1, Xl Vs e e e s
/F% (mA(dn) E E no!m!/(Rd)no /(Rd)nl (x1 103 V1 Yay)

no=0n1=0

xdxy - - dxpgdyr---dyn,, 2.2)

which has to hold for all G € Bbs(Fg) with the usual convention regarding the cases n; = 0.
The same can also be written as

/2 G(mA(dn) 2/ / G (o, n1) (Ao ® A1)(dno, dn1), (2.3)
rg I'o 4/ To

where both X; are the copies of the standard Lebesgue-Poisson measure on the single-
component set 'y, see, e.g., [11]. In the sequel, both Lebesgue-Poisson measures on Fg
and on I will be denoted by X if no ambiguity may arise.

For y € I'2, by writing n € y we mean that ; € y;, i = 0, 1, i.e., both 5; are finite
subsets of the corresponding y;. For G € Bbs(l"(z)), we set

(KG)(y) =D Gy = > > Gno,n), (24)
ney N0€Yo M EY1
see [5,9]. Note that the sums in (2.4) are finite and K G is a cylinder function on ['2. The latter
means that it is B(Ff\(G))-measurable. Moreover, cf. [9, Egs. (2.3) and (2.4), page 129],
[(KG) ()] < C (1+ Iyo N Ao(GIDN D (1 + [y 0 AL(GHM D (2.5)

2.2 Correlation Functions

In the approach we follow, see [3,6,10], the evolution of states is constructed in the next way.
Let © denote the set of all compactly supported continuous maps 6 = (6, 61) : R x RY —
(—1,0]%. For each 6 € ©, the map

sy [Ta+60) [Ta+60)

X€Y0 YEYI

is measurable and bounded. Hence, for a state j, one may define

5u®) = [ [T+ 60 []a+e0muan. 2.6)

XEV YeYI
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— the so called Bogoliubov functional corresponding to i, considered as a map ® — R.

Definition 2.1 By Pexp([’z) we denote the set of sub-Poissonian states consisting of all
those 1 € Py (I'?) for which By, can be continued to an exponential type entire function of
0 € L'(R? x RY - R?).

It can be shown that a given 1 € P (I'?) is sub-Poissonian if and only if B, can be written
in the form, cf. (2.3),

B, (0) =/r2 k(M E©: mA(dn), 2.7

0
cf. (2.2), with k, : l"(z) — [0, 4+00) such that k,(l") e L2((RY9)" x (RY)" — R) and
E©: 1) = e no)e®r: 1) = [ ] 60 [T 1. 2.8)
x€no yen

This, in particular, means that &, is essentially bounded with respect to the Lebesgue-Poisson
measure A defined in (2.2). For the (heterogeneous) Poisson measure 7,, the Bogoliubov
functional is

Br, (@) =exp( D /Rd 6i (x)oi (x)dx | (2.9)
i=0,1

where 0 = (0o, 01) is the (two-component) density function. Then by (2.2) and (2.7) we
have

kz,(m) = E(o; n) = e(0o; no)e(o1; n)- (2.10)

If one rewrites (2.6) in the form
B, (0) = /2 Fy(y)u(dy),
r

then the action of L on F as in (1.2) can be transformed to the action of L2 on k;, according
to the following rule

/FZ(LFH)()/)M(CZV) = /FQ(LAku)(n)E(G; mA(dn) 211
0

The main advantage of this is that k,, is a function of finite configurations.

For jt € Pexp(T'?) and A = (Ag, A1), A; € By(RY), let u? be as in (2.1). Then p2 is
absolutely continuous with respect to the corresponding restriction A of the measure defined
in (2.2), and hence we may write

u(dn) = Ry} (prt(dn),  neTlj. (2.12)

Then the correlation function k,, and the Radon-Nikodym derivative Rﬁ are related to each
other by, cf. (2.3),

bon = [ REG U @)
T
= / / RY (o Ugo. m UEN (G ® A1) (dEo, d&1),  neT3. (2.13)
Fag JTa
Note that (2.13) relates Rﬁ with the restriction of k, to Fi. The fact that these are the
restrictions of one and the same function &, : F% — IR corresponds to the Kolmogorov

consistency of the family {1} 4.
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By (2.4), (2.1), and (2.12) we get
[ &Gy = (G.k.

holding for each G € Bus(T'}) and 11 € Pexp(I'?). Here
(G, k) == /r% G(mk(ma(dn), (2.14)

for suitable G and k. Define

B(T3) = (G € Bps(T3) : (KG)(y) = 0 forall y € '}, (2.15)
By [11, Theorems 6.1 and 6.2 and Remark 6.3] one can prove that the following holds.
Proposition 2.2 Let a measurable function k : l"% — R have the following properties:

(@) (G,k) >0, forall G e BL(I?);
(b) k(@,2)=1; () k(n) < ClmH+ml (2.16)

with (c) holding for some C > 0 and A-almost all n € I‘%. Then there exists a unique
ne Pexp(f'z) Sfor which k is the correlation function.

2.3 The Model

The model we consider is specified by the operator L given in (1.2) where the coefficients
are supposed to be of the following form

co(x, y, 1) = aolx — y)exp | — > do(y —2) | ,

Z€Y1

ity ) =aix—yexp (=D y—2) |, 2.17)

Z€Y%0

with jump kernels g; : R? — [0, +00) such that a; (x) = g; (—x) and
/ a;(x)dx =: aj < 00, i=0,1. (2.18)
R4

The repulsion potentials in (2.17) ¢; : R? — [0, +00) are supposed to be symmetric,
$i (x) = ¢i(—x), and such that

/ ¢i(x)dx =: (¢;) < o0, ess sup ¢; (x) =: @i < 00. (2.19)
R4 xeRd
Then
I, (1 ~ exp(—¢ (x)))dx < (g, =01 (220
R

By (1.2) and (2.11) one obtains the action of L2 in the following form. For x € RY, we set

th(y) =exp(—¢i(x —y)), iy =ti(y»)—1, yeR’ i=0,1 (221
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Next, for a function k(1) = k(no, 1), cf. (2.3), we introduce the maps

(@200, 10) = [ ko UDIe(: £12d),

To
(Q3K)(n0, m) = /F k(no U&E, m)e(ty: §)M(dE), (2.22)
0

where e is as in (2.8). Then

L000m) = 3 [ ant = e @0\ y Ux,mds

Y&€no

=3 [ ot = et @0 6 m)dy

XEMo

+3 [ @t = el m @40,y Unds

YEm
=3 [ @ = yetes my @b, mody. (2.23)
XEN R?

This expression can be derived from the general form obtained in [9, Egs. (4.4) and (4.5),
page 142] by using the concrete form of the kernels given in (2.17). It can also be obtained
directly from (1.2) and (2.11). Note that in (2.23) we use the convention > ., = 0.

3 The Results
3.1 The Microscopic Level

As mentioned above, instead of directly studying the evolution of states by solving the
problem in (1.3), we pass from piq to the corresponding correlation function k,, and then
consider the problem

d
k= L%, kili=o = kyg» 3.1)

where L2 is given in (2.23). For this problem, we prove the existence of a unique global
solution k; which is the correlation function of a unique state , € Pexp(Fz).

We begin by defining the problem (3.1) in the corresponding spaces of functions « : 1"(2) —
RR. From the very representation (2.7), see also (2.2), it follows that pt € Pexp(I' 2) implies

lk, (m] < Cexp (9 (Inol + Im) ).

holding for A-almost all € I'2, some C > 0, and ¥ € R. Keeping this in mind we set

lklly = ess sup {Iku(lexp (=9 (Inol + [mD)}- (3.2)
nely

Then
Ko :=1{k:T§— R: |klly < oo}

is a Banach space with norm (3.2) and the usual linear operations. In fact, we are going to
use the ascending scale of such spaces Ky, ¥ € IR, with the property

Ky < Ky, 0 <0, (3.3)
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where < denotes continuous embedding. Set, cf. (2.14) and (2.15),
5 ={keKy: (G, k) >0forall G € BgS(I‘(z))}. 3.4
It is a subset of the cone
IC:,r ={k e Ky :k(n) >0 for A —almost all n € F%}. 3.5

By Proposition 2.2 it follows that each k € K such that k(&, @) = 1 is the correlation
function of a unique p € Pexp(r‘z). Then we define

K=Kk, K =JKs. (3.6)

PeR veR

As a sum of Banach spaces, the linear space K is equipped with the corresponding inductive
topology which turns it into a locally convex space.
For a given ¥ € R, by (2.21)—(2.23) we define L § as a linear operator in Ky with domain

D(LS) = {k € Ky : Lk € Ky} (3.7)
Lemma 3.1 For each ©” < 9, c¢f. (3.3), it follows that Kyn C D(Lg).
Proof For %" < 9, by (2.20), (2.21), (2.22), and (3.2) we have
(ng)(no, 771)‘ < llklly» exp (8" |nol + 0" |n11)

x [ exp (016D [T (1 — exp (~ontz = ¥ )acae)
0

z€é
< kllg» exp (9" ol + 9" mi[) exp ((gobe””) (3:8)
Likewise ,
|3k (0. 1| < KTl exp (2" 1nol + 9" Im ) exp (t0)e™ ). 39)

Now we apply the latter two estimates together with (2.18) in (2.23) and obtain
|20 Gro. )| = 211kl exp (8" ol + 9" )
x (ao|no| exp ((gode”") +enlmlexp ((¢1)e”") ) (3.10)

By means of the inequality x exp(—ox) < 1/ec, x, o > 0, we get from (3.2) and (3.10) the
following estimate

L :
A 9
18Kl = 50 maxasexp ((ge”), (3.11)

which yields the proof. o

Corollary 3.2 For each ¥,9” € R such that ¥’ < ¥, the expression in (2.23) defines a
bounded linear operator Lgﬁ,, 1 KCyr — Ky the norm of which can be estimated by means

of 3.11).

In what follows, we consider two types of operators defined by the expression in (2.23): (a)
unbounded operators (L%, D(Lﬁ)), ¥ € R, with domains as in (3.7) and Lemma 3.1; (b)
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bounded operators Lﬁ 5 described in Corollary 3.2. These operators are related to each other
in the following way:
V9" <O VkeKgr L5,k = L5k (3.12)

By means of the bounded operators L g gn Ko — Ky we define also a continuous linear

operator L2 : K — K, see (3.6). In view of this, we consider the following two equations.
The first one is 4

dtkt = Lﬁkt’ kili=0 = kuq» (3.13)

considered as an equation in a given Banach space Ky . The second equation is (3.1) with L*
given in (2.23) considered in the locally convex space K.

Definition 3.3 By a solution of (3.13) on a time interval, [0, T), T < 400, we mean a
continuous map [0, T) > t +— k; € D(Lﬁ) such that the map [0,T) > ¢t — dk;/dt €
KCy is also continuous and both equalities in (3.13) are satisfied. Likewise, a continuously
differentiable map [0, T) > t — k; € Kissaid to be a solution of (3.1) in K if both equalities
therein are satisfied for all . Such a solution is called global if T = +oc.

Remark 3.4 The map [0, T) > t +— k; € K is a solution of (3.1) if and only if, for each
t € [0, T), there exists " € IR such that k; € Ky~ and, for each # > ", the map ¢ > k; is
continuously differentiable at ¢ in Ky and dk,/dt = Lﬁk; =L gﬂ,,k;.

The main result of this subsection is contained in the following statement.

Theorem 3.5 Assume that (2.18) and (2.19) hold. Then for each g € Pexp(l"z), the problem
(3.1) with L? given in (2.23) and kg = ko has a unique global solution k; € K* C K
which has the property k;(2, @) = 1. Therefore, for each t > 0 there exists a unique state
Ut € Pexp(rz) suchthatk, = ky,. Moreover, letko and C > 0 be such that ko(n) < Clmol+iml|
for h-almost all n € F%, see (2.16). Then the mentioned solution satisfies

Vi>0 0<k(n) < CMFMlexp {r (aolnol +erlml)} (3.14)

3.2 The Mesoscopic Level

As is commonly recognized, see [2, Chapter 8] and [13], the comprehensive understanding of
the behavior of an infinite interacting particle system requires its multi-scale analysis. In the
approach which we follow, see [3] (jump dynamics) and [7] (two-component system), passing
from the micro- to the mesoscopic levels amounts to considering the system at different spatial
scales parameterized by ¢ € (0, 1] in such a way that ¢ = 1 corresponds to the micro-level,
whereas the limit ¢ — 0 yields the meso-level description in which the corpuscular structure
disappears and the system turns into a (two-component) medium characterized by a density
function o = (09, 01), 0; : R — [0, 400),i = 0, 1. Then the evolution gy > o;, obtained
from a kinetic equation, approximates (in the mean-field sense) the evolution of the system’s
states as it may be seen from the mesoscopic level.

3.2.1 The Kinetic Equation

Keeping in mind that the Poissonian state 77, is completely characterized by the density o,
see (2.9) and (2.10), we introduce the following notion, cf. [3, p. 1046] and [7, p. 70].
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Definition 3.6 A state u € Pexp(f‘z) is said to be Poisson-approximable if: (i) there exist
® € Rand o = (00, 01),0i € L°(RY - R),0; > 0,i =0, 1, such that both &, and &, lie
in Cy; (ii) for each € € (0, 1], there exists g € Ky such that g1 =k, and ||g. — kng ls — O
ase — 0.

Our aim is to show that the evolution po + u, obtained in Theorem 3.5 preserves the
property just defined relative to the time dependent density o; = (0., 01,;), obtained from
the following system of kinetic equations

[ 4001 = (ao * 00,1) exp (— (o * 01,1)) — 00,1 (a0 * exp (—(do * 01.1))) , (3.15)
gro1s = (a1 01.0) exp (—(¢1 % 00.1)) — 01+ (a1 *exp (—(¢1 % 00.1))) .

where * denotes convolution; e.g.,
(ai * 0i)(x) = /lRl ai(x — y)ei(ydy, i=0,1

Definition 3.7 By the global solution of the system of kinetic equations (3.15), subject to
an initial condition, we understand a continuously differentiable map

[0, 4+00) 5 1 > (0.1, 01.1) € LX(RY — R?) (3.16)

such that both equalities in (3.15) hold. This solution is called positive if o; ;(x) > 0,i =0, 1,
for all # > 0 and Lebesgue-almost all x € R?. By the positive solution of (3.15) on the time
interval [0, T], 0 < T < oo, we mean the corresponding restriction of this map.

Let || - || zoo stand for the norm in L°(R¢ — R). In Theorem 3.8, the space L®(R? - R?)
is equipped with the norm
lollee = max loillzes. (3.17)

Theorem 3.8 For each positive 0o = (00,0, 01,0) € L°°(Rd — R2?), the system of kinetic
equations (3.15) with the initial condition (00 ;, 01,1)|1=0 = (00,0, 01,0) has a unique positive
global solution such that

Vi=0  0i:(x) < lloiollLeexp(e;r), i =0,1, (3.18)

where a; are defined in (2.18).

The relationship between the micro- and mesoscopic descriptions is established by the fol-
lowing statement.

Theorem 3.9 Let (2.19) hold and k; and g, be the solutions described in Theorems 3.5 and
3.8, respectively. Assume also that the initial state [ is Poisson-approximable by m,,, see
Definition 3.6. That is, there exist ¥, € R and qo ¢, ¢ € (0, 11, such that k., = qo,1 and
lgo.e — kﬂL70 ls, = 0as e — 0. Then there exist > ¥y and T > 0 such that

lim sup lgi.c = kn, lly = 0. (3.19)
e=>04¢[0,7]

Theorems 3.8 and 3.9 are proved in Sect. 6 below.
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3.2.2 The Stationary Solutions

Stationary solutions ¢;; = ©;, t > 0, of the system in (3.15) are supposed to solve the
following system of equations

( (ao * 00) exp (—(¢o * 01)) = o (ao * exp (—(¢o * 01))) , (3.20)
(a1 * 01) exp (—(¢1 * 00)) = 01 (a1 * exp (—(¢1 * 00))) - '

It might be instructive to rewrite it in the form

( Yo(x) = [ga Go(x, Y)Yo(y)dy, (3.21)
Y1(x) = [ra @1(x, YY1 (y)dy, '

where
Go(x, y) = aog(x — y)exp (—(¢o * 01)(y))
Jra a0(x — y)exp (=(do * 01)(¥) dy’
i (x,y) = ai(x — y)exp (—(¢1 * 00)(y))
Jra a1(x — y)exp (—(d1 * 00) () dy’
and
Yo :=oexp (¢o*01), Y1 :=01exp (g1 *00). (3.22)

For each 6,- > 0,7 = 0, 1, the system in (3.21) has constant solutions v; = 5i. Then the
corresponding o; are to be found from

= Crexp (—(¢1 * 00)) -

Those in (3.23) may be called birth-and-death solutions since they solve the corresponding
equation for the birth-and-death version of the Widom—Rowlinson dynamics with specific
values of a, expressed in terms of the model parameters, see [7, eq. (4.13)]. The translation
invariant (i.e., constant) solution of (3.23) is o; = C;,i = 0, 1, with C; satisfying, cf. (3.22),

Co = Coexp ((p0)C1),  Ci = Crexp ((¢1)Co) - (3.24)

For given Co, C1 > 0, letS(Co, C1) be the set of all posmve (00, 01) € L®(RY — R?) that
satisfy (3.23). Let also S, (Co, C] ) be the subset ofS(Co, C1) consisting of constant solutions
oi = Ci,i =0, 1, with C; satisfying (3.24). The symmetric case of (3.24) with specific values
of 61‘ (as mentioned above) was studied in [7, Sect. 5]. Namely, for (¢1)60 = (qﬁo)g 1 =:a,
the set 56(60, 51) is a singleton {Cp, C1} whenever a < e. Here

Co=x0/(¢1),  C1=xo0/(0), (3.25)

with some xo € (0, 1). This solution is a stable node for @ < e. For a > e, there exist
three solutions: (a) Co = x1/{¢1), C1 = x3/(Po); (b) Co = x3/{(P1), C1 = x1/{o);
(c) Co = x2/(¢p1), C1 = x2/(¢o). The first two solutions are stable nodes and x3 > 1.
The stability means the existence of a small neighborhood in S, (50, 61) of the mentioned
solution, which does not contain any other solution.

Letusnow turn to the study of the stability of the constant solutions of (3.23) with respect to
perturbations o; = C; +€;,i = 0, 1. By (3.23) and (3.24) we conclude that the perturbations
ought to satisfy

’ 00 = Coexp (—(¢o * 01)) . (3.23)

€0 = Co [exp{— (¢ x€1)} — 1],
[61 =Ci [eXP{—(qbl xe0)) —1]. (3.26)
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Theorem 3.10 The solution 9; = C;, i =0, 1, of the system of equations in (3.20) is locally
stable in S(Cy, Cy), with C; and C; satisfying (3.24), whenever the following holds, cf. (3.25),

CoCi(do)(¢1) < 1. (3.27)

This means thgt there exists § > 0 such that o; = C;, i = 0, 1, is the only solution in the set
Ks :=S8(Co, C1)N{o : llo — Clloo < 8}, ¢f (3.17).

—o

Proof Assume that |€||z > 0. By means of the inequality |e=% — 1| < |a|e!®! we get from

(3.26)

ol = CoCr(do)(¢1) exp [8 ((do) + (@1))] - ll€ollLe < ll€ollee,

holding for small enough 6 in view of (3.27). This contradicts the assumption, and hence
yields g = 0. The corresponding estimate for ||€; || is obtained analogously. O

Assume now that both ¢; satisfy ¢; € L*(R? — R) N L'(IR? — R). Then each solution
of (3.26) is a fixed point of the nonlinear map ® : L*(RY — R?) N L'(R¢ - R?) —
L®(RY - R>)NL'(R? — R?) defined by the right-hand of (3.26). Note that this ® takes
values in L°(R? — R?) N L'(RY — R?) in view of (2.19). The zero solution of (3.26)
gets unstable whenever there exist nonzero € = (¢, €1) in the kernel of I — @', where @’ is
the Fréchet derivative of ® at € = (0, 0). By (3.26) we have

i feo) _ [(—Co(do *e€r)
vemw (9) - (00 -

Since @' contains convolutions, it can be partially diagonalized by means of the Fourier
transform

éi(p) :/]Rd pi(x)exp(i(p,x))dx, peR?Y i=0,1.

Note that both QA&,' are uniformly continuous on R? and satisfy |q’3i (p)] < qAﬁ,- ) = (¢i),
that follows from their positivity. Moreover, |¢; (p)| — 0 as |p| — 400 (by the Riemann-
Lebesgue lemma). Note also that €;, i = 0, 1, exist since ¢; are supposed to be integrable.

Theorem 3.11 Assume that the following holds, cf. (3.27),

CoCi{do)(d1) > 1. (3.29)

Then the constant solution o; = C; of (3.23), and hence of (3.20), is unstable with respect
to the perturbation o; = C; +€;,i =0, 1, with¢; € L®@RY - R)NLY(RY > R).

Proof In view of the mentioned continuity of <;’3,- and the Riemann-Lebesgue lemma, the
condition in (3.29) implies the existence of p € R¥ \ {0} such that

CoCi1do(p)d1(p) = 1. (3.30)

The instability in question takes place whenever the equation ®’¢ = ¢, cf. (3.28), has nonzero
solutions in the considered space. By means of the Fourier transform it can be turned into

& (p) = CoCigo(p)1(p)éi(p),  i=0,1, (3.31)

that has to hold for some p € R\ {0}, which is certainly the case in view of (3.30). O
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Given 1 Ci, i =0, 1, lete = (e, €1) solve (3.26). Then o = (Co + €9, C1 + €1) solves (3.23)
with C asin (3.24) and hence lies in S (Co, c 1). Then Theorem 3.11 describes the instability
of the solution o = (Cp, C1) in the latter set. For this reason, it is independent of the jump
kernels a;. In order to study the corresponding instability in the set of all solutions of (3.20),
one has to rewrite (3.20) in the form W (g) = 0 and then to show that the Fréchet derivative W’
of W at o = (Cy, C), defined as a bounded linear self-map of L®R? - R)NLY(RY —
RR), has nonzero € in its kernel. By means of the arguments used in the proof of Theorem
3.11 one readily obtains that this is equivalent to, cf. (3.31),

&a(p) 1= CoCido(pdi(p) | - [ —ai(m] =0, i=0,1,

that has to hold for some nonzero p € RY. Here a;(p),i = 0, 1, are the Fourier transforms
of the jump kernels, see (2.18). Thus, if both these kernels are such that d; (p) < @;(0) = «;
for all nonzero p, then the latter condition turns into that in (3.31).

3.3 Comments
3.3.1 The Microscopic Description

The existence of the global in time evolution stated in Theorem 3.5 is proved in the subsequent
sections without any restrictions on the model parameters «; and (¢;),i = 0, 1, see (2.18) and
(2.19), respectively. That is, the global evolution exists, however, its ergodicity can hardly be
expected. The analysis of the kinetic equation made in Theorem 3.11 points to the possibility
of having a phase transition in the model, i.e., to the possibility of having multiple stationary
states u € Pexp(l"z).

The only work on the Widom—Rowlinson dynamics of an infinite particle system is that
in [7] where a birth-and-death (rather immigration-emigration) version was studied. In that
version, the particles of two types appear and disappear at random; the appearance is subject
to the repulsion from the particles of the other type. The system’s evolution was described
by means of the corresponding initial value problem for the Bogoliubov functional. Namely,
fort < T, where T < oo is expressed via the model parameters, in [7, Theorem 1] there was
constructed the evolution B, + By, where B, : L'(RY — R?) — R is an exponential
type entire function and hence can be written down as, cf. (2.7),

B:(0) = /rz ki(mE©: mA(dn).
0

However, it was not shown that B; is the Bogoliubov functional, i.e., that k; above is the
correlation function, of some state i1 € Pexp (I’ 2). In the present work, for the jump version
of the Widom-Rowlinson model we show (Theorem 3.5) that: (a) the evolution k,, — k;,
and hence also B, + B;, can be continued to all # > 0; (b) for each r > 0, B; is the
Bogoliubov functional of a unique sub-Poissonian state j;.

3.3.2 The Mesoscopic Description

In passing to the mesoscopic level of description, we use a scaling procedure described in
Sect. 4 below. It is equivalent to the Lebowitz-Penrose scaling used in [7], and also to the
Vlasov scaling used in [3,6]. Our Theorem 3.9 is analogous to [7, Theorem 2] proved for the
birth-and-death version. Note that the convergence in (3.19) is uniform in #, whereas in the
mentioned statement of [7] the convergence is point-wise.

@ Springer



J Dyn Diff Equat (2018) 30:637-665 651

Now we turn to the stationary solutions of (3.15) which one obtains from the system in
(3.20), or, equivalently, in (3.21). The latter may have nonconstant solutions ;, which then
can be used to find the corresponding p; from (3.22). These solutions may depend on the
jump kernels a;. The set of all solutions of (3.20) contains the sets S (50, 51) for each pair
Co, C1 > 0. The corresponding solutions g; are independent of the jump kernels. Moreover,
S (60, C 1) is exactly the set of solutions of the birth-and-death kinetic equation [7, Eq. (5.1)]
corresponding to the specific values of C;. Thus, our Theorems 3.10 and 3.11 describe also
the birth-and-death kinetic equation, which is an extension of the study in [7, Sect. 5].

4 The Rescaled Evolution

In this section, we construct the evolution go ¢ = ¢;,¢, € € (0, 1], which then will be used
for: (a) obtaining the evolution stated in Theorem 3.5 in the form k; = ¢;1; (b) proving
Theorem 3.9. To this end along with L? defined in (2.23) we will use

L&A = R7VLAR,,  £€(0,1], 4.1
where L2 is obtained from L” by multiplying both ¢; by &, and

(Req)(no, m1) = &~ 1M1=l g (o, ny).

We refer the reader to [3,7] for more information on deriving operators as in (4.1). Denote,
cf. (2.21),

Tl =exp (e -y, h.m=e"d.m-1] i=01 @2

Observe that . .
.M —=>1  1.()—> —¢i(x—y), as &—0. 4.3)

Fore € (0, 1], let Qg,,g be as in (2.22) with t; replaced by t;.g given in (4.2). Then the action
of L& 2 is given by the right-hand side of (2.23) with both Q; replaced by the corresponding
’) . and 7! replaced by r};’ - Note that, cf. (2.19),

8—1/ (1= %) ax < (g}, i=0,1. (4.4)
]Rd

Foreach®” € R,k € Kyr,and e € (0, 1], by (4.4) both Qi,’gk satisfy the estimates as in (3.8)
and (3.9). Therefore, L& 2k satisfies (3.10), which allows one to introduce the corresponding
linear operators L‘;’A : D(Lg) — Ky and L;’@ : Ky — Ky, where D(Lg) is defined in
(3.7), see also Corollary 3.2 and (3.12). Thus, along with (3.13) we will consider the problem

th,s = LgAqns» qr.elt=0 = qo,¢ € ’Cﬁoa Yo < U. 4.5)

Its solutions ¢; ¢ € D(Lﬁ) C Ky are defined analogously as in Definition 3.3.
For ¢, ¥’ € R such that ¥ < ¢/, we set, cf. (3.11),

/

19 - 19 ’
TW,9) = ™ exp (—ce§ ) , o= irggﬁ o, c= ggﬁ(@). 4.6)
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For a fixed © € R, T (¥, ¢#)) can be made as big as one wants by taking small enough .
However, if ¢ is fixed, then

sup T (%', %) = 8@) exp (—L) =:7(¥) < 00, .7
>0 4o 3(19)

where 8(7) is the unique positive solution of the equation
8¢’ =exp(—v —logc). (4.8)
Remark 4.1 The supremum in (4.7) is attained at
¥ =10+ 8(D).
Note also that §(¢#) — 0, and hence () — 0, as ¥ — +00.

Proposition 4.2 For arbitrary 99 € R and ¢ € (0, 1], the problem in (4.5) with qo . € Ky,
and ¥ = ¥ + § (Vo) has a unique solution q; o € Ky on the time interval [0, T (p)).

Proof Take T < t(1%) and then pick ¥ € (99, D9 + §(9)) such that T < T (¥', ). Our
aim is to construct the family

{S59,(1) € L(Koy, Kpr) 11 € [0, T®, 99))}, (4.9)
defined by the series
o0
tn
8519, (1) = Z (L Ao (4.10)
n= 0

In (4.9), L(ICy,, Ky') stands for the Banach space of bounded linear operators acting from

K, to Ky equipped with the corresponding operator norm. In (4.10), (L® A) o, 18 the
embedding operator and

(L) 59, : HLM, 0=+ 1 = do)/n, (4.11)
for n € IN. Now we take into account that %; — %;_1 = (¢/ — %) /n and that L&A gatisfies

(3.11) for all € € (0, 1]. This yields the following estimate

12550 = (2) @ = 90) {2aoexp (1g0)e”) + 201 exp (190e”)}
<n/eT(®', v, (4.12)

see (3.11) and (4.6). Then we apply (4.12) in (4.11) and conclude that the series in (4.10)
converges in the operator norm, uniformly on [0, T'], to the operator-valued function [0, 7] 5

t S;,ﬂ () € L(Ky,, Ky) such that

T, %)

vt 0, T SE,o (t _—.
€10 TT 1S5, Ol < 750

(4.13)

In a similar way, we get

d — 1" +1
_ LA\
77500, (D) = Z; (L) 59,
n=0
2, ¢
= n—waA, (L* A)M = L5 S5,,(1). 1 €[0,T] (4.14)
n=0
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Then
Gre = S5, (Dq0.e € Kyr € DILG™), (4.15)

see Lemma 3.1, is a solution of (4.5) on the time interval [0, 7(J9)) since T < 7(J9) has
been taken in an arbitrary way and L‘l’;ﬂA,q, = L‘;Aq, whenever g; € Ky, see (3.12).

Let us prove that the solution given in (4.15) is unique. In view of the linearity, to this
end it is enough to show that the problem in (4.5) with the zero initial condition has a unique
solution. Assume that v, € D(L?A) is one of such solutions. Then v; lies in [Cy~ for each
¥’ > 19, see (3.3). Fix any such 9" and then take < t(d%) such that 7 < T (8", ¢). Then,
cf. (3.12),

t
A
vy :/ L;,/ﬁvsds
0

torh In—1 AT
= / / / (LS’ )19”19 v;ndfn"'dtl,
0 Jo 0

where n € IN is an arbitrary number. Similarly as above we get from the latter

t" n n
Villgr < — | ——— sup ||vglls.
loellgr < o (eT(ﬂ”,ﬂ)) SE[OI,)t] llvs o

Since n is an arbitrary number, this yields vy = 0 for all s € [0, ¢]. The extension of this
result to all 7 < 7(¥9) can be done by repeating this procedure due times. O

Remark 4.3 Similarly as in obtaining (4.14) we have that, for each ¢ € (0, 1] and all
Y9, U1, U2 € R such that 99 < 91 < ¥, the following holds

55,9, +8) = 85,9, (1)S5,9,(5), 1 € [0, T(W2,91)), s €[0,T(®,0)). (4.16)

5 The Proof of Theorem 3.5

With the help of Proposition 4.2 we have already obtained the unique solution of (3.13) in
the form
ki = Spp,Okyg. 1 < T(Do), (5.1)

where k,, € Ky, and ¢ € (Jo, Do + (o)) is taken such that 1 < T (P9 + §(Po), ¥). To
prove Theorem 3.5 we first show (Lemma 5.1) that &, lies in the cone (3.4) and hence is
a correlation function of a unique state p,. Then, in Lemma 5.2, we construct an auxiliary
evolution ug > u;, with which we compare the evolution k., +— k; definedin (5.1). Thereby,
we construct the extension of k;,, to all # > 0 as stated in the theorem.

5.1 The Identification Lemma

Our aim now is to show that the solution of (3.13) given in (5.1) has the property k; € K, see
(3.4). By this one can identify k; as k,,, for a unique state j1,. Recall that bounded operators
L? 9> " < ¥, were introduced in Corollary 3.2.

Lemma 5.1 For arbitrary ¥ € R and 99 < v, and for each t € [0, T (¥, 99)), the operator
defined in (4.10) has the property

Sho, () 1 Ky — K. (5.2)
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Proof We follow the line of arguments used in the proof of Theorem 3.8 of [3], see also
[10, Lemma 4.8]. Let ug € Pexp(Fz) be such that k,,, € IC*O, see Proposition 2.2. For

A = (Ao, A1), Aj € Bp(R?),i =0, 1, let ) and R/} be as in (2.12). For N € IN, we then
set
RyN(m) = RY (InG),  neTy, (5.3)

where Iy (n) = 1 whenever max;—o,1 [n;| < N and Iy () = 0 otherwise. Set
R = L' ([3,dr), Rg=LYTZ, bgdr),
bg(n) :=exp (B (Inol +ml)), B >0. (5.4)

Let || - [z and || - [z, be the norms of the spaces introduced in (5.4) and RT and R;’ be

the corresponding cones of positive elements (in the usual L'-sense). For each 8 > 0, Ré\ N

defined in (5.3) lies in ’R; C R* and is such that ||Ré\’N||R < 1. Then one can define a

(non-normalized) measure

o™ () = RN (man),  neTy.
Similarly as for the Kawasaki model, see [3, Sect. 3.2], it is possible to show that L*, related by
(1.4) to L given in (1.2), generates an evolution po — s, t > 0, for which 0 < M;(Fé) <1

whenever (o has such a property, that is the case for M(j)\ ‘N Moreover, for each ¢ > 0, the
mentioned ; is absolutely continuous with respect to A, and the equation for Ry = du;/dA

corresponding to (1.3) can be written in the form
d t
ERZ =L"R;, Rili=0 = Ry, (5.5)

where, cf. (2.23), LT is defined by the relation LYR = d(L*1)/d, and hence acts according
to the following formula

(L'R)(no, m) = Z/ ao(x — y)e(r): m)RGo \ y U x, n1)dx
YENo R

+ Z /Rd ar(x — y)e(tls no)R(no, m \ y Ux)dx

YEem
—W(no, n1)R(no, n1),

Wno, m) = /R ap(x — y)e(r); n)dy

XE€nNo

s /R = e(r) no)dy. (5.6)

xXen

Like in [3, Theorem 3.7], one shows that L generates a stochastic Co-semigroup, Sg :=
{Sr(t)}s>0, on R, which leaves invariant each Rg, B > 0. Then the solution of (5.5) is
R; = Sg(¢)Ry. For Ré\’N as in (5.3), we thus set

RMN (1) = SkORYN, 1> 0. (5.7)

Then RN € R} < R* and R}V = < 1. This yields that, for each G € By, (I'}), see
(2.14) and (2.15), the following holds

<<KG, RtA’N» >0, >0 (5.8)
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The integral in (5.8) exists as RtA’N € Rp and K G satisfies (2.5). Moreover, like in (3.11)
and (5.21), for each B’ such that 0 < B’ < B, we derive from (5.6) the following estimate

4a|RllR
IL R, < ——— 2.
e(p—p)

This allows us to define the corresponding bounded operators (L*)%, IE Rg — Rp,n €N,
cf. (4.11) and (5.23), the norms of which satisfy

LD gl < 0" (eT (B, 8)) " (5.9)
On the other hand, we have that

ko) = /r RN (U @s)

0

= / R (0 U §0. 1 U €1) (ko ® A1) (do. déy), (5.10)

I‘0
cf. (2.13) and (5.3), lies in ICgO C Ky,, and hence we may get
kMY = She, kN, 1€ [0, T, 90)), (5.11)

where Séﬂo (1) = 5189190 (#)]e=1 is given in (4.10). Then the proof of (5.2) consists in showing:
M vGeBmd (G.kMN) =0

0 fosion)= o) e

To prove claim (i) of (5.12), for a given G € BgS(F%), one sets

e = (KGR we = (G.kM)), (5.13)

where ¢ is defined for ¢ as in (5.11). For a given ¢ € (0, T (9, ¥)), we pick &' < & such
that t < T (¥, 9¥), and hence k;A’N € Ky for s € [0, t]. Then the direct calculation based
on (4.14) yields for the n-th derivative

b0 = (6. @ k) new.
As in obtaining (4.13) we then get from the latter
kA,N
s

'wg’m\ < A"n"Cy/(G) sup (5.14)

s€[0,t]

v
Here A = 1/eT (¢, ¥') and
Cy (G) = /2 |Gl exp (9" Inol + 0/ [n11) A(dn) < oo,
l—‘0
as G € Bbs(l"(z)). Likewise, from (5.7) we have
0 1) = (KG, @y, k)
For the same ¢ as in (5.14), by (5.9) we have from the latter

’(pg')(t)‘ < A"n"(:‘ﬁ/(G) sup
s€[0,z]

AN
Rs

. 5.15
, (5.15)
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Here A = 1/eT (B, B) and
Cp(G) =esssup|KG ()| exp (—B'Inol — B'Imil) < oo

2
nely

which holds in view of (2.5). By (2.23), (5.6), and (5.10) it follows that
(L% ) = /Z(LTROA’N)(n UHAS),
l—‘0

which then yields
vneNo  ¢@(0) =y (0). (5.16)

By the Denjoy—Carleman theorem [4], (5.15) and (5.14) imply that both functions defined in
(5.13) are quasi-analytic on [0, ]. Then (5.16) implies

Vi € [0, T(@,90) wc(t) =¥, (5.17)
which by (5.8) yields the first line in (5.12). The convergence claimed in (ii) of (5.12) is
proved in a standard way, see Appendix in [3]. O

Note that (5.17) yields also that

Vi € [0, T (8, 9o)) <<G q,A’N>> - <<G k,A'N>>, (5.18)
where G and ktA’N are as in (5.13) and
o= [ R0 U (5.19)
0

cf. (5.10).

5.2 An Auxiliary Evolution

The evolution which we construct now will be used to continue the solution k; given in (5.1)
to all # > O as stated in Theorem 3.5. The construction employs the operator

o) = 3 [ aots =kt \ y U, s

Y€no

s /R @ = Y)kGm, 1\ y U (5.20)

YEN

obtained from L% given in (2.23) by putting ¢; = 0,7 = 0, 1, and then dropping the second
and fourth terms. Note that L does not correspond to any Markov evolution as it describes
(free) “half-jumps”. Similarly as in (3.11), we get

4okl

Lkfly < —20llor
1Lkl < -0

(5.21)

which allows us to introduce the operators (Ly, D(Ly)) and Lyyr € L(Kyr, Kg) such that,
cf. (3.12), _ B
Vk e v Lygyrk = Lyk, ¥ < 0.

Like above, we have that

Ko CD(Lg) =1k eKy:Lkeky), " <0
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Note that B
Lygr 1 K3, — KF, 9" <, (5.22)

see (3.5). For n € IN, we define (l_,)’l;,ﬁ similarly as in (4.11) and denote, cf. (4.6),
TW,9) =@ —09)/4a, ¥ <. (5.23)

Our aim is to study the operator valued function defined by the series
o t"
o \n
Sorp(t) =) —(L)yy - (5.24)
n=0
Lemma 5.2 For each 9¢, ¥ € R such that 9¢ < ¥, the series in (5.24) defines a continuous

function B }
[0, T(W, V0)) 3t > Spo, (1) € L(IKy,, Ky), (5.25)

which has the following properties:
(a) Fortasin (5.25), let 9" € (99, ) be such that t < T (9", 90). Then, cf. (4.14),

d - _ _
ESMO () = Lpor Sy, (1). (5.26)
(b) The problem
d _
Eut = Lpuy, Urlr=0 = up € /C§0, (5.27)
has a unique solution u; € ICI;r on the time interval |0, T(ﬁ, 99)) given by
ur = Sl?”l?o (t)uOv (528)

where, for a fixed t € [0, T (9, o)), 0" is chosen to satisfy t < T(®", ).

Proof Proceeding as in the proof of Proposition 4.2, by means of the estimate in (5.21) we
prove the convergence of the series in (5.24). This allows also for proving (5.26), which
yields the existence of the solution of (5.27) in the form given in (5.28). The uniqueness is
proved analogously as in the case of Proposition 4.2. The stated positivity of u; follows from
(5.24) and (5.22). O

Corollary 5.3 For a given C > 0, we let in (5.27) and (5.28) ¥9 = log C and uo(n) =
Clnol+ml Then the unique solution of (5.27) is

ur () = COP exp {r (aol ol + et I )} (5.29)
This solution can naturally be continued to all t > 0 for which it lies in Ky ) with
9(t) =logC +1t mgui o;. (5.30)
1=V,

Proof In view of the lack of interaction in (5.20), the equations for particular u,(”) take the
following (decoupled) form

d

(n) .
E“tn (X1, - ooy Xngs Y1s oo vs Yiy)

no
=Z/ ap(x — X)) (X1, oy Xi 1y Xy Xit1s s Xngi V1o -+ > Yoy )X
: R4
i=1
ny
+Z/ ar(y — youy™ (X1, .. Xngi V1o oo ¥ic12 . Yitts oo Yn)dy, n € N2,
i=1 /R
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which for the initial translation invariant ug yields (5.29). O

5.3 The Global Solution

As follows from Proposition 4.2 and Lemma 5.1, the unique solution of the problem (3.13)
with kg € IC;O lies in KC}y for t € (0, T'(¥, ¥p)). At the same time, for fixed Do, T (¥, Do) is
bounded, see (4.7). This means that the mentioned solution cannot be directly continued to
allt > 0. In this subsection, by a comparison method we prove that, for ¢ € (0, T' (9, ¥9)), k;
satisfies (3.14) which is then used to get the continuation in question, cf. Corollary 5.3. Recall
that the operators Q’V i = 0, 1, were introduced in (2.22) and the cone IC;; was defined in
3.5).

Lemma 5.4 For each ko € IC;O andt € (0, T (Y, V), k; := Sllwoko has the property
ki —e(t): )QVk € K, i=0,1, (5.31)
holding for Lebesgue-almost all y € R¥.
Proof Clearly, it is enough to show that (5.31) holds for i = 0. For a fixed y, we denote
v =k — Q0. via=[1-e(r);)]0%:.

The proof will be done if we show that, forall G € Bbs(l"%) such that G(n) > 0 for A-almost
alln € F(Z), the following holds

(Gvjh =0, j=12 (5.32)
Let A, N, and k5™ be as in (5.10), and then k" be as in (5.11). Next, let vV, j = 1,2,

nj
be defined as above with k, replaced by k,A’N. By (5.18) and (5.19) we then get

(G, 09 = [ Gk it (533

0

_ / / GMRMY (7 U e)hdn)r(de),
w2 i

where

Gno.n) == D e(td: £)G(no. m \ ).

§Cm

Furthermore, by (5.33) we get

o @)= [ , Glo.m)
“J
I

= [ G [ (3 eato ) Vo v g s,
rg rg {Cé

( /r e OORMY (1o U ko, m U & U r:)md:)) M(dn)r(dE)
0

2
0

(5.34)

By (2.21) it follows that
D ety ¢) = el &).
{Cé
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We apply this in the last line of (5.34) and obtain

(o 0% = /F G m) /r el E0RM (o U o, 11 U ENA@NA(dE)
0 0

< [ Gt [ R o0 Vg UgDr@mA@e)
0 0

_ <<G AN » (5.35)

which after the limiting transition as in (5.12) yields (5.32) for j = 1. For the same G, we
set G = e(TS; -)G. Then by (2.21) and the second line in (5.35) we get

= AN AN
[6. o) <fo. 0%}
which after the limiting transition as in (5.12) yields (5.32) for j = 2. O

Lemma 5.5 Let C > 0 be such that the initial condition in (3.13) satisfies k,,,(n) = ko(n) <
Clmol+ml, Then for all t < T (9, ¥9) with ¥y = log C and any & > ¥y, the unique solution
of (3.13) given by the formula

ki = Sjg, (ko (5.36)

satisfies (3.14) for A-almost all n € F(z).

Proof Take any ¥ > ¢ and fix t < T (¥, ¥p); then pick 9! e (9o, ¥) such that r <
T(l?l, 90). Next take 92, 93 € R such that 9! < 92 < 93 and r < T(®3, 92). The latter
is possible since T depends only on the difference 3 — 2, see (5.23). For the fixed f,
k; € ICz;l — IC;3, and hence one can write

Uur = 5030*(1)140
t
= (uo — ko) + k +/ Sg392(t — s)Dygagiksds, (5.37)
0

where
D1919 = Lﬁ]y — L Dy = Lﬂ — L9
1" " SO 9 s

and the latter two operators are as in (5.27) and (3.13) respectively. By Lemma 5.1, for s < t,
ks € K},,. By (2.23), (5.20), and Lemma 5.4 we have that D21 @ KF, — IC;Q. Then by
Lemma 5.2 the third summand in the second line in (5.37) is in IC;3 which completes the
proof since uy — ko is also positive. O

Proof of Theorem 3.5. According to Definition 3.3 and Remark 3.4 the map [0, +00) > ¢
k; € K* is the solution in question if: (a) k, (4, #) = 1; (b) foreacht > 0, there exists " € R
such that k, € Ky~ and %kt = Lﬁk, for each ¥ > .

Let ko and C > 0 be as in the statement of Theorem 3.5. Set ¥* = log C. Then, for
O = 0F + §(9%), see (4.7) and (4.8), k; as given in (5.36) is a unique solution of (3.13) in
Ky on the time interval [0, T (¢, 9*)). By (2.23) we have

d
(Ekt) 0, %) = (L% (@, %) =0,

which yields that k, (4, ¥) = ko(¥J,¥) = 1. By Lemma 5.1 k;, € K}, and hence k; is the
solution in question for ¢ < 7(¢*). According to Lemma 5.5 k; lies in Ky ;) with ¢ (¢) given
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in (5.30). Fix any € € (0, 1) and then set so = 0, s1 = (1 — €)7(¥*), and V] = D (s1).
Thereafter, set 9! = ¥ + 8(¥)) and

kivs; = Sllylﬂl*(t)ksl, t €0, 7).
Note that for ¢ such that t + 51 < 7(9%),
kits) = Sy (t + s1)ko,
see (4.16). Thus, by Lemmas 5.1 and 5.5 the map [0, s1 + 7(J{)) 3 t > k; € Ky(r) with

Sy g (DKo r<si;
— 1
T Sprgs € =0k £ € Lt s+ @)

is the solution in question on the indicated time interval. We continue this procedure by
setting 5, = (1 — €)T(¥)_,), n > 2, and then

O =001+ +s), =07 +8@)). (5.38)

This yields the solution in question on the time interval [0, s; + --- + s,41] which for
telsi+---+si,51+-+s141),/ =0,...,n,is given by

ki = Syrge (6= (51 4+ 51k

Then the global solution in question exists whenever the series

D=0 > 1)

n>1 n>1

diverges. Assume that this is not the case. Then_by (5.30) and (5.38) we get that both (a) and
(b) ought to be true, where (a) sup,>; #; =: ¥ < +o0 and (b) T(¥;) — O0asn — +oo.
However, by (4.7) and (4.8) it follows that (a) implies 7 (9,7) > 7(9) > 0, which contradicts
(b). ]

6 The Proof of Theorems 3.8 and 3.9
6.1 The Kinetic Equations

Here we prove Theorem 3.8. For a continuous function
[0, +00) 31 > o = (00 01.1) € L¥(R? — R?),

cf. (3.16), let us consider
Fo..(@)(x) = 0o00(x)e " + /Ot e (ag % 00,5) (x) exp [ (¢0 * 01,5)(x)] ds
+ /0 , e‘“@"‘”go.sm(ao * [1 —exp [~ (g0 * 01.5)] D(x)ds,
Fi(0)(x) =o10(x)e " +/0t e~ (@) % 01 5) (x) exp [—(¢1 * 00,5)(x)] ds

t
+ /0 e g (x) (al x [1 —exp[—(¢1 % 00.9)] ])(x)ds. ©.1)
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For a given T > 0, let Cr stand for the Banach space of continuous functions
[0, T15 1~ (0o 01.0) € L®(R! - R?), (62)
with norm

lollr = max sup {lloillz~e™"}. (6.3)
i=0,11¢[0,1]

Let also C}“ denote the set of all positive ¢ € Cr, i.e., such that g; ;(x) > O foralli =0, 1,
t € [0, T'], and Lebesgue-almost all x. By means of F; ; introduced in (6.1) we then define
the map

Cr 20+ F(o) = (Fo(0), F1(0)) € Cr

such that the values of F; (o) are given in the right-hand sides of (6.1). By direct inspection
one concludes that both F; ;(0),i = 0, 1, are continuously differentiable in #, and the function
asin (6.2) is a positive solution of (3.15) on [0, T'] if and only if it solves in C;f the following
fixed-point equation

o=F(). (6.4)
Let C > 0 be an arbitrary number and g; 9, i = 0, 1, be as in (3.18) and (6.1). Set
Ac = {0 € Cf : (00,1 01.01i=0 = (00,0, €1,0), and fellr < C). (6.5)
By (6.1) one readily gets that F : C;r — C}r. Let us show that
VC>0 F:Ac— Ac. (6.6)

For o € Ac, from the first equation in (6.1) one gets

t
1 Fo, (@)l < Ce™™" + 2age™ / e lleo.s [l Lods
0
< Ce™, tel0,T]. (6.7)

Similarly, || Fi ()|l < Ce*'!, which proves (6.6). To solve (6.4) we apply the Banach
contraction principle. To this end we pick 7" > 0 such that F is a contraction on (6.5). We
do this as follows. For o, 0 € Ac, like in (6.7) we obtain

t
1 For(@) — For@llze < 2ape" / 3 [l00.s — Boslleds
0
t
+2ape! / %1505l lot.s — Bis lzds.
0

2
< e'llo - @IIT(l — et [1 =30 (e - 1)] )

The corresponding estimate for || Fy (o) — F1,,(0)|lL (with e¥?) can be obtained in the
same way. Then according to (6.3) F is a contraction on A¢ whenever C > 0 and T satisty

3
e <1+ Yk o= lrrzlg?cl o;. (6.8)

This yields the existence of the unique positive solution of (3.15) on the time interval [0, T'],
where T is defined in (6.8) by the initial condition (09,0, 01,0)- This solution lies in A¢ and
hence

loirllie <e®”C. i=0.1 (6.9)
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Now we consider the problem (3.15) for Ql-(,lt) = 0i,7+1,1 = 0, 1, where g is the solution just
constructed. For this new problem, by (6.9) we have

lo Nl < Cri=eTC,  i=0,1.

Then we repeat the above construction and obtain the solution Q(l) on the time interval [0, 77 ]
with 77 > 0 satisfying, cf. (6.8),

1 3 3
30{T1 p— 1 — —oT 1 - —aT - 1 P
¢ tee <t a0

By further repeating this construction we obtain Q;Z) = Qi T+T1++T,_1+1- 1 = 0,1, 1 €
[0, T;,], where the sequence {7}, },<N is defined recursively by the condition

1
e3“Tn:1+Eexp[—a(T+T1+--.+T,H)], nelN. (6.10)

Thus, the global solution in question exists if the series D", T}, is divergent. Assume that this
is not the case. Then the right-hand side of (6.10) is bounded from below by some b > 1,
uniformly in n. This yields that 7, > logb /3« > 0, holding for all n € IN, which contradicts
the summability of {7}, and thus completes the proof of Theorem 3.8.

6.2 The Scaling Limit
For each k and A-almost all n € Fé, we have that the following holds, cf. (2.22) and (4.3),
QY k) (no. m) = (@9 0k) (0. 1)
= [ ke mUBeo00s =~ 2 18, &= 0.
0
(0} k) (o, m) = (@} 0k) (0. 1)
= [ KU e = 5 a8, e 0.
0
Thus, for each k and A-almost all n € F%,

(LE2) () — (VE)(p),  as & — 0,
where, cf. (2.23), (4.3)

VOG0, = > /Rd ao(x = (@%b (o \ y Ux, m)dx

Y€Eno

=3 [ a0t = 3)(Q5, 0. )y
Rd ’

XE€No

+)EZU:1 /I'{d al(x - y)(Q;;’Ok)(T]O’ m \y UX)dx

- Z/ ai(x — y)(Q}, k) (no, m)dy. 6.11)
XEN R4

Like above, for each " € IR and k € Ky, both Q@,Ok satisfy the estimates as in (3.8) and
(3.9). Then for ¥, ¥” € R such that #” < ¥, || Vk|y is bounded by the right-hand side of
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A

(3.11). This allows one to define the operators Vy and Vyy» analogous to L§ and Ly,

respectively. For ¢, being the solution as in Theorem 3.8, k5, satisfies

d
—k

Ty, = Voo, 10, (6.12)

where 9" € R is such that kz,, € Kyr, see (3.18), and ¥ > 9" is arbitrary. This can be
checked by direct calculations based on (6.11) and (3.15). Moreover, if we set C = ||00||co>
see (3.17), then k,, satisfies (3.14) with this C, which follows from (3.18). Thus, by Corollary
5.3 we conclude that kﬂgt € Ky forallz > 0.

The proof of Theorem 3.9 Let ¥, be as assumed. As mentioned above, we then have that
kr, € Ky, forallt € [0, T] with 97 := ¥4 +aT and T such that

o

T <t +al). (6.13)

The latter is possible since the function ¥ — t(¥%) is continuous and t(9,) > 0, see (4.7).
Since the inequality in (6.13) is strict, we can also pick ¥; > ¥'r such that T < t(3).
Thereafter, we set ¢ = ¥ + 8(1), cf. Remark 4.1. For g¢ . with the assumed property, let
q:.e be the solution of (4.5) in ICy. In view of (6.12), we then have
! A
dt,e — knp, :/ Sf,m (t—ys) (LT:;“,T - VﬁlﬁT) kz, ds (6.14)
0
+850.(0 [q0e ~ k| 1 10,7,

Since ¥ — 1(¥) is decreasing, by (6.13) we have that T < 7(9). By (4.13) we then get

T, 0y)
v 0, T S -
tel ] Il ﬁﬂ*(I)HS T 0, —T

which yields that the second term in (6.14) tends to zero uniformly on [0, T']. Also by (4.13)
we have

t
H / S;ﬁl (t - S) (L;,[??T - VﬂlﬁT) kT[Q.Y dS
0 v

T, )
< llkz,, llorT(01) log m”l‘?ﬁﬁ — Voyorll. (6.15)

To estimate the latter term we set

Wi k=0%k—0, .k i=0,1 yeR’ (6.16)

Yy,

By means of the inequality, cf. the proof of Theorem 4.6 in [3],

n
(b1 by —ar - an| < D bi = ai| [ [ maxla;: 1b;1},
i=1 J#i

and
0<vy@):=@—1+e"/2<1/2, >0,
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we obtain, cf. (3.8),

W2 ckGno, )| < el exp (9" ol + 9"l )

x /F (el’”'é D by =0T ¥ (ego(y — ) [] doty — Z))A(d%‘)
0

xe& z€€\x

< (e/2)@olIklly» exp (9" [mol + 9" |m11)

<[ (Iéleﬁ//‘glHd)o(y—z)))\(d%“)
0 z€k

”

= (e/2)9o(go) exp ((go)e”") IKllow exp (9”0l + 0"l | + ")

(6.17)
Likewise,
W1 ko, m0)| = /261 (61) exp (@10’ ) Illor exp (9" Inol + 8l | + ")
(6.18)
Next, by (2.23), (6.11), and (6.16) we have
(L™ = V)k(no, m) = > / ao(x — y)(Uy k) (10 \ y U x, n1)dx
]Rd
YE&No
-> / (a0 (x = Y)(Uy K)o, m)dy
xen IR
1
+ 3 [ @l = Wl b\ y U
YEMmM
-3 / ar(x = YUK (1o, 11)dy. 6.19)
XEN] R?

Here we use the following notations

WU oo, m) = e . n)(QY o) (no. m) — (QY gk (no. m).
Uy K)o, m) = e(t) i n0)(Q) k) (no. m) — (@} ok)(no. m).
Then, cf. (6.16),

)

|2 k)00, 1| = | W2 K)o, )| + ol | (9, oK) (o, 1)
(W) 0. 10| = [W) )0, 1| + e ol |1 ok ro. )

Now by (3.8), (3.9), (6.17), (6.18), and (6.19) we get
(L5 = Vakno, m0)| = ealikllgn exp [9” (ol + I D] exp (ce””)

x (2|no||m| (B0 + 1) + € (doldo)mol + b1 (d1)Im |))

Like in obtaining (3.11) we then get from the latter

”Lgﬁsr — Voorll < @1, 97),
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where @ (¥, ¥7) > 0 depends on the choice of ¥, U7 and on the model parameters only,
and may be calculated explicitly. Then the use of the latter estimate in (6.15) completes the
proof. O
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