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Abstract The dynamics of an infinite system of point particles in R¢, which hop and interact
with each other, is described at both micro- and mesoscopic levels. The states of the system are
probability measures on the space of configurations of particles. For a bounded time interval
[0, T'), the evolution of states po +— p; is shown to hold in a space of sub-Poissonian
measures. This result is obtained by: (a) solving equations for correlation functions, which
yields the evolution kg +— k¢, t € [0, T), in a scale of Banach spaces; (b) proving that each
k; is a correlation function for a unique measure p;. The mesoscopic theory is based on a
Vlasov-type scaling, that yields a mean-field-like approximate description in terms of the
particles’ density which obeys a kinetic equation. The latter equation is rigorously derived
from that for the correlation functions by the scaling procedure. We prove that the kinetic
equation has a unique solution ¢;, t € [0, +00).
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1 Introduction
1.1 The Setup

In this paper, we study the dynamics of an infinite system of point particles in R? which hop
and interact with each other. The corresponding phase space is the set of configurations

F:{yCRd:IyﬂK| <oof0ranycompactKCRd}, (1.1

where |A| denotes the cardinality of a finite set A. The set I" is equipped with a complete
metric and with the corresponding Borel o-field, which allows one to employ probability
measures on I".

In this work, we follow the statistical approach to stochastic dynamics, see e.g., [11,12,15]
and the literature quoted in those articles. In this approach, a model is specified by a Markov
‘generator’, which acts on observables—appropriate functions F' : I' — R. For the model
considered here, it has the form

O =3 [ty [FO\xUn - Feldy yer. a2

XE€Y Py

In (1.2) and in the sequel in the corresponding context, we treat each x € R? also as a single-
point configuration {x}. That is, if x belongs to y (resp. y does not), by y \ x (resp. y U y)
we mean the configuration which is obtained from y by removing x (resp. by adding y).
The elementary act of the dynamics described by (1.2), which with probability c(x, y, y)dt
occurs during the infinitesimal time d¢, consists in a random change from y to y \ x U y. The
rate ¢(x, y, y) may depend on z € y with z # x, y, which is interpreted as an interaction of
particles. In this article, we choose

c(x,y,y) =alx —y)exp (—E®(y,y)). (1.3)

where the jump kernel a : R? — [0, +00) =: Ry is such that a(x) = a(—x) and

o= /a(x)dx < 00. (1.4)
R4
The second factor in (1.3) describes the interaction, which is supposed to be pair-wise and

repulsive. This means that

E*(y,y) =D ¢(y—2) =0, (1.5)

[43%

where the ‘potential’ ¢ : R — R is such that ¢ (x) = ¢ (—x) and

cp = / (1-e7®) dx < oo (1.6)
R4
In the sequel, when we speak of the model we consider, we mean the one defined in (1.2)—
(1.6). We also call it continuum Kawasaki system.
The main reason for us to choose the rates as in (1.3) is that any grand canonical Gibbs
measure with potential ¢, see e.g., [30], is invariant (even symmetrizing) for the dynamics
generated by (1.2) with such rates, see [21].

@ Springer



J Dyn Diff Equat (2013) 25:1027-1056 1029

As is usual for Markov dynamics, the ‘generator’ (1.2) enters the backward Kolmogorov
equation
d F; = LF Ftlt=0 = F 1.7
T ts tlt=0 = 10, .
where, for each 7, F; is an observable. In the approach we follow, the states of the system are
probability measures on I', and hence fr Fdpu can be considered as the value of observable
F in state . This pairing allows one to define also the corresponding forward Kolmogorov
or Fokker—Planck equation

d *
EM =L, Melr=0 = Ko. (1.8)

The evolutions described by (1.2) and (1.8) are mutually dual in the sense that

/Ftduo=/F0d/Lz~

r r

Thus, the Cauchy problem in (1.8) determines the evolution of states of our model. If we were
able to solve it for all possible probability measures as initial conditions, we could construct a
Markov process on I'. For nontrivial models, however, including that considered in this work,
this is far beyond the possibilities of the available technical tools. The main reason for this
is that the configuration space I" has a complex topological structure. Furthermore, the mere
existence of the process related to (1.8) would not be enough for drawing conclusions on the
collective behavior of the considered system. The basic idea of the approach which we follow
is to solve (1.8) not for all possible 11, but only for those belonging to a properly chosen
class of probability measures on I'. It turns out that even with such restrictions the direct
solving (1.8) is also unattainable, at least so far. Then the solution in question is obtained by
employing the so called moment or correlation functions. Similarly as a probability measure
on R is characterized by its moments, a probability measure on I can be characterized by
its correlation functions. Of course, as not every measure on R has all moments, not every
measure on I" possesses correlation functions. The mentioned restriction in the choice of 11¢
takes into account, among others, also this issue.

By certain combinatoric calculations, one transforms (1.8) into the following Cauchy
problem

%k, = L%, kili=o0 = ko, (1.9)
where k is the correlation function of ;1. Note that the equation in (1.9) is, in fact, an infinite
chain of coupled linear equations. Then the construction of the evolution of states o > iy
is performed by: (a) solving (1.9) with ko = k,; (b) proving that, for each ¢, there exists a
unique probability measure 1, such that k; = k. This way of constructing the evolution of
states is, in a sense, analogous to that suggested by Bogoliubov [2] in the statistical approach
to the Hamiltonian dynamics of large systems of interacting physical particles, cf. [4,16,23]
and also a review in [7]. In the theory of such systems, the equation analogous to (1.9) is
called BBGKY chain [7].

The description based on (1.8) or (1.9) is microscopic since one deals with coordinates
of individual particles; cf. the Introduction in [29]. More coarse-grained levels are meso-
and macroscopic ones. They are attained by appropriate space and time scalings [29,31].
Of course, certain details of the system’s behavior are then lost. Kinetic equations provide a
space-dependent mean-field-like approximate description of the evolution of infinite particle
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systems. For systems of physical particles, such an equation is the Boltzmann equation
related to the BBGKY chain, cf. Sect. 6 in [7] and also [29,31]. Nowadays, a mathematically
consistent way of constructing the mesoscopic description based on kinetic equations is the
procedure analogous to the Vlasov scaling in plasma physics, see [12]. In its framework, we
obtain from (1.9) a new chain of linear equations for limiting ‘correlation functions’ r;, called
Vlasov hierarchy. Note that these r; may not be correlation functions at all but they have one
important property. Namely, if the initial state ¢ is the Poisson measure with density oo,
then r; is the correlation function for the Poisson measure 1¢; with the density o; which solves
the corresponding kinetic equation.

In the present article, we aim at:

e constructing the evolution of states o — p; of the model (1.2), (1.3) by solving (1.9)
and then by identifying its solution with a unique ;;

e deriving rigorously the limiting Vlasov hierarchy, which includes also the convergence of
rescaled correlation functions to the limiting functions r,, as well as deriving the kinetic
equation;

e studying the solvability of the kinetic equation.

Let us make some comments. When speaking of the evolution of states, one might distinguish

between equilibrium and non-equilibrium cases. The equilibrium evolution is built with

the help of the reversible measures, if such exist for the considered model, and with the
corresponding Dirichlet forms. Recall that, for the choice as in (1.3), such reversible measures
are grand canonical Gibbs measures. The result is a stationary Markov process, see [21] where

a version of the model studied in this work was considered. Note that in this framework, the

evolution is restricted to the set of states which are absolutely continuous with respect to the

corresponding Gibbs measures. The non-equilibrium evolution, where initial states can be

“far away” from equilibrium, is much more interesting and much more complex—for the

model considered in this work, it has been constructed for noninteracting particles only, see

[22]. In this article, we go further in this direction and construct the non-equilibrium evolution

for the continuum Kawasaki system with repulsion. Results similar to those presented here

were obtained for a continuum Glauber model in [9], and for a spatial ecological model

in [10].

There exists a rich theory of interacting particle systems based on continuous time Markov
processes, which studies so called lattice models, see [24] and Part II of [31], and also [25]
for the latest results. The essential common feature of these models is that the particles are
distributed over a discrete set (lattice), typically Z¢. However, in many real-world applica-
tions, such as population biology or spatial ecology, the habitat, i.e., the space where the
particles are placed, should essentially be continuous, cf. [26], which we take into account
in this work. In statistical physics, a lattice model of ‘hopping spins’ was put forward in
[17], see also a review in [18]. There exists an extended theory of interacting particles hop-
ping over 74, cf. [31, Sect. 1 in Part I1], and also, e.g., [3,8] for some aspects of the recent
development. However, this theory cannot be applied to continuum Kawasaki systems for a
number of reasons. One of which is that a bounded K C R can contain arbitrary number
of particles, whereas the number of particles contained in a bounded K C Z¢ is at most |K|.

1.2 The Overview of the Results
The microscopic description is performed in Sect. 3 in two steps. First, we prove that, for

a given correlation function ko, the problem (1.9) has a unique classical solution k; on a
bounded time interval [0, 7)) and in a Banach space, somewhat bigger than that containing
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ko, cf. Theorems 3.1 and 3.2. Here bigger means that the initial space is a proper subspace of
the latter. The parameter 7 > 0 is related to the ‘difference’ between the spaces. The main
characteristic feature of both Banach spaces is that if their elements are correlation functions
of some probability measures on I', then these measures are sub-Poissonian, cf. Definition 2.3
and Remark 2.4. This latter property is important in view of the mesoscopic description
which we construct subsequently, cf. Remark 4.1. The restriction of the evolution ko +— k;
to a bounded time interval is because we failed to apply to (1.9) semigroup methods, or
similar techniques, which would allow for solving this equation on [0, 4+-00) in the mentioned
Banach spaces. Our method is based on Ovcyannikov’s observation, cf. [6, pp. 9-13] and
[33], that an unbounded operator can be redefined as a bounded one acting, however, from a
‘smaller’ to a ‘bigger’ space, both belonging to a scale of Banach spaces, indexed by ¥ € R.
The essential fact here is that the norm of such a bounded operator has an upper bound
proportional to (3" — 9¥')~!, see (3.18). This implies that the expansion for k; in powers of
converges for ¢ € [0, T), cf. (3.19) and (3.21). Second, we prove that the evolution ko > k;
corresponds to the evolution g +> p; of uniquely determined probability measures on I" in
the following sense. In Theorem 3.8, we show that if kg is the correlation function of a sub-
Poissonian measure j, then, foreach ¢ € (0, T), k; is also a correlation function for a unique
sub-Poissonian measure ;. The proof is based on the approximation of states of the infinite
system by probability measures on I" supported on the set of finite configurations I'g C I" (we
call such measures I'g-states). The evolution of the latter states can be derived directly from
(1.8), which we perform in Theorem 3.7. Itis described by a stochastic semigroup constructed
with the help of a version of Miyadera’s theorem obtained in [32]. Then we prove that the
correlation functions of the mentioned states supported on I'g weakly converge to the solution
k¢, which implies that it has the positivity property as in (3.38), which by Proposition 2.2
yields that ; is also a correlation function for a unique state.

The mesoscopic description is performed in Sect. 4 in the framework of the scaling method
developed in [12]. First, we derive an analog of (1.9) for the rescaled correlation functions,
that is, the Cauchy problem in (4.5). This problem contains the scaling parameter ¢ > 0,
which is supposed to tend to zero in the mesoscopic limit. In this limit, we obtain another
Cauchy problem, given in (4.12). By the results of Sect. 3, we readily prove the existence
of classical solutions of both (4.5) and (4.12). The essence of the scaling technique which
we use is that the evolution ro + r, obtained from (4.12) preserves the set of correlation
functions of Poisson measures, cf. Lemma 4.3. Then the density o; that corresponds to r;
satisfies the kinetic equation (4.13), which we then transform into an integral equation, cf.
(4.15). For its eventual solutions, by the Gronwall inequality we obtain an a priori bound,
cf. (4.16), (4.17), by means of which we prove the existence of a unique solution of both
(4.13) and (4.15) on [0, +-00), which implies the global evolution r¢ + r;, cf. Theorem 4.5.
Finally, in Theorem 4.6 we show that the rescaled correlation functions converge to the
Poisson correlation functions 7, as ¢ — 0T, uniformly on compact subsets of [0, 7). This
result links both micro- and mesoscopic evolutions constructed in this work.

Let us mention some open problems related to the model studied in this work. The exis-
tence of the global mesoscopic evolution does not, however, imply that the restriction of the
microscopic evolution to a bounded time interval is only a technical problem. One cannot
exclude that, due to an infinite number of jumps, k; finally leaves any space of the type of
(3.10). It is still unclear whether the global evolution ko +> k; exists in any of Banach spaces
reasonably bigger than those used in Theorems 3.1 and 3.2.

A very interesting problem, in the spirit of the philosophy of Cox [5], is to relate the rate
of convergence in (3.54) to the value of 7, which determines the space in which k; lies, cf.
Theorem 3.2. Another open problem is the existence of globally bounded solutions of the

@ Springer



1032 J Dyn Diff Equat (2013) 25:1027-1056

kinetic equation (4.13). It can be proven that, for a local repulsion, this is the case. Namely,
if ¢ in (4.13) is such that (¢ * 9)(x) = xp(x) for all x and some » > 0, and if gg is a
bounded continuous function on R?, then the solution o: is also a continuous function, cf.
Corollary 3.3, such that o; < sup, cga 00(x) + € for all # > 0 and any € > 0. From this one
can see how important can be the relation between the radii of the jump kernel a and of the
repulsion potential ¢.

2 The Basic Notions

In this paper, we work in the approach of [10,11,13-15,19] where all the relevant details can
be found.

2.1 The Configuration Spaces

By B(R?) and B, (R?) we denote the sets of all Borel and all bounded Borel subsets of R?,
respectively. The configuration space I' is

I' = {y CRY:|yNK| <o for any compact K C]Rd].
Each y € I can be identified with the following positive Radom measure

y(dx) = > 8,(dx) e M (7)),

yey

where §y is the Dirac measure centered at y, and M (R?) denotes the set of all positive Radon
measures on B(RY). This allows one to consider I as a subset of M (R?), and hence to endow
it with the vague topology. The latter is the weakest topology in which all the maps

xey

Ly /f(x)y(dx) =D . feco(rY),
R4

are continuous. Here Co(R9) stands for the set of all continuous functions f: RY > R
which have compact support. The vague topology on I' admits a metrization, which turns
it into a complete and separable (Polish) space, see, e.g., [20, Theorem 3.5]. By B(I") we
denote the corresponding Borel o -field.

For n € Ny := N U {0}, the set of n-particle configurations in R? is

ro_ g, ™= {ncRd 1l :n}, nen. @.1)
For n > 2, T'™ can be identified with the symmetrization of the set
n
{(xl,...,x,,) c (Rd) Cxi £ ;. for i ;éj} c (R4,

which allows one to introduce the corresponding topology and hence the Borel o-field
B(I'™). The set of finite configurations is

Fo:= | | r™. (2.2)

neNp

We equip it with the topology of the disjoint union and hence with the Borel o -field 5(I'y).
Obviously, I'g is a subset of I", cf. (1.1). However, the topology just mentioned and that
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induced from I" do not coincide. At the same time, I'g € B(T"). In the sequel, by A we denote
a bounded subset of RY, that is, we always mean A € By (RY). For such A, we set

F'h={yel:y CA}.
Clearly, I'5 is also a measurable subset of I'g and the following holds
ra=[](r®nra).
neNy

which allows one to equip I"'p with the topology induced by that of I'g. Let B(I's) be the
corresponding Borel o-field. It is clear that, for A € B(I'g), ['x N A € B(I'p). It can be
proven, see Lemma 1.1 and Proposition 1.3 in [27], that

B(Ta)={TaANA:AeBI)}, 2.3)
and hence
BTy ={AeBI):AcCTy}. 2.4

Next, we define the projection
oy paly) =ya =y NA, A € By (Rd). 2.5)

It is known [1, p. 451] that 5(I") is the smallest o -algebra of subsets of I such that the maps
pa with all A € Bp(RY) are B(I')/B(I" ) measurable. This means that (I", B(I")) is the
projective limit of the measurable spaces (I'p, B(I'p)), A € By (RY). A set A € B([p) is
said to be bounded if

N
Ac||ry 2.6)
n=0

for some A € Bp(R?) and N € N. The smallest A such that A C 'y will be called the
support of A.

2.2 Measures and Functions

Given n € N, by m™ we denote the restriction of the Lebesgue product measure
dxidxy---dx, to (T™, BI'™)). The Lebesgue—Poisson measure with intensity » > 0
is a measure on (I'g, B(I'p)) defined by

oo %n
— ()
A = 68g + E]n!m . 2.7
n=

For A € By (Rd ), the restriction of A,, to I'y will be denoted by Af}. This is a finite measure
on B(I"A) such that

hp (D) = exp Dem(A)]
where m(A) := mM (A) is the Lebesgue measure of A. Then

7= exp(—%m(A))Aft\ (2.8)

x
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is a probability measure on B(I"s). It can be shown [1] that the family {ﬂ}i\}AEBb(Rd) is
consistent, and hence there exists a unique probability measure, 7,,, on B(I") such that

ﬂf:n,{op[_\l, A € By (Rd),

where pp is the same as in (2.5). This 7, is called the Poisson measure. The Poisson measure
m, corresponding to the density ¢ : R — Ry is introduced by means of the measure A,
defined as in (2.7) with xm replaced by m,, where, for A € By (RY),

my(A) ::/Q(x)dx, 2.9)

A

which is supposed to be finite. Then 7, is defined by its projections
gy = exp(—mo(A)Ay. (2.10)

For » = 1, we shall drop the subscript and consider the Lebesgue—Poisson measure A and
the Poisson measure 7.
For a measurable f : R? — R and n € 'y, the Lebesgue—Poisson exponent is

e(fim=[]rw, er.0)=1 .11

Xxen

Clearly, e(f,-) € L'(Tg, d)) forany f € L'(RY) := L' (R?, dx), and

/e(f, mi(dn) = exp /f(x)dx . (2.12)
]Rd

Ty

By Bps(I'g) we denote the set of all bounded measurable functions G : T'gp — R, which have
bounded supports. That is, each such G is the zero function on I'g \ A for some bounded A, cf.
(2.6). Note that any measurable G : I'g — R is in fact a sequence of measurable symmetric
functions G : (R?)" — R such that, for n = {x1, ..., x,}, G(n) = GP(x1, ..., x,). We
say that F : I' — Ris a cylinder function if there exists A € By, (RY)and G : T'p — Rsuch
that F(y) = G(ya) forall y € I'. By F¢yi(I') we denote the set of all measurable cylinder
functions. For y € I', by writing n € y we mean thatn C y and 7 is finite, i.e., n € I'g. For
G € Bps(I'g), we set

(KG)(y)= D Gm), yerl. (2.13)
ney

Clearly K maps Bps(I'g) into F¢y1(I") and is linear and positivity preserving. This map plays
an important role in the theory of configuration spaces, cf. [19].

By M (I") we denote the set of all probability measures on (I, B(I')), and let ./\/l}m )
denote the subset of M!(I") consisting of all measures which have finite local moments, that
is, for which

/|y1\|"u(dy)<oo for all neN and A € By (Rd).
r

Definition 2.1 A measure u € Mtl»m([') is said to be locally absolutely continuous with
respect to the Poisson measure 7 if, for every A € By (Rd), the projection
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ph = o py! (2.14)

is absolutely continuous with respect to 7* and hence with respect to A%, see (2.8).

A measure x on (I'g, B(I'g)) is said to be locally finite if x (A) < oo for every bounded
measurable A C I'g. By Mj¢(I'g) we denote the set of all such measures. Let a measurable
A C T’y be bounded, and let 4 be its indicator function on I'g. Then I 4 is in Bps(I'g), and
hence one can apply (2.13). For u € ./\/l}m (I'), we let

Xu(A) = /(KHA)(V)M(dV), (2.15)
r

which uniquely determines ameasure x, € Ms(I'o)). Itis called the correlation measure for
w. For instance, let A C T'™  I'g and let A € Bp(R?) be the support of A, cf. (2.6). Then
(KT4)(y) is the number of distinct n-particle sub-configurations of y contained in A, and
thus x,, (A) is the expected number of such sub-configurations in A in state 1. In particular,
if A c TD), then X (A) is just the expected number of particles in state ;4 contained in A.

The equation (2.15) defines a map K* : M}m(r‘) — Myt (Ip)) such that K* = x,. In
particular, K*m = A.Itis known, see [19, Proposition 4.14], that yx,, is absolutely continuous
with respect to A if i is locally absolutely continuous with respect to 7. In this case, we have
that, for any A € Bp(R?) and A*-almost all 5y € T'y,

dx, duh
@m>=(ﬁ<m::/3§XWUywAww (2.16)
Ca
dA
:/}ﬁxwusnAwa.
Ca

The Radon-Nikodym derivative k, is called the correlation function corresponding to the
measure (. As all real-valued measurable functions on I'g, each k, is the collection of

measurable k,(f) : (Rd)" — R such that k,(lo) = 1, and k,(f), n > 2, are symmetric. In
particular, k,(LI) is the particle’s density in state u, cf. (2.15).

Recall that by Bps(I'g) we denote the set of all bounded measurable functions G : 'y — R,
which have bounded supports. We also set

B (Ty) = {G € Bys(I'p) : (KG)(y) = 0}. 2.17)
The following fact is known, see Theorems 6.1, 6.2 and Remark 6.3 in [19].

Proposition 2.2 Suppose x € Mis(Tg)) has the properties
() =1, /Gmuwmzo, 2.18)
Iy

foreach G € Bg; (Co). Then there exist 1 € ./\/lflm (T) such that K*pu = x. For the uniqueness
of such ., it is enough that the Radon—Nikodym derivative (2.16) of x obeys

k) < []cro, (2.19)

XEN

for all n € Ty and for some locally integrable Cg : R — R,
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Let 7, be the Poisson measure as in (2.10), and let A be the support of a given bounded
ACTo. IfAcT®, cf (2.1), then

n

X (A) Z/Q(Xl)"'Q(xn)dxl codxp = /Q(X)dx ) (2.20)

A" A

which, in particular, means that particles appear in A independently. In this case,

ke, () = e(0, 1), 2.21)

where e is as in (2.11). In particular,

(1, ) = 01) o), n €N, (2.22)

Definition 2.3 A locally absolutely continuous measure p € ./\/l}m (I'), cf. Definition 2.1, is
called sub-Poissonian if its correlation function k,, obeys (2.19) for some locally integrable
Cr:RY— R,

Remark 2.4 1f 1 is sub-Poissonian and A is as in (2.20), then

n
xu(A) < C" /k,g”(x)dx
A

for some C > 0. That is, the correlation measure is controlled by the density in this case. For
instance, if one knows that k,(},) does not explode for all # > 0, then so does k,,, and hence
i exists for all + > 0. A faster increase of x,,(A), e.g., as n!, can be interpreted as clustering
in state (.

Finally, we present the following integration rule, cf. [11, Lemma 2.1],
[Zaeaveman = [ [#Hennvoraian. e
r, §Cn o To

which holds for any appropriate function H.

3 Microscopic Dynamics

In view of the fact that I contains also infinite configurations, the direct construction of the
evolution based on (1.7) and (1.2) cannot be done, and thus we pass to the description based
on correlation functions, cf. (1.9) and (2.16). The ‘generator’ in (1.9) has the form, cf. [15,
Eq. (4.8)]

(L2k) () = Z/a(x —ye(ry,n\yUx)

yeng,

< /e(ry, )k (EUx U\ y) A(de) | dx

Io
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/k(é un |2 [ at = e, n

xenzy
x e(ty, £)dy) A(d§). 3.1

Here e is as in (2.11) and
L) =e P 1 () =t()+ 1. (32)

We shall also consider the following auxiliary evolution Gy +— Gy, dual to that kg +— k;
described by (1.9) and (3.1). The duality is understood in the sense

(G, kol = (Go, ki), (3.3)
where
(G. k) == / Gk(mrdn), (3.4)
To

and A is the Lebesgue—Poisson measure defined in (2.7) with » = 1. The ‘generators’ are
related to each other by

(G, LK) = (LG, k)). (3.5)
Then the equation dual to (1.9) is
d ~
EGt =LG:,  Gili=0 = Go, (3.6)

with, cf. [15, Eq. (4.7)],

(LG) () = ZZ/a(x — Ye(ty, §)

ECn XESR(I
xe(ty,n\ &) [G(E\xUy) —G(E)]dy. (3.7

3.1 The Evolution of Correlation Functions

We consider (1.9) with L® given in (3.1). To place this problem in the right context we
introduce the following Banach spaces. Recall that a function G : ') — R is a sequence of
G™ : (RH" — R, n € Np, where G© is constant and all G™, n > 2, are symmetric. Let
k : Ty — R be such that k™ e L®((R?)"), for n € N. For this k and ¢ € R, we set

lklly = sup v, (k) exp(¥n), (3.8)
neNy
where
o) = K1 v k) = I oo iy 1 €N (3.9)
Then
={k:To— R: ||k]ly < oo}, (3.10)

is a real Banach space with norm (3.8) and usual point-wise linear operations. Note that
{KCy : ¥ € R} is a scale of Banach spaces in the sense that
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Ky C Ky, for 0 >0, (3.11)

As usual, by a classical solution of (1.9) in [y on time interval I, we understand a map
I >t +— ks € Ky, which is continuous on /, continuously differentiable on the interior of
I, lies in the domain of L2, and solves (1.9). Recall that we suppose (1.6) and (1.4).

Theorem 3.1 Given 9 € Rand T > 0, we let
9o = + 2aT exp(cge ). (3.12)
Then the problem (1.9) with ko € Ky, has a unique classical solution k; € Ky on [0, T).

According to the above theorem, for arbitrary 7 > 0 and ¥, one can pick the initial space
such that the evolution kg > k; lasts in KCp until # < T'. On the other hand, if the initial space
is given, the evolution is restricted in time to the interval [0, T' (%)) with

T®) = g — U

exp (—cge ™). (3.13)

Clearly, T'(¢9) = O and T'(¢}) — 0 as ¥ — —oo. Hence, there exists T, = T (o, o, c)
such that 7'(¢) < T, for all § € (—o0, ¥g]. Set
U(t) =sup {0 € (—o0, V9] : 1t < T(V)}. (3.14)

Then the alternative version of the above theorem can be formulated as follows.

Theorem 3.2 For every vy € R, there exists Ty, = Ty (Do, a, cg) such that the problem (1.9)
with ko € Ky, has a unique classical solution k; € Ky on [0, Ty).

Proof of Theorem 1 Let ¢ € R be fixed. Set
Dom(L?) = {k € Ky : Lk € Kp}. (3.15)

Given k, let LlAk and L2Ak denote the first and the second summands in (3.1), respectively.
Then, for ¥ < ¥’ < ¥” and k € Ky~, we have

I(LEk) (e
< Z/dx a(x — y)/A(d§)|k(n\y Ux U&)|exp(®'|n UE])
Y€ 4
x exp(—9"|n U EDe(lty], £)|e” 17
: Z/dx ate - y)/*<d$>||k||§~efﬂ”\sl
YENR, i
xe(|tyl, £)]e~ M@ =2
= ”k”ﬂ”C{ exp (6719”645) |n|eiln|(§//7ﬂ//)
1
e —v7)

which holds for A-almost all n € ['g. In the last line we used (2.12) and the following
inequality

< IKllgraexp (" cy)

e < 1/es, for all t>0, §>0.

@ Springer



J Dyn Diff Equat (2013) 25:1027-1056 1039

Similarly one estimates also LZAk, which finally yields
Lokl < —22 ") ik 9" > ' 3.16
l o < WGXP Cpe &l > v, (3.16)
and hence, cf. (3.11) and (3.15),
Dom (L%) > Ky, for all ®' > 0. (3.17)

By (3.16), L? can be defined as a bounded linear operator L> : Ky» — Ky, 9’ < ©”, with
norm

2a Y
LA e < o (c¢e ? ) (3.18)

Given ko € Ky,, we seek the solution of (1.9) as the limit of the sequence {k; ,}nen, C Ky,
where k; o = ko and

t
kt,n =ko “F/LAks,n—lds» neN.
0
The latter can be iterated to yield

n
1 m A\M
ki =ko+ D> —t" (L%)" ko. (3.19)
m=1
Then, for n, p € N, we have
n+p m

ke — kentplly < Z *II( 2)" Nlogo kol 9, (3.20)
m=n+1

Foragivenm € Nand/ =0, ...,m, setv; = 0 + (m — l)e, € = (¥9 — ¥)/m. Then by
(3.18) and (3.13), we get

Ay < Tt < ((Zemexp[cpe”] .
|7, = T02ron, =\ =G 25—

mo1
=(§) [T G20

Applying the latter estimate in (3.20) we obtain that the sequence {kt(")}neN converges in
Ky for |t| < T, and hence is differentiable, even real analytic, in ICy on the latter set. From
the proof above we see that {k,(")}neN converges also in KCy () with 9() as in (3.14), which
proves Theorem 3.2. The latter by (3.17) yields that k, € Dom(L?) for all t < T (%), which
completes the proof of the existence. The uniqueness readily follows by the analyticity just
mentioned. O

Let now k;, as a function of n € 'y, be continuous. Then instead of (3.10) we consider
Ky =k € C(Ty — R) : [[k|ly < oo},
endowed with the same norm as in (3.8), (3.9).

Corollary 3.3 Let 9, T, and ¥y be as in Theorem 3.1. Suppose in addition that the function ¢
is continuous. Then the problem (1.9) with ky € IC,90 has a unique classical solution k; € IC,}
on [0, T).
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Now we consider (3.6) in the Banach space
Gy =L (ro, eﬂ”"dx), 9 €R,

thatis, G € Gy if |G|y < 0o, where

Gl 1=/€Xp(—l9|77|)IG(n)I?»(dn)- (3.22)
Lo

Theorem 3.4 Let ¥ 0, T > 0 be as in (3.12). Then the Cauchy problem (3.6) with Gy € Gy
has a unique classical solution G; € Gy, on [0, T).

Proof Asabove, we obtain the solution of (3.6) as the limit of the sequence {G; , }nen, C Go,»
where G;O) = Gop and

n
RN
Gin=Go+ D —1"L"Go. (3.23)

m=1

For the norm (3.22), from (3.7) similarly as above by (2.23) we get

ILG

20 g
v = g 0 (cor™) 1G

This means that L can be defined as a bounded linear operator L: Gy — Gy with norm

20
DA = e(l?// _ 19/)

o~

Iz

exp (cge™”).

Then we apply the latter estimate in (3.23) and obtain, for any p,n € N,

n+p m
(m/e)” (1
|G = Grninlly = D m! (?) '

m=n+1

The latter estimate yields the proof, as in the case of Theorem 3.1. O

Corollary 3.5 Let ko, ki, and Go, G; be as in Theorems 3.1 and 3.4, respectively. Then, cf.
(3.3), the following holds

(Go, ke = (G, ko) - (3.24)
That is, the evolutions described by these Theorems are dual.
Proof By (3.5) and by (3.19) and (3.23), we see that, forall n € N,

(Go. ke.n) = {(Grn: ko)) -

Then (3.24) is obtained from the latter by passing to the limit » — 400, since we have the
norm-convergences of the sequences {k; ,} and {G, }. m]
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3.2 The Evolution of I'p-States

We recall that the set of finite configurations I'g, cf. (2.2), is a measurable subset of I". By
a ['p-state we mean a state u € MY () such that w(Tp) = 1. That is, in a ['g-state the
system consists of a finite number of particles, but this number is random. Each I'y-state can
be redefined as a probability measure on (I'g, B(I'p)), cf. (2.3) and (2.4). The action of the
‘generator’ in (1.8) on I'y-states can be written down explicitly. Namely, for such a state u
and A € B(I'p),

(L*p)(A) = —/Q(FO, MIs(mu(dn) + / Q(A, nuldn), (3.25)
I'o To

where, cf. (1.3) and (1.5),
QA=) / a(x — y) exp(—E?(y, m)La(n \ x U y)dy. (3.26)

xer]Rd

which is a measure kernel on (I'g, B(I'g)). That is, (-, n) is a measure for all n € 'y, and
Q(A, ) is B(I'g)-measurable for all A € B(I'g). Note that
Qo n) = Z/ a(x — y)exp(—E? (y, n))dy < alnl, (3.:27)

xengy

which is obtained by (1.4) and the positivity of ¢.

Let M(Ig) be the Banach space of all signed measures on (I'g, B(I'g)) which have
bounded variation. For each u € M(I'y), there exist B+ > 0 and probability measures
4+ such that

w=Pypus —P-p—, and [ull =py++B-. (3.28)

Let M (I'g) be the cone of positive elements of M(I'g), for which ||| = u(T'p). Then we
define, cf. (3.27),

Dom(L*) = {u € M(T) : (T, Y € MT0)}. (3.29)

Recall that a Cy-semigroup {S,, ()};>0 of bounded operators in M(I'o) is called stochastic if
each S, (¢),t > 0, leaves the cone M (I'g) invariant, and || S, (1) || = 1 whenever |||l = 1.
Our aim is to show that the problem (1.8) has a solution in the form

e = S (1o, (3.30)

where {S,,(¢)};>0 is a stochastic semigroup in M (I'y), that leaves invariant important sub-
spaces of M(I'g). For a measurable b : 'y — R, we set

Mp(To) = {n € M(Tp) : px(b) < oo},
where (4 are the same as in (3.28) and

pi(b) = / b(nyus (dn).

Io

The set M (I'p) can be equipped with the norm

Il = a4 py () + a—pu—(b),
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which turns it into a Banach space. Set
My +(To) = Mp(To) N M4 (o).

We also suppose that b is such that the embedding My, (I'g) < M(T'p) is dense and contin-
uous. In the sequel, we use [32, Proposition 5.1], which we rephrase as follows.

Proposition 3.6 Suppose that b and some positive C and ¢ obey the following estimate

/(b(é) —b(n) 2§, n) < Cb(n) —eQ(To, 1), (3.31)
Lo

which holds for all n € Ty. Then the closure of L* as in (3.25), (3.26) with domain (3.29)
generates a Co-stochastic semigroup {S,,(t)},>0, which leaves M, (I'o) invariant and induces
a positive Co-semigroup on (Mp(To), || - )

Theorem 3.7 The problem (1.8) with a Tg-state o has a unique classical solution in
M (Tg) on [0, +00), given by (3.30) where S,,(t), t > O, constitute the stochastic semigroup
on M(Tg) generated by the closure of L* given in (3.25), (3.26), and (3.29). Moreover, for
each b which satisfies

b(n) =8(nl) = eQ([g,n), for all 5 eI, (3.32)

with some ¢ > 0 and suitable § : N — [0, +00), the mentioned semigroup {S,, (t)};>0 leaves
My, +(Lo) invariant.

Proof Computations based on (2.23) show that, for b(n) = §(|n|), the left-hand side of
(3.31) vanishes, which reflects the fact the the Kawasaki dynamics is conservative. Then the
proof follows by Proposition 3.6. The condition that g € M, +(I'g) with b satisfying (3.32)
merely means that this g is taken from the domain of L*, cf. (3.29). O

Suppose now that the initial state 11 in (1.8) is supported on I'g and is absolutely continuous
with respect to the Lebesgue—Poisson measure A. Then

_ do
Ro(n) = 7 (€)] (3.33)

is a positive element of unit norm of the Banach space R := L' (Tg, dA).If o € My +(To),
then also Ry € Ry := LY(T'g, bd)). For b obeying (3.32), it is possible to show that, for
any ¢ > 0, the solution i, as in Theorem 3.7 has the Radon—Nikodym derivative R; which
lies in Rj. Furthermore, there exists a stochastic semigroup {Sg(¢)};>0 on R, which leaves
invariant each R, with b obeying (3.32), and such that

R; = Sr(®)Ro, t>0. (3.34)
The generator L of the semigroup {Sg (t)}s>0 has the following properties

Dom(L") > Ry, (3.35)

/ F)(LTR)Y(n(dn) = / (LE)m)RGDA(dn), (3.36)
To

To
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which holds for each b obeying (3.32), and for each R € R and each measurable F : I'/g — R
such that both integrals in (3.36) exist. Here L is as in (1.2). For each ¢ > 0, the correlation
function of w; and its Radon—Nikodym derivative satisfy, cf. (2.16),

ko, () = / Ri(n UE)AE). (3.37)
To

By this representation and by (2.23), we derive

/ kY (oydx = / InIR: (M (dn),

R4 To

which yields the expected number of particles in state u,. Note that we cannot expect now
that &, lies in the spaces where we solve (1.9), cf. Theorem 3.1.

3.3 The Evolution of States

Recall that by Bps(I'p) we denote the set of all bounded measurable functions G : 'p — R
each of which is supported on a bounded A, cf. (2.6). Its subset BQ:(FO) is defined in (2.17).

Given ¥ € R, let My (") stand for the set of all © € M}m(r), for which k,, € ICy, see
(2.16) and (3.10). Let also IC; be the set of all k € Ky such that, cf. (2.18),

/ GkGnrdn) = 0, (338)

Iy

which holds for every G € Bg; (To). Note that this property is ‘more than the mere positivity’
as BQ; (o) can contain functions which take also negative values, see (2.13) and (2.17). Then
in view of Proposition 2.2, the map My(I') > u — k, € IC; is a bijection as such k,
certainly obeys (2.19). In what follows, the evolution of states g — ; is understood as
the evolution of the corresponding correlation functions k,,, — k,, obtained by solving the
problem (1.9).

Theorem 3.8 Let vy € R, ¥, and T () be as in Theorem 3.1 and in (3.13), respectively, and
let 1o be in My, (I"). Then the evolution described in Theorem 3.1 with ko = k,, leaves IC;
invariant, which means that each k; is the correlation function of a unique pu; € My (D).
Hence, the evolution ky, — k;, t € [0, T (¥)), determines the evolution of states

Mgy (T) 3 po > e € Mp(I), 1 €0, T(@)).

Proof To prove the statement we have to show that a solution k; of the problem (1.9) with
ko = ky, obeys (3.38) for all t € (0, T (¥)). Fix po € My, (I') and take A € By (RY). Let
/L(‘)\ be the projection of pg onto I'y, cf. (2.14). Since g is in M}m (I'), its density Ré\, as
in (3.33), is in R. Given N € N, we let Iy(n) = 1 whenever || < N, and Iy(n) = 0
otherwise. Then we set

N
Ry (m) = R () In (). (3.39)
As a function on Iy, Ré\’N is a collection of R{)\’N’" C (RN > R4, n € Ny. Clearly, R{)\’N
is a positive element of R of norm || R(I)\ N Iz < 1. Furthermore, for each § > 0,

N nB
/eﬁ‘mRé\’N(n)/\(dn) - Z%/ROA*N»%, e Xp)dxy - dxy < 00,
To n=0 : A"
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and hence Ré\'N € Ry with b(n) = P, for each g > 0. Set
RMY = Sp(ORYN. 1> 0, (3.40)
where Sg(?) is as in (3.34). By Theorem 3.7, we have that

Vi>0: (@)VB>0 RM eRy, with b(n) =PI,
(b) RA’N(T]) >0, for A—a.a. nely,
© IR = < 1. (3.41)
Furthermore, in view of (3.35), by [28, Theorem 2.4, pp. 4-5] we have from (3.40)

t

RMY = RN +/LTR;\’Nds. (3.42)
0
Set, cf. (2.16) and (3.37),
aNap = / RM (U e)AWE). (3.43)
Io

For G € Bys(I'9), let N(G) € Ny be such that G™ = 0 for n > N(G). For such G, KG is
a cylinder function on I', which can also be considered as a measurable function on I'g. By
(2.13), we have that, for every G € Bys(I'g) and each r > 0,

<<KG, R{"N» - <<G th’N», (3.44)
see (3.4). Since G € Bys(I'p) is bounded, we have

— (n)
C(G) = ne{oma})\(/(c)} ”G ”Loo((Rd)n) < 0o, (345)

.....

which immediately yields that
((KG)Y()| < (1+nhN D C(G),

and hence both integrals in (3.44) exist since R,A'N € Ry, for b(n) = P with any 8 > 0.
Moreover, by the same argument the map R > R — (K G, R)) is continuous, and thus from
(3.42) and (3.36) we obtain

t

<<1<G, R,A'N>> - «KG, Ré\’N» + / <<KG, L*RSA~N>> ds

0
1

= (kG RV + 0/ (rxa. rE)as. (3.46)

Now we would want to interchange in the latter line L and K. IfA LG were in Bps(Ip), one
could get point-wise LK G = K LG — by the very definition of L. However, this is not the
case since, cf. (3.7),

(LG = (KUG)().
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where
we)Eé) = Z/a(x —IGE\xUy) —G$)ldy.
xekpg

Here we used, cf. (2.11) and (3.2), that

O<e(ry,§) =1, ey, n\&)I =1,
which holds for almost all all y, &, and 5. Then, for G € Bys(I'g), we have, cf (3.45),

N(UG) = N(G), C(UG) <2aN(G)C(G),

which then yields

[(LG)()| = 2aN(G)C(G)(1 + [nhM . (3.47)

Let us show that, for any ¢ > 0, the function (ZG)q,A’N is A-integrable, cf. (3.43). By (2.23),
from (3.43) and (3.47) we get

(E6.aM") = 2080 [ & {1+ 1DV ) acan
o §Cn
< 2aN(G)C(G) / 2+ )N O RMY ().
To

Hence, by claim (a) in (3.41) we get the integrability in question. Then by (3.44) we transform
(3.46) into

t

L R R P

0

Since R,A’N is positive, cf. (b) in (3.41), by (3.44) we get

(c.a™") =0 for GeBimo. (3.49)
On the other hand, by (3.39) and (3.43) we have, see also (2.16),
0<qy" () < / R™(n U E)MAE) = kyuy (DI, (1) < Ky (1), (3.50)
Io

where I, is the indicator of I'y, i.e., Ir, () = 1 whenever n € I's, and I, (n) = 0
otherwise. By (3.50), qé\’N € Ky,. Let ktA‘N, t € [0,T), be the solution of (1.9) with
ko = qé\’N , as stated in Theorem 3.1. Then

t
kAN =ké\’N +/LAk§\'Nds,
0

which for G as in (3.48) yields

t

(6. V) ={c.a0") + 0/ (Ze.kr¥)as. 3.51)
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Set
0:6) = (G.a™N), v o) =(6. kM),
By (3.48) and (3.51), we obtain, cf. Corollary 3.5,
dVl dl‘l
L0:6)= LY
dt" d"
From this we can get that, cf. (3.49),

0:6)=(1"6.4)") = (G. (2y"g3"). (3.52)

<<G,k,’\‘N>> - <<G,q,A’N>> >0, for G e BEL(Iy), (3.53)

provided the series

oo [m
3 o)
m!
m=0
converges for all ¢ € [0, T'(9)), cf. (3.52). But the latter indeed holds true in view of (3.21),
which implies that (3.53) holds for all ¢ € [0, T (¢7)).
In Appendix, we show that, for each G € B,;:(Fo) and any ¢ € [0, T (9)),

(G.k) = lim lim <<G )i >> , (3.54)
n——+00 [—+400

for certain increasing sequences {A,},en and {N;};en such that N; — +oo and A, — RY.

Then by (3.54) and (3.53) we obtain (3.38), and thus complete the proof. ]

4 Mesoscopic Dynamics

As mentioned above, the mesoscopic description of the considered model is obtained by
means of a Vlasov-type scaling, originally developed for describing mesoscopic properties
of plasma. We refer to [7,29,31] as to the source of general concepts in this field, as well as
to [12] where the peculiarities of the scaling method which we use are given along with the
updated bibliography on this item.

4.1 The Vlasov Hierarchy

The main idea of the scaling which we use in this article is to make the particle system
more and more dense whereas the interaction respectively weaker. This corresponds to the
so called mean field approximation widely employed in theoretical physics. Note that we
are not scaling time, which would be the case for a macroscopic scaling. The object of our
manipulations will be the problem (1.9). The scaling parameter ¢ > 0 will be tending to zero.
The first step is to assume that the initial state depends on ¢ in such a way that the correlation
function kg) diverges as ¢ — 0 in such a way that the so called renormalized correlation
function

k(S)

0,ren

() := &k @1
©

0,ren

k((f’”) . (RY)" — Rdenote n-particle ‘component’ of k(()g) . Then our assumption, in particular,

converges k — 1o, as € — 0, to the correlation function of a certain measure. Let
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means
kD ~ el 4.2)
Then the second step is to consider the Cauchy problem
d
TR =120, ko =k 43)

where L2 is as in (3.1) but with ¢ multiplied by . As might be seen from (3.19), the solution

kt(a) , which exists in view of Theorem 3.1, diverges as ¢ — 0. Thus, similarly as in (4.1) we

pass to
kL) = eMi®, (4.4)

which means that instead of (4.3) we are going to solve the following problem

d
jk;iln = LS,rant(sr)en kt( renlt=0 = k(()sgen’ 4.5)
with
Leren = R7VLAR:,  (Rk) () := &7 1"k(n). (4.6)

Remark 4.1 Since k(s) is a correlation function, by Theorem 3.7 we know that k(s) is the

correlation function of a unique measure 1, © ¢ /L(l)

k(()l D ©) with density k(()‘E D

that, for ¢t > 0, kt(‘gr)en has a nontrivial limit as ¢ — 0T, only if kt(a)(n) < [kt(s’l)(x)]“", cf.

(4.2) and (4.4). For this to hold, /L(S) should be sub-Poissonian, cf. Definition 2.3 and Remark

2.4. That is, the evolution u( &) s ,uf) should preserve sub-Poissonicity, which is the case

by Theorem 3.1 in view of (3.8).

is a Poisson measure with density

= 00, then also = &7 ! gg is a Poisson measure. We can expect

By (3.1) and (4.6), we have

(Leseak) 0 = 3 [ atx = yete 1\ y U 47

yeng,

X /e(g—lzy“), E)k(E Ux Un\ y)A(dE) | dx

Io

/ kEUm [ > / a(x — y)e(z, n)

£y xeny
x (71", £)dy) 1(dé),
where, cf. (3.2),
RO = -1 ) =170+ 1
As in (3.18), for any ¥/ € R and ¢” > ', we have

2a 9/
| Letenllory < m eXp (C;;S)e v ) s 4.8)
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where, cf. (1.6),
cg) =g ! / (1 — e_sd’(x)) dx.
R

Suppose now that ¢ is in L' (RY) and set

=/¢(x)dx.
RrRd
Recall that we still assume ¢ > 0. Then
L < sup(RHS(4.8)} = — 2% -0’ 49
I Lerenllors < ililg{ (4.8)} = mexp (p)e . 4.9)

Let us now, informally, pass in (4.7) to the limit ¢ — 0. Then we get the following operator

(Lvk) () = Z/a(x—y)/e( (=6 (4.10)

Vel
ke Ux U\ (e
/k(sumZ/au—y)
xeng,

><6(—¢>(y — ), §)dyi(d§).
It certainly obeys
1Lyl <~ exp (g)e™") @11
e(®" —9')
and hence along with (4.3) we can consider the problem
Er, = Lyr;, rtli=0 = ro, (4.12)

which is called the Viasov hierarchy for the Kawasaki system which we consider. Repeating
the arguments used in the proof of Theorem 3.1 we obtain the following

Proposition 4.2 For every ¥y € R, there exists T, = T.(Vo, o, (¢p)) such that the problem
(4.5) (resp. (4.11)) with any ¢ > 0 and k(()s) € Ky, (resp. ro € Ky,) has a unique classical
solution k,(S) € Ko (resp. 11 € Ky(r)) fort € [0, Ty).

As mentioned in Remark 4.1, kt(s) is also a correlation function if k(()s) is so. However, this
could not be the case for r;, even if ry = k((f). Moreover, we do not know how ‘close’ is r; to

k,(g) , as the passage from L ren to Ly was only informal. In the remaining part of the article

we give answers to both these questions.

4.2 The Vlasov Equation

Here we show that the problem (4.12) has a very particular solution, which gives sense to
the whole construction. For a as in (1.3) and an appropriate g : R — R, we write
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(a%g)x) = / alx — yg)dy,

R4

and similarly for ¢ % g. Then let us consider in L>(R¢) the following Cauchy problem

d

%@@)=M*@Mmﬁﬁ—@*@@ﬂ (4.13)
—0:(x) (a x exp (—o; * ¢)) (x),

Orli=0 = 0o0-

Denote

At = {Q e L™ (Rd) :o(x) >0 for a.a. x},

Au . {Q S LOO (Rd) . ||Q||L°°(Rd) < Lt} , u > O,
AP =ATNA,.

Lemma 4.3 Let ¥ and Ty be as in Proposition 4.2. Suppose that, for some T € (0, Ty), the
problem (4.13) with oo € Au+0, has a unique classical solution o; € A;fT on [0, T], for some

ur > 0. Then, for 99 = —logug and ¥(T) = —logur, the solution r, € Ky of (4.11)
as in Proposition 4.2 with ro(n) = e(0o, 1) is given by

() = el m =[] o). (4.14)

xen

Proof First of all we note that, for a given 9, e(o,-) € Ky if and only if o € A, with
u=e"7, see(3.8). Now set 7, = e(g;, -) with o; solving (4.13). This 7; solves (4.12), which
can easily be checked by computing d/dt and employing (4.13). In view of the uniqueness
as in Proposition 4.2, we then have 7/, = r, on [0, T], from which it can be continued
to [0, T). O

Remark 4.4 As (4.14) is the correlation function of the Poisson measure 7,,, see (2.9) and
(2.10), the above lemma establishes the so called chaos preservation or chaos propagation
in time. Indeed, the most chaotic states those corresponding to Poisson measures, cf. (2.20),
(2.21), and (2.22).

Let us show now that the problem (4.13) does have the solution we need. In a standard
way, (4.13) can be transformed into the following integral equation

01(x) = F1(0)(x) := go(x)e™ ™' (4.15)

1

+ / exp (—a(t — 5)) (@ * 05) (x) exp [~ (s * $)(0)] ds
0
t

+/CXP(—a(t —5)) 05(x) [a * (1 —exp (=05 * )] (x)ds,
0

thatis, [0, T) >t +— o; € L*(RY) is a classical solution of (4.13) if and only if it solves
(4.15). Suppose o; € A™ is such a solution. Then we set

ur = el poo(ray, 1 €10, 7). (4.16)
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Since ¢ > 0 and o; € AT, from (4.15) we get for v, := u, exp(at), cf. (1.4),
t
vy < v+ Za/vsds,
0

from which by the Gronwall inequality we obtain v; < vgexp(2at); and hence,
u; < uge*'. 4.17)

In a similar way, one shows that, for gg € A and Os € Aj[t for all s € [0, 7],

uo
Fi(o) € Au, U; = Py (4.18)

Now for gg € AT and some ¢ > 0 such that e* < 2, cf. (4.18), we consider the sequence

uo
0 _
Q( ) _ 00, Qlfn) = F (Q(n 1)) neN.

Obviously, each Q( ™ is in A+ Now let us find T < min{T7y, log2/a}, T, being as in
Lemma 4.3, such that the sequence of

o™ _ Q,("‘”H neN (4.19)

Oy 1= sup Loo(®d)

t€[0,T] ‘

is summable, which would guarantee that, foreacht < T, {QE") }nen, is a Cauchy sequence.

For 0"~ D o~ Y e Ay, we have

1= (o (e —ol” ”))Hmw Jo* (e~ =) ime

00
(n—1) (n— 2))
X *
m‘m+1 Hd) ( ~ G
m=0

< @0 = 0" Pl oo (rety exp 2()ur) -
By means of this estimate, we obtain from (4.15) and (4.19)
Sn = q(T)dn-1,

L (R9)

where
¢(T) =2 (1 - e*‘”) (1 + (@)uo exp (aT + 2<¢>u0e‘”)) . (4.20)

Since ¢(T') is a continuous increasing function such that ¢(0) = 0, one finds 7 > 0 such

that ¢(T') < 1. For this T, the sequence {,Q,(")}neN0 converges to some 9; € A;T, uniformly
on [0, T']. Clearly, this o; solves (4.13) and hence (4.15).

Theorem 4.5 The unique classical solution of (4.12) with ro = e(00, ), 00 € AT, exists
forallt > 0 and is given by (4.14) with o; € A" being the solution of (4.13). Moreover,
this solution obeys

ri(m) = ro(n) exp(alnt). 4.21)

Proof For a given g € AT, we find T such that ¢(T) < 1, cf. (4.16) and (4.20). Then there
exists a unique classical solution of (4.13) o; € AL on [0, T'], which by Lemma 4.3 yields
the solution (4.14). Since o, obeys the a priori bound (4.17), it does not explode and hence
can be continued, which yields also the continuation of r;. Finally, the bound (4.21) follows
from (4.17). ]
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4.3 The Scaling Limit ¢ — 0

Our final task in this work is to show that the solution of (4.5) kt(i)e“ converges in /Cy uniformly
on compact subsets of [0, T) to that of (4.12), see Proposition 4.2. Here we should impose
an additional condition on the potential ¢, which, however, seems quite natural. Recall that
in this section we suppose ¢ € L!(RY).

Theorem 4.6 Let ¥y and T, be as in Proposition 4.2, and for T € [0, Ty), take ¥ such that
T < T(9), see (3.13). Assume also that ¢ € L' (RY) N L®°(R?) and consider the problems

(4.5) and (4.12) with k((fgen = ro € Ky,. For their solutions k,(izm and ry, it follows that
k,(i)en — 1y in Ky, as ¢ — 0, uniformly on [0, T].

Proof Forn € N, let kt(g,z and r; , be defined as in (3.19) with L¢ ren and Ly, respectively.
As in the proof of Theorem 3.1, one can show that the sequences of k,(g,f and r; , converge in

Ky to k,(fr)en and ry, respectively, uniformly on [0, 7']. Then, for § > 0, one finds n € N such
that, for all ¢ € [0, T],

9 K2

t,ren

) + Hrm —r HZ9 < 8/2.
From (3.19) we then have

n
1 8
kK > " (LM en — L) 1o 5 + 3 4.22)

m=1

9

8
= ILeren — Lvllag lIrollag T exp (TH(3)) + 7.

where, see (4.9) and (4.11),
2> -0
b(®¥) = Y exp ((¢)e™”).

Here we used the following identity

L en — Lr& = (Ls,ren - LV) mel + Ly (La,ren - LV) mez

e,ren e,ren g,ren
+---+ L’G_z (Ls,ren - LV) Ls,rcn + ch_l (Ls,ren - LV) .
Thus, we have to show that

[Leren — Ly llgge — 0, as & —0, (4.23)

which will allow us to make the first summand in the right-hand side of (4.22) also smaller
than §/2 and thereby to complete the proof.
Subtracting (4.10) from (4.7) we get

(Leren = L)k = X [ [ atx = ypk Uxumy) (4.24)
yEan T
xQe(y,n\ yUx,§)A(dE)dx
- [ [aw-preun

xe;Rd Io

X Qe (y, n, §)Ar(dE)dy
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where
Q:(y, £, 8) i=e(@”, el 1\, &) —e(—p(y — ), &)
= e(e7',7.6) —e(=p(y =)
—[1-e@®.0)]e", 6).

For t > 0, the function e™!

— 1 + ¢ takes positive values only; hence,
V()= —1+0)/t>, >0,
is positive and bounded, say by C > 0. Then by means of the inequality

n
b by —ai-ay < > (bi —abi---bi_ibiy1--by, b = a1 >0,
i=1

we obtain
e@1.6) — e(=p(y = 9.0 = D el (v — P 4 (v - 2)
z€&
< [] ¢ —w
uek\z
<eC Y Ip(y—DPed(y — ). 6\ 2),
z€é
and

[1-e@@.0]een0.0| <6 > 60 - ey = . 6).
Z€C

Then from (4.24) for A-almost all n we have, see (3.8),
[(Lesen = Lv) k)| = ellkllgg (Clale™ + Dappe0) (4.25)

with

C = 2Cal|pll o (e P)e ™™

and

DO = 2eexp (@)e ") 11l oo sy 1110l + 1.

Thus, we conclude that the expression in (-) in the right-hand side of (4.25) is in [Cy, which
yields (4.23) and hence completes the proof. O
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Appendix Proof of (3.54)

For fixed ¢t € (0, T(¢9)) and G € Bps(['g), by (3.24) we have

(Go. ki) = (Go. kM) = (Gr ko) = (G M) = TV + 2. )
where we set
70 — / G (ko) (1 = I, () A(dn),
To

7,0 = / G ([ koGDTry, () = g0 M () .

To
Let us prove that, for an arbitrary ¢ > 0,
Iz < ¢/2, (5.2)

for sufficiently big A, . Recall that kg is a correlation function, and hence is positive. Taking
into account that

Iry () = [ [1a (),

XEN
we write
1ZV| < / |G (M| ko(m)(1 = I, (n)A(dn) (5.3)
Lo
>
— Z; / ‘(G,)(p)(xl,...xp) kP (1, xp)
P ey
X Jp, (X1, . xp)dxy - - dxy,
where

JA@rs - xp) = 1 =T (x1) -+ Ta(xp) (5.4)
=T (x)IA (x2) - - - Ta (xp) + Tac (2)Ip (x3) - - - Ta (X))
+-+ HA"(xp—l)HA(xp) + ]IA"(xp)a

)4
=< Z]IA"(xs)a
s=1

and A€ := RY \ A. Taking into account that ko = k., € Ky,, by (5.4) we obtain in (5.3)

’Iél)’ < |lkolla* —e* p/ / ‘(G )(p)(xl S.xp)ldxy - . (5.5)

A‘ (Rd)p 1
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For t as in (5.1), one finds © < ¢ such that G, € Gy, cf. Theorem 3.2. For this ¢ and ¢ as
in (5.2), we pick p € N such that

0o
e ge(Bg — 1)
/ ‘(G,)(p)(xl,...xp) dxy---dx, < ALHICOW' (5.6)
0

|
p=p+1 (R4)”

Then we apply (5.6) and the following evident estimate
pe” P < e fe(¥o — D),

and obtain in (5.5) the following

Kollsg < P .
e(ﬁo—ﬂ)z 01’/ / ‘(G,)p(xl,...xp) dxy---dx,

A (r)"™!

+ /4.

Here the first term contains a finite number of summands, in each of which (G,) is in
L' ((R9)P). Hence, it can be made strictly smaller than & /4 by picking big enough A, which
yields (5.2).

Let us show the same for the second integral in (5.1). Write, see (3.37), (3.43), and (3.39),

70 = / Gi(n) / MU [1 — Iy (7 U )] Adn)Ade)

/ F)RY ) [1 = Iy ()] )
To

1 (m)
= z %/(Ré\”) (X1, e ey Xm)

m=N;+1 ’ A
n

X F,(m)(xl, ey Xp)dxy - dxy,,
where
Fi(n) == (KG)() = D Gi(&),
£Cn
and hence
m
FM @) =Y S (6) ). (5.7)

5=0 {i1,.0nsig}C(L,.m)

By (3.37),forx; € Ay, i =1,...,m, we have

o0
n +.
ko™ (1 ) = Z/(Ré\ )"t e X Y1y - dys,
x:OAs

from which we immediately get that

An _
(RO ™ ety oy xm) < KD x1s -y xm) < €72 (koo
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since kg € KCy,. Now let A, be such that (5.2) holds. Then we can have

7@ < ¢/2, (5.8)

n,l

holding for big enough Nj if e~ F; isin L'(A,, dA). By (5.7),

1
Z—‘e_ﬁop/w(p)(xl,...,xp)|dx1---dxp
Op'
[’):

Al
’ 1
—vos e—ﬁo(p—S)[m(An)]P—S

(Gt)(S)

| —9)! ‘ 1
= sl(p — s)! L' (To.d)

= G llay exp(e™ " m(An)).

where m(A;) is the Lebesgue measure of A, cf. (2.8). This yields (5.8) and thereby also
(3.54).
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