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Abstract A simple undirected graph is said to be semisymmetric if it is regular and
edge-transitive, but not vertex-transitive. Every semisymmetric graph is a bipartite
graph with two biparts of equal size. It was proved by Folkman in (J Comb Theory Ser
B 3:215-232, 1967) that there exist no semisymmetric graphs of order 2p and 2p?,
where p is a prime. For any distinct primes p and ¢, the classification of semisymmetric
graphs of order 2 pg was given by Du and Xu in (Comm Algebra 28:2685-2715,2000).
Naturally, one of our long-term goals is to determine all the semisymmetric graphs of
order 2p3, for any prime p. All these graphs I' are divided into two subclasses: (I) the
automorphism group Aut (I') acts unfaithfully on at least one bipart; and (II) Aut (I")
acts faithfully on both biparts. In Wang and Du (Eur J Comb 36:393-405, 2014), a
group theoretical characterization for Subclass (I) was given by the authors. Based on
this characterization, this paper gives a complete classification for Subclass (I).
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1 Introduction

All graphs considered in this paper are finite, connected, simple, and undirected. For
a permutation group G on €2, a subset A C 2 and a subgroup N < G preserving A,
by Ga and Ga) we denote the stabilizer of G relative to A setwise and pointwise,
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respectively, and by Ay, the set of N-orbits on A. For a graph I' = (V, E) with the
vertex set V and edge set E, by {u, v} and (u, v), we denote an edge and an arc of
I", respectively, and by Aut (I") its full automorphism group. A graph I" is said to
be regular if all the vertices have the same degree. Set A = Aut (I"). The graph I'
is said to be vertex-transitive and edge-transitive if A acts transitively on V and E,
respectively. If T is bipartite with the bipartition V = W U U, then we let AT be a
subgroup of A preserving both W and U. Since I'" is connected, we know that either
|A: AT =2o0r A = AT, depending on whether or not there exists an automorphism
which interchanges the two biparts. For G < At T is said to be G-semitransitive if
G acts transitively on both W and U, while an A" -semitransitive graph is simply said
to be semitransitive.

A graph is said to be semisymmetric if it is regular and edge-transitive, but not
vertex-transitive. It is easy to see that every semisymmetric graph is a semitransitive
bipartite graph with two biparts of equal size.

The first person who studied semisymmetric graphs was Folkman. In 1967, he
constructed several infinite families of such graphs and proposed eight open problems,
see [11]. Afterwards, much work have been done on semisymmetric graphs, see [2,
3,15-17,23]. They gave new constructions of such graphs and nearly solved all of
Folkman’s open problems. In particular, using group-theoretical methods, Iofinova
and Ivanov [15] in 1985 classified cubic semisymmetric graphs whose automorphism
group acts primitively on both biparts, this was the first classification theorem for such
graphs. More recently, following some deep results in group theory which depend on
the classification of finite simple groups and some methods from graph coverings,
some new results of semisymmetric graphs have appeared, see [4,6-10,12,18-22,26]
and so on.

In [11], Folkman proved that there are no semisymmetric graphs of order 2p and
2p? where p is a prime. In [10], the first author and Xu classified semisymmetric
graphs of order 2pqg for two distinct primes p and g. Therefore, a natural question
is to determine semisymmetric graphs of order 2p3, where p is a prime. Since the
smallest semisymmetric graphs have order 20 (see [11]), we let p > 3. It was proved
in [20] that the Gray graph of order 54 is the only cubic semisymmetric graph of order
2p3. The classification of all the semisymmetric graphs of order 2p?3 is still one of
attractive and difficult open problems. These graphs I" are naturally divided into two
subclasses:

Subclass (I): Aut (I") acts unfaithfully on at least one bipart;
Subclass (II): Aut (I') acts faithfully on both biparts.

In [24], a group theoretical characterization for Subclass (I) was given. Based on this
characterization, this paper will give a complete classification for Subclass (I).

First, we introduce two definitions in the following two paragraphs.

Let ¥ = (Vi, E1) be a connected edge-transitive graph with bipartition V| =
Wi U Uy, where |Wi| = p? and |U;| = p? for an odd prime p. Now we define a
bipartite graph I' = (V, E) with bipartition V = W U U, where

W =W, U:UlXsz{(M,l.)|M€U1,i€Zp},
E={{w, D} |{w.u} € Er,i€Zp}.
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Then we shall call that I" is the graph expanded from ¥. By Lemma 2.12, " is edge-
transitive and regular, and moreover, if any two vertices in W; have the different
neighborhood in %, then I' is semisymmetric.

Let P be a partition of the vertex set V. Then we let I'p be the quotient graph of I’
relative to P, that is, the graph with the vertex set P, where two subsets Vi and V5 in
‘P are adjacent if there exist two vertices v; € V| and vy € V, such that vy and v are
adjacent in I'. In particular, when P is the set of orbits of a subgroup N of Aut (I"),
we denote I'p by I'y.

The starting point is the following two propositions, see [24].

Proposition 1.1 Let p be an odd prime, and let ' = (V, E) be a semisymmetric
graph of order 2p3 with the bipartition V.= W U U and A = Aut (). Suppose that
A acts unfaithfully on W. Then A is faithful on U. Furthermore, let K = Ay, and
set ¥ = I'k. Then the following hold.

(1) Every orbit of K on U has length p, K = (Sp)f72 and T is expanded from X.
(2) A/K acts faithfully on Ug and on Wk U Uk, and A/K = Aut (2).
(3) Any two vertices in W have the different neighborhood in T'.

By Proposition 1.1, we know that the graph I" is uniquely determined by its quotient
graph ¥, which is a bipartite edge-transitive graph whose biparts have length of p3
and p?, respectively, and whose automorphism group acts faithfully on both biparts.
Therefore, we shall pay attention to such special family of graphs. A group theoretical
characterization for X is given by the following proposition.

Proposition 1.2 Let p be an odd prime, and let ¥ = (V, E) be a bipartite edge-
transitive graph with biparts W and U where |W| = p> and |U| = p* and whose
automorphism group A = Aut (X) acts faithfully on both biparts. Then A acts imprim-
itively on U, with a system U of blocks. Set VW = Wy ,,. Then, either

(1) A acts primitivelyon W, p =3, and ¥ = X1 or X1, as defined in Example 2.1,
or
(2) A acts imprimitively on W, and either
(2.1) |W| =1, Ay is solvable, and A is an affine group, or
(2.2) \W| = p and either
(2.2.1) the quotient graph Ly = Cap, or
(2.2.2) Zywuy is of valency at least 3, p > 5, A contains a nonabelian normal p-
subgroup acting regularly on W, Ayyy is solvable,and AfAqyy = Zp X Z,,
where r | (p—1andr = 3.

Remark 1.3 Based on the above proposition, we shall finish the classification for
Subclass (1), equivalently, we need to determine the graphs X contained in four cases:
(1), (2.1), (2.2.1) and (2.2.2) in Proposition 1.2.

Theorem 1.4 (Classification Theorem) Let p be an odd prime and let I be a semi-
symmetric graph of order 2p3, whose automorphism group acts unfaithfully on one
bipart. Then T is expanded from one of the graphs ¥ given in Table 1:
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Remark 1.5 One may see from [24,25] and the proof of Theorems 3.1 and 4.1 that
every graph X in Table 1 is edge-transitive and any two vertices in W have the different
neighborhood, where |W| = p3. By Lemma 2.12, I is semisymmetric.

Remark 1.6 Every graph in Examples 2.1-2.8 is described by the so-called bi-coset
graph B(A; L, R, D), where A is exactly its full automorphism group and its edge-set
is explicitly listed in the corresponding theorem in Sects. 3 and 4, [24,25]. Moreover,
these graphs are uniquely determined by the given parameters.

In Sect. 2, eight examples will be defined and some preliminary results will be
quoted. Cases (1) and (2.2.1) in Proposition 1.2 have been determined in [24] and
[25], respectively, and here we just quote the results, that is Example 2.1 for Case (1),
and Examples 2.5-2.8 for Case (2.2.1). The remaining two cases (2.1) and (2.2.2) will
be discussed in Sects. 3 and 4, respectively.

2 Examples and preliminaries

For group-theoretic concepts and notation, the reader is refereed to [1,14]. Moreover,
for a prime p, by p' || n we mean that p’ | n but p'*! t n. For a ring S, let S*
be the multiplicative group of all the units in S. For a group G and a subgroup H
of G, by [G : H] we denote the set of right cosets of H in G, where the action
of G on [G : H] is always assumed to be the right multiplication action. For any
a in the n-dimensional row vector space V =V(n, p) over GF (p), we denote by
ty the translation corresponding to « in the affine group AGL (n, p) and by N the
translation subgroup. Then AGL (n, p) = N x GL (n, p). We adopt matrix notation
for GL (n, p) and so we have g~ 1,8 = (t4)% = fag, forany t, € N < AGL (n, p)
and any g € GL (n, p).
The following definition is basic for this paper.

Definition [10] Let G be a group, let L and R be subgroups of G and let D = RdL be
adouble coset of R and L in G. Define a bipartite graph I' = B(G, L, R; D) with the
bipartition V = [G : LU [G : R] and edge set E = {(Lg, Rdg) | g € G,d e D}.
This graph is called the bi-coset graph of G with respect to L, R and D.

Now we are ready to define eight families of bi-coset graphs with biparts of size
p? and p3, respectively, which are all the graphs in Theorem 1.4.

Example 2.1 [24] Let M = {(a, b) = S3 where |a|] = 3 and |b| = 2. Let

A=(MxMxM)xS3=M:8S;,
L = ((b) x (b) x (b)) x S3, R=({(b) x M x M) x((23)),
Dy =RL, D;=RalL,

Define two bi-coset graphs
¥11 =B(A; L, R, Dy) and %12 =B(A; L, R, D).

The valency d(L) of the vertex L € [G : L] is 3 for ¥ and 6 for X1,.
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Example 2.2 Let p > 5. Let A be the subgroup of order r > 1 of GF (p)*. Set

122 WAoo
x=|012]), y=yr,w=10 n0 | e GL @3, p),
001 0 0 A

S=(y(u.1) | nwe GF(p)*, 1 € A) < NoL,p)((x)).

Let N be the translation subgroup of AGL (3, p) and Ny = ((1,0,0), £0,1,0)) < N.
Set

A=Nx((x)xS), L=(x)xS, R=NyxS§
Define the graphs

%21(p) =B(A; L, R, D), where A = GL (p)*, D = RL;
Yn(p,r) = B(A; L, R, D), where2 <r, D = Rt(,0,1)L.

Moreover, d(L) = p for X21(p) and d(L) = rp for 2 (p, r), see Sect. 3.
Example 2.3 For p > 5, let

P=(a,b,c’apzb”zc”=1,[b,a]=C,[C,a]=[C,b]=1)-

Forany s',t € GF (p)* = (9), set ¢(s’, 1) € Aut (P) such thata — a*, b — b' .
Let r; and r» be two divisors of p — 1 where r, > 3. Define a abelian subgroup
S = (¢(1,2), ¢(s, 1)) of order ryry such that

SN, 0)=(p(1,0) = Z,, S/(p(1, ) = Zy,,

that is |e|] = r1, |s| = rp and t"2 € (e). Now, T = (t € GF (p)* | t" < (e))isa

-1
”rl ) and so we choose

subgroup of GF (p)* of order ry (12,

p—1
p=L =1\ p
” , 3
b s == 9 '2 b t == (0 rl (rz r] )) bl

p—1

e=0"

where 0 < r3 < (12, pr_]l) —l,andifr;y = I thenweletrs & {1, — 1}.
Let

A=PxS, L=S, R=()S.
Define the graphs

%31(p.r2) =B(A; L, R, D), D = RaL, wherer; =p —1,r3 =0;
¥32(p.r1.72.73) =B(A; L, R, D), D = Real.
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Moreover, d(L) = ry for ¥31(p,r2) and d(L) = riry for X32(p, r1,12,73), see
Sect. 4.1.

Example 2.4 Let p > 5 and let

P=la,b|a” =b" =1,[b,a] = a”).

P(P

Let Z;z = (M) and r > 3, adivisor of p — 1. Let S = (¢ (A
pp—1)

that ¢ (a) = a* = and ¢(b) = b. Let

)) < Aut (P) such

A=PxS, L=S, R=(b)S, D=RaL.

Define a graph 24(p, r) = B(A; L, R, D). Moreover, d(L) = r, see Sect. 4.2.

The remaining four families of bi-coset graphs B(A; L, R, D) are quoted from
[25]. For these graphs, A acts imprimitively on both [A : L] and [A : R]. Let p > 3
and set

p—1 p+1

oc=(0,1,....,p—1), r:(O)(l,—l),...,(T,T)eSp.

k times

/—’—\
Then (o, t) = D;,. For a group M and a positive integer k, set Mf=Gx-.-xG.

Example 2.5 For p > 3,let M = §,, H < M and H = §,_;. Pick up an element
me M\ H. Set

A=Mi(o,1)=M" x (0,7),
r=l_q P‘H
L:(Mz X Hx Hx M3 )><1(r),
R=(H><M” 1)><(r>,
p—1times

Define
¥s51(p) =B(A; L, R, Dy), $52(p) =B(A; L, R, D).

Then d(L) = 2 for ¥51 and 2(p — 1) for Xs;.

Example 2.6 Let M = PSL(2, 11) and let H and J be two subgroups of M which are
isomorphic to A5 and are not conjugate in M. It is well known that acting on [M : H],
the subgroup J has two orbits of length 5 and 6, respectively. No loss of any generality,
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set /N H = Agand J N H™ = Dy forsome m € M sothat |J : (J N H)| =5 and
|J: (JNH™)| =6.

Set

A=M{o,t) =M x {0, 1),

p=l_4 Jiad
L:(M Tl I x T x M5 )m(:),
R= (H X MP—l) % (1)

p—1times

—1 —— p—1

Di=Ro 2L, Dy=R|m,1,...,1|lo0 2L
Then define

Y61 =B(A: L, R, D) and %6 =B(A; L, R, D).

Then d(L) = 10 for X¢; and 12 for Xgp.

Example 2.7 Let M = PT'L(n, q), where p = % > 5. In the projective geometry
PG (n, g), take a point v and two hyperplanes Sj and S, such that v € S; andv ¢ S».
Let H, J and J™ for some m € M be the stabilizers of v, Sy, and Sy, respectively. For
the above M, J and m, let A, R, L, D1, and D; have the same form as in Example 2.6.

Then define

%71(p) =B(A; L, R, D1) and £72(p) =B(A; L, R, D).

Then d(L) = 2%‘_‘;1 for $7; and 2¢"~ for T1s.

Example 2.8 For p > 5,let § = (t) ¥ {c) = Z, X Z, 1. For r | (p—1)and
rELp—1let M= ()% ("7 )= Z, x Z, and H = (c"7). Set

Al =M o, ) = MP x (o, 1),
Pl Pl
L1=(M2 x Hx Hx M3 )x(t),

R = (H x M/’—l) i (1),
p—1
Dy =Ro 2 L.
Then define
¥g81(p.r) =B(A; L1, Ry, Dy),

where d(L) = 2r.
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- —1
Suppose that 2r | (p—1),wherer > 2. Setd = (cpTrl, . ,cpTr) e S?. Set

Ay = Mo, dt) = MP % (0, d1),
p=l_ g ptl g
Lg:(Mz x Hx Hx M5 )m(dt),

Ry = (H x M”_l) X (d),

p—1times
p—1

—_——
Dy=R|t,1,...,1 o2 L.

Then define
¥82(p,r) = B(Ay; Ly, Ry, D),
where d(L) = 2r.

Finally, we quote some results.

Proposition 2.9 [10] The graph ' = B(G, L, R; D) defined before Example 2.1 is
a well-defined bipartite graph. Under the right multiplication action on 'V of G, the
graph U is G-semitransitive and edge-transitive. The kernel of the action of G on V
is Core g(L)N Core g(R), the intersection of the cores of the subgroups L and R in
G. Furthermore, we have

(i) the degree of any vertex in [G : L] (resp. [G : R)) is equal to the number of right
cosets of R (resp. L) in D (resp. D™V, so T is regular if and only if |L| = |R|;

(ii) T is connected if and only if G is generated by elements of D™ D.

(ii) Suppose I is a G-semitransitive and edge-transitive graph with bipartition V =
UUW. Takeu € U and w € W. Set D ={g € G | wé € I'{(w)}. Then
D=GywgG, andT' =B(G, G,, Gy; D).

Proposition 2.10 [5, Theorem 3.4, 3.5] For an odd prime p, let H be a maximal sub-
group of G = GL (2, p)and H # SL (2, p). Then up to conjugacy, H is isomorphic
to one of the following subgroups:

(i) D x (b); where D is the subgroup of diagonal matrices and b = (O 1) ;

10
10

(i) (@) % (b), where b = ( o

) and (a) is the Singer subgroup of G, defined by

a = (ZS/ )6/9) (S G, where GF (p)* = <9>, sz = GF (p)(t)fortz — 0’ and

Fo = ({y +dt);

11Y).
(iii) {a) x D, where a = (0 1),
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(iv) H/(z) is isomorphic to Ay X Z -1, for p = 3,5(mod 8); S4 X Z -1 for p =
2

1,7(mod8); or As x Zp-1 for p = £1(mod 10), where z = ((;1 0 1),
; _
Zpa = Z(G)/(z);

2

(v) H/(z) = Aa x (s), (s*) < Z(G)/(z), if p = 1(mod 4).

Proposition 2.11 [24] Let G be an imprimitive transitive group of degree p* with
p > 3and p3 | |G|. Suppose that G has an imprimitive p-block system B with the
kernel K. Let P be a Sylow p-subgroup of G and N = P N K. Then

(1) Exp (P) < p? |Z(P)| = p and P = N (t), where t’ € Z(P);
(2) K is solvable, NcharK and so N <1 G, provided either p = 3; or p > 5 and
IN| < pP~!.

The following result has been used in several papers without any proof. Here we
give a proof for the readers.

Lemma 2.12 Let ¥ = (Vy, E1) be a connected edge-transitive graph with bipartition
Vi = Wi U Uy, where |Wi| = p3 and |U,| = p? for an odd prime p, as defined in
Sect. 1. Suppose that T is expanded from the graph . Then T is edge-transitive and
regular. Moreover, if any two vertices in Wi have the different neighborhood in %,
then I is semisymmetric.

Proof Recall that I' = (V, E) is defined as a bipartite graph with bipartition V =
W U U, where

W=W, U=U xZ,={ui)|uel,iecZ,},
E={{w, Wi} |{w u}eEiecZ,}

To show I' is edge-transitive, take any two edges {wy, (u1,7)} and {wo, (u2, j)},
where {w1, u1}, {w2, uz} € Eyandi, j € Z,. Since X is edge-transitive with |W;| #
|U1|, there exists an automorphism ¢; € Aut (X) such that ¢1{w1, u1} = {wa, us}.
Pick a permutation o on Z, such that o (i) = j. Define a map ¢ on V (I') by

Plw, (u, )} = {1 (w), (1(u), o (k)},

where w € Wi, u € Uy, k € Z,. Then one may check that ¢ is an automorphism of
I mapping {wy, (41, 1)} to {wa, (u2, j)}. Therefore, I is edge-transitive.

Take any w € Wy and u € Uj and let di(w) and d; () be the respective valency
of w and u in ¥. Since ¥ is edge-transitive, we have p3d;(w) = p’d;(u), that is,
p-di(w) = di(u). Forany w € W = Wj and (u,i) € U, let d(w) and d(u, i)
be the respective valency of w and u in I'. By the definition of I', we know that
d(w) =p-di(w) =d;(u) =d(u,i). Therefore, I' is regular.

By the definition, we see that for any u € Uy, the p vertices {(u, i) | i€Zy,yinlU
have the same neighborhood in I". Therefore, if any two vertices in Wy have the differ-
ent neighborhood in ¥, then I" cannot be vertex-transitive and so it is semisymmetric.

O
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3 Case (2.1) in Proposition 1.2

Throughout Sects. 3 and 4, the graph ¥ = (V, E) is assumed to be an edge-transitive
graph with the bipartition V. = WUU such that|W| = p3,|U| = p?and A = Aut (%)
acts faithfully and imprimitively on both biparts. Let i/ be a block system of A on U
with the kernel Agy). Let W = Wy, the set of orbits of Ay on W. Clearly, W is
also a block system of A on W.

The aim of this section was to determine Case (2.1) in Proposition 1.2.

Theorem 3.1 Suppose that |W| = 1, Ay is solvable, and A is an affine group on
W. Then X is isomorphic to one of the graphs ¥71(p) and Xy (p, 1), as defined in
Example 2.2.

Proof Considering the imprimitive action of A on U, we find that A < S, 5, =
(Sp)P xSy and Agyy S (Sp)P. Let P € Syl p(A)and N = P (N Aqr. Then
P S (Zp)P xZyand N S (Z))P. By the hypothesis of the theorem, [W| = 1, that is
Ay is transitive on W, which implies that the abelian p-group N is regular on W, so
that [N| = p3. In fact, N < A by Proposition 2.11. Since P/N acts transitively on U/,
where [U| = p, we get |P| = p*. Takew € W andu € U. Since P acts transitively on
W and U respectively, it follows that P = N x Py, = Z; X Zpand P, = N, = ZIQ,.
By the hypothesis, A is an imprimitive affine group on W, thatis A = N x A,,, where
N is identified with the translation subgroup of AGL (3, p) and A,, is a reducible
subgroup of GL (3, p). Let V be the 3-dimensional row vector space over GF (p).

The proof is divided into the following six steps:

Step (1): Determination of P, Py, and Z(P).

By Proposition 2.11, |Z(P)| = p. Since P is nonabelian, Z(P) < N. From P =
N x Py, weget Z(P) < Cp(Py)NN < Z(P),whichimplies Cp(Py,) NN = Z(P).
Therefore, Py, centralizes exactly p elements in N, in other words, P, fixes exactly p
vectors in V. Observe that P, fixes setwise one 1-dimensional subspace if and only if
it fixes pointwise this 1-dimensional subspace. Therefore, P, fixes setwise exactly one
1-dimensional subspace. It is well known that (see [5]) GL (3, p) has two conjugacy
classes of elements of order p with the respective representatives

122 101
x=(012 and x'=(010 |,
001 001

where x’ fixes setwise more than one 1-dimensional subspaces and more than one
2-dimensional subspaces, but x fixes setwise only one 1-dimensional subspace, say
(o), and only one 2-dimensional subspace, say V1, where

a=(0,0,1), Vi={(0,a2a3)|az a3 e GF (p)}.

Therefore, up to group isomorphism, we may set

Py =(x) and Z(P) = (fa),
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recalling that #, denotes the translation corresponding to c.

Step (2): Show that (x) <1 Ay.

Since Ay, is a reducible subgroup and x € P, < A, and since x fixes only one
1-dimensional subspace («) and only one 2-dimensional subspace Vj, respectively,
we know that A,, is contained in the subgroup of GL (3, p), fixing («) setwise, that
is

an
X
G = . X € GL(2, p), a13, a23,a33 € GF (p),as3 #0

0 Oaszs

or the subgroup fixing Vj setwise, that is

aip a2 4
0

H = X X € GL(2, p), ai1,a12,a13 € GF (p),a;1 #0
0

Since the proofs for the two cases A, < G and A,, < H use the similar arguments,
we write the proof in detail only for the first case.

Let
Gi={geG|X=Ea3=1}=25,
Gy={g€G|aiz=ap=0,a33=1} = GL (2, p),
G3={geG|X=E,a13=a23=0}%zp_1.
Then

G=Gi % (GyxG3)=Zyx(GLQ2,p)xZy1).

We are now showing that (x) <1 A,,. For the contrary, suppose that (x) ¢ A,,. Since
p H |Ay |, it follows that any subgroup of order p in A, is not normal. Then from
Ay NGr <Ay, we we get Ay Ay N G1 = 1. Therefore, in G/ G we have Aw = A, and
(x) = (x) Thus x) 4 Ay

Now A, S G/G1 = GL (2, p) x Zp_1. Clearly, every Sylow p-subgroup of
SL (2, p) is also a Sylow p-subgroup of GL (2, p). As the Sylow p-subgroups of A,,
are non-normal, inspecting the maximal subgroup of GL (2, p) (Proposition 2.10), we
know that A,, contains a subgroup, say Q, suchthat Q = SL (2, p).Recalling that A,,
is transitive on { and since |U{| = p, the group Q is also transitive on{/. Forany v € U,
take Uy < U suchthatv € Uy. Then |Qy,| = |Q|/[U]| = p2— 1. Note that Ay, /Aw,)
isa transitive group of degree p and N A(y,)/A(v,) is anormal subgroup of Ay, /A vy).
So, Auy /Awy) S Zp?Zp-1-Cleatly, Qu, /Qwy) = QuiAwn/Awy) = Avi/Awy-
Since |Qy,| = p* — 1, if follows that p + 1 ] |Qwy)l, and so the unique involution,
say e of Q (= SL (2, p)) is in Q(y,). Thus, e fixes v. By the arbitrariness of v, we
know that e € Ay, a contradiction.
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Step (3): Determination of Ay, and A,,.
By Step (2), (x) < Ay. Then Ay, < NGLG3,p)({x)). One may check (see [5]) that

NGLGE, py (X)) = (x,x') x = Zf, X le,_l, where x’ is as defined in Step 1 and

S = (y(u, ») | . A € GL (p)*) = Zf,_l where,

w2100
yA,nw)=10 u0
0 0 A

Since (x) <1 Ay < NgL@3,p)((x)) and p || |Awl|, we can write
Ay ={(x)S and A= N x ((x)S) = PS.

where § < NgL@3,p)((x)) and |S| | (p — 1)2. In particular, A is solvable.

Since |A| = p*|S| where |S| | (p — 1)?, it follows that |A,| = p?|S| for some
u € U. Since A and A, are solvable, we get that S is contained in a conjugacy of A,
and then no loss of any generality, let S < A,. Then S normalizes N, = NNA, = le,.
Therefore, we get

A, = N,S.

LetV(S)=(y eV } t, € Ny). Then V(S) is a 2-dimensional S-invariant subspace.
Since Z(P) = (ty) < N, we get that 7, cannot fix any vertex in U, in particular,
o & V(S). Since x fixes setwise Vi = {(0, a2, a3) | ay,az € GF (p)}, we get
V(S) # V.

To determine N,, in other words, determine V(S), let A be the set of all 2-
dimensional subspaces of V not containing . Then it is easy to check that |A| = p2.

Set
Vo ={(a1,a2,0) | a1,a2 € GF (p)} and No = {t, | ¥ € Vo}.
Clearly, Vg € A. Let x, x’ be defined as before. Then it is easy to check that (x, x’)
acts regularly on A. Thus there exists y € (x, x") such that V(§)¥ = Vj, equivalently,
N, = Np.
By Proposition 2.9, our graph X is isomorphic to a bi-coset graph
£1 = B(A; (1)S, NuS, (N, $)d((x)S))
for some d € A. Then
1 = B(AY; (x)S7, NoSY, (NoS¥)d” ((x)SY)).
Since SY normalizes both (x) and Ny, we get

§7 < NoLa,p) ((x)) N NagLa, p) (No) = S.
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Rechoosing S by S, d” by d and A” by A, respectively, we get that
¥ = B(4; (x)S, NoS, NoSd (x)S).
In summary, we let N, = Ng and § < S so that
A=Nx ((x)S) =PS, Ay,=(x)S and A, = NyS.

Clearly, in this case, A acts imprimitively on both W and U.
Step (4): Determination of the possible bi-coset graphs isomorphic to X.
For each given S in last step, define

A={re GF(p)* | y(n. 1) € S) < GF (p)*
and assume |A| = r. Clearly, if § = Sthen A = GF (p)*. For convenience, set
a=11,0, b=t01,0 and c=~t00,1)-
Then for any y(u, A) € R, we have
a* =ab*c?, b* =bc?, & =c; a?WH = a”zrl, pY R = pi D = *
Set

% = B(A: (x)S. NoS. NoSd(x)$),
W =[A: Ayl ={Awad'bic* | i, j ke Z,),
U'=[A4:A,0={Au"x | h1ez,).

In the following, we shall determine the possible double cosets. Since there exist
edges leading w to every block in U, we just need to consider the double cosets
D(@m) := A,c" Ay, where m € Z,.

Assume m 7 0. Then under the conjugacy action, y(m, m) fixes A, and A,,
and maps D(1) to D(m). Therefore, y(m, m) induces an isomorphism between two
bi-coset graphs. So we just need to consider two cases for D(m): m = 0 and m = 1.

Forany ! € Z, and y(u, A) € S, we have

Auc™y(, Mxl = Ayl
Then
D(m) = Ayc" Ay = {Auc™x | L e Al e Z,).
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Furthermore, for any 7, j, k € GF (p), by computing we have

(et = e (o) ()’ ()

_ Aucm)\aib—zzj6212i—2zj+kx1 _ Aucmk+212i—21j+kxl,
and so the neighborhood of A,,a’b’ ¥ in the bi-coset graph is
{Aucm,\+212i—21j+kx1 | leZyhe A}.
Therefore, the edge set is
E = { (Aua'bl e, A [ j ke 7,1 € Z,, 0 € A},

Define a bipartite graph X" with the bipartition W’ U U” where W = Z?, and
U’ = ZIZ,, and the edge-set

{(G, j, k), (B, D)

ivjsk,h,l S Zp, h :m)“_i_zlzl _2l]+k}
Clearly, the map
¢ Apa'bick — (i, j, k), Aucx! — (h, 1),

where i, j, k, h,| € Z,, gives an isomorphism from ¥’ to X”.

Note that every element in S is of the form y(u, A) and that the above arguments
are independent on the parameter p. Therefore, all the graphs arising from different
subgroups S corresponding to the same group A are all isomorphic to X”. Hence,
given a group A, S can be taken as the biggest one, that is

S=(y(u.2) |nwe GF(p)*, A€ A)= Zp_ x Z,.

Step (5): Determination of the isomorphism classes and automorphism groups for
the above bi-coset graphs.

Let X' (r, m) denote the corresponding coset graphs, where m € {0, 1} and r = |A|
is as defined in Step 4. Then for the graph X'(r, 0), d(Ay,) = p; and for the graph
X' (r, 1), d(Ay) = rp.

To determine the automorphism group of the graph ' (r, m), we first recall Proposi-
tion 1.2. This proposition tells us that for the graph ¥ = (V, E), Aut (X) is imprimitive
on U with a system U/ and the kernel (Aut (X)) y). Then, either

(1) Aut (X) acts primitively on W, p =3 and £ = Xy, Xp; or
(ii) Aut (X) acts imprimitively on W, and either (Aut (X)) y) is transitive on W, and
itis a solvable and affine group on W; or (Aut (X)) y) induces p blocks of length
2
p-on W.

@ Springer



J Algebr Comb (2015) 41:275-302 291

Now, come back to our graph &' = X/(r, m). We know that A < Aut (X' (r, m))
and A acts edge-transitively on X’(r, m). By Proposition 1.2, Aut (Z'(r, m)) acts
imprimitively on U’.

(1) Suppose that p = 3. Then r = 1 or 2 so that d(A,) = 3 or 6. These two
graphs are clearly the graphs X1 or ¥ as defined in Example 2.1. However, the
automorphism group for two graphs is S3 @ 3, acting primitively on U, which does
not satisfy the hypothesis of this section.

(2) Suppose that p > 5. By Proposition 1.2, the graphs X1 and X1, in Example 2.1
where p = 3 are the only graphs whose automorphism group acts primitively on W',
Therefore, Aut (X’(r, m)) is imprimitive on both biparts W' and U’. Since N < Ay
acts transitively on W/, Aut (X'(r, m)) belongs to Case (2.1) in Proposition 1.2. Then
by the proof of the above four steps, we get

A=Nx(x)S < Aut (Z'(r,m)) < N x (x)S.

In what follows, we deal with the two cases, separately.
(2.1) Graphs '(r, 0) and Z'(1, 1).
The respective edge set of the two graphs is

E = {(Apa'b/ck, A, 220y ikl e Z,),

E = {(Apd'bIck, A, P22k kT e Z,).
The mapping p fixing W’ pointwise and multiplying ¢ to each vertex in U’ from the
right side gives an isomorphism between the two graphs. Thus, we may just consider
the graphs X/(r, 0).

Define a bipartite graph " with the bipartition W U U"”" where W"" = Z; and
U" = Zf,, and the edge-set

{(G, j. ), (h, D)

i,j.k.hleZp,, h=2lzi—21j+k}.

Clearly, the map

¢ Apa'bich = G, ), k), Aucx! = (h, 1),

where i, j, k, h,l € Z,, gives an isomorphism from ¥’ to X"

Note that the edge-set of X" is independent of the parameters A and . Therefore,
S may achieve at the biggest group S, so that Aut (£(r,0)) = N x (x)S’. Clearly,
¥/(r, 0) is exactly the graph X5 (p), as defined in Example 2.2.

(2.2) Graph Z'(r, 1) for2 <r < p—1landr | (p—1D.

Since d(Ay) = rp, which is determined by » = |A| and since S is the maximal
subgroup of S such that |A| = r, one has Aut (X'(r, 1)) N S = S, noting that 2 <
r < p — 1. Therefore, Aut (X'(r, 1)) = N{x)(Aut (Z'(r, 1))) N 3‘) = N{x)S = A.
Therefore, ¥'(r, 1) = X (p, r), where 2 < r < p — 1, as defined in Example 2.2.

Step (6): Checking any two vertices in W' have the different neighborhood.
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We already know that X'(r, m) is edge-transitive. Suppose that there exist two
vertices in W’ which have the same neighborhood. Then by the vertex-transitivity of
A on W', we know that A,, and A,a’b’ ¢k have the same neighborhood, for some
@, j, k) # (0, 0,0), that is

{Auc™x! | he Al € Zp) = (A, FPI2ik |y e ALl e Z,).

Then for any /, we have 212 — 2lj + k € mA, noting that m € {0, 1}, which is
impossible. Therefore, any two vertices in W’ have the different neighborhood. O

4 Case (2.2.2) in Proposition 1.2

The main result in this section is the following theorem.

Theorem 4.1 Suppose that Xy is of valency at least 3, p > 5, A contains
a nonabelian normal p-subgroup acting regularly on W, Ay is solvable, and
AlAwy = Zp X Z;, where r | (p — D and r > 3. Then X is isomorphic to the
graphs as defined either in Example 2.3 or Example 2.4.

Since a nonabelian normal Sylow p-subgroup of A acts regularly on W, we know
that | P| = p>. Since there are two nonisomorphic nonabelian groups P of order p?,
that is, Exp (P) = p or p?, we shall deal with them in Sects. 4.1 and 4.2, separately.
Thus, the proof of Theorem 4.1 consists of Lemmas 4.4 and 4.5.

The following two group theoretical lemmas will be used in Sect. 4.1.

Lemma 4.2 For any odd prime p, let
P =(a,b,c | al =b? =cP =1,[b,al =c,[c,a]l = [c, b] = l).
(1) Aut (P) consists of the following automorphisms
7ia—adblc, b— a"b"c!, wherein # jm.

Hence |Aut (P)| = p>(p — D2(p + 1).
(2) Let

wia—ac,b—>b;, m:a— a,b— bc.

Then Q = (w1, m) = Z,z,, Q <1 Aut (P) and Aut (P)/Q = GL(2, p).
(3) Foranys,t € GF (p)*, let

o@s,t):a—a’,b— b

Then S = (p(s, 1) | s,t € GF (p)*) = Z,_1 x Z,_1. For every subgroup
M < Aut (P) fixing a subgroup of P of order p* such that |M | | (p—132% Mis
contained in a conjugacy of S.

@ Springer



J Algebr Comb (2015) 41:275-302 293

(4) Let ¢(s, 1) € S, where (s, 1) # (1, 1). Then

(r:a—a,b—b"c" |i,n € GF (p)*,l €CF (p)), ifs=11#1

(t:a—a'ck,b—b"|i,neGF (p)*,keGF (p), ifs£1,t=1;
Caut (py(P(s, 1) = S ] ] ifs #t;85,t#1;

(m:a— albic2li b— ampca™ | ifs =1>2.

i, jym,n € GF (p),in # mj),

(5) Fore,s # 1 and 1! < (e), Cau (p)({p (1, €), $(s, 1)) = S.

Proof (1) Direct checking.

2

3)

“)

Considering the induced action of Aut (P)on P/(c) = Zf,, we know that the kernel
is Q and Aut (P)/Q < GL (2, p). Since |Aut (P)/Q| = p(p — D*(p + 1), it
follows Aut (P)/Q = GL (2, p).

Suppose that M < Aut (P) is a subgroup fixing a subgroup of P of order p?
such that |M| | (p — 2. Since MQ/Q < GL (2, p) and MQ/Q fixes a
1—dimensional subspace in V (2, p) := P/(c), it follows from the structure of
GL (2, p), that (M Q/Q)% < $Q/0Q for some g € Aut (P), that is M$ < SQ.
Since M ¢ must be contained in a p-complement of Q in 08, we get that M88! < S
for some g1 € S‘Q, as desired.

Let w € Caut () (@ (s, 1)) and assume

a® =a'b/ck and BT =a"bC.
Then we have

a¢($,t)7[ — (at):r[ — (aibjck)t — aitbjtc%ijt(t_l)-’_kt
— aﬂ¢(A‘,1) — (aibjck)¢(5,t) — aitbjSCkSt,
b¢(x,t)71 — (bS)n _ (ambncl)x — amsbnxc%mns(sfl)+sl

— bﬂ¢(s,t) — (ambncl)¢(s,t) — amtbsncstl.

Thus we get

j—s5) =0

m(s—1) =0

k(s—1) = Lij¢c—1)
It —1) = smn(s — 1).

Ifr =1, thenk = j = m = 0, that is, a™ = a', b™ = b"c!.

Ifr #1ands =1,then j =m =0and [ = 0, that is a” = a'c¥, b™ = b".
Iftr #1,s #lands =1, thenk = %ij and/ = %mn,thatis,a” =aibjc%ij
and b™ = @b’ 2™,

Ift#1,s #1ands #¢,then j =m =k =1 =0, thatis () <3.

(5) By using (4), we get
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Caut(p)((@(1, ), @5, 1)) = Caue(p)(@(1, €)) N Caur(p) (@ (s, 1) = S.
o

Let S be any subgroup of S = (¢(1,0), (0, 1)), as defined in Lemma 4.2. Suppose
that

SN(p,0)=(p,e)=Z,, S/, e)=(b(s,0) = Zy,,
where e, s, € GF (p)* and ry, rp are divisors of p — 1. Then
S={(p(le),¢d(s,1)) and (s, 1) € (p(1,e)).
In other words, in GF (p)*,
lel =r1, Isl=r2, 1" € (e),

where if e = 1, then S = (¢ (s, 1)) = Z,, and (t) < (s) = Z,,. Clearly, we may set

p—1 p—1
e=60"1 and s=6 " .

Let T = {r € GF (p)* | 1”2 < (e)}, which is a subgroup of order r|(ry, Z=1).

r1
Therefore, we set
p—1 3
= (9’1<"2'prll>) ,

where 0 < r3 < (1, pr—:l) — 1. Clearly, |S| = rir;.

Lemma 4.3 Forl = 1,2, let S; = (¢ (1, e), ¢ (s, t;)) be as above such that S| # S»
ands # 1. Let Ay = P x S;. Suppose that y is an isomorphism from Ay to A, such
that y (S1) = Sz. Then y satisfies

y(@) =b", y(b)=d', y(¢(1,e)) =¢(e, 1), y(@(s.11)) = $(11,9),
for some i, j1 € GF (p)*, and Sy = {(¢(e, 1), ¢(11, 5)).
Proof Suppose that y is an isomorphism from A to A; such that y(S1) = S». Since
P is characteristic in A;, we have y(P) = P.

(1) Case e # 1.
Assume that

y@ =a"bickr, ) =a'bick, yie) =,
v(@(1,e) =, )™ d(s, 1™, y(ps, 1) = d(1, &)™ (s, ).
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where i1 j — jii # 0. Since

p(l,e) lag(l,e) =a,¢(1,e) 'bp(1,e) = b, ¢(1,e) " 'cp(1, e) = ¢,
GG, 1) Lag(s, 1) =a*, ¢(s, 1) b (s, 1) = b, (s, ) Lep(s, 1) =",

we get

(@1, &)™ ¢ (s, )" Laltbiickigp(1, e)™ (s, )" = a'thJi ki
(@1, )M p(s, )" Lalbickp (1, )™M p(s, )" = (a'bIch)®
(@1, &) p(s, )" Llp(1, )M (s, )™ =cl*

@1, &)™ P (s, 1)) LaltbI hg (1, &)™ P (s, 1) = (a'tb1ck1)*
@1, e)™P (s, 1)) La'bickp (1, )™ (s, 1) = (a'bick)n
(L, &)™ P (s, 1)) Ll p (1, )¢ (s, 12)"™ = clhs

Solving these equations, we get

() M =1)=0;  @@i) iy —1) =0; (i) k(" (125)" = 1)=0;
(iv) iGs"—e)=0; (v) j™y' —e)=0; (vi) k(" (128)" —e)
= %ije(e —1);
(wii) €™ (trs)" =e;  (viii) i1(s" —s) = 0; (ix) jl(emzt;’2 —5)=0;
(x) ki@ (128)" —5) (xi) i(s"™—1)=0; (xii) j(e™ty” — 1) = 0;
= Jirjis(s — 1);
(xiii) k(™2 (tr8)"2 —11) (xiv) €™ (trs)" =115.

= Jijti(t — 1);

First suppose that i1 # 0. By (i), we get s”! = 1 and by combing (iv) and e # 1,
we geti = 0. Then j # 0. From (viii), we get s"2 = s and then n, = 1( mod ry),
where rp = |s|. Thus, from (xii), one has t; = e’"2t§2 = ™21y, which forces that
S1 = S5, a contradiction.

Suppose that i = 0. Then ji,i # 0. From (ii) and (iv), respectively, we get
emltg” = 1 and s{ = e, which implies y (¢ (1, e)) = ¢(e, 1). From (ix) and (xi),
respectively, we get e’”zté12 = s and s"? = fy, which implies y (¢ (s, 1)) = ¢ (11, 5),
as desired. Moreover, by (ii) and (v), we get j = 0; by (ii), (iii) and (iv), we get
ki = 0; and finally by (ix), (xi) and (xiii), we get k = 0. Therefore, y (a) = b/' and
y(b) = at.

(2) Case e = 1.

Assume that

y(@ =a'bi'h ) =a'b K y(e) = y(d s, 1) = ¢(s, n)".

where i1 j — jii # 0 and by our notion, when e = 1, we have |t; | | rp. Then from

(@ (s, )"y (@ (s, )" = y(a®)
(@ (s, ) Ly (D) (s, )" = y(b")
(@G5, )"y (s, )" =y ()
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we can get

@) ir(s" —5) =0; (i) ji(ty —s) =0; (iii) ki ((29)" — ) = Ji1jis(s — D);
(iv)i(s" — 1) =0; (v) : j(t3 — 1) = 0; (vi) k((t25)" — 11) = Jijtr (11 — 1);
(wii) : (tr8)" = t15s.

First suppose that i; # 0. Then by (i) we get n = 1( mod ;) and by combing
(vii), we get tps = t)'s" = 115 and then #; = 1, a contradiction.

Second suppose that iy = 0. Then ji,i # 0. By (ii) and (iv) we get t; = s and
t; = s", which implies y (¢ (s, t1)) = ¢ (1, 5).

By (iii), we get ki = 0; by (v), we get j = 0 and then by (vi), we get k = 0.
Therefore, v (a) = b/ and y (b) = a'. O

41 Exp(P)=p

Throughout this subsegtion, we shall use the notation of Lemmas 4.2 and 4.3, in
particular, for ¢ (s, t), S, 1, r» and r3. We shall not explain them again.

Lemma 4.4 Suppose that Exp (P) = p. Then X is isomorphic to the graphs defined
in Example 2.3.

Proof We divide the proof into five steps.
Step (1): Determination of the structure of A = Aut (X), Ayand A,.
Suppose that Exp (P) = p. Then let

P=(a,b,c’ap=b1’=cp=1,[b,a]=c,[c,a]=[c,b]=1).

Set S = A,, forsome w € W. Then A = P x S, where S is core-free. Now S can
be viewed as a subgroup of Aut (P). Note that all the subgroups of order |S| in A
are conjugate. Considering the action of A on U, where |[U| = p?, we know that
S < A, for some u. Then S normalizes P, = A, N P of order p and also (c). By
Lemma 4.2.(3), S is contained in a conjugacy of S in Aut (P). Therefore, up to graph
isomorphism, we may assume that

S=(pl,e).¢G.0) <8

as stated before Lemma 4.3. Clearly, U/ is exactly the set of (c)-orbits on U. Since
2wy is of valency at least 3, we know that | S| > 3.

Now we determine P,, noting that u € U and S < A,. Suppose that P, = (g),
where g = a'b/ ck. Then S normalizes (g).Let u = ¢ (s1, t1) be any element in S, that
isp:a— a',b— b".Since S normalizes P,, we set g* = g/, for some integer /.
Then

a1 pit ks — ailbjlckl+%ijl(l—1)_
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So we have
. . I,
is1—=D=jtr =D =k(s1t1 = 1) — Eul(l -1 =0.

Noting the arbitrariness of © and |S| > 3, from the above equations, we conclude all
possibilities for P, = (g):

(i) g=b5<S$;

(i) g=a,5 < §;

(i) g = ack, k #0,1 = 1;

@iv) g:bjck,k #0,s1 = 1;

V) g:aibclf,i #0,s1 =1 >3.

In case (iii), for any ¢ (s1,11) € S, we havef;y = l andso Ay, = S = (¢ (51, 1))
and then [b, ST = 1. Thus, S fixes every block in u(“’c)bh setwise, where h € GF (p),
thatis § < Ay, a contradiction. The same arguments can be applied for case (iv).

Let 7y € Aut (P) such that 7y : ¢ — b and b — a. Then 8™ = § and so
(a)S — (b)S™. By Proposition 2.9, every bi-coset graph B(PS; S, (a)S, (a)SdS) is
isomorphic to a coset graph B(PS™; S™, (b)S™, (b)ST'd™ S™), noting that S™! < S.
Therefore, for cases (i) and (ii), we may just consider one of them, say g = (b).

As for the case (v), § = (¢ (s1, 51)). Let 7o € Aut (P) such that 7o : a — albes
and b — b. Then by Lemma 4.2.(4), S©? = §, and (a)S — (aibcli)S. Again, using
the same arguments as in the last paragraph, one may see that cases (i) and (v) may
give the isomorphic bi-coset graphs.

In summary, we conclude (g) = (b), which is the case (i). Then, we have

A=PxS, Ay=S, A, = (b)S,

where S = (¢ (1, e), ¢ (s, t)). Moreover, ¢ (1, e) fixes each block u'c4") setwise, where
i € GF (p),and ¢ (s, t) acts onU/ as a permutation of order r, with the kernel ¢ (1, 172).
Since Xy 1s of valency at least 3, we know that » > 3. In what follows, take into
account that for any s and ¢, we have

a(/)(s’,t’) — as” bd)(s’,t’) — bt” czp(s’,t’) — cs’t"

Step (2): Determination of the possible bi-coset graphs isomorphic to X.
Our graph ¥ is isomorphic to a bi-coset graph ' = B(A; S, (b)S, D), where
D = (b)SdS for some d € A. Set

W =[A:S1={Sg|geA)={Sa'bic"|i, j keZ),
U =[A:(b)SI={(b)Sg | g e Ay ={(b)Sc"d" | h,l € Z,}

and let YW and U’ to correspond to W and U, respectively.
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First we determine all possible double cosets. Every coset is of the form D(h,[) :=
((b)S)c"a'S, for any h,1 € Z,.

If { = 0, then (D(h, 0)~'D(h, 0)) # A. By Proposition 2.9, ¥’ is disconnected.
Therefore, [ # 0.

Forh # 1,let u = ¢(l, l’]h). Then in P x Aut (P), under the conjugacy action,
u fixes (b), S and A, and maps D(1, 1) to D(h, [). Then by Proposition 2.9, ¢ induces
an isomorphism between two bi-coset graphs. So we just need to consider two cases
for D(h, 1), where h = 0 and 1.

Recall § = (¢(1, e), ¢ (s, 1)) is abelian. For any m| € Z,, and m, € Z,,, we have

(B)Sc"ag (1, )" (s, 1) = (B)S(P I @t TN g (s, 1y

— <b>Schem1 Cl¢)(s, t)mz — (b)S(Cheml )¢)(S,t)m2a¢)(s,l‘)m2
= (b)Sche™ 60" g5

Then
D(h, 1) = (b)SctaS = {(p) S "2 0™ | my € Z,,my € Z,,).
Furthermore, for any 7, j, k € Z,, we have

bYScap (1, &)™ (s, )b clak = (b)S" D" 5" i
— (b)Sche" D" ("2 cjak
= (b) Sche'"l (st)m2 —is™2 +jak+s'"2 )

Then for any point Sbic/a* in W, its neighborhood is

m my _:om ; m L.
{(b)Sche L(st)"2—is 2+]ak+S 2 17‘]’]( c Zp,ml c Zrl,mz c Zrz}.

Since X’ is now determined by ry, rp, r3, and h, we denote it by X/ =
X/(r1, 12,13, h).

Step (3): Determination of the automorphism group for X' (r1, r2, r3, h).

Let A = Aut (X7). Similar to Step (5) in the proof of Theorem 3.1, we shall
determine A with a help of Proposition 1.2.

By Proposition 1.2, the graphs X1 and X1, in Example 2.1 in which p = 3 are
the only graphs whose automorphism group acts primitively on W’. Since p > 5 for
our graph X, it follows that Aut (X' (r, m)) is imprimitive on both biparts W’ and U’,
and so X’ belongs to Case (2) of Proposition 1.2.

Take w € W'. Then d(w) = rs for h = 0; and r1r, for h = 1, where r, and r3
are divisor of p — 1. However, d(w) = p for X»1(p); and rp for X (p, r). There-
fore, X' 2 ¥o1(p), T2 (p, r), and then it belongs to Case (2.2) of Proposition 1.2.
Furthermore, since the degree of ZW,UM, is at least 3, ¥’ belongs to Case (2.2.2)
of Proposition 1.2. Thus, A = P x § for some subgroup S, where Exp (P) = p
and S < § = A, < A,. Then § is contained in a conjugacy of Sin PAut (P). In
particular, S is abelian. Then we prove the following facts:
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(1) For ¥’ = 2/(r1,r2,r3, 1), where either e # 1 ore = 1butt # 1,s,57!, we
have A = A.

Suppose that either e # 1 ore = 1 but ¢ # 1,5, s~ !. Forany z € S, setz = gu2,
where g = a’b/c* € P and us € Aut (P). Since S is abelian, we get

[gr2, ¢(L, e)] = [gua, ¢ (s, )] =1,
which implies
[g.¢(Le)]=1.[g,o(s, )] =1, [n2, ¢(1, )] = 1, [2, (s, )] = 1.
Noting |s| = rp > 3, the first two equations give
jle—1)=0,k(e—1)=0,i =0, —1)=0,k(st —1) =0.

Since either e # 1l ore = 1 and t # 1,571, it follows that i = j =k = 0, that
is g = 1. In other words, o < Cayt (p)(S). Moreover, by Lemma 4.2.(5) for e # 1
(noting s # 1) and by Lemma 4.2.(4) fore = 1l andt # 1,s, we get ur € S.In
summary, we have § < S < S. Observing that |S‘| =d(w) = |S| forw € W', we get
S = Sandthen A = A.

Q) ForY =3 (r1,r2,13,0) or &' (1, 2,3, Dbute =1, ¢t = 1,5, s, we have
that £'(r1,r2,r3,0) 2 2'(1,r2, 3, ) and A= P x (¢ (1,0), ¢ (s, 1)).

For these graphs, d(w) = rp and |2} (w) N U;| = 0 or 1 for any w € W’ and block
U,' inU'.

For the graph X/(ry, r2, 3, 0), the edge set is

{(Sa'bc*, (b)Sc™ " Ha* ") | i, j k€ Zp.ma € Z,, ).

Clearly, this graph is independent on r; and with the similar arguments as in case
(2.1) of Step (5) of Theorem 3.1, we take r{ = p — 1 so that r3 = 1 and A=
P x(p(1,0), ¢(s, 1)).

For the graph X'(1, 2, r3, 1), where t = 1 or s, the edge setis E = (S, (b)SacS)".
Take an automorphism t of P such thatforr =1,7:a — acl,b— b fort =s,
T:a— abc%, b — b2 By Lemma 4.2.(4), we get t fixes S and (b)S and maps
(bYSacS to (b)SaS. By Proposition 2.9, T gives an isomorphism from X'(1, r2, 3, 1)
to X/ (r1, 72,73, 0).

For the graph ¥'(1, rp, r3, 1), where r = s’],theedge setis E = {(S, (b)Sca’mz) |
my € Z,,}F . Fixing W’ pointwise and right multiple ¢~ !to U’ pointwise, we may get
an isomorphism from this graph to ¥'(ry, 2, r3, 0).

Step (4): Determination of the isomorphism classes for X' (r1, r2, r3, h).

(1) From Step 3, we know that X/(r, r2,73,0) = X'(1, rp,r3, 1), where e = 1,
t=1,s,s ! Infact, Y/(r1, r2, r3, 0) is the graph 31 (p, r2) in Example 2.3. Clearly,
this graph is uniquely determined by r», which is the valency of w € W'.

(2) Suppose that ' = X'(ry, r2, r3, 1), where either ¢ # 1 ore = 1 but ¢t #
1, s, s~!. We shall show that this graph is uniquely determined by the three parameters:
ri, rp and r3.
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First note that r, determines the valency of E{/v/uu’ and d(w) = rirp forw € W'.

By Step (3), Aut (X') = A. In viewing of the edge set of X', each group S gives
just one graph X',

Fori =1,2,1etS; = (¢p(1,e), d(s,t;)) but S1 # So. Let Ay = P x §1 = Ay =
P x S and let X/ be the graph corresponding to A;. Then we show that | Z %)
below.

For the contrary, suppose that y is an isomorphism from X and X. For conve-
nience, label the vertex set of both graphs by W' = P and U’ = [P : (b)]. Then
Ay, Ay, and (y) are permutation groups on both W' and U’, in particular, P acts on
them by right multiplication and S; by conjugacy. Since y ~! Ay preserves E;, we
get y 1Ay < A, and then y~'A|y = A, by considering |A{| = |A|. Since P
is characteristic in A; and all the subgroups of order r1r, in A; are conjugate, there
exists an isomorphism from X to X}, denoted by y again, such that y~'Py = Pand
y -lg y = S>. Now y induces an isomorphism from A| and A, and an automorphism
of P as well. By Lemma 4.3, such y is defined by ¥ = b/! and b¥ = a’, for some
i, j1 € GF (p)*. Now considering (y) and S; as permutation subgroups on P, we
know that Si/ = §, and [yz, Si] = 1. Since P x (S1, 2, y) has a representation of
degree p” on U’, (S1, S», y) must fix a subgroup of P of order p. However, S; just
fixes (a) and (b) but y interchanges (a) and (b), a contradiction. Therefore, | Z %/.

Finally, note that X' (r1, r2, 3, 1) = Z32(p, r1, r2, r3) in Example 2.3.

Step (5): Checking any two vertices in W' have the different neighborhood.

Similar to the proof of Theorem 3.1. O

42 Exp (P) = p?

Lemma 4.5 Suppose that Exp (P) = p>. Then ¥ is isomorphic to the graphs as
defined in Example 2.4.

Proof We divide the proof into four steps.
Step (1): Determination of the structure of A, Ay, and Ay,.
Suppose that Exp (P) = p? and let
P=la,b|a” =b"=1,[b,a] = a”),

where set ¢ = a”. Assume S = A,, for some w € W.Then A = P x S, where S is
corefree subgroup of order r, where r is defined in Proposition 1.2.
A routine checking shows that every automorphism of P has the following form:

T:a— abl,b— aP*p,
where i € Z;’;Z, j keZ, Let Z:z = (A). Let
¢()»):a—>a)‘,b—>b, T:a— ab,b— b.
Then

Aut (P)/Inn (P) Z (t) % (p(M) = Z, % Zp_1.
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In particular, Aut (P) is solvable. Since |Aut (P)| = p3(p — 1), Aut (P) has only
one conjugacy class of subgroup of order p — 1 with a representative S, and so we let
1
S = *)yand A = P x S, recalling |S| = r. Set § = (¢(%)) and r = 2"
Now we determlne P,, where u € U and S < A,. Suppose that P, = (g), where
g = aP*b/ . Since S normalizes (g), we have

g0 = (P pIYPO = Pk = gl = qPRpil,
for some /. Then we conclude the following possibilities for (g):
()g=b; (ii)g=a”; (ii)g=a’*b,t =1=1.

In case (iii), # = 1 and so § = 1, contradiction. In case (ii), g € Z(P), which
implies that g fixes U pointwise, a contradiction. Therefore, g = b and A, = (b)S.

Step (2): Determine the possible bi-coset graphs isomorphic to X.

Now our graph X is isomorphic to the bi-coset graph ¥’ = B(A; S, (b)S, D),
where D = (b)SdS.Let W =[A : S]and U’ = [A : (b)S].

Every double coset has the form D(/) := (b)
(D~'D) # A and the graph ¥’ is disconnected and so (p,!) = 1. Defineo : A — A
by a — a',b — b,¢(t) - ¢(t). Then o € Aut (A). Clearly, o fixes S and (b)S,
and maps D (1) to D(I). So we just consider the following case

D(1) = (b)SaS = {(b)Sap(®)" | m € Z,} = {(b) | meZ}.
Then for any point Sh'a’ in W', its neighborhood is
{b)Sa" bla' | m e Z,} = ((b)Sa'T"71"P | m € Z,}.

Set! = jp +k, where i, j, k € Z, so that jp +k + " —it" p = yp + z (mod p?),
for some y, z € Z).

Step (3): Determination of Aut (¥').

Suppose that w is adjacent to another vertex, say (b)Sa’  in the block U; containing
(b)Sa. Then a'" = ak(p Y for some 0 £ m € Z, and k € Z,. Then A"~ 7 PE
AP=Dk thatis, mpT = (p—1)k.Thenr | mandsoa’” = a,thatism = 0 (modr),
a contradiction. Therefore, for any u’ € U; such that wu’ € E, u’ is the only vertex in
U; which is adjacent to w.

Let A = Aut (¥’). With the similar arguments as in Step (3) in the proof of
Lemma 4.4, ¥’ belongs to case (2.2.2) of Proposition 1.2. In particular, Exp (P) = p?
and A = P x S. By the proof of Step (1), § < S. Since d(w) = r forw € W', we get
S = Z, sothat A = A and then different r give nonisomorphic graphs. Note that %’
is exactly the graph 24(p, r) as defined in Example 2.4.

Step (4): Checking any two vertices in W have the different neighborhoods.

Similar to the proof of Theorem 3.1. O

tl‘l‘l
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